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Abstract: In this article we present a space–time epidemic-type aftershock sequence (ETAS) model
for the area of Hungary, motivated by the goal of its application in insurance risk models. High-
quality recent instrumental data from the period 1996–2021 are used for model parameterization,
including data from the recent nearby Zagreb and Petrinja event sequences. In the earthquake-
triggering equations of our ETAS model, we replace the commonly used modified Omori law with
the more recently proposed stretched exponential time response form, and a Gaussian space response
function is applied with a variance add-on for epicenter error. After this model was tested against the
observations, an appropriate overall fit for magnitudes M ≥ 3.0 was found, which is sufficient for
insurance applications, although the tests also show deviations at the M = 2.5 threshold. Since the
data used for parameterization are dominated by Croatian earthquake sequences, we also downscale
the model to regional zones via parameter adjustments. In the downscaling older historical data
are incorporated for a better representation of the key events within Hungary itself. Comparison of
long-term large event numbers in simulated catalogues versus historical data shows that the model
fit by zone is improved by the downscaling.

Keywords: insurance hazard model; earthquake clustering; space–time ETAS model; Hungarian
earthquake catalogue; 2020 Petrinja earthquake

1. Introduction
1.1. Motivation

The origin of the study presented in this article is an ongoing effort by the UNIQA
Insurance Group (www.uniqagroup.com, accessed on 5 February 2023) to build a propri-
etary earthquake model for Hungary. Earthquake models in insurance are used to measure
the risk of a set of objects, such as buildings, civil engineering structures, and means of
transport, with a focus on assessing the potential losses caused by severe earthquakes.

One key application of an earthquake model or, more generally, a natural catastrophe
model in insurance is the determination of capital requirements. According to the Solvency
II regulatory standards applicable in European Union member countries [1,2], the solvency
capital requirement (SCR) of an insurance company shall correspond to the 200-year loss;
that is, the insurer must hold their own funds to cover the risk of a loss whose probability
of occurrence within a year is 0.5%. The SCR is calculated either by the Solvency II standard
formula or by an internal model. For natural perils, the standard formula is a deterministic
approximation of the risk based on fixed factors applied to insured amounts of the objects
by geographical area. On the other hand, an internal model is based on the stochastic
simulation of the peril, and its output is not just an SCR single value but a full probability
distribution forecast of the loss. The use of an internal model by an insurance company
for calculating the SCR is subject to case-by-case regulatory approval by the competent
supervisory authorities, including a comprehensive and lengthy validation process. The
development of an internal model requires a significant effort; however, the benefits include
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a more accurate and more detailed evaluation of the risk, and a range of model uses in risk
management tasks beyond the calculation of the SCR. Another typical and important use
of stochastic catastrophe models is the optimization and pricing of protection covers for
the purpose of risk transfer. Reinsurance risk transfer is an instrument for risk mitigation,
and it can reduce the SCR of the ceding insurer.

The general architecture of a stochastic earthquake model for insurance is the following:
(1) the first fundamental module is a statistical model of earthquake occurrences, which
is used to generate a synthetic event catalogue via stochastic simulation. This is followed
by two equally important ones: (2) the ground motion attenuation model, translating
the catalogue into event footprints, and (3) the vulnerability model, translating the event
footprints into the loss of the insured objects in financial terms. All three modules require a
full study of their own. In this article, only the first module is discussed, that is, a model of
earthquake occurrences.

Earthquake models used in the field of insurance typically focus on the mainshocks
only. This simplifies the modelling effort drastically since the mainshocks are assumed to
follow a stationary process. This simplification is justified if aftershock losses are low com-
pared to the mainshock loss. Furthermore, customer claims arising from aftershock losses
are often not reported separately from the mainshock; therefore, it is a straightforward ap-
proach to model them only implicitly via conservative parameterization. Nevertheless, the
recent nearby Petrinja 2020 event in Croatia and its aftershocks highlighted some properties
of earthquake sequences [3], suggesting that clustering cannot necessarily be safely ignored
even in a Central European model: aftershock activity after such a major event may last for
months or even years, and some aftershocks (or foreshocks) are significant events on their
own. Moreover, there are historical records of complex earthquake sequences (e.g., Romania
1991) lasting for several months and including multiple significant shocks [4]. Large events
are still possible late in the sequence, and large aftershocks can trigger second-generation
sequences, epidemic style.

