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Abstract: In this paper, a prestressed precast reinforced concrete (PC) beam–column connection
incorporating posttensioned debonded partial tendons is introduced for PC frame structure. Com-
pared with the conventional cast-in-place frames and many previously proposed connections for PC
frames, this connection has the advantage of self-centering and low damage in strong earthquakes.
In addition, the debonded partial tendons can reduce the posttensioning demand and further reduce
site labor during construction and repair. In order to establish a performance evaluation method
for the ultimate flexural limit of the proposed PC connection, an analytical model was developed to
accurately reflect the deformation compatibility and force equilibrium conditions of the PC beam
and column members, as well as the debonded partial tendons. Based on this, iterative and di-
rect evaluation methods for the strength and deformation of the PC connections, as well as the
strains of the debonded tendons, were developed. The proposed methods were verified by cyclic
loading test on the beam–column connection subassemblages. It is concluded that the proposed
method is sufficiently accurate and simple to be applied in engineering design, and is helpful to
guarantee the self-centering and low-damage characteristics of the proposed connection against a
strong earthquake.

Keywords: prestressed reinforced concrete; precast concrete beam–column connection; debonded
partial tendon; analytical model; flexural ultimate limit state; performance evaluation method

1. Introduction

Owing to their advantages of high quality control, high-speed construction and a re-
duction in site labor, precast reinforced concrete buildings have been widely adopted in
many countries for more than 50 years [1–5]. To ensure the performance of precast RC
structures against strong earthquakes, extensive work has been done to develop various
beam–column connections with the goal of guaranteeing ductility and energy dissipation.
Such examples include cast-in-place concrete connections [6–9], posttensioned stranded or
bolted connections through end plates [10–13], and bolted connections through embedded
steel plates [14,15], etc. All of the above connections exhibit a certain level of ductility
and energy consumption, but at the expense of concrete damage and structural residual
deformation, which is similar to the cast-in-place RC frames.

Focusing on the postearthquake repairability of the structures and continuity of the
building operations, the prestressed precast RC structures (donated by PC structures
in this work) will be one of the promising options. For the PC structures, the beam–
column connection containing debonded prestressed steel tendons has been proposed
by Priestley et al. [16–18]. The PC beams are connected to the multistory RC columns
with prestressing tendons, which are debonded in a certain region. The deformation of
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the debonded PC connection is characterized by the near-rigid rotation of the PC beam
and column members around the contact interface, and the crack openings are formed
due to the separation at the beam–column interface. Therefore, the deformation of the
debonded PC frames is mainly concentrated at the crack openings, while the deformation
occurring on the beam and column members is relatively small. Meanwhile, because the
strain in the tendons is uniformly distributed along the debonded length, the tendons
remain within the yield limit, even when large deformations occur in the buildings. Due
to these characteristics, the debonded PC frame can achieve self-centering even against
strong earthquakes, while the damage to the PC beam and column members is quite minor.
These advantages have been demonstrated by cyclic loading tests on beam–column con-
nection subassemblages [18–22], shaking table tests on frames [23,24], as well as numerical
simulations [25–27]. These advantages are expected to benefit the postearthquake repairabil-
ity and continuous operation of the structure. Figure 1 gives the final damage map and the
load–deformation relationship of a debonded PC subassemblage specimen representing
an exterior beam–column connection tested by the authors [28], where it can be observed
that only slight damage is generated on the specimen and the residual deformation is very
small after a large deformation drift of 4%. Previous researchers have also applied similar
connections with debonded tendons to other types of structural components, including
concrete rocking walls [29–34], coupling beams between shear walls [35,36], rocking steel
braced frames [37–40], beam–column connections in steel moment frames [41–44], rocking
cross-laminated timber (CLT) panels [45,46], laminated veneer lumber (LVL) panels [47,48],
and masonry walls [49,50]. All of these structural components were found to exhibit
superior self-centering and low damage characteristics from the experimental studies.
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Figure 1. Test result of PC beam−column connection subassemblage: (a) damage map after loading
to 2.0% of drift angle; (b) load−deformation diagram.

The seismic performance of the debonded PC frames is dominated by the beam–
column connections, and the frames are generally designed as strong column–weak beam
systems to achieve ductile seismic behavior. Hence, an appropriate assessment of the
load-bearing capacity and deformation of the debonded PC beam at the performance limit
is essential for the correct simulation of the seismic response and reliable performance-
based seismic design. One of the earliest studies on the ultimate flexural strength and
deformation of debonded posttensioned beams was carried out by Ban and Muguruma [51],
where concentrated vertical loads were considered. Regarding the debonded beam–column
connection subassemblages shown in Figure 1, some existing methods [52,53] can directly
calculate the ultimate flexural capacity at the beam ends when the strain at the extreme
concrete fiber reaches the ultimate limit, but they cannot evaluate the corresponding
beam deflection. Some other methods can evaluate the ultimate flexural capacity and
deformation [17,54–56], but based on determined stresses and strains of the debonded
tendons. Since the tendons remain elastic as a precondition for the connections to have the
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self-centering capacity, it is necessary to accurately evaluate the strain of the tendons at the
ultimate flexural state.

