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Abstract: Orbit uncertainty propagation plays an important role in the analysis of a space mission.
The accuracy and computation expense are two critical essences of uncertainty propagation. Repeated
evaluations of the objective model are required to improve the preciseness of prediction, especially for
long-term propagation. To balance the computational complexity and accuracy, an adaptive Gaussian
mixture model using virtual sample generation (AGMM-VSG) is proposed. First, an unscented
transformation and Cubature rule (UT-CR) based splitting method is employed to adaptive update
the weights of Gaussian components for nonlinear dynamics. The Gaussian mixture model (GMM)
approximation is applied to better approximate the original probability density function. Second,
instead of the pure expensive evaluations by conventional GMM methods, virtual samples are
generated using a new active-sampling-based Kriging (AS-KRG) method to improve the propagation
efficiency. Three cases of uncertain orbital dynamical systems are used to verify the accuracy and
efficiency of the proposed manuscript. The likelihood agreement measure (LAM) criterion and the
number of expense evaluations prove the performance.

Keywords: uncertainty propagation; Gaussian mixture model; adaptive splitting strategy; active
sampling; virtual sample generation

1. Introduction

The analysis of orbit uncertainty propagation is a key step in space mission design [1,2].
Because of the existence of uncertainty, e.g., injection errors and measurement errors, the
spacecraft will deviate from their nominal orbits [3,4], which may change the orbital
stability and impact the performance of exploration mission [5,6]. Therefore, it is necessary
to investigate the evolution of orbital uncertainty under multi-source errors [7], which
provides feedback coupling inputs for control and navigation subsystem design [8,9].

Generally, uncertainty propagation is used to characterize the spacecraft’s state mo-
ment (usually represented by mean and covariance matrix) or its probability density
function (PDF) [10,11]. Theoretically, the uncertainty description of the orbital state can
only be accurately obtained by solving Fokker-Plank Equation (FPE) [12,13] or carrying out
Monte Carlo (MC) simulations [9]. Though the FPE provides accurate solutions for the prop-
agation of the PDF, it is usually difficult to solve the equation as it is a high-dimensionally
defined and nonlinear perturbed Keplerian-driven partial differential equation. The MC
simulation is always considered a reliable method whose result approaches the true proba-
bility distribution when the number of MC samples tends to be infinity [14]. As a result,
either FPE or MC simulations suffer from drawbacks related to a heavy computation bur-
den [9]. To improve efficiency, some approximations are made, which can be categorized
into gradient-enhanced methods and gradient-free methods [15,16].
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Gradient-enhanced methods, such as state transfer matrix (STM) [17,18] and state
transition tensors (STT) [19–21], analyze the orbital uncertainty by simplifying the relative
nonlinear motion with the Taylor series terms [22,23]. For gradient-enhanced methods, the
gradients or higher-order derivatives are incorporated for approximation [20], and analyti-
cal or semi-analytical solutions are obtained [24,25]. However, gradient-enhanced methods
are only suitable for cases whose gradient information is easy to obtain. For some of the
practical problems, the dynamic motion is complex, discontinuous, and nondifferentiable,
and the derivatives are unavailable [16]. The gradient-free methods (also called non-
intrusive methods [26]) allow for the usage of already existing orbit propagation tools as
the black-box and avoid any simplifications on the fully perturbed orbital dynamics [27,28],
making them conveniently extend into orbit uncertainty propagation problems [29,30].
Recently, some sample-based methods, for example, unscented transformation (UT) [31,32],
Conjugate Unscented Transform (CUT) [33], and Cubature rules (CRs) [34,35], have been
well investigated. These methods approximate the probability distribution at a future
time by nonlinearly integrating a few sigma samples, which are deterministically chosen
according to the given initial distribution [9]. The drawbacks of the above sample-based
methods are that they can only deliver a second-order approximation of the distribution,
which is inadequate for long-term propagation whose ultimate uncertainty distribution
inevitably turns out to be highly non-Gaussian [36,37].

In order to fully characterize the non-Gaussian orbital uncertainty, the Gaussian mix-
ture model (GMM) is commonly employed [38,39]. The basic idea of GMM is that an
arbitrary PDF can be approximated, as closely as desired, by a finite sum of weighted
Gaussian components (also called Gaussian PDFs). For each Gaussian component of GMM,
only the mean and covariance need to be propagated because a Gaussian PDF can be
completely determined with its first two moments [40,41]. Therefore, the above methods,
such as QRs, UT, CUT, and CRs, can be used to propagate each Gaussian component.
The GMM can better represent non-Gaussian PDFs and results in a more accurate predic-
tion [42]. However, the GMM suffers from a heavy computation burden. Taking the CMM
combined with a fifth-order CR as an example, in this case, 2190–14,600 sigma-samples are
to be integrated, which is hundreds of times larger than the conventional single-Gaussian
propagation using fifth-order CR [16]. Thus, it is necessary and promising to investigate
approaches to enhance the efficiency of GMM.