1.2. Aim of the Study

The aim of this study is to build an epidemic-type aftershock sequence (ETAS) model
for Hungary using recent instrumental earthquake catalogue data. ETAS methodology
assumes that, on top of a constant background seismicity, every single earthquake is a
potential trigger for subsequent events. Such models have been widely used to analyse
earthquake clustering both for studies covering broad regions and local studies focusing on
individual earthquake sequences. This study builds on existing methodologies, however,
the planned implementation for insurance application is always considered in the choice of
the methods.

Due to its moderate seismicity, Hungary is not an optimal target area for an ETAS
model. Nonetheless, the nearby Zagreb and Petrinja event sequences in 2020–2021 pro-
duced rich data that make the parameter fitting feasible. The authors do not know about
a published previous region-specific ETAS study for Hungary relying on these recent
catalogue data; therefore, the results can be interesting themselves.

The data used in the study are described in Section 2. In Section 3, an overall model
for Hungary is formulated and in Section 4, its results are described. In Sections 5 and 6,
downscaled parameters are determined, representing local regions within the total mod-
elled area. The motivation of parameter downscaling stems from the application of the
model in insurance where local geographical outputs are needed. Section 7 includes the
conclusions of the study.

1.3. Background

Since the initial formulation of the model by Ogata [5,6], ETAS methodology has
been researched extensively. Works by several authors suggested different methods and
algorithms for parameter estimation [6–10] and investigated the optimal forms of event-
triggering functions [6,8,11,12]. The literature on ETAS also includes a discussion of impor-
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tant model properties. One such model property is magnitude independence, i.e., the as-
sumption that the magnitude of an earthquake is independent of predecessor events [8,13].
The stability or criticality conditions of the event triggering, as well as the question of self-
similarity, have been investigated [14,15]. Certain enhancements of the model that allow a
more accurate modelling of complex processes, such as three-dimensional or finite-source
ETAS models, have also been developed [9,16,17]; however, the benefits of these advanced
features for modelling a moderately active region like Hungary are not immediately clear.

This study significantly relies on the work of Zhuang et al. [7,8], who developed an
iterative algorithm for ETAS parameterization, based on a kernel density estimation of the
background activity in combination with stochastic declustering. The authors analyse the
properties of the method in regional studies covering areas of Japan and New Zealand, and
they suggest a range of methods for testing the different components of the model.

ETAS parameter estimation is affected by known sensitivities and biases, which
are discussed at length by Seif et al. [18], who demonstrate these effects on actual and
simulated catalogues derived from Italian and South Californian data. Typical sources of
parameter bias include early aftershock incompleteness in the wake of a major earthquake,
the anisotropy of aftershock clusters, and the choice of the magnitude threshold. These
effects also need to be considered in this Hungarian study.

2. Data

The data quality requirements of an ETAS model fitting are challenging. A consistent
instrumental earthquake catalogue for Hungary and the seismograph network collecting
the measurements for this catalogue have only been in place since 1996 [19], and there
has been a scarcity of significant Hungarian events from 1996 until 2022. For a sufficiently
rich catalogue, the 2020 Zagreband the 2020 Petrinja, Croatia events and their aftershock
sequences need to be included in the study. It is relevant to note that the Petrinja mainshock
also caused damage and triggered insurance claims within Hungary [20]. These two event
sequences have been recorded by the Hungarian seismograph network. On the other
hand, both clusters fell largely outside the core geographical window of the Hungarian
earthquake catalogue; this means that the study area is extended to the periphery of the data
sources where the completeness and accuracy of data is less than optimal. Furthermore,
large Croatian event sequences will have a dominant effect on the model fitting.

The core geographical window of the study is the area between latitudes 45.5–49.0 N
and longitudes 16.0–23.0 E. In order to include the Zagreb and Petrinja events, a margin to
the west and to the south is added by defining the extended window as the area between
latitudes 45.3–49.0 N and longitudes 15.7–23.0 E. The magnitude threshold of the study is
set at Mw = 2.5.