In numerous previous studies [16,18,20,23,24], the tendons were designed to pass
through the entire PC beams and even multiple spans of the entire frame. This arrangement
allows the tensile stresses generated by the tendons to be distributed over a long range, thus
ensuring that the tensile stresses do not exceed the yield limit, even when the tensile forces
acting on the tendons are significant. However, when the size of structures becomes large,
this through-length arrangement of tendons requires a high level of tensioning work to
achieve the designed prestress level. In this paper, therefore, a PC beam–column connection
with debonded partial tendons is introduced, and the direct evaluation methods for the
ultimate flexural strength and deflection of the beam are developed. This method takes
into account the different tensile forces of multiple debonded tendons, which cannot be
considered by the existing methods [17,54,55,57,58].

In this work, the analytical model of the PC connections and the performance eval-
uation methods for the ultimate flexural limit are developed. Firstly, the relationships
between the deformation and strain of concrete and tendons in each section of the beam are
established based on the deformation compatibility and force equilibrium conditions. The
analytical model considers the beam deformation developed in the prestressed concrete
part and the reinforced concrete part. This analytical model is precise enough to facilitate a
comprehensive evaluation of strength and deformation of the beam, as well as the strains of
the debonded partial tendons, at the ultimate flexural limit. The accuracy of the evaluation
method is verified by cyclic loading tests of the beam–column connection subassemblages.

2. Model of Beam–Column Subassemblage
2.1. Model Outline

The PC beam–column connection focused on in this study is illustrated in Figure 2.
It is an example taken from previous experimental specimens by the authors, which will
be further covered in Section 4. The precast RC column and beam, which were separately
fabricated, are attached by the interface mortar between them. The posttension forces are
then applied to the debonded partial tendons located within a certain distance from the
beam end, so the precast beam consists of a PC zone and an RC zone. Herein, the beam
zone containing the prestressed debonded tendons is defined as the PC zone, and the beam
zone without tendons is defined as the RC zone. By utilizing this type of connection, several
benefits such as easier assembly, easier replacement of damaged members or tendons, and
cost savings by the use of shorter tendons will be expectable.
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Figure 2. Structural system of prestressed RC frame with debonded partial tendon.

The strength and the deformation at the flexural ultimate state are calculated based on
an analytical model, which is based on ideas from [21,22] by the authors. The analytical
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model shown in Figure 3 represents the beam and column member of an exterior beam–
column connection of the PC frames with debonded partial tendons. As explained above,
it is noted that the zone (l’) with partial tendons is defined as the PC zone, and the zone
(l-l’) without tendons is defined as the RC zone. As shown in Figure 3, when a lateral force
is applied to the frame, the beam rotates as a near-rigid body, while the main crack opening
takes place at the beam–column interface. Minor cracks might also occur especially in
the RC zone if the bending moment exceeds the cracking limit (Mc) of the RC zone. It is
noted that in this study, the case of unyielding longitudinal reinforcement in the RC zone
was mainly considered, because little residual deformation and self-centering behavior
are desired.
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Figure 3. Analytical model of exterior beam–column connection subassemblage of PC frame with
debonded partial tendons.

Focusing on the PC zone, resulting from the concrete strain in the extreme compression
fiber along the PC zone (l’), an axial shortening ∆c,ex concentrates at the beam–column
interface. According to the condition of deformation compatibility, elongation of the
tensile side tendon is equal to the crack-opening distance δd,tp at the tendon location, and
shortening of the compressive side tendon equals the concrete axial shortening ∆c,tp at the
tendon location. In addition, according to the condition of force equilibrium, the tensile
resultant force of the tendons at the beam end equals the compressive resultant force of
the concrete.

It is noted that, besides the debonded tendons, a small amount of longitudinal rein-
forcement is also arranged in the PC beams to hold the stirrups. In this study, for simplicity,
the longitudinal bars are terminated at the beam end like the specimens described in
Section 4.1. The effects of these bars on the bending moment at the beam end and the deflec-
tion of the PC beam are therefore ignored. In previous studies [18–20,59], the longitudinal
bars passed through the beam–column interface and were fixed inside the PC column, in
order to improve energy dissipation capacity of the connection. In that case, the evaluation
methods proposed in this study are also applicable by simple extensions.
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The analytical model visualizes the distribution and interrelationship of various pa-
rameters at any beam section, including the deformations, internal forces, strains and
stresses of concrete and tendons. As described in the later subsections, the deformation
compatibility and force equilibrium conditions are established based on these parameters
through this analytical model.

2.2. Constitutive Model of Concrete and Tendons

The PC members considered in this study are made of high-strength concrete. When
the concrete strain is less than the ultimate limit εcu, the stress–strain relationship is ap-
proximately linear, as shown in Figure 4 [28,60]. Therefore, the linear constitutive model
shown in Figure 5a is employed for the high-strength concrete, and the elastic stiffness
Ec is defined as the ratio of compressive strength σB to εcu. Meanwhile, the trilinear
constitutive model in Figure 5b is employed for the tendons, where the elastic limit point
(εte, σte) separates the elastic stage and the stiffness decreasing stage, while the yielding point
(εty, σty) separates the stiffness decreasing stage and the postyielding stage where the stiff-
ness is very small. The two points can be determined from the tensile test of tendons,
where the elastic limit point and the yielding point are obtained by 0.01% and 0.2% offset
methods, respectively [61]. This trilinear model can reflect the gradual degradation of
tendon stiffness from the elastic stage to the postyielding stage. Based on the trilinear
constitutive model, the equations for tendon tensile force Tt can be obtained as follows.