In recent, the use of virtual sample generation (VSG) has been well discussed. The VSG
is a kind of technique that aims at providing artificial samples to enlarge the current data set,
which was first introduced in the field of machine learning [43,44]. Apart from the field of
machine learning, the VSG technique has also been successfully applicated to engineering
optimization problems. Tang et al. proposed a VSG-based optimization method to reduce
the required expensive evaluation [45]. Motivated by the concept of the VSG, it is possible
to improve the efficiency of the GMM by incorporating visual samples in propagation.

In this paper, an adaptive Gaussian mixture model using virtual sample generation
(AGMM-VSG) is proposed. The virtual sample generation (VSG) technique [45,46] is
employed to reduce the required computation for propagating each Gaussian component.
Furthermore, a novel Gaussian component splitting strategy based on the virtual sample is
employed for efficiently updating weights.

The paper is organized as follows. In Section 2, the orbital uncertainty propagation
problem with a single Gaussian model and a GMM is described. Section 3 presents details
of the proposed AGMM-VSG, followed by detailed discussions of the adaptively splitting
strategy for Gaussian components and the VSG-based propagation method. The proposed
AGMM-VSG is applied to three cases of uncertainty propagation for uncertain orbital
dynamical systems in Section 4. Finally, Section 5 gives the conclusions.
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2. Problem Statement and Methodology
2.1. Problem Statement

Consider a nonlinear dynamical system governed by the following differential
equation [42]: {

ẋ(t) = f (x(t), t)
x(t0) = x0

(1)

where x(t) ∈ Rn is the state of the system, f (x(t), t) ∈ Rn represents the sufficiently differ-
entiable nonlinear dynamics of the system, and x0 is the initial condition. For black-box
systems, the differential equation (or gradient information) is unavailable; thus the corre-
sponding discrete-time nonlinear system of Equation (1) is as follows:{

x(tk+1) = F(x(tk), dtk)
x(t0) = x0

(2)

In practice, it is usually assumed that the unknown uncertainties as Gaussian distribu-
tion (or Gaussian PDF), which can be represented by [10]:

p(x; m, P) = N(x; m, P) =
1
|2πP| exp

{
−1

2
(x−m)TP−1(x−m)

}
(3)

where N(x; m, P) denotes the normal distribution with x, m and P being the input variables,
mean and covariance, respectively.

2.2. Single Gaussian Model-Based Uncertainty Propagation

Generally, uncertainty propagation is used to determine the specific statistical mo-
ments of dynamics (1) or (2), with a given initial probability distribution and propagation
period. The state moment, i.e., mean, and covariance matrix or probability density function
(PDF) are specific quantitative measures of statistical moments. The mean and covariance
matrix could be defined as follows with given random vector x ∈ Rn and PDF p(t):

m = E[x] =
∫

∞ ξ p(ξ)dξ

P = E
[
(x−m)(x−m)T] = ∫∞(ξ −m)(ξ −m)T p(ξ)dξ

(4)

where ξ is a random variable.
The Gaussian weighted integral (4) can be approximated efficiently with different

quadrature rules, such as the unscented transformation (UT), Conjugate Unscented Trans-
form (CUT), and Cubature rules (CRs). In this paper, the fifth-order CR is utilized for
propagating the single Gaussian distribution. The fifth-order CR is detailed in Ref. [47],
which will not be repeated here.

2.3. Gaussian Mixture Model Approach

GMM is a direct extension of the Gaussian PDF, which is given by a sum of weighted
Gaussian PDFs:

p(x) ≈ p̃(x) =
N

∑
i=1

αi pg(x; mi, Pi) (5)

where N represents the number of components of the GMM, αi, mi, and Pi denote the
weights, mean, and the covariances associated with component i. Each Gaussian PDF
pg(x; mi, Pi) for x is defined per Equation (3). With given GMM per Equation (5), the final
mean and covariance matrix is computed by:

m =
N

∑
i=1

αimi

P =
N

∑
i=1

αi

(
Pi + mimT

i

)
−mmT

(6)
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3. Methodology of Adaptive Gaussian Mixture Model Using Virtual Sample Generation
3.1. Overall Procedure of AGMM-VSG

Before introducing the methodology of the proposed AGMM-VSG, some concepts in
AGMM-VSG are explained as follows:

Definition 1. (point, response, and sample): As is shown in Table 1, the point is a kind of pure
coordinate. In AGMM-VSG, point refers to any vector of state x(tk) at time tk. The response is
taken as the output of the black-box model (2), i.e., the state vector x(tk+1), which corresponds to
the point x(tk). A sample is a combination of a point and its response.

