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Abstract: In this paper, a novel fixed-time distributed optimization algorithm is proposed to solve
the multi-agent collaborative optimization (MSCO) problem with local inequality constraints, global
equation constraints and unknown disturbances. At first, a penalty function method is used to
eliminate the local inequality constraints and transform the original problem into a problem without
local constraints. Then, a novel three-stage control scheme is designed to achieve a robust fixed-time
convergence. In the first stage, a fixed-time reaching law is given to completely eliminate the effect
of unknown disturbances with the aid of the integral sliding mode control method; in the second
stage, a suitable interaction strategy is provided such that the whole system could satisfy the global
constraints in fixed-time; in the third stage, a fixed-time gradient optimization algorithm of the
multi-agent system is presented, with which the states of all the agents will converge to the minimum
value of the global objective in a fixed-time. Finally, the effectiveness of the proposed control strategy
is verified in the problem of wind farm co-generation with 60 wind turbines.

Keywords: multi-agent systems; fixed-time convergence; disturbance rejection; penalty function
method; distributed optimization

1. Introduction

With the increasing number of clustered and networked engineering applications,
many tasks have been transformed from monolithic to multi-agent systems collaboration,
and MSCO is an important problem arising from it. The ultimate aim of a MSCO problem is
to minimize the global objective function of a group of agents under global resource require-
ments. Each agent has access solely to its own state and goal information, communicating
exclusively with neighboring agents. MSCO problems arise in many decision-making tasks,
such as economic dispatches in smart grids [1–5], data transmission in wireless sensor
networks [6–8], and path planning in multiple unmanned vehicles [9,10], etc.

For a MSCO problem, the global objective function is often expressed as a sum of the
local objective functions that are generally convex and only accessible by local agents. Dif-
ferent from conventional distributed optimization problems, the agents are always assumed
to be constrained by some convex sets, which brings many difficulties in dealing with such
problems. For solving such a problem, many discrete-time distributed optimization algo-
rithms [11–13] have been proposed. The distributed subgradient descent method [11,12]
is proposed based on the consistency algorithm, which solves the unconstrained convex
optimization problem under the condition of consistent joint connectivity of time-varying
undirected networks. The algorithm requires that each agent keeps a backup copy of the
global decision variables, which undoubtedly increases the burden of communication and
storage. The exact first-order algorithm (EXTRA) [13] for distributed exact convergence is
proposed as a distributed accelerated optimization algorithm that achieves a linear con-
vergence property under undirected graph connectivity and certain algorithm parameter
settings. Since many dynamic systems are modeled as continuous-time models, many
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continuous-time distributed optimization algorithms have been proposed [14–16]. The dis-
tributed PI algorithm [14] is proposed under the equilibrium-directed graph based on the
idea of PI control, and gives the stability analysis of the algorithm based on the Lyapunov
theorem. The paper analyzes the convergence characteristics of distributed optimization
from the perspective of a continuous-time control system and gives the design framework
of a distributed optimization algorithm. A distributed extended monotropic optimization
algorithm is proposed in [16] using the extended Lagrangian method, which considers a
specific class of separable structures without the need for the same number of dimensions
of each agent.

Compared to exponential convergence algorithms, fixed-time convergence algorithms
gained increasing attention due to their initial state-independent convergence property [17].
Fixed-time convergence algorithms for multi-agent systems have achieved some results,
as evidenced by [18–22] and related references. In [18], a distributed fixed-time convex
optimization algorithm is developed using the projected gradient and penalty function
methods, which can be easily implemented for practical usage. Similarly, a fixed-time
economic scheduling algorithm for smart grids is proposed in [19] under a directed com-
munication network. In [20], the authors employ the integral sliding mode control method
to eliminate external perturbations in multi-agent systems, thereby achieving a distributed
fixed-time economic scheduling algorithm. However, the proposed algorithm does not
take into account the local constraints of the agents. In [21], a class of heterogeneous
agents with random noise is considered to achieve the finite-time consistent control using
a power-integrator approach, which provides a reference for designing distributed con-
trol strategies for multi-agent systems with nonlinear dynamic structures. A fixed-time
consensus proposal by a fuzzy adaptive method is proposed in [22] for the consensus
tracking problem.