Tt = σt At =


Et1εt At

Et2(εt − εte)At + σte At
σty At

εt < εte
εte ≤ εt < εty

εt ≥ εty

(1)
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2.3. Force Equilibrium Condition

As shown in Figure 6, at the end of the PC zone, the force equilibrium condition given
by Equation (2) exists between the tensile resultant force of tendons (Tt,t + Tt,c) and the
compressive resultant force of concrete (Cc).

σcxnb/2 = Tt,c + Tt,t (2)

where b is the beam width, and Tt,t and Tt,c are the tendon forces on the tensile and
compressive sides, respectively.
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Figure 6. Force equilibrium condition at beam end.

2.4. Deformation Compatibility Condition

Once the main crack opens at the beam–column interface, for arbitrary section in
the PC zone, compressive strain is generated from the ultimate compression fibers to the
neutral axis. As an accumulation of the compressive strain in all sections within the PC
zone (l’), the axial shortening ∆c,ex occurs at the extreme compression fiber of the beam
end. In addition, the prestress of tendons causes an additional concrete axial shortening
∆c0 at the beam end, which is equal to the product of the initial concrete compressive strain
εc0 and the length l’ of the PC zone. As mentioned in Section 2.1, the opening distance
δd,tp equals the elongation of the tensile side tendon, while the concrete axial shortening
∆c,tp equals the shortening of the compressive side tendon. Based on the deformation
compatibility conditions and the plane section assumption of the concrete cross-section at
the beam end, as shown in Figure 3, the concrete axial shortening ∆c,tp at the compressive
side tendon position and the opening distance δd,tp at the tensile side tendon position can
be expressed as Equations (3) and (4).

∆c,tp = ∆c,ex
xn − (D− dt)

xn
− εc0l′ = (εt0 − εt,c)lt (3)

δd,tp = ∆c,ex
dt − xn

xn
+ εc0l′ = (εt,t − εt0) lt (4)

where D is the beam depth, dt is the distance between the extreme compression fiber and
the tendon position on the tensile side, εt,c and εt,t are the tendon strains on the compressive
and tensile sides. εt0 is the initial tensile strain of tendons due to the pre-tension force,
and εc0 denotes the initial compressive strain of the concrete caused by the same reason.
The total length of the partial tendons is lt. The tendon deformations can be calculated by
multiplying the tendon strains with lt. By solving Equations (3) and (4), εt,c and εt,t can be
expressed as Equations (5) and (6).

εt,c = −
xn − (D− dt)

xnlt
∆c,ex +

εc0l′

lt
+ εt0 (5)



Appl. Sci. 2023, 13, 2843 7 of 19

εt,t =
dt − xn

xnlt
∆c,ex +

εc0l′

lt
+ εt0 (6)

2.5. Evaluation of Concrete Axial Shortening ∆c,ex

In Equations (3) and (4), the concrete axial shortening ∆c,ex is a crucial value for accurate
deformation evaluation, which has not been considered in previous studies [17,55]. ∆c,ex
is then evaluated based on the force equilibrium condition between the tendons and the
concrete. Because Tt,t and Tt,c are constant along the debonded tendon length (l’), Cc should
be equal at arbitrary beam section in the PC zone. By considering the linear distribution of
bending moment along the beam, the constant compressive resultant force of concrete and
its linear stress–strain models given in Section 2.1, the concrete strain distribution along
the PC zone can be expressed as shown in Figure 7. Accordingly, ∆c,ex can be calculated by
Equation (7) as the integral of the concrete strains (εnx) at the extreme compression fiber.
The detail derivation of Equation (7) can be found in Appendix A. Based on ∆c,ex, εt,c and
εt,t obtained from the analytical model, evaluation methods for the beam strength and
deformation at the ultimate flexural limit state are proposed in the next chapter.

∆c,ex = εnl
xn

3(dt − βd)− xn
ln
∣∣∣∣3(dt − βd)− xn

xn

l′

l
+ 1
∣∣∣∣ (7)

where l is the distance from the beam–column interface to the inflection point, d is the
distance between the tendon positions on the compressive and tensile sides, and β is
a coefficient defined by Equation (8).

dt,t = βd = dTt,c/(Tt,c + Tt,t) (8)

where dt,t is the distance from the tendon position on the tensile side to the position of
tensile resultant force of tendons. The coefficient β makes it possible to consider the
difference between the tendon forces. As the tendon force on the tensile side (Tt,t) becomes
larger relative to that on the compressive side (Tt,c), the value of β decreases and the
position of tendon forces shifts to the tensile side. β equals 0.5 when the tendons have same
tensile forces.
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3. Evaluation of Ultimate Flexural Limit State

In this chapter, general equations for the strength and deformation at the ultimate
flexural limit state are introduced, and then the iterative and simplified evaluation methods
are separately proposed. In this study, the ultimate flexural limit is defined as the state
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where the concrete strain at the extreme compression fiber reaches the ultimate strain
(εcu = 0.003) and the spalling of cover concrete begins.

3.1. Bending Moment at Beam–Column Interface

The ultimate flexural strength is evaluated by considering the force equilibrium be-
tween the tendons and concrete at the beam end of the PC zone. As shown in Figure 6,
with respect to the position of Cc, the ultimate bending moment (Mb,u) at the beam end of
PC zone can be calculated from Equation (9), and the corresponding ultimate shear force at
the beam inflection point (Pb,u) can be calculated from Equation (10). Evaluation methods
for the unknowns (xn, Tt,c, Tt,t) will be introduced in Sections 3.3 and 3.4.