Table 1. Description of point, response and sample.

Item Symbol Description Other Statement

Point x(tk) Input of the black-box model Pure coordinate
Response x(tk+1) Output of the black-box model -
Sample (x(tk), x(tk+1)) Combination of a point and its response -

Definition 2. (real sample and virtual sample): The real sample represents a combination of a
point and its real response generated by invoking expensive black-box simulations while the virtual
sample refers to the combination of a point and its virtual response generated without calling expensive
simulations. The virtual responses are only generated using the active KRG model. Note that the number
of real samples indicates the computational expense of the uncertainty propagation. Moreover, in this
paper, the virtual response is generated by the active sampling-based KRG model, and the expense to
generate virtual samples is negligible.

Definition 3. (cheap point and superior cheap point): Cheap point is a point generated
according to the given PDF. Note that the actual response of a cheap point is not calculated, and
therefore, the computational cost is negligible. The cheap points are drawn as a candidate pool
for constructing the AS-KRG model. The superior cheap point has a promising performance
for improving the global accuracy of the KRG model, which is classified on basis of the variance
predicted using the KRG model. The process of using both the cheap point and superior cheap
point will be detailed in Section 3.3.

The flowchart of AGMM-VSG is shown in Figure 1, and the procedure is explained in
detail as follows:

Step 1: The parameters of the problem are determined, including the black-box discrete
dynamics, the initial PDF (or initial mean and covariance matrix), the propagating period
t f , and discrete-time dt. Other necessary items, such as the maximal number of samples
for constructing the KRG model and splitting library, will be discussed in the next section.
The current time epoch is set to be zero, i.e., t = 0.

Step 2: In the first iteration, the single Gaussian model is used, with its mean and covariance
matrix equaling the initial PDF. The number of Gaussian mixture components is one.

Step 3: The KRG model is first constructed using initial real samples and then is
gradually refined with newly added real samples. The constructed KRG model is utilized
for generating virtual samples.

Step 4: Propagate each component using fifth-order CR. Note that only virtual samples
are used when propagating; thus, the expense of this step is negligible. Renew the current
time epoch, i.e., t = t + dt.

Step 5: For each component, determine whether the splitting process should be exe-
cuted. If it should, then apply a univariate splitting library in a specified direction, i.e., the
principal (eigenvector) direction of the covariance matrix.

Step 6: If t < t f , jumps to Step 3. Otherwise, it outputs the results.
The algorithms of Gaussian components splitting and virtual sample generation-based

propagation are detailed in Sections 3.2 and 3.3, respectively.
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Figure 1. Flowchart of AGMM-VGS.

3.2. Gaussian Component Nonlinearity Detecting

It is noted that only the linear propagation can maintain the Gaussian property, and any
deviation in the nonlinear dynamics from the linearized solution may indicate nonlinear
effects. This deviation can be handled by specifying a threshold and monitoring the
nonlinearity [48]. That is to say, when the nonlinearity causes a more significant non-
Gaussian property, a component of the GMM can be split into finer Gaussian components.
A split GMM component is considered “finer” because Gaussians with smaller covariances
would remain more Gaussian compared with ones with larger covariances, which will
make the uncertainty propagation more representative. Thus, an adaptive GMM with
splitting technologies is necessary, especially for long-term propagation. In this section, a
novel unscented transformation and Cubature rule-based (UT-CR) method for monitoring
(or detecting) the nonlinearity is introduced, and the Gaussian component splitting will be
detailed in the next section.
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Usually, the term entropy is used for detecting nonlinearity [42]. For a Gaussian distri-
bution with the determinant of a scaled form of the covariance matrix, the corresponding
differential entropy (DE), in terms of the logarithm, is given as:

H(x) =
1
2

log |2πeP| (7)

where the temporal derivative of the DE is given by:

Ḣ(x) =
1
2

trace
{

P-1Ṗ
}

(8)

where Ṗ is the temporal derivative of the covariance matrix P .
In case of a linearized representation, the time rate of the DE is written as:

Ḣ(x) =
1
2

trace { f x} (9)

where f x = ∂ f /∂x represents the linearized dynamics Jacobian.
It is worth noting that for linearized dynamics, Ḣ(x) = 0, meaning that the differential

entropy is constant for the linearized system, making the DE unable to be used for splitting
the Gaussian components for the linearized system. In this paper, a UT-CR-based splitting
strategy is utilized to detect nonlinearity.

