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Abstract: A sliding mode control (SMC) strategy with a fractional-order scheme is developed to
provide an effective way to compensate for the harmonic current and strengthen the performance of an
active power filter (APF). The formulation of a fractional-order sliding mode controller (FOSMC) is
incorporated in the current control of an APF control system, obtaining an extra degree of freedom over
integer-order ones to improve the dynamic property. The simulation results of the APF utilizing the
designed strategy confirm the satisfactory performance and smaller total harmonic distortion (THD) by
comparative study.

Keywords: fractional sliding mode controller; harmonic compensation; active power filter

1. Introduction

Today, in addition to the wide application of power electronic equipment and fre-
quency conversion technology, new energy power generation is developing rapidly to
improve energy quality. As a result, the nonlinear loads in the power grid have become
more complex, which introduces challenges to the safe and stable operation of the power
grid [1–3]. In recent years, with the development of the new energy industry, the impor-
tance of harmonic suppression has been emphasized. For example, both grid-connected
wind and photovoltaic power systems are equipped with nonlinear power electronic de-
vices, which produce certain harmonic and DC components. When the harmonic is injected
into the power system, it causes the distortion of the voltage and current, which triggers
the power system’s relay protection and the misoperation of automatic devices, affecting
the safe operation of the power system [4–6].

Therefore, it is urgent to deal with harmonics in a power grid. The common solutions are
harmonic prevention and harmonic compensation. Harmonic compensation only requires
a parallel or series compensation device on the load side. An active power filter (APF) has
the advantages of great flexibility, excellent compensation, and superior controllability and
has become the main equipment for harmonic compensation. The traditional harmonic
current compensation tracking control is not good enough to give full play to the superior
characteristics of the APF. The control strategy of the compensation current is the key point
to the compensation capability of APF. Therefore, many studies have been carried out on the
compensation current control strategy. At present, various control strategies, such as a neural
network algorithm [7], fuzzy control [8], sliding mode control [9,10], repetitive control [11–13],
feedback linearization [14], digital control [15], model predictive control [16,17], backstepping
control [18], etc., have been proposed and have proved effective in numerous fields of
industrial production.

Sliding mode control (SMC) is a type of discontinuous nonlinear control with high
robustness, which is usually used to deal with uncertainties and disturbances in the sys-
tem [19–22]. Since the advantage of sliding mode control is its robustness to external
disturbances as well as changes and uncertainties in the internal parameters, it is very
suitable for APF current control, which is difficult to model and requires high control
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accuracy. However, sliding mode control has a chattering problem. Therefore, over the
years, some sliding mode controllers have been proposed to improve their performance.
Fractional calculus is a form of research dating back centuries; the fractional-order inte-
grator and differentiator can provide an extra degree of freedom to design a controller,
and transfer energy more slowly than that of an integer-order counterpart, attenuating
chattering [23–25]. Ghasemi et al. [26] presented a robust controller with fractional calculus
for wind turbine generators. Cao et al. [27] found that a fractional adaptive fuzzy controller
had better dynamic properties than integer ones. Ullah et al. [28] presented a new adaptive
FOSMC for a permanent magnet synchronous motor.

Motivated by the above literature, an FOSMC for a three-phase APF is developed to
achieve good working performance. The FOSMC has fast convergence and a small steady-
state error in the phase of sliding mode. The contributions of this paper are as follows:

(1) A novel sliding mode control method combining a fractional-order method and
sliding mode control is proposed in this paper. It not only has the characteristics
of a small tracking error and reduced chattering but also ensures the tracking error
converges fast.

(2) This paper extends integer-order SMC to fractional ones. It is a challenge to combine
the SMC together with fractional-order control and apply these to the three-phase
APF. An FOSMC has more degrees of freedom to obtain the desired performance. The
key property of the method is to select the order of the fractional module and choose
suitable parameters to achieve the best performance.

(3) A simulation study further proves the good performance in eliminating the harmonic
current while stabilizing the DC side voltage. Meanwhile, the superiority of the
proposed control scheme was verified through detailed comparisons and analysis.