In this paper, we consider the fixed-time MSCO problem for a continuous-time multi-
agent system with unknown external disturbances. Firstly, the local inequality constraints
are removed using the penalty function method, resulting in a transformed problem
without local constraints, and the solution gap is theoretically analyzed. Secondly, a three-
stage fixed-time convergence strategy is designed: the first stage uses the integral sliding
mode control to eliminate the external perturbation in fixed-time, the second stage uses
the symmetry of the communication network to satisfy the global resource constraint in
fixed-time, and the third stage uses the fixed-time gradient optimization algorithm to make
all the agents converge to the minimum value of the transformed problem in fixed-time.
Finally, the Lyapunov function analysis shows that the system can track the global resource
demand and satisfy the local resource constraint in fixed-time. The main contribution of
the paper can be summarized as follows:

(1) The penalty function method is used to remove the local constraints of the agents and
the error bound of the approximate solution is analyzed.

(2) A novel three-stage fixed-time distributed optimization algorithm is proposed to solve
the MSCO problem with local inequality constraints, global equation constraints and
unknown disturbances.

(3) The effectiveness of the proposed algorithm is verified by the engineering case of a
wind farm co-generation optimization problem considering the wake effect.

The remainder of the paper is organized as follows: Section 2 gives some preliminary
knowledge and formulates the MSCO problem. The main results are presented in Section 3,
including the analysis of the optimal solution set and three-stage fixed-time MSCO algo-
rithm. Simulation for wind farm co-generation is provided in Section 4 to validate all the
results. Section 5 concludes the whole paper.

Notation 1. R is the set of real numbers, R>0 is the set of positive real numbers,
R≥0 is the set of non-negative real numbers, and 0n ∈ Rn is a full zero column vector.
The (·)> represents the transpose, and let the second smallest eigenvalue of the matrix be λ2(·).
f ∈ Ck(U, V) represents the function f : U → V, U ⊂ Rn, V ⊂ Rm are kth order continuous
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differentiable functions. ∇ f : Rn → Rn is the gradient of the function f ∈ C1(Rn,R). ‖ · ‖p is
the lp norm, and in particular, ‖ · ‖ is the Euclidean norm.

Suppose the system has N agents, and the communication topology G = (A,V)
between agents is an undirected graph with adjacency matrix A(t) = [aij(t)] ∈ RN×N ,
aij ∈ {0, 1}, and the set of nodes V = {1, 2, · · · , N}. The set of neighbor nodes of node i is
denoted as Ni(t), that is, Ni(t) = {j ∈ V|aij(t) = 1}.

sgn(·) is the sign function. Given x = [x1, · · · , xn]> ∈ Rn, we define the function
signβ : Rn → Rn, β ≥ 0 as

signβ(x) = x‖x‖β−1, (1)

and signβ(0n) = 0n.

2. Preliminary and Problem Description
2.1. Some Related Lemmas

Consider the following system:

ẋ = g(t, x), x(0) = x0, (2)

where x ∈ Rn, g : Rn → Rn is a nonlinear function. Assume that the solution of the
system (2) exists and is unique, and is continuous for all initial values x(0) ∈ Rn of the
system. The origin is the equilibrium point of the system (2), i.e., g(0n) = 0n.

Definition 1. If the equilibrium point x = 0n of the system (2) is globally asymptotically stable
and any trajectory of the system (2) arrives at the equilibrium point in fixed-time, i.e., x(t, x0) =
0n, ∀t ≥ T(x0), then the equilibrium point x = 0n is said to be the global fixed-time stable
equilibrium point, and T : Rn → R>0 is the settling time.

Definition 2. If any trajectory of the system (2) arrives at the set M ⊂ Rn and stays in M in
fixed-time, i.e., x(t, x0) ∈ M, ∀t ≥ T(x0), then M is said to be the global fixed-time attraction
domain of the system (2), and T : Rn → R>0 is the settling time.

Lemma 1 ([17,19]). If there exists a radial unbounded function V ∈ C1(Rn,R≤0), such that
V(x) = 0⇒ x ∈ M. The time derivative of V along the system (2) satisfies for any c0 > 0, c1 > 0,
c2 > 0, 0 < µ < 1, ν > 1 with

(1) V̇(x(t)) ≤ −c1Vµ(x(t)) − c2Vν(x(t)), then the set M is a global fixed-time attraction
domain of the system (2), and settling time T ≤ 1

c1(1−µ)
+ 1

c2(ν−1) ;

(2) V̇(x(t)) ≤ −c0V(x(t))− c1Vµ(x(t))− c2Vν(x(t)) holds, then the set M is a global fixed-

time attraction domain of the system (2), and T 6 ln(1+c0/c1)
c0(1−µ)

+ ln(1+c0/c2)
c0(ν−1) .