The novel dynamic nonlinearity index measures the departure from linearity as [49]:

v(t, t0) =
‖ΦCR5(t, t0)−ΦUT(t, t0)‖

‖ΦUT(t, t0)‖
(10)

where v(t, t0) is the dynamic nonlinearity index and ‖ · ‖ represents the norm. The ΦCR5(t, t0)
and ΦUT(t, t0) are the STM obtained by fifth-order CR (CR5) and UT, respectively. It is
noted that the UT could capture the solutions accurately to the third order while the CR5
could capture accurately to the fifth order; thus, the nonlinearity with fourth and fifth
orders are introduced with the index v(t, t0).

The STM ΦCR5(t, t0) and ΦUT(t, t0) are obtained as follows. First, the posterior covari-
ances (transformed distribution) PCR5(t, t0) and PUT(t, t0) are calculated using fifth-order
CR and UT, given the same prior probability P(t0) = P0. Consider the following first-order
approximation of the covariance of the transformed distribution [50]:

PCR5(t) = ΦCR5(t, t0)P0ΦT
CR5(t, t0)

PUT(t) = ΦUT(t, t0)P0ΦT
UT(t, t0)

(11)

If the Cholesky factorization P0 = L0LT
0 , PCR5(t) = LCR5(t)LT

CR5(t) and PUT(t) =
LUT(t)LT

UT(t), where L0, LCR5(t) and LUT(t) are the corresponding unique lower triangular
“square root” matrixes. Therefore, Equation (11) is rewritten as:

LCR5(t)LT
CR5(t) = ΦCR5(t, t0)L0LT

0 ΦT
CR5(t, t0)

LUT(t)LT
UT(t) = ΦUT(t, t0)L0LT

0 ΦT
UT(t, t0)

(12)

A transformation equation can be written as:

LCR5(t) = ΦCR5(t, t0)L0
LUT(t) = ΦUT(t, t0)L0

(13)

The solution for Equation (13) is as:

ΦCR5(t, t0) = LCR5(t)L−1
0

ΦUT(t, t0) = LUT(t)L−1
0

(14)
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Substitute Equation (14) into Equation (10), we arrive at the following expression of
dynamic nonlinearity index:

v(t, t0) =

∥∥∥LCR5(t)L−1
0 − LUT(t)L−1

0

∥∥∥∥∥∥LUT(t)L−1
0

∥∥∥ =

∥∥∥(LCR5(t)− LUT(t))L−1
0

∥∥∥∥∥∥LUT(t)L−1
0

∥∥∥
=
‖LCR5(t)− LUT(t)‖/‖L0‖

‖LUT(t)‖/‖L0‖
=
‖LCR5(t)− LUT(t)‖

‖LUT(t)‖

(15)

The fewer the values the nonlinearity index indicates, the less significant the nonlin-
earity. Note that the virtual samples, which will be discussed in the next subsection, can be
used for propagating the PCR5(t) and PUT(t) to reduce computation cost.

3.3. Gaussian Component Splitting

Once the nonlinearity is detected, then the splitting is to be executed. Current splitting
algorithms can be summarized into two categories: (1) Split a Gaussian PDF in all direc-
tions or (2) Split a Gaussian PDF by applying a univariate splitting library in a specified
direction [48]. Solving an L2-minimization optimization problem is usually required when
using the first kind of method, which incurs additional computational consumption. In this
paper, splitting in one direction is employed. The multivariate Gaussian PDF is split by
applying a univariate splitting library in the direction of maximum eigenvalue, which is
given per the following steps:

First a standard normal distribution p(x; 0, 1) is split into N′ homoscedastic Gaussian
distributed components as N′p(x; 0, 1) ≈ ∑N′

i=1 α̃i pg
(
x; m̃i, σ̃2

i
)
. This step is independent

from the concerned problem; therefore, parameters (α̃i, m̃i, σ̃i) can be computed offline and
saved as a splitting library. The computation of the splitting parameters is well-provided
by [42], and one case with is illustrated in Table 2.

Table 2. Five-component splitting library with β = 2 and λ = 0.0025 [42] .