The rest of this paper is organized as follows. In Section 2, a dynamic model of APF
is established. In Section 3, a fractional-order SMC method is proposed and analyzed.
Simulation studies are given in Section 4. Eventually, Section 5 gives the conclusions.

2. Dynamic Model of an Active Power Filter

As shown in Figure 1, an APF consists of three parts, a harmonic current detection
module, a current tracking control module, and a generating circuit of compensation current.
A harmonic current detection module usually utilizes the rapid detection of harmonic
currents, which is based on instantaneous reactive power theory. The compensation current
of a three-phase three-wire APF is produced by a pulse width modulation (PWM) signal
generator under normal circumstances. In order to achieve the purpose of eliminating the
harmonic components of the current, the compensating current should be generated with
the absolutely opposite phase and amplitude to that of the harmonic current. By collecting
the current and voltage signals of the circuit from the sensor, the controller of the APF
can output corresponding control signals, which will be modulated into a PWM wave.
The PWM wave will then be sent to the insulated gate bipolar transistor (IGBT) driver to
determine the states of the IGBT and generate the compensation current injected into the
circuit, whose amplitude is equal to but sign is opposite to the harmonic current.

The basic operating principle of an APF is to detect the voltage and current produced
by the operating system. The harmonic current detection is based on the Synchronous
Reference Frame (SRF). After being calculated by the current operation circuit, the com-
mand signal i∗c of the compensating current is obtained. With the aim of achieving the
compensating current ic, the signal which is produced by the PWM needs to be enlarged
by amplifiers due to its small amplitude. Only when the compensating current offsets the
harmonic current can we obtain the expected source current.
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Figure 1. Block diagram of the main circuit of an APF. 
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Then, a dynamic model of the APF is developed. According to the circuit structure of
an APF, applying Kirchhoff rules to the circuitry, we obtain:

v1 = Lc
di1
dt

+ Rci1 + v1M + vMN

v2 = Lc
di2
dt

+ Rci2 + v2M + vMN

v3 = Lc
di3
dt

+ Rci3 + v3M + vMN

. (1)

In the equations, Lc and Rc are the inductance and resistance, and νMN is the voltage
from point M to N.

It is assumed the AC supply voltage is stable. Taking the Equations in (1) and combin-
ing with the absence of the zero-sequence in three wire system currents yields:

vMN = −1
3

3

∑
m=1

vmM (2)

By indicating the ON/OFF status of the IGBT, the switch function ck becomes:

ck =

{
1, if Sk is on and Sk+3 is off

0, if Sk is off and Sk+3 is on
, (3)

where k = 1, 2, 3.
At the same time, taking vkm = ckvdc into consideration, (1) can be reformulated as:

di1
dt

= −
Rc

Lc
i1 +

v1

Lc
−

vdc

Lc
(c1 −

1
3

3
∑

m=1
cm)

di2
dt

= −
Rc

Lc
i2 +

v2

Lc
−

vdc

Lc
(c2 −

1
3

3
∑

m=1
cm)

di3
dt

= −
Rc

Lc
i3 +

v3

Lc
−

vdc

Lc
(c3 −

1
3

3
∑

m=1
cm)

(4)
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We define the switching state function as

dnk =

(
ck −

1
3

3

∑
m=1

cm

)
n

(5)

Equation (5) denotes the relationship between dnk and ck. Based on (5) and the eight
permissible switching states of the IGBT, the following equation is obtaineddn1

dn2
dn3

 =
1
3

 2 −1 −1
−1 2 −1
−1 −1 2

c1
c2
c3

. (6)

Then, (4) is simplified as 

di1
dt

= −
Rc

Lc
i1 +

v1

Lc
−

vdc

Lc
dn1

di2
dt

= −
Rc

Lc
i2 +

v2

Lc
−

vdc

Lc
dn2

di3
dt

= −
Rc

Lc
i3 +

v3

Lc
−

vdc

Lc
dn3

. (7)

We define two state variables

x = i = (i1 i2 i3)
T ,

.
x =

.
i, x = (x11 x12 x13)

T ,
.
x = (x21 x22 x23)

T .