Definition 3. If function f ∈ C1(Rn,R) is m-strongly convex, then there exists m > 0 such that
f (y) ≥ f (x) +∇ f (x)>(y− x) + m

2 ‖x− y‖2, ∀x, y ∈ Rn.

Lemma 2 ([23]). For any zi ∈ R≥0, i ∈ {1, 2, · · · , N}, the following inequalities holds:

N

∑
i=1

zp
i ≥

(
N

∑
i=1

zi

)p

, 0 < p ≤ 1, (3a)

N

∑
i=1

zp
i ≥ N1−p

(
N

∑
i=1

zi

)p

, p > 1. (3b)

Lemma 3 ([24]). The graph G = (A,V) is an undirected connected graph. The Laplacian matrix
of G LA , [lij] ∈ RN×N is given by the following equation:
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lij =

 ∑
k=1,k 6=i

aik, i = j,

−aij , i 6= j.
(4)

The Laplacian matrix LA has the following properties:

(1) LA is a symmetric semi-positive definite matrix, LA1N = 0N , λ2(LA) > 0.
(2) x>LAx = 1

2 ∑n
i,j=1 aij(xi − xj)

2, if 1>N x = 0, we have x>LAx ≥ λ2(LA)x>x.

2.2. Problem Description

Consider a multi-agent system consisting of N first-order agents, the communication
topology of the system is given by the graph G = (A,V). The state of agent i is xi ∈ R,
and the global state of the entire system is x = (x1, · · · , xn)> ∈ RN . Agent i’s local objective
function fi : R|Ni |+1 → R is only related to the local state xi and the state of the neighboring
agents {xj}j∈Ni . Denote the local augmented state of the agent i as x̃i = (xi, {xj}j∈Ni )

>. The
global objective function of the system can be separated into the sum of the local objective
functions of the agents, i.e., f (x) = ∑N

i=1 fi(x̃i). Consider the following MSCO problem:

min
x∈RN

f (x) =
N

∑
i=1

fi(x̃i),

s.t.
N

∑
i=1

xi =
N

∑
i=1

di = D,

(xi − xl
i)(xi − xu

i ) ≤ 0, i ∈ N , (5)

where, di ∈ R denotes the local resource requirements of the agent i, D ∈ R is the global
resource requirement of the multi-agent system, and xl

i, xu
l ∈ R≥0 are the known upper

and lower local resource constraints of the agent i, respectively. The distributed solution
of the problem (5) requires that the agent i store only their local states xi, local objective
function fi, local resource constraints xl

i and xu
i , and local resource requirements di, and only

interacts with information from its neighboring agents. The set of feasible solutions to the
problem (5) is denoted as

Xfe = {x ∈ RN |x1 + · · ·+ xN = D, xl
i ≤ xi ≤ xu

i , i ∈ N}. (6)

The optimal set of solutions to the problem (5) is denoted as Ω?, and the corresponding
objective function value is f ?.

The dynamics of the first-order agents can be described as

ẋi(t) = ui(t) + ωi(t), i = 1, 2, · · · , N, (7)

where, ui(t) ∈ R denotes the control input of the agent i, wi(t) ∈ R is the unknown external
disturbance. Now, it is necessary to design the control law ui(t) in the presence of external
perturbation wi(t) such that Ω? is a global fixed-time attraction domain of the MSCO
problem (5).

Assumption 1. Graph G is a static undirected connected graph.

Assumption 2. The local objective function fi(x̃i) is continuously differentiable, and the global
objective function f (x) ∈ C1(RN ,R) is m-strongly convex.

Assumption 3 (relaxed Slater condition). There exists

x̄ = (x̄1, · · · , x̄N)
>,

such that (x̄i − xl
i)(x̄i − xu

i ) ≤ 0, i ∈ N , ∑N
i=1 x̄i = D holds simultaneously.
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Assumption 4. The l2 norm of the external perturbation ωi(t) is bounded, i.e., there exists a
constant δi ∈ R>0 such that ‖ωi‖ ≤ δi, and we write δ = max(δi).