Component i αi m̃i σ̃i

1 0.0763216491 −1.6899729111 0.4422555386
2 0.2474417860 −0.8009283834 0.4422555386
3 0.3524731300 0 0.4422555386
4 0.2474417860 0.8009283834 0.4422555386
5 0.0763216491 1.6899729111 0.4422555386

Then, consider the spectral factorization of the covariance matrix Pi as:

Pi = VΛiV T (16)

where Λi = diag{[λ1, · · · , λk, · · · , λn]} is the eigenvalues matrix with λk being the k-th
largest eigenvalue of the covariance matrix Pi. The i-th component is approximated by
pg(x; mi, Pi) ≈ ∑N′

j=1 α̃j pg,j
(
x; mi,j, Pi,j

)
with mean and covariance matrix given as:

mi,j = mi +
√

λkm̃jvk (17)

Pi,j = VΛ̃iV T (18)

where vk is the k-th eigenvector of Pi and Λ̃i = diag{[λ1, · · · , λk, · · · , λn]} is the set of
eigenvalues of the i-th new component.
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3.4. Virtual Sample Generation-Based Propagation Strategy

It is noted that for a black-box model, only sample-based gradient-free methods can
be used for single Gaussian component propagation, and fifth-order CR is selected in this
paper, as is shown in Equation (19).

λ
∫

∞
F(x)p(x; m, P)dx =

∫
∞

F(Ax + m)p(x; m, P)dx ≈
Np

∑
i=1

WiF(γi) (19)

where γi
(
i = 1, · · · , Np

)
are Cubature points according to the fifth-order CR.

Although the Gaussian component splitting technology could reduce unnecessary
components, the computation burden, if real samples are involved when propagating, is
still intractable. However, the computation burden can be released by using virtual samples
with the information hidden in the raw samples (some already obtained real samples):

∫
∞

F(x)p(x; m, P)dx ≈
Np

∑
i=1

WiF(γi) ≈
Np

∑
i=1

Wi F̃(γi) (20)

where F̃(γi) is the response of the virtual samples.
Generally, virtual samples can be constructed using prior knowledge, the addition of

noise, and existing datasets. In this paper, an active sampling-based KRG model based on
existing datasets is proposed for generating virtual samples for the black-box uncertainty
model.

KRG [16,51] is an interpolation metamodeling technique as shown in Equation (20).

fKRG(x) = G(x) + Z(x) (21)

where fKRG(x) is the output function of the KRG model, G(x) captures the major trend of
input–output mapping, and Z(x) is a zero-mean, unit-variance stationary Gaussian process
that determines the approximation ability of the KRG model. The covariance matrix of
Z(x) is given as follows:

Cov
(
Z(xi), Z

(
xj
))

= σ2R
[
R
(
xi, xj

)]
(22)

where σ2 is the process variance of Z(x), R is the correlation matrix, and R(·, ·) is a Gaussian
correlation function that controls the smoothness of the KRG model. Note that in addition
to the output predicted using the KRG model, the variance, which can be taken as the
degree of confidence of the prediction, can also be obtained.

The performance of the KRG model will influence the accuracy of the virtual samples,
which, in turn, will influence the accuracy of propagation. Although investigations have
been conducted to improve the global accuracy of the KRG model, it is still difficult to use a
static metamodel to accurately approximate a sophisticated problem (e.g., high-dimensional
nonlinear problem) with sparsely scattered samples. However, to improve the convergence
and efficiency, the adaptive sampling is actually realized by the management of the online
KRG models [46]. In this paper, an adaptive sampling called the “active sampling method”
is adopted, with which the superior cheap points are adaptively selected.

The least-confidence strategy is adopted in this paper to perform the active sampling.
The superior sample is selected according to the following metric:

x∗ = arg max VarRBF(x) (23)

where VarRBF(x) is the variance of the output prediction fKRG(x). Comparison studies
in Ref. [46] have proven that the KRG generally has better approximation accuracy than
other technologies, for example, RBF and Gaussian Process (GP) [52], in the condition of
relatively sparse samples and lack of prior knowledge. In contrast, the construction expense
of KRG is more expensive than that of the Radial basis function (RBF) [53]. Therefore, to
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further reduce the expense, in this paper, up to nadd samples, with the larger variances, are
added into the sample set at each iteration, for constructing the KRG model, where nadd is
the user-defined parameter. In this paper, the KRG model is constructed using MATLAB
toolbox SURROGATES.

The procedure of this strategy is exhibited in detail as follows:
Step 1: The parameters are determined, including the total number of cheap points nc,

the number of superior cheap points added at each iteration nadd, the maximal number of
real samples nr, and the number of initial real samples ni.