Taking the time derivative with respect to time yields

.
xk = −

Rc

Lc

.
ik +

1
Lc

dvk

dt
−

1
Lc

dvdc

dt
dnk

=
R2

c

L2
c
ik −

Rc

L2
c
vk +

1
Lc

dvk

dt
+ (

Rc

L2
c
vdc −

1
Lc

dvdc

dt
)dnk

, (8)

where k = 1, 2, 3.
Considering the external disturbances, the model of an active power filter can be

rewritten as
.
x = f (x) + bu + d, (9)

where f (x1k) = f (ik) =
R2

c

L2
c
ik −

Rc

L2
c
vk +

1
Lc

dvk

dt
, b =

Rc

L2
c
vdc −

1
Lc

dvdc

dt

u = dn = (dn1 dn2 dn3)
T , d = diag(d1 d2 d3).

Assumption 1. d is an unknown disturbance satisfying the condition ρ − |d| > σ1. where ρ is a
positive constant, and σ1 is a tiny positive constant.

3. Design of the Fractional Sliding Mode Control
3.1. Definitions of Fractional Derivatives and Integrals

We define aDα
t as a generalization of a differential and integral operator, where a

and t are the bounds of the operation, and α is the order of fractional calculus. The
commonly used three definitions are the Grunwald–Letnikov (GL) definition aDα

t f (t) =

lim
h→0

h−α∑∞
j=0 (−1)j

(
α
j

)
(t− jh), the Riemann–Liouville (RL) definition,

aDα
t f (t) =

1
Γ(n− α)

∫ t
a

f (n)(τ)

(t− τ)α−n+1dτ n− 1 < α < n, and the Caputo (C) definition.
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In order to simplify the notation, the fractional derivative of order α is expressed as
Dα instead of aDα

t , defined as the Caputo definitionas

aDα
t f (t) =


1

Γ(n− α)

∫ t
a

f (n)(τ)

(t− τ)α−n+1dτ, n− 1 < α < n

dn

dtn f (t), α = n

where f (·) should be integrable, n is a positive integer, and Γ(·) represents the Gamma
function as Γ(n− α) =

∫ ∞
0 τn−α−1e−τdτ. The characteristic curve of the FOSMC and

integer-order SMC are given in Figure 2, where the expression of the FOSMC close to
equilibrium is t−α after arriving at the sliding manifold, and the expression of the integer-
order SMC is e−t. It is obvious the chattering under the FO-SMC(∆) is less than that of the
integer-order SMC (∆′).
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3.2. Fractional Sliding Mode Controller

Here, the design of the FOSMC is developed in detail, including how to improve
the controller and certify the stable performance of the system. The block diagram of the
FOSMC for an APF is shown in Figure 3. The intention is for current x to track a given
reference current xd.
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The tracking error is defined as

e = xd − x (10)

Then the derivative of Equation (10) is:

.
e =

.
xd −

.
x. (11)

A fractional-order sliding mode surface is designed as

s = −λ1e− λ2

∫
e− λ3Dα−1e (12)

where λ1, λ2, λ3 are positive and constant parameters. α− 1 is the fractional order.
We differentiate the sliding surface:

.
s = −λ1

.
e− λ2e− λ3Dαe. (13)

Then, substituting (11) into (13) yields

.
s = −λ1

( .
xd − f (x)− bu− d

)
− λ2e− λ3Dαe. (14)

Setting
.
s = 0 obtains the equivalent controller as

ueq =
1

bλ1
[−λ1 f (x)− λ1d + λ1

.
xd + λ2e + λ3Dαe]. (15)

Then, a controller is designed as

u =
1

bλ1

[
−λ1 f (x)− λ1ρ sgn (s) + λ1

.
xd + λ2e + λ3Dαe

]
, (16)

where usw = −λ1ρsgn(s) is the switching function.
We choose a Lyapunov function as

V =
1
2

sTs. (17)

Differentiating (17) with respect to time yields

.
V = sT(−λ1(

.
xd − f (x)− bu− d)− λ2e− λ3Dαe). (18)

Substituting (16) into (18) yields

.
V = sT(−λ1[

.
xd − f (x)− b 1

bλ1
(−λ1 f (x)− λ1ρsgn(s) + λ1

.
xd + λ2e+

λ3Dαe)− d]− λ2e− λ3Dαe)
= sTλ1(d− ρsgn(s))
≤
∣∣sT
∣∣λ1(|d| − ρ).