Remark 1. Assumptions 1–3 are commonly used assumptions in the design of distributed fixed-
time optimization algorithms. Assumptions 1 are used to simplify the description of the algorithm,
which is also applicable in time-varying topologies and directed strongly connected graphs as seen
later. Assumption 2 and 3 guarantee the existence and uniqueness of the problem (5), which can be
verified by the dual problem of the original problem (5), i.e., there exists a unique x? ∈ RN such that
f (x?) = f ? is a minimal value point. Common objective functions in engineering applications, such
as the quadratic consumption characteristic curves of generating units in power system economic
dispatches, and l2 loss functions in supervised learning, are all consistent with the Assumption 2.
Assumption 3 is the Slater condition after relaxation, which does not require the optimal solution of
the problem (5) to be the interior point of the set of resource constraints.

Remark 2. Under weaker conditions than the Assumptions 1–4, some studies have obtained
asymptotic convergence algorithms for solving the MSCO problem (5) [13–16]. Several multi-agent
fixed-time optimization algorithms exist without local resource constraints (xi − xl

i)(xi − xu
i ) ≤

0, i ∈ N . The literature [20] addresses the problem of distributed optimization without local resource
constraints in the presence of external disturbances. In this paper, we propose to solve the distributed
optimization problem (5) in the presence of external disturbances and local resource constraints
for agents.

3. Main Results
3.1. Optimal Solution Set

Before giving the distributed algorithm for the problem (5), we discuss the properties
of the optimal solution of the problem (5). By Assumptions 2 and 3, the optimal solution
x? ∈ RN of problem (5) satisfies the following KKT optimality condition [25]:

∂ fi(x̃?i )
∂xi

+ ∑
j∈Ni

∂ f j(x̃?j )

∂xi
+ λ? + µ?

i ((x?i − xl
i) + (x?i − xu

i )) = 0, (8a)

x?1 + · · ·+ x?N = D, (8b)

(x?i − xl
i)(x?i − xu

i ) ≤ 0, (8c)

µ?
i (x?i − xl

i)(x?i − xu
i ) = 0, (8d)

where λ? ∈ R, µ?
i ∈ R≥0, i ∈ N . Since f (x) is a strongly convex function, there exists a

unique x? as the optimal solution to the problem (5) [25].
Let gi(xi) = (xi − xl

i)(xi − xu
i ), i ∈ Ni. For handling inequality constraints, Pinar [26]

proposed a smooth penalty function of the following form:

pi,ε(gi(xi)) =


0, gi(xi) ≤ 0,

gi(xi)
2

2ε
, 0 ≤ gi(xi) ≤ ε,

gi(xi)−
ε

2
, gi(xi) ≥ ε.

(9)

For ε ∈ R>0, the problem (5) can be rewritten as

min
x∈RN

f p(x) =
N

∑
i=1

f p
i (x̃i), (10a)

s.t. x1 + · · ·+ xN = D, (10b)

where,
f p
i (x̃i) = fi(x̃i) + γpi,ε(gi(xi)), i ∈ N . (11)
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Since f (x) is an m-strongly convex function and ∑N
i=1 pi,ε(gi(xi)) is a convex function,

f p(x) is also an m-strongly convex function and the solution of the problem (10) is unique.
Let the ε-feasible solution set of the problem (5) be

Xε
fe = {x ∈ RN |x1 + · · ·+ xN = D, gi(xi) ≤ ε, i ∈ N}. (12)

For an appropriate value of γ, the optimal solution of the problem (10) is within the
set of ε-feasible solutions of the problem (5) and the optimal solution of the problem (10)
is in the ε-neighborhood of the optimal solution of the problem (5). That is, we have the
following expression.

Lemma 4 ([26,27]). If
(
x?, λ?, µ?

1 , · · · , µ?
N
)

is a set of solutions to the KKT Equation (8) satisfying
Assumptions 2 and 3, let x̂? be the optimal solution to problem (10) for some γ, ε ∈ R>0. If we take
γ > 1−N

1−
√

N
γ?, where γ? = max{µ?

1 , · · · , µ?
N}, then we have

x̂? ∈ Xε
fe, (13a)

0 ≤ f ? − f (x̂?) ≤ εγN. (13b)

Remark 3. From Lemma 4, it follows that if there is an upper bound for µ?
i , i ∈ N , then the

solution of the problem (5) can be approximated by solving (10).

Theorem 1. If
(

x?, λ?, µ?
1 , · · · , µ?