Step 2: Generate nc points according to the current PDF p(x, t) as the candidate points
set; denote as S0

c = {x1, x2, · · · , xnc}. Select ni points from the candidate points set S0
c , note

as Ss =
{

xi1 , xi2 , · · · , xini

}
. Evaluate the points in Ss using black-box dynamical model (2),

and then responses are obtained. All of these ni points and their corresponding responses
make up the sample set. Construct an RBF model based on the existing samples. Renew
the candidate points set as S1

c =
{

x | x ∈ S0
c and x /∈ Ss

}
. The iteration counter k is set to

be one, i.e., k← 1. The current number of real samples ns is set to be ns = ni .
Step 3: Evaluate all the points in candidate points set Sk

c using the KRG model. Sort
these points according to their predicted variances. The top nadd superior points are selected,
noted as Sk

add. Evaluate these points and then add them to the sample set. Construct
the RBF model. Remove the selected superior points from the candidate points set as
Sk+1

c =
{

x | x ∈ Sk
c and x /∈ Sk

s

}
, k← k + 1, ns ← ns + nadd.

Step 4: If ns < nr, return to Step 3; elsewise jump to Step 5.
Step 5: Use the virtual sample evaluated by the KRG model to propagate.
To further demonstrate the process of active sampling based KRG model, a one-

dimensional numerical benchmark is tested. The benchmark describes the mapping relation
between the final position error along the x-axis and the initial velocity error along the
y-axis, which is given as:

g
(
∆vy(t0)

)
= ∆rx

(
t f

)
(24)

The spacecraft moves on the equatorial plane and the dynamics considered the Earth’s
gravity and atmospheric drag, which is governed by [42]:

x =
[
rT , vT]T

=
[
rx, ry, vx, vy

]T

ẋ = f (x) =
[
vx, vy,−µrxr−3 − ρ(h)βvrel vrel ,x/2,−µryr−3 − ρ(h)βvrel vrel ,y/2

]T (25)

where r =
√

r2
x + r2

y, Vrel,x = Vx −ωry, Vrel,y = Vy −ωrx, and ω is the angular velocity

of the Earth. ρ(h) is the atmospheric density as a function of the altitude of the object.
Additionally, it is assumed that the atmospheric density is described by an exponential
atmosphere model via:

ρ(h) = ρ0 exp{−(h− h0)/hs} (26)

with ρ0 = 3.614× 10−13 kg/m3, h0 = 700 km and hs = 88.667 km. β is the ballistic coeffi-
cient of the object, and it is taken to be 1.4 in this paper.

The elements of the nominal orbit are illustrated in Table 3, and the propagation time
is set to be one nominal orbit period, which is about 5331.288 s. The points are set to
be evenly distributed in range. The cheap points, real samples, and newly added real
samples (superior cheap points) are illustrated in Figure 2. As is shown in Figure 2, the
newly added real samples (blue triangle) are selected where the KRG model is the most
unconfident. Note that the global accuracy of the KRG model is improved when samples
are added sequentially.
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Table 3. Elements of the nominal orbit of LEO case.

a/km e i/deg Ω/deg ω/deg n/deg

6596 0 0 0 0 0
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(a) Initial sampling (b) First iteration
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(c) Second iteration (d) Third iteration

Figure 2. Active sampling for one-dimensional numerical benchmark.

4. Numerical Simulations

In this section, the developed AGMM-VSG method for uncertainty propagation is
applicated to the propagation of uncertainty for two test problems, i.e., a high-Earth orbit
case and a low-Earth orbit case. The performance of the proposed AGMM-VSG method is
discussed by comparing it with the conventional fifth-order Cubature rule and adaptive
Gaussian mixture model method.

4.1. High-Earth Orbit Case

First, consider a spacecraft orbiting on a high-Earth orbit (HEO). Assume that the
motion of the spacecraft is confined to the equatorial plane, which allows the position
r to be described by two scalar values rx and ry, and the velocity v to be described by two
scalar values vx and vy. Thus, the state vector and equations of motion that describe the
nonlinear dynamical system are written as follows [42]:

x =
[
rT , vT]T

=
[
rx, ry, vx, vy

]T

ẋ = f (x) =
[
vx, vy,−µrxr−3,−µryr−3]T (27)

where µ = 398, 600 is the gravitational constant of the central body (i.e., Earth in this paper).
Take notice that although dynamics (27) are of the analytical form, it is still considered

a black-box model by invoking the kinetic integral F(t) =
∫ t

0 f (x)dx.
The elements of the nominal orbit are listed in Table 4, given by a semimajor axis of

35,000 km and an eccentricity of 0.2.
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Table 4. Elements of the nominal orbit of HEO case.

a/km e i/deg Ω/deg ω/deg n/deg

35,000 0.2 0 0 0 0

The initial state distribution is taken to be Gaussian, with the initial mean represented
by the nominal orbit elements. Additionally, the initial covariance is set to be diagonal with
standard deviations in the position elements of 1 km and the velocity elements of 1 m/s:

P0 = diag
([

1 km2, 1 km2, 10−6 km2/s2, 10−6 km2/s2
])

(28)

To characterize the performance of the proposed AGMM-VSG method, both the
AGMM-VSG and fifth-order CR methods are applied to the problem of predicting the
evolution of uncertainty. The propagation time is one orbit period (around 65,164.833 s).
The values of parameters to be used in AGMM-VSG are set as t f = 65,164.833 s, dt = t f /100.
The criterion for splitting the Gaussian components are v > 10−4, where v is the nonlinearity
index (Equation (15)) of the corresponding component. Parameters for active sampling are
given as: nc = 200, nr = 100, ni = 50, and nadd = 10.

