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Abstract: The cave dwelling is one of the most typical traditional dwellings and green building forms
in the Loess Plateau of Northern Shaanxi. The construction of the cave dwelling was built only based
on the experience passed down by predecessors, without the guidance of formal design theories and
calculation methods, and the overall safety of the cave-dwelling structure needs to be solved urgently.
To make the mechanical analysis model closer to the actual force of the masonry cave dwelling, it is
proposed to simplify the arch ring in the masonry cave-dwelling structure into an unhinged arch
mechanical calculation model. Applying the theory of elastic center to the force method calculation
in structural mechanics, the force of the cave-dwelling structure is analyzed and compared with
the force results of the three-hinged arch calculation model, so as to determine the correctness and
reliability of the calculation diagram of the unhinged arch. The conclusions indicate it is correct
and reliable to use the unhinged arch calculation model, which is closer to the actual force situation,
to calculate the forces of the arch rings in masonry cave dwellings, and both the three-hinged arch
and unhinged arch models are feasible to be applied to the mechanical analysis of the arch rings.
The unhinged arch calculation model is more reliable and safer in the design and calculation of the
cave-dwelling leg components compared with the three-hinged arch calculation model because it
considers the bending moment at the arch foot support. The research results can be used to improve
the structural design data of the cave dwelling and provide theoretical guidance for the construction,
repair, and protection of the cave dwelling.

Keywords: elastic center; force method; cave dwelling; force analysis

1. Introduction

Cave dwellings are widely distributed in the Loess Plateau of Northwest China. They
are one of the most typical traditional dwellings in northern Shaanxi. In addition, they
are favored by local residents for their advantages of adapting to the climate, using local
materials, having a low cost, being warm in winter and cool in summer, and, particularly,
the covering soil on the upper part of the cave dwelling being able to make use of its own
temperature and heat insulation function. They are also known as energy-saving ecological
residences. According to the different ways of construction, cave dwellings can be divided
into three categories [1]: One is the excavation pattern cave dwelling, which includes the
cliff-side-type loess cave dwelling excavated directly from the loess cliff face; the patio-type
loess cave dwelling which was excavated along the four walls in the manually excavated
square earth pit; and the earth-pit-type cave-dwelling which was excavated in a naturally
formed earth pit, as shown in Figure 1a,b [1]. The second is the masonry pattern cave
dwelling; that is, the free-standing cave dwelling or open hoop cave dwelling is an earth
cave dwelling, brick cave dwelling, or stone cave dwelling directly hoop-built on the flat
ground, and the upper part is covered with a certain thickness of soil, as shown in Figure 1c.
The third is the half excavation and half masonry pattern cave dwelling, that is, the interface
cave dwelling; a section of the masonry arch ring is connected to the mouth of the loess

Appl. Sci. 2023, 13, 4292. https://doi.org/10.3390/app13074292 https://www.mdpi.com/journal/applsci

https://doi.org/10.3390/app13074292
https://doi.org/10.3390/app13074292
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0002-2000-4231
https://doi.org/10.3390/app13074292
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app13074292?type=check_update&version=1