The data available for the study include both historical and recent instrumental data
belonging to several Hungarian earthquake catalogues. These catalogues have been merged
and event magnitudes have been homogenized to moment magnitude Mw for this study.
Hereafter, the subscript w is omitted when referring to magnitudes. The component
catalogues are the following (see also Figure 1):

1. Catalogue A: Historical catalogue for the period 456 A.D. to 1995 [21], collected from
several primary sources, partly instrumental and partly macroseismic. The number of
events included in the extended window that reach the magnitude threshold is 2402.
Due to obvious data quality limitations, these events are not used directly for ETAS
parameter fitting but only as data for subsequent model downscaling.

2. Catalogue B: Instrumental catalogue covering the core window and the period 1996
to 2019, based on the recordings of the Hungarian seismograph network [19]. The
number of events reaching the magnitude threshold is 654.

3. Catalogue C: Instrumental catalogue data for the period 1996 to 2010, collected and
merged from international sources [22–24]. While some of the underlying sources
are continuously updated, the merged dataset is only available to the end of 2010.
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The number of events included in the extended window that reach the magnitude
threshold is 1107, partly overlapping with catalogue B data in the core window.

4. Catalogue X: Initial event list (IEL) data covering the period 2012 to 2021 [25], based
on the recordings of the Hungarian seismograph network. IEL data are an interim
phase of the yearly updates of the Hungarian instrumental earthquake catalogue
(catalogue B). Geographical coverage is wider than the core window by a margin of
0.2 degrees latitude and 0.3 degrees longitude in all directions. Automated preliminary
epicenter determinations are post-processed for the monthly publications of the list,
which may result in some coordinate shifts across the window boundary. Thus, the
western and southern edge of the extended window corresponds approximately to
the geographical scope of the IEL. The number of events from IEL included in the
extended window that reach the magnitude threshold is 2313, fully overlapping with
catalogue B data in the core window in the period 2012 to 2019.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 4 of 31 
 

reach the magnitude threshold is 2402. Due to obvious data quality limitations, these 
events are not used directly for ETAS parameter fitting but only as data for subse-
quent model downscaling. 

2. Catalogue B: Instrumental catalogue covering the core window and the period 1996 
to 2019, based on the recordings of the Hungarian seismograph network [Error! Ref-
erence source not found.]. The number of events reaching the magnitude threshold 
is 654. 

3. Catalogue C: Instrumental catalogue data for the period 1996 to 2010, collected and 
merged from international sources [22–24]. While some of the underlying sources are 
continuously updated, the merged dataset is only available to the end of 2010. The 
number of events included in the extended window that reach the magnitude thresh-
old is 1107, partly overlapping with catalogue B data in the core window. 

4. Catalogue X: Initial event list (IEL) data covering the period 2012 to 2021 [Error! Ref-
erence source not found.], based on the recordings of the Hungarian seismograph 
network. IEL data are an interim phase of the yearly updates of the Hungarian in-
strumental earthquake catalogue (catalogue B). Geographical coverage is wider than 
the core window by a margin of 0.2 degrees latitude and 0.3 degrees longitude in all 
directions. Automated preliminary epicenter determinations are post-processed for 
the monthly publications of the list, which may result in some coordinate shifts across 
the window boundary. Thus, the western and southern edge of the extended window 
corresponds approximately to the geographical scope of the IEL. The number of 
events from IEL included in the extended window that reach the magnitude thresh-
old is 2313, fully overlapping with catalogue B data in the core window in the period 
2012 to 2019. 
Microseismic events caused by quarry blasts and explosions had been identified and 

excluded from the datasets during the preparation of the catalogues prior to this study.  

 
Figure 1. Schematic diagram of the coverage and overlaps of the source catalogues used in the study. 