Mb,u =
(

D− dt −
xn

3

)
Tt,c +

(
dt −

xn

3

)
Tt,t (9)

Pb,u = Mb,u/l (10)

It is noted that the triangular stress distribution of concrete compressive stress is
employed as in Figure 6. For the stress distribution actually in a parabolic form, the
triangular distribution is an approximation. Due to this approximation, the distance from
the tendon forces (Tt,t and Tt,c) to the concrete compressive resultant forces (C) might
be overestimated. However, the compressive resultant force is underestimated by the
triangular distribution simultaneously, when the stress at the extreme fiber is identical (σB).
The high-strength concrete considered in this work also has a nearly linear stress–strain
relationship. Therefore, the evaluation error of the ultimate bending moment (Mb,u) due to
the approximated triangular distribution is considered to be slight.

After obtaining the bending moment at the beam end and the shear force at the
beam inflection point, the stress distribution at column sections could be calculated by
equilibrium conditions and sectional analysis.

3.2. Beam Deflection Angle

As mentioned earlier, the PC zone rotates as a near-rigid body. Although there is
no yielding of longitudinal reinforcement occurs in the RC zone, the RC zone might also
have small deformation. Thus, the beam deflection angle consists of two parts developing
from the PC zone and the RC zone, which are denoted by Rpc,u and Rrc,u, respectively. The
rotation angle developing at the beam–column interface due to the main crack opening can
be calculated from Equation (11), and considered as the beam deflection angle (Rpc,u) of the
PC zone.

Rpc,u = ∆c,ex/xn (11)

On the other hand, the beam deflection angle of RC zone, Rrc,u, is calculated from
Equation (12) based on the trilinear bending moment–deflection angle relation shown in
Figure 8 [62].

Rrc,u =
(M b,rc − Mc)(R y −Rc

)
(My−Mc

) +Rc, for Rc ≤ Rrc,u ≤ Ry (12)

where Mb,rc is the moment force acting on the boundary between PC and RC zones at
ultimate flexural state, which can be calculated based on the calculated Mb,u at the lin-
early distributed bending moment shown in Figure 7. The cracking drift angle (Rc), the
cracking moment (Mc), the initial stiffness (Kc), the yielding drift angle (Ry), the yield-
ing moment (My) and the secant stiffness (αy) at the yielding point are calculated by
Equation (13) through (19) according to the AIJ provision [62], where αy was evaluated
from the test results of over 200 specimens in order to estimate the yielding drift angle of
RC members [63].

MC = 0.56
√

σBZe (13)
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My = 0.9atσyd (14)

Rc = Mc/Kc (15)

Ry = My/
(
ayKc

)
(16)

Kc = 3Ec Ib/(l − l′) (17)

Ry = My/
(
ayKc

)
(18)

αy =

{
(0.043 + 1.64npt + 0.043(l − l′)/D) · (d/D)2, when (l − l′)/D = 2.0

(−0.0836 + 0.159(l − l′)/D) · (d/D)2, when (l − l′)/D < 2.0
(19)

where Ze is the section modulus of RC zone, at is the cross-sectional area of longitudinal
reinforcement, d is the effective depth, n is Young’s modulus ratio of reinforcement and
concrete, and pt is the longitudinal reinforcement ratio.

Appl. Sci. 2023, 13, 2843 9 of 20 
 

calculated from Equation (11), and considered as the beam deflection angle (Rpc,u) of the 

PC zone. 

𝑅𝑝𝑐,𝑢 = 𝛥𝑐,𝑒𝑥 𝑥𝑛⁄  (11) 

On the other hand, the beam deflection angle of RC zone, Rrc,u, is calculated from 

Equation (12) based on the trilinear bending moment–deflection angle relation shown in 

Figure 8 [62]. 

Rrc,u=
(Mb,rc - Mc)(Ry -Rc)

(My-Mc)
+Rc, for Rc ≤ Rrc,u ≤ Ry (12) 

where Mb,rc is the moment force acting on the boundary between PC and RC zones at ulti-

mate flexural state, which can be calculated based on the calculated Mb,u at the linearly 

distributed bending moment shown in Figure 7. The cracking drift angle (Rc), the cracking 

moment (Mc), the initial stiffness (Kc), the yielding drift angle (Ry), the yielding moment 

(My) and the secant stiffness (αy) at the yielding point are calculated by Equation (13) 

through (19) according to the AIJ provision [62], where αy was evaluated from the test 

results of over 200 specimens in order to estimate the yielding drift angle of RC members 

[63]. 