N
)

is the solution of KKT Equation (8) under Assumptions 2 and 3,

denote Φi = max
x̃i∈X̃i

fe

∣∣∣ ∂ fi(x̃i)
∂xi

∣∣∣, X̃i
fe = {gi(xi) ≤ 0, gj(xj) ≤ 0, j ∈ Ni}, yielding

|λ?| ≤ max

{
Φi + ∑

j∈Ni

Φj

}N

i=1

, (14a)

max{µ?
i }N

i=1 ≤
2 max

{
Φi + ∑j∈Ni

Φj

}N

i=1

min{xu
i − xl

i}N
i=1

. (14b)

Proof. It is straightforward to see that∣∣∣∣∣∂ fi(x̃?i )
∂xi

+ ∑
j∈Ni

∂ f j(x̃?j )

∂xi

∣∣∣∣∣ ≤ max
x̃i∈X̃i

fe

∣∣∣∣∣∂ fi(x̃i)

∂xi
+ ∑

j∈Ni

∂ f j(x̃j)

∂xi

∣∣∣∣∣
≤Φi + ∑

j∈Ni

Φj, ∀i ∈ N .

Therefore, the following inequality holds:

−max{Φi + ∑
j∈Ni

Φj}N
i=1 ≤−

∂ fi(x̃?i )
∂xi

− ∑
j∈Ni

∂ f j(x̃?j )

∂xi

≤max{Φi + ∑
j∈Ni

Φj}N
i=1. (15)

Substituting (15) into the KKT Equation (8), we obtain the upper bound of |λ?|
in (14).

Remark 4. To obtain the upper bound of the optimal multiplier µ?
i , one only needs to know the

local objective function fi(x̃i) and the upper/lower bounds of the resource constraints of both the
local and neighboring agents. One can easily design the distributed protocol to find the optimal
multiplier, and then set the parameter γ.
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3.2. Three-Stage Fixed-Time Robust MSCO Algorithm

By choosing a suitable γ, solving the problem (10) yields an ε-approximate solution to
the original problem (5). Using the fixed-time integral sliding mode control [28], the fixed-
time robust MSCO algorithm for solving the problem (10) under the undirected connected
graph is proposed as follows:

ui =ui1 + ui2,

ui1 =− ξ1signµ(ei)− ξ2signν(ei) + ηi

ei =xi − di −
∫ t

0
ηidτ,

ηi =ζ1 ∑
j∈Ni

signµ(φj − φi) + ζ2 ∑
j∈Ni

signν(φj − φi),

φi =
∂ f p

i
∂xi

+ ∑
j∈Ni

∂ f p
j

∂xi
,

ui2 =− κ0si − κ1sgn(si)− κ2signα(si),

si =xi −
∫ t

0
ui1(τ)dτ,

(16)

where, κ0, κ2, ξ1, ξ2, ζ1, ζ2 ∈ R>0, κ1 > δ, α > 1, 0 < µ < 1, ν > 1 are adjustable parame-
ters, si denotes the integral sliding manifold, φi denotes the summation of the local and
neighboring gradient information of agent i, and ui1, ui2, ei, ηi are auxiliary variables.

Remark 5. The Algorithm (16) is based on a three-stage strategy design. Inspired by the integral
sliding mode control, the main task of the first stage is to complete the rejection of the external
disturbance wi(t). Using the symmetry of the undirected graph, the second stage is designed so
that the global resource demand constraint is satisfied. The third stage drives the agents to the
global optimum x̂?. In summary, since the above three stages are completed in fixed-time, the
Algorithm (16) will drive the agents to solve the problem (10) in fixed-time.

Theorem 2. Assuming that Assumptions 1–4 hold, the problem (5) can be solved by distributed
Algorithm (16) in fixed-time.

Proof. The proof can be divided into three steps.

Step 1: Reaching law ui2(t) is used to guarantee the fixed-time convergence of sliding
manifold si, where the effect of the external perturbation ωi(t) will be totally eliminated
thereafter.