Appl. Sci. 2023, 13, 4292 2 of 17

cave dwelling to prevent the cliff surface from collapsing, as shown in Figure 1d. With
the improvement of people’s living conditions and the convenience of production and
living conditions, masonry cave dwellings have sprung up. However, the construction
of masonry cave dwellings is based on experience without structural calculation and
stress analysis, and the construction method lacks theoretical guidance, which causes the
hidden dangers of the cave structures to occur from time to time. Cave-dwelling buildings
are the concentrated carrier of the local residents’ construction skills, survival wisdom,
geographical environment, regional culture, and social economy, and they are a valuable
architectural and cultural heritage. The in-depth studies on their stress have an important
scientific significance and social value for the protection and inheritance of these traditional
local-style dwellings.
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The cave dwellings are classified as earth-sheltered architectures that have been much
studied by foreign scholars [2–6]. To preserve this valuable architectural heritage, Chinese
scholars have carried out a great deal of research on it. In recent years, many schol-
ars have focused on the structural principle [7,8], stress characteristics [9–11], stability
analysis under different influencing factors [12–19], the effect of water on the stability
of the cave dwelling [20,21], and the reinforcement and protection measures using new
materials and advanced methods for the loess cliff-side cave dwelling and earth-pit-type
cave dwelling [22–26]. However, there is little research on the masonry cave dwelling.
F.J. Wang et al. [27] combined the actual earthquake damage with numerical simulation
experiments; the vertical displacement of the arch vault and the ratio of the vault height
to the calculated span were proposed as the damage indicators for the free-standing cave
dwelling under an earthquake. Y.M. Yan et al. [28,29] carried out a stress analysis and cross-
sectional calculations on the arch ring of a stone masonry cave dwelling which adopted
the three-hinged arch calculation model, but the arch axis was chosen as a reasonable arch
axis (catenary), which did not match the curved arch axis in the actual cave dwelling. Y.X.
Zhang et al. [30] analyzed the common failure forms of the cave dwellings and the stress of
the most common semi-open and semi-dark cave dwellings built with adobe, and used the
“equal-substituted three-hinged arch” method to calculate only the reaction forces of the
vault and the foot of the arch, without an internal force analysis of any section of the arch
ring. C.H. Huang et al. [31] divided the cave-dwelling structure into the dome parts and
column parts. The calculation model of the dome structure was a two-hinged semi-circular
arch. The internal force coefficient of the arch was determined by consulting the manual
of the static force calculation, and the internal forces of the arch vault and arch foot of
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the semi-circular arch shaft cave dwelling were calculated. However, the unified internal
force calculation formula of the circular arch cave dwelling was not deduced. Therefore,
the applicability of this calculation method is not strong. In the above works of literature,
the arch feet of the cave dwelling were simplified as a fixed hinge support; the bending
moment of the arch ring at the arch feet was not considered.

In order to make the mechanical analysis model closer to the actual force situation of
the masonry cave dwelling, the calculation model of an unhinged arch is proposed here
for the arch ring part of the masonry cave-dwelling structure. Based on the elastic center
method [32,33], the unified internal force calculation formula of the circular arc arch ring in
the masonry cave-dwelling structure is deduced by using the principle of force method;
at the same time, it is compared with the stress calculation results of the three-hinged
arch to clarify the influence of considering the arch ring support of the cave dwelling as a
fixed hinged support. This has a certain theoretical reference value for the construction,
reinforcement, and protection of the masonry cave dwelling, and further supplements and
improves the design data of cave-dwelling building structures.

2. Research Object and Methodology

The basic construction of the masonry cave dwelling is shown in Figure 2. The actual
picture is shown in Figure 3. This structure can be regarded as being composed of the
upper arch ring and the lower cave-dwelling legs. The arch ring is a bending member and
the cave-dwelling legs are compression members [24]. The force calculation and analysis
of the masonry cave-dwelling structure can be simplified to a plane strain problem. If
the arch foot support is simplified to a fixed support, the calculation model of the upper
arch ring is a symmetrical fixed unhinged arch, as shown in Figure 4a. The elastic center
method is equivalent to the original unhinged arch to the unhinged arch with a rigid arm,
which can be seen in Figure 4b. We determine the length of the rigid arm, that is, the
position of the elastic center, lead the endpoint of the rigid arm to the elastic center, and
then take the basic system with the rigid arm so that all the secondary coefficients in the
force method equation are equal to zero. At this time, the equation of the force method is
simplified to three independent one-dimensional linear equations, which greatly reduces
the computational workload.
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2.1. Loads on the Masonry Cave Dwelling

It can be seen from Figures 2 and 3 that the loads on the masonry cave dwelling
mainly include the self-weight of the arch ring, the self-weight of the filling, and the live
loads on the head (roof). Due to the small drainage slope of the roof, the filling surface
is approximately taken as a horizontal surface, and the live loads are mainly snow load,
vehicle, pedestrian, or construction live load, which can be considered to be uniformly
distributed. Assuming that the arch ring is of equal thickness, the self-weight of the arch
ring and the self-weight of the filling vary in size with the axis of the arch ring. In order
to simplify the calculation, it is assumed that the load is continuously distributed without
interruption and mutation along the span length of the arch, as shown in Figure 4. Bending
stiffness EI = constant. Then, the load concentration at any section of the arch ring is
as follows:

P = Pt + γ2y = γ1h1 + γ2h2 + γ2y + ψq (1)

where Pt is the vertical uniformly distributed load concentration, and Pt = γ1h1 + γ2h2 + ψq;
γ1 and γ2 are the gravity density of the arch ring and the gravity density of the covering
soil, respectively; h1 and h2 are the thickness of the arch ring and the thickness of the soil
covering on the top of arch, respectively; y is the longitudinal co-ordinate of the arch ring
axis; ψ is the combined value coefficient of the live load, taking into account the finite effect
of the live load—0.7 is taken here; and q is the live load of the roof, taken as 2.0 kN/m2.

2.2. Basic Assumptions Adopted in the Calculation Diagram

Considering the construction characteristics of masonry cave-dwelling structure, the
following assumptions are adopted when determining the calculation diagram:

• Because the curve form of the arch axis has little effect on the internal force results,
the upper arch ring of the cave dwelling is simplified as a circular arc axis with
equal sections;

• The support constraint between the arch foot and the lower cave-dwelling leg is
assumed to be fixed; that is, the arch foot is considered to resist bending;

• Generally, the ratio of the arch height f to the arch span length l is greater than 0.2, so
when calculating the coefficients and free terms of the force method equation, only the
influence of bending deformation is considered, and the effect of shear force and axial
force on deformation is ignored.

2.3. Derivation of Internal Force Calculation Formula Based on Unhinged Arch Model

The selected basic system of force method based on unhinged arch model is shown in
Figure 4c. Applying the elastic center theory, the internal force calculation formula of an
unhinged arch can be quickly deduced.

2.3.1. Equation of Arc Arch-Axis

As shown in Figure 4a, the cave-dwelling span is l and the arch ring height is f; then,
the radius R of the arc arch ring shall be:

R2 =

(
l
2

)2
+ (R− f )2 (2)

so

R =
l2 + 4 f 2

8 f
(3)

The central angle ϕB of the half arch is:

sin ϕB =
l/2
R

, cos ϕB =
R− f

R
(4)
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As shown in Figure 4c, the co-ordinate origin O is located at the vault of arc (C), to the
right as the x-axis and down as the y-axis; the equation of the axis of the arch ring can also
be written as:

x = R sin ϕ, y = R− R cos ϕ (5)

2.3.2. Position of the Elastic Center

As shown in Figure 4c, the elastic center ys is:

ys =
∫ y

EI
ds/

∫ 1
EI

ds =
2

EI

∫ ϕB

0
R(1− cos ϕ)Rdϕ/

2
EI

∫ ϕB

0
Rdϕ =

ϕB − sin ϕB
ϕB

R (6)

2.3.3. Internal Force of Basic Structure under Unit Force

When the basic structure is under the action of X1 = 1, the internal forces are calculated
as follows:

M1 = 1, Q1 = 0, N1 = 0 (7)

When the basic structure is under the action of X2 = 1, according to the equilibrium
condition of the isolated part in Figure 4d, the following equation of bending moment
is established:

M2 = y− ys = R(1− cos ϕ)−
(

ϕB−sin ϕB
ϕB

)
R

= R
(

sin ϕB
ϕB
− cos ϕ

) (8)

Shear force and axial force are, respectively:

Q2 = sin ϕ, N2 = − cos ϕ (9)

2.3.4. Bending Moment of Basic Structure under Load

Under the load P, the bending moment equation of any section of the cantilever curved
beam is:

MP(x) = −Pt

2
x2 −

(
x
∫ x

0
γ2ydx−

∫ x

0
xγ2ydx

)
(10)

Substituting (5) into (10), we obtain:

MP(ϕ) = − Pt
2 R2 sin2 ϕ− γ2R sin ϕ

∫ ϕ
0 (R− R cos ϕ)d(R sin ϕ)