𝑀𝐶 = 0.56√𝜎𝐵𝑍𝑒 (13) 

𝑀𝑦 = 0.9𝑎𝑡𝜎𝑦𝑑 (14) 

𝑅𝑐 = 𝑀𝑐/𝐾𝑐 (15) 

𝑅𝑦 = 𝑀𝑦/(𝑎𝑦𝐾𝑐) (16) 

𝐾𝑐 = 3𝐸𝑐𝐼𝑏/(𝑙 − 𝑙′) (17) 

𝑅𝑦 = 𝑀𝑦/(𝑎𝑦𝐾𝑐) (18) 

𝛼𝑦 = {
(0.043 + 1.64𝑛𝑝𝑡 + 0.043(𝑙 − 𝑙′)/𝐷) ⋅ (𝑑 𝐷⁄ )2, when (𝑙 − 𝑙′)/𝐷 ≧ 2.0

(−0.0836 + 0.159(𝑙 − 𝑙′)/𝐷) ⋅ (𝑑 𝐷⁄ )2, when (𝑙 − 𝑙′)/𝐷 < 2.0
 (19) 

where Ze is the section modulus of RC zone, at is the cross-sectional area of longitudinal 

reinforcement, d is the effective depth, n is Young’s modulus ratio of reinforcement and 

concrete, and pt is the longitudinal reinforcement ratio. 

 

Figure 8. Load–deflection angle of RC member. 

As can be seen from Figure 8 and Equation (12), the case of Rrc,u less than Ry is taken 

into account and the case of Rrc,u beyond Ry is not considered because the longitudinal 

reinforcement yielding is not allowed, as mentioned earlier. It should be noted that all 

these equations are usually applied to predict and reproduce the lateral load–deformation 

curves of test results in Japan. As a result, the total beam deflection angle (Rb,u) can be 

estimated from Equation (20). 

𝑅𝑏,𝑢 = 𝑅𝑝𝑐,𝑢 + 𝑅𝑟𝑐,𝑢 (20) 

cK

cR

rcM

rcR

yM

cM

cKya

yRrc,uR

b,rcM

Figure 8. Load–deflection angle of RC member.

As can be seen from Figure 8 and Equation (12), the case of Rrc,u less than Ry is taken
into account and the case of Rrc,u beyond Ry is not considered because the longitudinal
reinforcement yielding is not allowed, as mentioned earlier. It should be noted that all
these equations are usually applied to predict and reproduce the lateral load–deformation
curves of test results in Japan. As a result, the total beam deflection angle (Rb,u) can be
estimated from Equation (20).

Rb,u = Rpc,u + Rrc,u (20)

3.3. Iterative Evaluation Procedure

The tendon forces (Tt,c, Tt,t) in Equation (2) are first assumed. For example, Tt,c and
Tt,t might be assumed at the yielding limit by considering the yielding strain εty. Then,
by substituting σB for σc, the initial value of the neutral axis depth (xn) and the coefficient
β can be calculated by Equations (2) and (8). Based on the obtained xn and β, and by
substituting εcu (=0.003) for εn, the concrete axial shortening ∆c,ex can be obtained from
Equation (7). The tendon strains (εt,c, εt,t) thus can be obtained by Equations (5) and (6),
and the corresponding tendon forces Tt,c and Tt,t are calculated by Equation (1). Then the
initially assumed values of Tt,c and Tt,t are replaced by the calculated ones, and this is
repeated until the calculated values are sufficiently close to the values in the last step.

After the calculated values of Tt,c and Tt,t converge, accurate xn and β can be obtained
by Equations (2) and (8), respectively. They are then substituted into Equation (7) to
calculate the accurate ∆c,ex. Subsequently, the ultimate bending moment Mb,u and shear
force Pb,u can be obtained by Equations (9) and (10), and the beam deflection angle Rb,u can
be calculated by Equations (11), (12) and (20).

Similar iterative methods have been adopted by the authors in [21,22], while other
design methods based on iterative processes were also proposed in previous studies
(e.g., [57,58]), but not aimed at the PC connections with debonded partial tendons.
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3.4. Simplified Evaluation Procedure

The iterative method presented above includes the convergence procedure and re-
quires excessive computational costs, especially in a design practice involving large-scale or
complex structures. Consequently, a simplified method is also proposed here based on the
approximation of ∆c,ex. The flexural ultimate strength, deformation, and the corresponding
tendon strains can be determined directly by the simplified method.

Similar to the previous study by the authors [21,22], it is assumed that along the PC
zone (l’), the concrete strains εnx at the extreme compression fiber distribute in a logarithmic
form, as illustrated in Figure 9. The approximation of concrete axial shortening can thus be
calculated as Equation (21) and denoted by ∆*

c,ex.

∆∗c,ex= εcul′/3 (21)
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Then, substituting ∆*
c,ex into Equations (5) and (6) gives the expressions for the tendon

strain εt,c and εt,t, which contain the unknown neutral axis depth xn. Substituting the
expressions into Equation (1) and assuming that εt,c and εt,t are between the elastic limit
εte and the yield limit εty, the expressions for Tt,c and Tt,t can be obtained. Next, by
substituting the expressions of Tt,c and Tt,t into Equation (2), Equation (22) is derived,
which is a quadratic equation with respect to xn.

σBblt
2Et2 At

x2
n + 2

[
εcu

3
l′ − εc0l′ − εt0lt + εtelt −

σte

Et2
lt

]
xn −

εcu

3
l′D = 0 (22)

By solving for xn and substituting it into Equations (5) and (6), values of εt,c and εt,t can
be calculated based on ∆*

c,ex given by Equation (21). Then, Pb,u and Rb,u can be calculated
using the similar steps as in the iterative method.