In addition, a Monte Carlo simulation using 1000 samples drawn from the initial
distribution is performed. The position and velocity marginal PDF contours using AGMM-
VSG and fifth-order CR are illustrated in Figures 3 and 4, respectively. The outputs of the
Monte Carlo simulations are shown represented with a grey x. Depart from the scatter
plot, the PDFs of each state variable are also illustrated. The PDFs of each state variable of
AGMM-VSG and fifth-order CR are obtained by calculating the integral of the multivariate
PDFs, while PDFs of each state variable of 1000 Monte Carlo samples are obtained using
MATLAB function ksdensity. It can be seen from Figures 3 and 4 that, compared with
fifth-order CR, the proposed method is better at representing the curvature exhibited by
the Monte Carlo samples. For AGMM-VSG, only 65 Gaussian components and 100 real
samples are requested. The computation cost of AGMM-VSG is a little higher than that of
fifth-order CR, which uses a total of 33 evaluations (2n2 + 1 Cubature-points and n = 4),
while significantly outperforming fifth-order CR in terms of accuracy. Moreover, if use real
samples for propagating, a total of 2145 real samples (65 components and 33 evaluations for
each component) are needed, which indicates the signification of the utilization of virtual
samples for reducing computational expense.

(a) Position PDF contours (b) Velocity PDF contours

Figure 3. PDF contours using AGMM-VSG with Monte Carlo samples of HEO case.

To further provide a relative comparison of the performance of the two solutions
obtained (from the AGMM-VSG and fifth-order CR), a criterion called the likelihood
agreement measure (LAM) is utilized [42]. The LAM is used to evaluate the likelihood
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agreement between two distributions. Given two PDFs, noted as p(x) and q(x) , the LAM
is defined as:

LAM(p, q) =
∫

∞
p(x)q(x)dx (29)

where Equation (29) represents the density of overlap between the two PDFs. The greater
agreement for one PDF with another PDF, the larger their densities.

(a) Position PDF contours (b) Velocity PDF contours

Figure 4. PDF contours using fifth-order CR with Monte Carlo samples of HEO case.

However, the analytical distribution is intractable to obtain. In a practical problem,
the true distribution is approximated using the Monte Carlo samples, and the LAM is
rewritten as

LAM(p, q) =
N

∑
i=1

O

∑
j=1

αiγj pg
(
xj; mi, Pi

)
(30)

where Q is the total number of samples within the Monte Carlo simulation.
The accuracy of different methods can be compared using the same set of Monte Carlo

samples. The LAM of the proposed AGMM-VSG and fifth-order CR are drawn in Figure 5.
Moreover, the LAM of the AGMM method, where only real samples are employed, is also
tested as the standard results. To be clear, the likelihood measure of the AGMM-VSG is
normalized by the value for the AGMM method. It can be observed that the LAM of AGMM-
VSG is close to that of AGMM, while clearly outperforming the fifth-order CR method.

0 5 10 15

0

0.2

0.4

0.6

0.8

1

1.2

14 16 18

0.95

1

1.05

Figure 5. Likelihood agreement measure for the AGMM, AGMM-VSG, and fifth-order CR of HEO case.
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4.2. Low-Earth Orbit Case

The dynamic system for the low-Earth-orbit propagation is given per Equation (25).
The elements of the nominal orbit are illustrated in Table 3, and the propagation time is set
to be one nominal orbit period. The initial covariance is taken to be diagonal with standard
deviations of 1.3 km in position rx, 0.5 km in position ry, 2.5 m/s in velocity vx, and 5 m/s
in velocity vy, that is:

P0 = diag
([

0.52 km2, 2.52 km2, 2.52 × 10−6 km2/s2, 52 × 10−6 km2/s2
])

(31)

Similarly to the previous example, the performance of AGMM-VSG is verified by
comparing it with fifth-order CR. The parameters involved in AGMM-VSG are set to be
the same as the previous HEO case, and the results are shown in Figures 6 and 7. From
Figures 6 and 7, it is seen that both implementations of the AGMM-VSG approach enable a
better representation of the curvature exhibited by the Monte Carlo samples.