+γ2
∫ ϕ

0 R sin ϕ(R− R cos ϕ)d(R sin ϕ)

= − Pt
2 R2 sin2 ϕ− γ2R3 sin ϕ

∫ ϕ
0

(
cos ϕ− cos2 ϕ

)
dϕ

+γ2R3
∫ ϕ

0

(
sin ϕ cos ϕ− sin ϕ cos2 ϕ

)
dϕ

= − Pt
2 R2 sin2 ϕ− γ2R3 sin ϕ

[
sin ϕ−

(
ϕ
2 + sin 2ϕ

4

)]ϕ

0

+γ2R3
[

sin2 ϕ
2 + cos3 ϕ

3

]ϕ

0

= − Pt
2 R2 sin2 ϕ− γ2R3

(
sin2 ϕ

2 − ϕ sin ϕ
2 − sin ϕ sin 2ϕ

4 − cos3 ϕ
3 + 1

3

)
(11)

2.3.5. Calculation of Principal Coefficients and Free Items

After substituting (6)–(8) and (11), we get:

EIδ11 =
∫

M2
1ds = 2

∫ ϕB

0
Rdϕ = 2RϕB = a1R (12)

where:
a1 = 2R (13)
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EIδ22 =
∫

M2
2ds = 2

∫ ϕB
0

[
R
(

sin ϕB
ϕB
− cos ϕ

)]2
Rdϕ

= 2R3
∫ ϕB

0

(
sin2 ϕB

ϕB2 − 2 cos ϕ
sin ϕB

ϕB
+ cos2 ϕ

)
dϕ

= 2R3
[

sin2 ϕB
ϕB2 ϕ− 2 sin ϕ

sin ϕB
ϕB

+
(

ϕ
2 + sin 2ϕ

4

)]ϕB

0

= R3
(
− 2 sin2 ϕB

ϕB
+ sin 2ϕB

2 + ϕB

)
= a2R3

(14)

where:

a2 =

(
−2 sin2 ϕB

ϕB
+

sin 2ϕB
2

+ ϕB

)
(15)

Free items are:

EI∆1P =
∫

M1MP(ϕ)ds

= −2γ2R3
∫ ϕB

0 1×
(

sin2 ϕ
2 − ϕ sin ϕ

2 − sin ϕ sin 2ϕ
4 − cos3 ϕ

3 + 1
3

)
Rdϕ

+2
∫ ϕB

0 1×
(
− Pt

2 R2 sin2 ϕ
)

Rdϕ

= −γ2R4
[(

ϕ
2 −

sin 2ϕ
4

)
+ (ϕ cos ϕ− sin ϕ)− sin3 ϕ

3 − 2
3

(
sin ϕ− sin3 ϕ

3

)
+ 2

3 ϕ
]ϕB

0

−PtR3
[

ϕ
2 −

sin 2ϕ
4

]ϕB

0

= −γ2R4
(

7ϕB
6 −

sin 2ϕB
4 + ϕB cos ϕB − 5 sin ϕB

3 − sin3 ϕB
9

)
−PtR3

(
ϕB
2 −

sin 2ϕB
4

)
= −b2R4 − b1PtR3

(16)

where:

b1 =
ϕB
2
− sin 2ϕB

4
, b2 = γ2

(
7ϕB

6
− sin 2ϕB

4
+ ϕB cos ϕB −

5 sin ϕB
3

− sin3 ϕB
9

)
(17)