It is observed that the events in the Romanian area of the study show unusual mag-
nitude–frequency patterns. This suggests an inhomogeneity of the merger of the primary 
sources underlying the Romanian part of catalogue C. Therefore, the affected area is ex-
cluded from the ETAS parameter fitting due to concerns of data quality. The boundary of 
the excluded area follows the area source zone boundaries of the SHARE project [Error! 
Reference source not found.]. Therefore, the exclusion affects a strip within Hungary 
along the Romanian border. 

Magnitude–frequency distributions suggest that the completeness threshold of the 
remaining catalogue on the core window is 𝑀𝑀 ≥ 2.8 at the beginning in 1996, which has 
gradually improved to 𝑀𝑀 ≥ 2.5 by 2000 and to 𝑀𝑀 ≥ 2.2 by 2013. The sensitivity con-
tours of the Hungarian seismograph network indicate completeness for 𝑀𝑀 ≥ 2.5 on most 
of the modelled area in the core window with some lower-sensitivity areas on the periph-
ery and with gradually improving coverage over time [Error! Reference source not 

Figure 1. Schematic diagram of the coverage and overlaps of the source catalogues used in the study.

Microseismic events caused by quarry blasts and explosions had been identified and
excluded from the datasets during the preparation of the catalogues prior to this study.

It is observed that the events in the Romanian area of the study show unusual
magnitude–frequency patterns. This suggests an inhomogeneity of the merger of the
primary sources underlying the Romanian part of catalogue C. Therefore, the affected area
is excluded from the ETAS parameter fitting due to concerns of data quality. The boundary
of the excluded area follows the area source zone boundaries of the SHARE project [26].
Therefore, the exclusion affects a strip within Hungary along the Romanian border.

Magnitude–frequency distributions suggest that the completeness threshold of the
remaining catalogue on the core window is M ≥ 2.8 at the beginning in 1996, which
has gradually improved to M ≥ 2.5 by 2000 and to M ≥ 2.2 by 2013. The sensitivity
contours of the Hungarian seismograph network indicate completeness for M ≥ 2.5
on most of the modelled area in the core window with some lower-sensitivity areas on
the periphery and with gradually improving coverage over time [19]. The catalogue is
considered complete for M ≥ 2.5 in the extended window only since 2018, except for a
completeness gap immediately after the Petrinja 2020 mainshock: the detection of early
aftershocks after a large earthquake is typically incomplete since the seismograms in this
initial period are saturated with overlapping waves from multiple events [18]. Given the
trade-off between completeness and the size of the catalogue, we find that the optimal
choice of the threshold for this study is M ≥ 2.5. A threshold increase would marginalize
the part of the catalogue within Hungary itself and would sharply reduce the number of
events for estimating the spatial distribution of the background process. For the model
parameterization, completeness is assumed on the core window since 2000 and on the
extended window since 2018, except for a 1-day period after the Petrinja mainshock.
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After merging catalogues B, C, and X, applying the M ≥ 2.5 threshold, removing
duplications, removing events outside the completeness periods, and removing events in
the excluded area, the remaining size of the target catalogue for ETAS parameter fitting is
1978. An additional 236 events reaching M ≥ 2.5 are used as auxiliary trigger events; this
includes 27 events from year 1999 and 209 events from the Petrinja completeness gap. A
map of the fitting catalogue is shown in Figure 2. Another 218 events from catalogues B,
C, and X outside the completeness periods are used as additional epicenter nodes for the
kernel density estimation of the spatial distribution of background events.
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Figure 2. (a) Location of the model area within Europe. (b) Plot of the earthquake catalogue
for Hungary used for epidemic-type aftershock sequence (ETAS) model parameterization—target
catalogue plus auxiliary events, 1999–2021. The map covers the extended window. The boundaries
of the core window (dashed black line) and excluded area (red line) are marked. Events reaching
M ≥ 4.0 are highlighted.