(19)

According to the Assumption, ρ−|d|> σ1 and λ1 > 0, thus
.

V < 0. This indicates
that s(t) is bounded. From (18),

.
s(t) is bounded, showing s(t) is uniformly continuous.

According to the Barbalart lemma, s(t) will asymptotically converge to zero, lim
t→∞

s(t) = 0

and lim
t→∞

e(t) = 0.

4. Simulation

The performance of the proposed FOSMC was evaluated on the platform of the Mat-
lab/Simulink package with the SimPower Toolbox. A comparison between the fractional
module controller and integer controller was also implemented. The parameters of the
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APF control system are shown in Table 1. In the FOSMC, λ1 = 12, λ2 = 3, λ3 = 3, and
ρ = 180000. The APF starts to work at the time t = 0.04 s after switching on the com-
pensation circuit. After implementing the FOSMC, it was obvious that the harmonics in
the gird were efficiently offset, and the source current tended to a steady state after a half
cycle, as shown in Figure 4. We demonstrated that the proposed FOSMC applied to an APF
eliminated the harmonic current.

Table 1. Main parameters.

Supply Voltage and Frequency Vs1 = Vs2 = Vs3 = 220 V, f = 50 Hz

Switching frequency fsw = 10 KHz

The nonlinear load R = 10 Ω, L = 2 mH

APF parameters L = 10 mH, C = 100 µF
vdcre f = 1000 V

PI controller kp = 0.05, ki = 0.01
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In order to achieve the best working performance in tracking the instruction current,
Figure 5 gives different values of the fractional order. With the increasing values of the
fraction order, the results became better. When α was too low (α = 0.2), the compensation
current could not quite track the instruction current. When α = 0.6, the tracking trajectory
was greatly improved, but it seemed inefficient for the length of the tracking time spent.
When α = 0.9, the result showed that after about 0.01 s, the compensation current could
almost track the given instruction current. Then, in the simulation, α was chosen as α = 0.9
in order to achieve satisfactory effects. The compensation tracking error is also given in
Figure 6, confirming the effectiveness of the proposed FOSMC in the tracking function with
a negligible error. Figure 7 further shows the good robustness for the quickly adjustable
DC capacitor voltage, when the loads increased. Figure 8 shows the unqualified THD at
the start of simulation. In Figure 9, after the APF worked, the THD was 1.55%, which was
far less than the harmonic standard of the IEEE of 5%.
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For the purpose of demonstrating that the fractional sliding mode control had good
robustness in the presence of load changes, we added the loads in a ladder-type increase.
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We added the same loads at the time of 0.1 s and 0.2 s in order to make sure that the
applied loads increased. In Figures 9–11, we can see the harmonic spectrum of the source
current in different working situations, and the THD was still under 5%, which means the
system had strong robustness. In addition, the DC capacitor voltage tended to be stable by
implementing the PI controller. It can be seen in Figure 12 that the DC capacitor voltage
was also adjusted to a stable status regardless of the changes in the applied load.
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Finally, a comparison between the fuzzy sliding control system was also given so
as to show the superiority of the proposed control. We can clearly see the better THD
performance with the fractional control in Table 2. The performance of the APF was
obviously better than that of the fuzzy sliding control method as shown in the THD values.
The harmonic spectrum of fuzzy sliding mode control is shown in Figure 13.

Table 2. THD in the proposed controller and a normal controller.

Time
THD(%)

Fractional Sliding Mode Control Fuzzy Sliding Mode Control

0 24.71% 24.71%

0.06 s 1.68% 1.96%

0.16 s 1.23% 1.49%

0.26 s 1.21% 1.44%
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5. Conclusions

In this study, an FOSMC was developed and applied to a three-phase APF successfully.
A fractional-order sliding mode surface was proposed, and the system was stable on
the designed sliding surface. The SMC was combined with fractional-order control to
have more degrees of freedom to obtain the desired performance. The proposed control
system had the characteristics of a reduced tracking error and chattering. The simulation
results with the comparison with the fuzzy sliding mode control confirmed the better
compensation performance in the THD values with a 20% decrease.
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