EI∆2P =
∫

M2MP(x)ds =
∫
(y− ys)MP(x)ds =

∫
R
(

sin ϕB
ϕB
− cos ϕ

)
MP(ϕ)ds

= −2γ2R4
∫ ϕB

0

(
sin ϕB

ϕB
− cos ϕ

)
×
(

sin2 ϕ
2 − ϕ sin ϕ

2 − sin ϕ sin 2ϕ
4 − cos3 ϕ

3 + 1
3

)
Rdϕ

+2R
∫ ϕB

0

(
sin ϕB

ϕB
− cos ϕ

)
×
(
− Pt

2 R2 sin2 ϕ
)

Rdϕ

= −γ2R5 sin ϕB
ϕB

∫ ϕB
0

(
sin2 ϕ− ϕ sin ϕ− sin ϕ sin 2ϕ

2 − 2 cos3 ϕ
3 + 2

3

)
dϕ

+γ2R5
∫ ϕB

0

(
sin2 ϕ cos ϕ− ϕ sin ϕ cos ϕ− sin2 2ϕ

4 − 2 cos4 ϕ
3 + 2 cos ϕ

3

)
dϕ

−PtR4
∫ ϕB

0

(
sin ϕB

ϕB
sin2 ϕ− sin2 ϕ cos ϕ

)
dϕ

= −γ2R5 sin ϕB
ϕB

(
7ϕB

6 −
sin 2ϕB

4 + ϕB cos ϕB − 5 sin ϕB
3 − sin3 ϕB

9

)
+γ2R5

(
sin3 ϕB

3 − 7 sin 2ϕB
24 + ϕB cos 2ϕB

4 − 3ϕB
8 + sin 4ϕB

96 + 2 sin ϕB
3

)
−PtR4

(
sin ϕB

2 − sin 2ϕB sin ϕB
4ϕB

− sin3 ϕB
3

)
= −(b4 − b5)R5 − b3PtR4

(18)

where:

b3 =

(
sin ϕB

2
− sin 2ϕB sin ϕB

4ϕB
− sin3 ϕB

3

)
(19)
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b4 = γ2
sin ϕB

ϕB

(
7ϕB

6
− sin 2ϕB

4
+ ϕB cos ϕB −

5 sin ϕB
3

− sin3 ϕB
9

)
(20)

b5 = γ2

(
sin3 ϕB

3
− 7 sin 2ϕB

24
+

ϕB cos 2ϕB
4

− 3ϕB
8

+
sin 4ϕB

96
+

2 sin ϕB
3

)
(21)

2.3.6. Solving the Force Method Equation

The force method equation of this structure is:

δ11X1 + ∆1P = 0
δ22X2 + ∆2P = 0

}
(22)

Substitute Formulae (12), (14), (16) and (18) into Equation (22) to get:

a1RX1 − Ptb1R3 − b2R4 = 0
a2R3X2 − Ptb3R4 − (b4 − b5)R5 = 0

}
(23)

From the above Equation (23), the redundant unknown forces X1 and X2 are obtained:

X1 = −∆1P
δ11

=
Ptb1R2 + b2R3

a1
, X2 = −∆2P

δ22
=

Ptb3R + (b4 − b5)R2

a2
(24)

By substituting Formulae (13), (15), (17) and (19)–(21) into Formula (24), the specific
values of the redundant unknown forces X1 and X2 can be obtained.

2.3.7. Calculation of the Internal Force of the Vault and the Foot of Arch

For the vault of the arch, it can be calculated as follows:
Bending moment:

MC = X1 − X2 · ys (25)

Axial force:
NC = X2 (26)

The force diagram for the right half-arch ring is shown in Figure 5.
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For the foot of the arch, it can be calculated as follows:
Bending moment:

MB = M1X1 + M2X2 + MP

= X1 + ( f − ys)X2 − Pt
2 xB

2 − γ2R3
(

sin2 ϕB
2 − ϕB sin ϕB

2 − sin ϕB sin 2ϕB
4 − cos3 ϕB

3 + 1
3

) (27)

Horizontal thrust:
HB = NC = X2 (28)

The vertical reaction force VB of the arch foot is a total load of half span, which is:

VB =
∫ l

2

0
Pdx =

Ptl
2

+
∫ l

2

0
γ2ydx =

Ptl
2

+ γ2R2
(

sin ϕB −
ϕB
2
− sin 2ϕB

4

)
(29)

2.3.8. Internal Force Calculation Formula of Any Section of the Arch Ring

The force diagram of any section of the right half-arch ring is shown in Figure 6.
According to the equilibrium conditions, the internal force calculation formula of any
section of the right half-arch ring are as follows:
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Bending function equation:

M(ϕ) = M1X1 + M2X2 + MP

= X1 + X2R
(

sin ϕB
ϕB
− cos ϕ

)
− Pt

2 R2 sin2 ϕ

−γ2R3
(

sin2 ϕ
2 − ϕ sin ϕ

2 − sin ϕ sin 2ϕ
4 − cos3 ϕ

3 + 1
3

) (30)
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Shear force function equation:

Q(ϕ) = NC sin ϕ−
(∫ x

0 Pdx
)

cos ϕ

= X2 sin ϕ− PtR sin ϕ cos ϕ−
[
γ2
∫ ϕ

0 (R− R cos ϕ)d(R sin ϕ)
]

cos ϕ

= X2 sin ϕ− PtR sin ϕ cos ϕ− γ2R2 cos ϕ
(

sin ϕ− ϕ
2 −

sin 2ϕ
4

) (31)

Axial force function equation:

N(ϕ) = −NC cos ϕ−
(∫ x

0 Pdx
)

sin ϕ

= −X2 cos ϕ− PtR sin2 ϕ−
[
γ2
∫ ϕ

0 (R− R cos ϕ)d(R sin ϕ)
]

sin ϕ

= −X2 cos ϕ− PtR sin2 ϕ− γ2R2 sin ϕ
(

sin ϕ− ϕ
2 −

sin 2ϕ
4

) (32)

The bending moment and axial force of any section of the left half-arch ring are
symmetrically equal to those of the right half-arch ring, while the shear force is equal in
magnitude and opposite in direction.

2.4. Internal Force Calculation Formula of Three-Hinged Arch Model
2.4.1. Three-Hinged Arch Calculation Model

In the previous calculation model of the three-hinged arch, the bending moments of
the arch ring at the arch feet in the masonry cave dwelling were often ignored, and the
arch feet were directly simplified as a fixed hinge support. We consider the closing effect of
the left and right arch rings at the vault during masonry, and the vault was simplified as a
hinge node; that is, the bending moment at the vault of the arch was regarded as zero. The
stress model is shown in Figure 7.
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Figure 7. Three-hinged arch calculation model of arch ring.

2.4.2. Co-Ordinate Axis Setting and Arch-Axis Equation

The co-ordinate origin O is also set in the vault C, to the right for the x-axis, and down
for the y-axis. The arch-axis equation is the same as Formula (5).
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2.4.3. Simplification of Calculation Model and Calculation of Support Reaction Force

Because of the symmetrical structure and load, the shear force of the vault is QC = 0.
The three-hinged arch calculation model can be simplified to a half-side structure and its
force diagram is shown in Figure 8. Under the action of the load P of the structure, the
horizontal reaction force H of the support is:

H = 1
f

∫ l
2

0

(
l
2 − x

)
(Pt + γ2y)dx

= 1
f

[
Pt l2

8 + l
2 γ2R2

(
sin ϕB − ϕB

2 −
sin 2ϕB

4

)
− γ2R3

(
sin2 ϕB

2 + cos3 ϕB
3 − 1

3

)] (33)Appl. Sci. 2023, 13, x FOR PEER REVIEW 13 of 19 
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The vertical reaction force V of the support is also the total half-span load, which is
the same as Formula (29).

2.4.4. Internal Force Calculation Formula of Any Section of the Arch Ring

The force diagram of the isolator of any section of the right half-arch ring of the three-
hinged arch is shown in Figure 9. From the force balance, the bending moment, shear force,
and axial force formulae of the section at the distance x from point O can be determined
as follows:

Bending function equation:

M(ϕ) = Hy− Pt
2 x2 −

(
x
∫ x

0 γ2ydx−
∫ x

0 γ2xydx
)

= H(R− R cos ϕ)− Pt
2 R2 sin2 ϕ

−γ2R3
(

sin2 ϕ
2 − ϕ sin ϕ

2 − sin ϕ sin 2ϕ
4 − cos3 ϕ

3 + 1
3

) (34)