It is noted that if the tendon length is extremely short, the tendon might yield before
the beam reaches the ultimate flexural state, which was actually found in the specimen
PCJ05, as shown later in Section 4.2. In this specimen, the tendon length inside the beam
was set to be only 1.0D, where D is the beam depth, and the strain (= 7085 µ) of the tensile
side tendon just exceeded the yielding limit εty (=7010µ) at the ultimate limit. However, it
is judged to be just slightly exceeding the yielding limit, and in practice, it would be an
exceptional case, since an unyielding tendon is favorable. In addition, limiting the strain
value of the tendon to εty can provide conservative estimation of the ultimate deformation
of the beam.

The simplified method proposed above is based on the approximation of concrete
axial shortening ∆*

c,ex. Because the beam deflection angle of the PC zone (Rpc,u) is directly
related to ∆*

c,ex, the approximation might result in lower accuracy of the evaluation result
of beam deflection angle, as shown in Section 4.3. Therefore, two coefficients are introduced
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as Equation (23), and the ratio of the accurate ∆c,ex and the approximated ∆*
c,ex can be given

as Equation (24), based on Equations (7), (21) and (23).

γ = xn/D, χ = (dt − βd)/D (23)

∆c,ex

∆∗c,ex
=

3γ

3χ− γ

l
l′

ln
∣∣∣∣3χ− γ

3γ

l′

l
+ 1
∣∣∣∣ = ξ (24)

The ratio is denoted by correction factor ξ, and by multiplying ξ, the evaluation result
Rpc,u through the simplified method could be corrected to have higher accuracy.

In the simplified method, after xn is obtained by solving Equation (22), the tendon
forces, the coefficient β, γ and χ, and the correction factor ξ can be calculated step by step.
It is noted that although the variables (xn, εt,c, and εt,t) used in the calculation of γ and χ
are obtained based on the approximated ∆*

c,ex, its difference from the accurate ∆c,ex will
not lead to large errors in γ or χ. This hypothesis is reasonable because of the uniform
distribution of εt,c and εt,t along the debonded partial tendons. The changes in εt,c and εt,t
caused by the change in ∆*

c,ex would be minor, as well as the consequent change in the
resultant force of tendons. Therefore, the errors in β, γ and χ due to the error in ∆*

c,ex
would not be significant, and the correction factor ξ based on the less accurate ∆*

c,ex could
still ensure the corrected Rpc,u to be accurate enough.

4. Verification of Evaluation Methods

Previous cyclic loading tests conducted by the authors and their results are briefly
introduced, and accuracy of the iterative method is verified by the test results. Evaluation
results of the simplified method are then compared with the iterative method.

4.1. Outline of Previous Experiments

Two PC beam–column subassemblage specimens (PCJ05, PCJ06) and two PC cantilever
beam-type specimens (PCX01, PCX02) tested by the authors [28,60] are presented here. The
details of the specimens are shown in Figure 10, and their properties are briefly summarized
in Table 1. The test setup of the specimens is given in Figure 11. The precast RC column
and beam members were fabricated independently, and they were attached by the interface
mortar. The posttension force was then applied to the debonded partial tendons. Specimen
PCJ05 has the shortest tendon length, while the other specimens have almost the same
tendon length. The initial prestressing ratio (λ), which is the ratio of the total initial prestress
force ΣTt0 to the total yielding force ΣσtyAt of the tendons, ranged from 0.5 to 0.8. As
shown in Figure 11a, the PC beams of specimens PCX01 and PCX02 were set vertically, and
cyclic loads were applied to the inflection point. A linear slider and a pin-connecting device
were attached to the loading point to ensure simple horizontal loading. Peak drift angles
of 0.1, 0.2, 0.4, 0.67, 1.0, 2.0, 3.0, 4.0, and 5.0 percent were included by the loading plan,
and two cycles were loaded for each peak drift angle. For the subassemblage specimens
PCJ05 and PCJ06 shown in Figure 11b, the beam members were supported by a horizontal
roller, while the bottom of the columns was supported by a universal joint. The horizontal
cyclic load and the constant axial compressive load (axial compression ratio of 0.09) were
applied at the top of the columns through a tridirectional joint by three oil jacks. The
specimens were loaded for two cycles with peak drift angles of 0.25 and 0.5 percent, and
for three cycles with peak drift angles of 1.0, 1.5, 2.0, 3.0 and 4.0 percent, successively.

For all the specimens, the flexural failure begins from the cover concrete spalling
occurring at the beam–column interface, at which the PC connection reaches its maximum
strength. The yielding of longitudinal reinforcement did not occur in either the PC or RC
zones. Crack maps of the beams in specimens PCJ05 and PCJ06 after the final peak drift
angle are presented in Figure 12. The crack positions and the lengths were traced from
the photographs taken in the tests. The crack widths were also measured visually with a
crack scale.
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Table 1. Specimen properties.

Specimen
Beam Concrete Debonded Tendon

b × D (mm) σB (MPa) Et1 (MPa) εte (%) εty (%) σty (MPa) ΣAt (mm2) l’ (mm) λa

PCJ05

250 × 400

90.1

2.0 × 105

0.46 0.70 1006.0 692.7 400 0.8
PCJ06 70.8 0.46 0.70 1006.0 692.7 800 0.8
PCX01 95.2 0.45 0.71 998.5 692.7 800 0.5
PCX02 95.2 0.43 0.69 996.1 454.0 800 0.5

a Ratio of initial prestressing force to yield strength of tendon (Tt0/Tty).
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Regarding the columns, the subassemblage specimens PCJ05 and PCJ06 are designed
according to the strong column–weak beam concept. Thus, almost no crack was observed
at the columns and the beam–column joints.