The dynamics of si are obtained from the algorithm (16)

ṡi(t) = ẋi(t)− ui1(t)

= ui2(t) + ωi(t)

= −κ0si − κ1sgn(si)− κ2signα(si) + ωi(t). (17)

Consider the Lyapunov function V1,i(t) = s2
i . The derivative of V1,i(t) along the

dynamics (17) is

V̇1,i(t) = 2si ṡi

= −2κ0s2
i − 2κ1|si| − 2κ2|si|α+1 + 2siωi

≤ −2κ0s2
i − 2(κ1 − δ)(s2

i )
1/2 − 2κ2(s2

i )
α+1

2

= −2κ0V1,i − 2(κ1 − δ)V1/2
1,i − 2κ2V

α+1
2

1,i . (18)
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By applying the Cauchy–Schwarz inequality siωi ≤ |si||ωi| and leveraging Lemma 4,
it can be shown that inequality (18) holds. Furthermore, Lemma 1 states that if V1,i(t) = 0
implies si = 0, then si can converge to 0 in fixed-time T1 even in the presence of external
perturbations ωi(t). As a result, we can derive the following:

T1 ≤
ln
(

1 + κ0
κ1−δ

)
κ0

+
ln
(

1 + κ0
κ2

)
κ0(α− 1)

. (19)

Thus, we have ẋi(t) = ui1(t), ∀t ≥ T1.

Step 2: By using the symmetry property of control input ui1, it is proven that the global
resource constraint ∑xi

= D will be satisfied in fixed time.

When t ≥ T1, the dynamic degeneracy of xi is

ẋi = −ξ1signµ(ei)− ξ2signν(ei) + ηi. (20)

The dynamics of ei can be simplified by Equation (20) as

ėi = −ξ1signµ(ei)− ξ2signν(ei). (21)

At this point, the error ei is decoupled from the state xi. Consider the Lyapunov
candidate

V2,i(t) = e2
i . (22)

The derivative of V2,i(t) along the subsystem (21) is

V̇2,i(t) = 2ei ėi

= 2ei(−ξ1signµ(ei)− ξ2signν(ei))

= −2ξ1(e2
i )

µ+1
2 − 2ξ2(e2

i )
ν+1

2

= −2ξ1V
µ+1

2
2,i − 2ξ2V

ν+1
2

2,i . (23)

According to Lemma 1, By V2,i=0 ⇒ ei = 0, it follows that the error ei converges to 0
in fixed-time T2, and

T2 ≤ T1 +
1

ξ1(1− µ)
+

1
ξ2(ν− 1)

. (24)

Therefore, when t ≥ T2, ei = ėi = 0, there is

N

∑
i=1

ei =
N

∑
i=1

xi −
N

∑
i=1

di −
∫ t

0

N

∑
i=1

ηidτ = 0. (25)

The graph G is an undirected connected graph, then we have

N

∑
i=1

∑
j∈Ni

ζ1signµ(φj − φi) =
N

∑
i=1

∑
j∈Ni

ζ2signν(φj − φi) = 0. (26)

From Equations (25) and (26), we have

N

∑
i=1

xi =
N

∑
i=1

di = D, ∀t ≥ T2, (27)

which indicates that the global resource requirement D is always satisfied when t ≥ T2.

Step 3: Based on the design of the existing unconstrained distributed gradient-based
optimization algorithm, a fixed-time scheme is applied for driving f p(x) that reaches the
optimal solution f p(x̂?).
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We have ei = 0 whent ≥ T2, and the dynamic degeneracy of xi now is

ẋi = ζ1 ∑
j∈Ni

signµ(φj − φi) + ζ2 ∑
j∈Ni

signν(φj − φi). (28)

Consider the Lyapunov function

V3(t) = f p(x)− f p(x̂?). (29)

It is straightforward to see that V3(t) ≥ 0, and that V3(t) = 0⇒ x = x̂?. The derivative
of V3(t) along the dynamics (28) is

V̇3(t) =
N

∑
i=1

φi ẋi

= ζ1

N

∑
i=1

∑
j∈Ni

φisignµ(φj − φi) + ζ2

N

∑
i=1

∑
j∈Ni

φisignν(φj − φi)

= −1
2

ζ1

N

∑
i=1

∑
j∈Ni

|φj − φi|µ+1 − 1
2

ζ2

N

∑
i=1

∑
j∈Ni

|φj − φi|ν+1

= −1
2

ζ1

N

∑
i=1

N

∑
j=1

(
aij|φj − φi|2

) µ+1
2 − 1

2
ζ2

N

∑
i=1

N

∑
j=1

(
aij|φj − φi|2

) ν+1
2 . (30)

Let ρij = aij|φj − φi|2. Based on the conditions 0 < µ < 1 and ν > 1, Lemma 2 yields