Shear force function equation:

Q(ϕ) = H sin ϕ−
(∫ x

0 Pdx
)

cos ϕ

= H sin ϕ− PtR sin ϕ cos ϕ−
[
γ2
∫ ϕ

0 (R− R cos ϕ)d(R sin ϕ)
]

cos ϕ

= H sin ϕ− PtR sin ϕ cos ϕ− γ2R2 cos ϕ
(

sin ϕ− ϕ
2 −

sin 2ϕ
4

) (35)
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Shear force function equation:

N(ϕ) = H cos ϕ−
(∫ x

0 Pdx
)

sin ϕ

= H cos ϕ− PtR sin2 ϕ−
[
γ2
∫ ϕ

0 (R− R cos ϕ)d(R sin ϕ)
]

sin ϕ

= H cos ϕ− PtR sin2−γ2R2 sin ϕ
(

sin ϕ− ϕ
2 −

sin 2ϕ
4

) (36)Appl. Sci. 2023, 13, x FOR PEER REVIEW 14 of 19 
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3. Results and Analysis

Based on the obtained size data of a masonry cave dwelling in northern Shaanxi, the
selected size parameters of the sample calculation are: cave-dwelling span l = 3.6 m, arch
ring height f = 1.5 m, arch ring thickness h1 = 250 mm, arch ring self-weight γ1 = 24.8 kN/m3,
the thickness of the covering soil at the vault is h2 = 1.0 m, the self-weight of filling soil is
γ2 = 20 kN/m3, the uniformly distributed live load on the roof is q = 2 kN/m2, and the
combined value coefficient ψ = 0.7. The partial coefficients of the dead load and live load
are not considered here, so the load concentration at any cross-section of the arch ring is
P = Pt + 20y = 27.6 + 20y, the radius of the circular arch is R = 1.83 m, and the central angle
of the circular half arch is ϕB = 1.3895 rad.
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3.1. Force Calculation Results under the Unhinged Arch Model

From the Formulae (27)–(29), the constraint moment MB, the horizontal thrust HB and
the vertical force VB at the arch foot support can be obtained as:

MB = 6.68 kN·m, HB = 36.27 kN, VB = 63.09 kN

According to Formulae (30)–(32), the bending moment diagram, shear diagram, and
axial diagram of the right half-arch ring within ϕ ∈ [0, 1.3895] are drawn, as shown in
Figure 10. The bending moment diagram and axial force diagram of the left half-arch ring
is symmetrical with those of the right half-arch ring under the unhinged arch model, while
the shear force diagram is anti-symmetric.
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3.2. Force Calculation Results under the Three-Hinged Arch Model

Based on Formulae (29) and (33), the horizontal thrust H and the vertical force V at
the arch foot support are:

H = 33.45 kN, V = 63.09 kN

According to Formulae (34)–(36), the bending moment diagram, shear force diagram,
and axial force diagram of the right half-arch ring in the range of ϕ ∈ [0, 1.3895] are drawn,
as shown in Figure 10. The bending moment diagram and axial force diagram of the left
half-arch ring are symmetrical with those of the right half-arch ring under the three-hinged
arch model, while the shear force diagram is antisymmetric.

3.3. Comparative Analysis of Calculation Results of the Two Models

Compared with the three-hinged arch, under the same load, the vertical reaction force
V of the unhinged arch with the same arch axis is the same, and the horizontal thrust H is
extremely close, while the thrust of the unhinged arch is larger, with the difference value of
(36.27 − 33.45)/33.45 = 8% < 10%. The bending moment at the three-hinged arch support
is 0, while the restraint moment at the unhinged arch support is 6.68 kN·m.

The internal forces of the unhinged arch and the three-hinged arch at the section of the
vault and the arch foot are calculated by Formulae (25)–(29), (35) and (36); they are shown
in Table 1. It can be seen that the shear force and axial force of the unhinged arch model are
not much different from the three-hinge arch model except for the bending moment in the
section of the vault and the arch foot.

Table 1. Internal forces at the section of the vault and the arch foot under the two calculation models.