Most of the deformation in PC beams was resulted from the main crack opening at
the beam–column interface, but some cracks can also be observed around the boundary
between the PC and RC zones. The maximum crack width gradually increased with the
increase in peak drift angles. In addition, the cracks increase when the tendon length
becomes shorter, as can be seen in PCJ05, because the bending moment at the boundary of
RC zone is larger. The maximum crack width at the maximum peak drift angle of 4% was
just 0.2 mm, and the maximum residual crack width at the unloaded state was less than
0.06 mm. This suggests that even when the PC connection has experienced considerably
large deformation under strong earthquakes, the postearthquake residual cracks could be
very slight compared to the monolithic connections, reflecting the low-damage advantage
of the PC connections.

Figure 13 shows the beam shear force (Pb)–beam deflection angle (Rb) relationship
obtained from the tests. In the figure, the ultimate flexural points, which are the maximum
strength points, and the yielding points of the tendons are plotted. From the test results,
for PCJ05 with shorter tendon, the maximum strength point and the tendon yielding
point occurred at the smaller deflection angle. When the initial prestressing force became
lower (PCX01 and PCX02), the maximum strength and yielding of the tendons occurred
at the larger deflection angles. Moreover, if the tendon amount was reduced (PCX02), the
maximum strength decreased. It can be also seen in Figure 13 that the residual deformation
gradually increased after the yielding of tendons, so setting the tendon length is very crucial
to guarantee the self-centering behavior, especially for the case of debonded partial tendons.
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Figure 13. Load−deflection curves of PC beams and experiment−calculation comparisons: (a) PCX01;
(b) PCX02; (c) PCJ05; (d) PCJ06. The dashed lines represents the evaluated values of Pb,u and Rb,u.
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4.2. Comparison of Evaluation and Experimental Results

The evaluation accuracy of the iterative procedure is verified by the corresponding
test data. The test and evaluation results of the beam shear force (Pb,u), the beam deflection
angle (Rb,u), and tendon strains (εt,c and εt,t) were compared in Figures 12 and 13. In the
legend of Figure 14, (+) and (–) represent the values at the positive and negative loadings.
To measure the tendon strains εt,c and εt,t, strain gauges were attached to the tendons at
the beam–column interface. The test data at both the positive and negative loadings are
compared with the evaluation results. For the ultimate shear force Pb,u, the evaluation
errors of the iterative method are within 10%.
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Figure 14. Comparison of iterative method results and test data: (a) beam shear forces; (b) beam
deflection angles; (c) strain of tensile side tendons; (d) strain of compression side tendons.

It is noted that the test results of Pb,u for PCX01, PCJ05, and PCJ06 do not show much
difference. The average Pb,u of the positive and negative loadings for the three specimens
are 79.5 kN, 82.0 kN, and 80.2 kN, respectively. Although the evaluation results of Pb,u seem
to have larger variation than the test results, the evaluation errors relative to the average
Pb,u are within 5%. In addition, the test results of Pb,u increase in the order of PCX01, PCJ06,
and PCJ05, and the same order could be found in the evaluation results. Therefore, the
evaluation results exhibit good agreement with the test results.

The evaluation results of Rb,u are found to be less accurate, and the errors were almost
less than 20%. It is noted that the calculated deformation of the PC zone was dominant
in all the specimens, and for the specimens PCX01, PCX02 and PCJ06, the deformation of
the RC zone was less than 10% of the total beam deformation. Meanwhile, the RC zone
deformation increased to 29% for PCJ05, since the bending moment and the length of the
RC zone were relatively larger than the other specimens. With respect to the tendon strains
εt, the evaluation errors are within 15%. From Figures 12 and 13, the ultimate flexural points
determined by the iterative method (intersections of the dashed lines representing the eval-
uated Pb,u and Rb,u) correspond well with the test results. Therefore, the iterative method
has good accuracy, and the analytical model is able to faithfully reflect the seismic behavior
of the PC beam–column connection subassemblages with debonded partial tendons.
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4.3. Verification of Simplified Method

The beam shear forces (Pb,u) evaluated by the iterative and simplified methods are
compared in Figure 15. Without the correction of concrete axial shortening ∆*

c,ex introduced
in Section 3.4, the errors of the simplified method relative to the iterative one are found
to be within 5%. As the beam deflection angle (Rb,u) is calculated directly based on the
value of ∆c,ex, the values of ∆c,ex evaluated by the simplified method with and without the
correction are compared in Figure 16a. The corresponding values of Rb,u are compared in
Figure 16b. It is clear that the improvement in evaluation accuracy is significant, and the
maximum error for Rb,u is reduced from 30% to less than 5%. Correspondingly, change
in the errors of ∆c,ex before and after the correction has a similar tendency. Therefore, the
correction is able to ensure the evaluation accuracy of the simplified method is similar to
the iterative method.
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Figure 15. Evaluation accuracy of Pb,u by simplified method without correction.
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Figure 16. Evaluation accuracy of ∆c,ex and Rb,u by simplified method before and after correction:
(a) Dc,ex; (b) Rb,u.