V̇3 =− 1
2

ζ1

N

∑
i=1

N

∑
j=1

ρ
µ+1

2
ij − 1

2
ζ2

N

∑
i=1

N

∑
j=1

ρ
ν+1

2
ij

≤− 1
2

ζ1

(
N

∑
i,j=1

ρij

) µ+1
2

− 1
2

ζ2N1−ν

(
N

∑
i,j=1

ρij

) ν+1
2

. (31)

Let the average gradient φc =
1
N ∑N

i=1 φi, and the gradient error is φ̃i = φi − φc, then

ρij = aij|φ̃j − φ̃i|2. (32)

Let the global gradient vector be φ = (φ1, · · · , φN)
>. The global gradient error vector

is φ̃ = (φ̃1, · · · , φ̃N)
>, noting that φ = ∇ f p(x). Additionally, by Step 2 we know that

1>N x = D, ∀t ≥ T2. The optimal solution x̂? satisfies the constraint 1>N x̂? = D, then

(φc1N)
>(x̂? − x) = φc1>N(x̂? − x) = 0, (33)

Given the m-strong convexity of f p(x), let f p
? = f p(x̂?), then

f p
? ≥ f p(x) + φ>(x̂? − x) +

m
2
‖x− x̂?‖2

= f p(x) + (φ− φc1N)
>(x̂? − x) +

m
2
‖x̂− x?‖2

= f p(x) + φ̃>(x̂? − x) +
m
2
‖x− x̂?‖2. (34)

DenoteF (x) = f p(x)− f p
? + φ̃>(x?− x)+ m

2 ‖x− x̂?‖2, andF (x) is a positive definite
quadratic with respect to x̂? − x. From the discriminant formula for the roots,

‖φ̃‖2 = φ̃>φ̃ ≥ 2m
(

f p − f p
?

)
. (35)



Appl. Sci. 2023, 13, 4527 10 of 14

By the nature of the error gradient φ̃, we have

1>N φ̃ = 0. (36)

From Equation (32) and the Lemma 3, we have

N

∑
i,j=1

ρij =
N

∑
i,j=1

aij|φ̃j − φ̃i|2

= 2φ̃>LAφ̃

≥ 2λ2(LA)φ̃
>φ̃

≥ 4mλ2(LA)( f p − f p
? )

= rV3, (37)

where, r = 4mλ2(LA). This leads to

V̇3 ≤−
1
2

ζ1r
µ+1

2 V
µ+1

2
3 − 1

2
ζ2N1−νr

ν+1
2 V

ν+1
2

4 . (38)

According to the Lemma 1, we have V3 = 0⇒ f p(x) = f p
? , x = x̂?, ∀t ≥ T3. Further-

more,

T3 = T2 +
4

ζ1r
µ+1

2 (1− µ)
+

4

ζ2N1−νr
ν+1

2 (ν− 1)
, (39)

i.e., the problem (10) is solved by the algorithm (16) in fixed-time T3.

Remark 6. The local objective function fi in the MSCO problem solved in this paper not only
contains the local state xi, but can also be related to the states xj, j ∈ Ni of neighboring agents.
While common MSCO problems in [18,19,27] assume that the local objective function fi is only a
function of xi, this paper deals with the more general case.

Remark 7. Unlike the common distributed exponential convergence algorithms, the algorithm (16)
converges in fixed-time and the convergence time is only related to the constants in the algorithm and
the second smallest eigenvalue of the Laplacian matrix of the communication topology graph, which
can be easily adjusted to achieve different convergence times. Although the communication topology
of the multi-agent system in this paper is static, the algorithm (16) can solve the time-varying
topology problem directly by changing the second small eigenvalue of the Laplace matrix to the
lower bound of the time-varying case in Step 3, so the proof for the time-varying topology case is
not repeated.

4. Simulation

This section considers a scenario of distributed cooperative power generation in
a wind farm. The wind farm contains many wind turbines, and the centralized wind
farm scheduling method has the problems of complex communication links and poor
communication fault tolerance. The distributed generation distribution control method
only requires the establishment of communication links among the WTGs to ensure that
the WTGs form a fully connected topology, which is robust to topology switching.