(a) Position PDF contours (b) Velocity PDF contours

Figure 6. PDF contours using AGMM-VSG with Monte Carlo samples of LEO case.

(a) Position PDF contours (b) Velocity PDF contours

Figure 7. PDF contours using fifth-order CR with Monte Carlo samples of LEO case.

Additionally, 25 components are used to represent the final PDF, and only 100 eval-
uations are requested. The LAMs of AGMM, AGMM-VSG, and fifth-order CR are also
normalized to provide a clear relative measure. The results are illustrated in Figure 8. It is
easy to observe that the fifth-order CR is outperformed by both AGMM and AGMM-VSG.

With the validation of the two numerical simulations validation, the advantages of
the AGMM-VSG method in accuracy and efficiency can be recapitulated. The proposed
AGMM-VSG could represent the distribution as well as AGMM, and is better than the
fifth-order CR method, while it is much more efficient than the AGMM.
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Figure 8. Likelihood agreement measure for the AGMM, AGMM-VSG, and fifth-order CR of
LEO case.

4.3. TianQin Orbit Uncertainty Propagation

To demonstrate the effectiveness and practicality of the proposed AGMM-VSG in
solving uncertainty propagation of computationally expensive, black-box systems, as well
as the application in real-world space-based GW observatories, a case of TianQin Orbit
(TQO) is investigated.

The state of the detector is defined as x =
[
rx, ry, rz, vx, vy, vz

]T . The high-fidelity
dynamics model includes an 8 × 8 spherical-harmonic Earth gravity field (JGM-3), the
point-mass gravity field from the Moon, and the Sun (the ephemeris JPL405). The spacecraft
of TianQin each have a disturbance reduction system (DRS) needed to reduce the effects of
the non-gravitational forces [54]; thus, the solar radiation pressure and the atmospheric
drag are neglected.

The elements of the nominal orbit of one detector of TianQin are shown in Table 5.
The orbit is propagated in one period, which is about 314,710.3177 s.

Table 5. Elements of the nominal orbit of TQO case.

a/km e i/deg Ω/deg ω/deg n/deg

99,995.572323 0.000430 94.697997 210.445892 358.624463 61.329603

Both the AGMM-VSG and the fifth-order CR are applicated to the above TQO problem
of predicting the evolution of uncertainty. In employing the AGMM-VSG, the criterion for
splitting the Gaussian components is set to be v > 10−3, and the number of evaluations for
constructing the surrogates in each iteration is set to 300. The final state uncertainty and their
corresponding means and 3σ ellipsoids, using proposed AGMM-VSG and MC, are projected
in Figure 9. It is witnessed that the accuracy of AGMM-VSG and MC are almost the same
when considering the first two moments. Moreover, the projection of the predicted PDF from
the AGMM-VSG, together with the 1000 Monte Carlo samples, are shown in Figure 10. It is
clearly observed that both the implementations of the position and velocity of the AGMM-VSG
approach characterize the non-linearity of the MC samples-approximated distribution.
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Figure 9. Final uncertainty using AGMM-VSG and MC for TQO case.

(a) Position PDF contours

(b) Velocity PDF contours

Figure 10. PDF contours using AGMM-VSG with Monte Carlo samples for TQO case.

5. Conclusions

In this paper, to reduce the computational burden while maintaining prediction ac-
curacy in orbital uncertainty propagation, an adaptive Gaussian mixture model using
virtual sample generation—noted as AGMM-VSG—is proposed. The splitting algorithm is
applied to the dominant eigenvalue of the covariance matrix of the Gaussian components.
An active sampling-based KRG algorithm is employed for generating virtual samples, and
then propagations are executed based on these expense-less virtual samples.

The performance of the active sampling-based KRG algorithm is validated using an
LEO case considering the atmospheric drag. Numerical simulation shows that the proposed
active sampling-based KRG algorithm can accurately approximate the orbit state using
only 10 samples.
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Moreover, the proposed AGMM-VSG is successfully applied to solve the orbit uncer-
tainty propagation problem in LEO, HEO, and Tianqin orbit cases. It was demonstrated
that the obtained PDF contours using AGMM-VSG are more representative of the curvature
of the true distribution than the fifth-order CR method. Moreover, likelihood agreement
measure tests indicate that the new approach shows close performance in approximating
the propagation of uncertainty with the AGMM method, while only 100 evaluations are
required. The computational cost of the proposed AGMM-VSG method is only 1/20 that of
the conventional GMM method. All in all, the newly presented approach has advantages
in accuracy and efficiency over competitive methods.
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