5. Conclusions and Future Work

In this paper, a PC beam–column connection incorporating pretensioned debonded
partial tendons is introduced. To more accurately evaluate the performance of this connec-
tion at the flexural ultimate limit, an analytical model is adopted to reflect the deformation
compatibility and force equilibrium conditions of the PC beam and column members,
as well as the unbonded tendon in a precise manner. Based on this, iterative and direct
methods for evaluating the ultimate performance of the beam are proposed. The proposed
method is verified by cyclic loading test on the beam–column subassemblages. The main
conclusions can be summarized as follows.



Appl. Sci. 2023, 13, 2843 16 of 19

1. The analytical model can more comprehensively and accurately consider the stress–
strain distribution of concrete and tendons at each section of the PC beam, and also
consider the unequal tensile forces of multiple partial tendons. However, the existing
methods cannot evaluate the ultimate deformation of the connection or give the
exact tendon strain at the ultimate state. Some other methods can only consider
equal axial forces of multiple tendons or cannot be applied in the case of the partial
tendons. Therefore, the proposed analytical model and methods are superior to most
existing ones.

2. The proposed evaluation method can reasonably evaluate the ultimate bending mo-
ment at the beam end, the corresponding beam deflection and the tendon strains with
good accuracy. The evaluation errors for the ultimate bending moment were within
10%, and for the beam deflection angle the errors were almost less than 20%. With
respect to the tendon strains, regardless of the tendon positions, the evaluation errors
were within 15%. The good evaluation accuracy indicates the proposed analytical
model can reflect the behavior of the PC beam–column connection properly.

3. The iterative method using the iterative process is proposed, and then simplified to the
direct method, which does not require the iterative calculation process, by means of the
approximation of axial concrete shortening at the beam–column interface. The simplified
method can give evaluations of similar accuracy as the iterative one by introducing the
correction factor, which is therefore more suitable for engineering design.

4. The self-centering and low-damage characteristics of the proposed PC connection
are confirmed by cyclic loading tests. Through the comprehensive evaluation of the
ultimate performance of the connection, the self-centering and low-damage character-
istics could be guaranteed in strong earthquake by preventing concrete spalling or
tendons yielding, while the bearing and deformation capacity of the connection could
be fully utilized.

By applying the analytical model and design method proposed in this paper, the
performance at other limit states of the debonded PC connection could be further evaluated,
so that the entire deformation–restoring force relationship of the connection could be
obtained. On this basis, design parameters such as sectional area, length, and prestressing
level of the debonded partial tendons could be optimized. In addition, by using the
deformation–restoring force relationship, the semiplastic hinges in the frame structures
created by the debonded PC connection are simulated. Based on this, further research
could be conducted on seismic performance of the frames. Such a debonded PC frame
has self-centering and low-damage characteristics and thus exhibits superior resilience
under strong earthquakes. Using dampers to enhance the energy dissipation and control
the seismic response will further improve the structural performance. These issues will be
considered in following studies.
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Appendix A

At the inflection point of the beam, only the shear force acts at the beam section. This
is simulated by applying the concentrated force Pb at the beam end of the subassemblage,
as shown in Figure 7. In this case, the bending moment at each section of the beam is
linearly distributed, which is zero at the inflection point and maximum at the beam–column
interface. Because the tendons are debonded, their tensile resultant force (Tt,c + Tt,t) and
position dt,t are constant at any section within the PC zone. As such, the distance between
the tensile resultant force and the concrete compressive resultant force (Cc) must vary
linearly within the PC zone, and consequently distribution of the distance from the ultimate
compression fiber to Cc (Ccx) should also be linear.

Considering the bending moment at the beam–column interface and arbitrary beam
section in the PC zone, the relationship among Tt,c, Tt,t and Ccx can be expressed as Equation
(A1). The distance Ccx thus can be derived as Equation (A2). The neutral axis depth xnx at
an arbitrary beam section is given by Equation (A3), and equals three times Ccx, since the
concrete compressive strain distributions are triangular.

(Tt,c + Tt,t)
[
(dt − βd)− xn

3

]
: (Tt,c + Tt,t)[(dt − βd)− Ccx] = Pbl : Pb(l − x) (A1)

Ccx =
3(dt − βd)− xn

3l
x +

xn

3
(A2)

xnx =
3(dt − βd)− xn

l
x + xn (A3)

Since Cc is equal at any beam section within the PC zone, and also the distribution of
compressive strain is assumed to be linear, the concrete strain εnx at the extreme compression
fiber can be calculated by Equations (A4) and (A5). Furthermore, since the axial shortening
of concrete ∆c,ex generated at the beam end of the PC zone is resulted from the accumulation
of εnx along the PC zone, ∆c,ex can be obtained by integrating εnx, as in Equation (A6), and
the result is the same as Equation (7).

1
2

xnεnEcb =
1
2

[
3(dt − βd)− xn

l
x + xn

]
εnxEcb for 0 ≤ x ≤ l′ (A4)

εnx = xnεn/
[

3(dt − βd)− xn

l
x + xn

]
for 0 ≤ x ≤ l′ (A5)

∆c,ex =
∫ l′

0
xnεn/

[
3(dt − βd)− xn

l
x + xn

]
dx = εnl

xn

3(dt − βd)− xn
ln
∣∣∣∣3(dt − βd)− xn

xn

l′

l
+ 1
∣∣∣∣ (A6)
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