Calculation Model Section Position Bending Moment
M (kN·m) Shearing Force Q (kN) Axial Force

N (kN)

unhinged arch arch vault 2.44 0 36.27
arch foot 6.68 24.31 68.59

three-hinged arch arch vault 0 0 33.45
arch foot 0 21.52 68.09
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It can be seen from Figure 10a that the bending moment of the arch section calculated
by the unhinged arch model has two types: internal tension and external tension. There is a
reverse bending point on the arch axis, and the maximum external tensile moment reaches
2.87 kN·m, which appears at about one-third of the distance from the arch foot, while the
internal maximum tensile moment occurs at the arch foot, reaching 6.68 kN·m. The section
bending moment calculated by the three-hinged arch model is only external tension, and the
maximum bending moment is 7.41 kN m, which also appears at approximately one-third
of the position from the arch foot. However, the absolute value of the maximum bending
moment of the section calculated by the two mechanical models is approximately the
same, and the difference is only (7.41 − 6.68)/7.41 = 9% < 10%. According to Figure 10b,c,
the shear force and axial force calculated by the two models of the unhinged arch and
three-hinged arch are basically the same as the changing trend of the section position; that
is, they both gradually increase from the vault to the arch foot. The maximum shear forces
of the two models both occur at the support and the values are not much different; the
maximum shear force of the section calculated by the unhinged arch model is 24.31 kN,
and that of the three-hinged arch model is 21.52 kN, which is slightly smaller than that
of the unhinged arch model. The maximum axial forces of the two models occur near the
support and the values were close. The maximum axial force of the section calculated by the
unhinged arch model was 68.70 kN, and the maximum axial force of the section calculated
by the three-hinged arch model was 68.11 kN; the axial force calculated by the unhinged
arch was slightly larger. Therefore, it can be concluded that the maximum value of the
bending moment, shear force, and axial force calculated by the two mechanical models
are relatively close, and the selection of any mechanical model has little influence on the
section design and recheck of the arch ring section.

4. Conclusions

A calculation model of the unhinged arch that is closer to the actual force situation is
proposed for the arch ring in the masonry cave-dwelling structure. Based on the theory of
elastic center in structural mechanics, the unified internal force calculation formula of the
arc arch ring in the masonry cave-dwelling structure is deduced by using the principle of
force method. Compared with the three-hinged arch calculation model, the force results
obtained by the unhinged arch calculation model are not significantly different from the
three-hinged arch model. Therefore, it is correct and reliable to use the unhinged arch
calculation model for the force of the arch ring in the masonry cave dwelling; both models
can be applied to the mechanical analysis of the arch ring. Only the three-hinged arch model
is a static structure, which is easy to calculate and widely used, while the unhinged arch
model is a super-static structure, which is close to the actual model force but complicated
to calculate; the application of the elastic center method makes the calculation much easier
and provides a theoretical basis for designers to calculate it more accurately.

In addition to the upper arch ring members, the masonry cave dwelling also has
the lower cave-dwelling leg members. Generally, masonry cave dwellings are connected
in the form of porous caves. The middle cave-dwelling legs bear the thrust or bending
moment transmitted by the arch ring supports on both sides. Because the thrust or bending
moment on the left and right sides balance each other and cancel each other out, the middle
cave-dwelling legs only bear the vertical reaction force of the support, and the middle
cave-dwelling legs are regarded as axial compression members. However, for the side cave-
dwelling legs, in addition to bearing the vertical reaction of the support, they must also
have the ability to resist the horizontal thrust, which should be regarded as compression-
bending members. If the unhinged arch calculation model is adopted, the arch ring support
is fixed, and the side cave-dwelling legs have to bear the restraining moment of the support
in addition to the horizontal thrust. Compared with the three-hinged arch calculation
model, the calculation results obtained by the unhinged arch calculation model are more
reliable and safer in the design and calculation of the cave-dwelling leg components. This
has a certain theoretical reference value for the construction, reinforcement, and protection
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of masonry cave dwellings, and further supplements and improves the design data of
cave-dwelling structures.
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