In this section, the effectiveness of the algorithm (16) is tested on the distributed
cooperative power tracking of the Princess Amalia wind farm in the Netherlands, and the
detailed configuration of which can be found in [20]. The wind farm contains 60 wind
turbines with a rated power of 2 MW. Considering the wake effect, the power cost function
of the wind turbines is affected by the power of the neighboring wind turbines upwind.
For a given wind direction, the wake effect for the Princess Amalia wind farm is shown
in Figure 1. Take turbine 24 as an example; its generation cost is a function of its own
power and the power of turbines 15 and 16. Considering the decision variable x as the
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wind turbine power of the wind farm, the generation cost function of the i wind turbine
is fi = fi,i(xi) + ∑j∈Ni

fi,j(xi, xj), where fi,i(xi) is the own generation cost of the i wind
turbine, fi,j(xi, xj) is the generation cost of the ith wind turbine affected by the tail flow
effect of the jth wind turbine. The wind turbine’s own generation cost is a quadratic
cost curve, i.e., fi,i(xi) = c2,ix2

i + c1,ixi + c0,i. Based on the main characteristics of the
wake effect, the generation cost under the influence of adjacent turbines is assumed to
be fi,j(xj) = ki,jxixj, ki,j ≥ 0. Note that the local generation cost fi of the turbine under
this assumption may be a non-convex function. The generation cost of turbine 24 is
f24 = c2,24x2

24 + c1,24x24 + c0,24 + k24,15x15x24 + k24,16x16x24.

Figure 1. Schematic diagram of the wake effect on the location of 60 units at Princess Amalia wind
farm and at a certain wind direction.

The parameters of the wind turbine cost function are as follows: c2,i ∈ [4.0, 6.0],
c1,i ∈ [2.0, 3.0], c0,i ∈ [95.0, 110.0], i = 1, 2, · · · , 60, and the effect coefficient of the wake
effect ki,j = 0.1. In this setting, the total generation cost of the wind farm f (x) = ∑60

i=1 fi
is a strongly convex function. Additionally, consider the matching perturbation ωi(t) =
0.5 sin(0.1it) + WGi for the ith wind turbine, where WGi denotes zero-mean Gaussian
noise with a variance of 0.1. Taking the initial value xi(0) ∈ [0.8, 1.8], the total power
demand of the wind farm is D = 78 MW and is cut to 68 MW at t = 2 s and in-
creased to 83 MW at t = 4 s. Note that the algorithm in this paper need not satisfy
∑60

i=1 xi(0) = D. Set the parameters of the algorithm (16) to [κ0, κ1, κ2, ξ1, ξ2, ζ1, ζ2, α, µ, ν] =
[10, 10, 10, 10, 10, 10, 100, 100, 1.5, 0.5, 1.5], the fixed convergence time can be calculated as
T3 = 1.3856 s.

The convergence curve for each wind turbine is shown in Figure 2, and the total power
variation curve of the wind farm is shown in Figure 3. It is shown that the global resource
constraint ∑60

i=1 xi = D is satisfied in T3 for t < 2. Moreover, the proposed algorithm
maintains a quick response to the power demand variations at t = 2 s and t = 4 s. The total
power generation cost of the wind farm is shown in Figure 4. Under different global
resource demands, the total power generation cost of the wind farm converges to the global
optimal solution as labeled in Figure 4. The convergence trajectories of sliding manifolds si
are shown in Figure 5, where all the sliding manifolds are reached in fixed-time and the
reaching time is shorter than the estimated one.
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Figure 2. Evaluation of the power set points for Princess Amalia wind farm.
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Figure 3. Variation curve of total power of 60 wind turbines in Princess Amalia wind farm.
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Figure 4. Variation curve of total generation cost of 60 wind turbines in Princess Amalia wind farm.
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Figure 5. Convergence trajectories of sliding manifolds.

5. Conclusions

A novel fixed-time distributed optimization algorithm is proposed to solve an MSCO
problem with local inequality constraints, global equation constraints, and unknown
disturbances. A penalty function method is utilized to eliminate the local constraints and
a novel three-stage control scheme is proposed to achieve robust fixed-time convergence.
The proposed algorithm consists of a fixed-time reaching law to eliminate the unknown
disturbances, a suitable interaction strategy to satisfy the global constraints, and a fixed-
time gradient optimization algorithm to converge to the minimum value of the global
objective in fixed-time. The effectiveness of the proposed strategy is demonstrated in the
wind farm co-generation problem with 60 wind turbines. Our results show the potential of
the proposed algorithm in solving MSCO problems. In the future, the following research
topics will be considered.

• Designing a fixed-time proximal gradient algorithm for handling the local constraints;
• Designing a fixed-time optimization algorithm for multi-agent systems with

unmodeled dynamics.
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