For model calculations, geographical latitude–longitude coordinates (ϕ, λ) are con-
verted to an (x, y) kilometre grid via the following transformation:

x = R· cos ϕ· tan(λ− λ0), y = R·(ϕ− ϕ0), (1)

where R = 6 371.01 is the mean radius of the Earth in kilometres. This corresponds to a
tangent transverse cylindrical projection whose central meridian is at λ0 and that transforms
parallels into straight lines. The point (ϕ0, λ0) is set at (47.5◦, 19◦), i.e., the rounded
coordinates of Budapest, which are transformed into (x, y) = (0, 0) in the kilometre grid.
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3. Epidemic-Type Aftershock Sequence (ETAS) Modelling Methods
3.1. Model Formulation

The ETAS model describes earthquake occurrences as a non-stationary Poisson point
process where every event can trigger a wave of aftershocks. In a time-only model, the rate
of occurrence at time t, conditional on the process history Ht, is expressed as [5]

λ(t|Ht) = µ + ∑j : tj<t K·eα(Mj−m0)·g
(
t− tj

)
, (2)

which is extended to a space–time model as [6]

λ(t, x, y|Ht) = µ·u(x, y) + ∑j : tj<t K·eα(Mj−m0)·g
(
t− tj

)
· f
(
x− xj, y− yj

∣∣Mj
)
, (3)

where the first term represents background seismicity with a constant overall rate µ and
area density u(x, y), and the sum in the second term reflects the rate of activity triggered by
events in the catalogue prior to time t. An exponential relationship is assumed between the
trigger event magnitude Mj and the triggered rate of activity, where K and α are constant
parameters and m0 is the magnitude threshold. The functions g and f describe the form
of the time and space response, respectively, relative to the trigger event occurrence time
and epicenter. The process history Ht =

{(
tj, xj, yj, Mj

)
: tj < t

}
is the catalogue of events

before t, defined by their occurrence time, location, and magnitude. Depth is not included
in this ETAS model as a third coordinate, and the question of the depth distribution is not
discussed in this article. This is a reasonable simplification since all events in the study
catalogue were shallow crustal earthquakes and all except nine of them had a focal depth
of less than 20 km.

It was assumed that event magnitudes follow a truncated exponential (Gutenberg-
Richter) distribution independent of the process history [8,13]. The probability density
function (PDF) of magnitudes between the bounds m0 and mx is given by the following:

J(m) =
β·e−β(m−m0)

1− e−β(mx−m0)
, (4)

where β is the frequency decay parameter. According to the magnitude independence
assumption, an aftershock can be larger than its trigger event.

For this study, we used a stretched exponential function truncated for a minimum
delay as the time response:

g(t) =
{

tq−1· exp(−ηtq) if t > ∆t0,
0 if t ≤ ∆t0

(5)

where ∆t0 is a minimum delay parameter, and the normal distribution with an allowance
for epicenter error is the space response function:

f (x, y|M) = 1
2πσ2 exp

[
−
(
x2 + y2)/2σ2],

with σ2 = D2·eα(M−m0) + ε2.
(6)

where D is the scale parameter of the magnitude-dependent part of the variance,
and ε is a parameter representing a variance add-on for epicenter error. Since both
Equations (5) and (6) represent a departure from the mainstream techniques, we explain
the rationale of these approaches below.

The most often used time response function is the modified Omori law [27], which is a
power law function in the form of g(t) = (t + c)−p. The stretched exponential alternative
has been suggested by Mignan [12], who, besides quantitative tests showing that the
stretched exponential form is better fitted to the observations from several regions than
the power law, also expressed qualitative concerns about the modified Omori law. Firstly,
the positive time shift constant c avoids the singularity at zero, but it is difficult to find a
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physical explanation for it. Secondly, a parameter value of p ≤ 1 would mean an infinite
number of triggered events unless the process is artificially truncated in time. Furthermore,
due to the heavy tail of the power law function, supercritical parameter fitting outcomes,
which imply an unstable process, are sometimes obtained when the modified Omori law
is used in an epidemic-type model [18]. The minimum delay parameter ∆t0 in Equation
(5) is motivated by experience with stochastic simulations based on the model. This
truncation was introduced to avoid modelling an unrealistically high number of aftershocks
immediately after the trigger event, which were never observed or identified as separate
events in actual measurements since the point process model reaches its limits at very short
time intervals.

Regarding the space response function, observed aftershock sequences often show anisotropic
patterns. Nonetheless, isotropic functions are widely used in ETAS models as a simplification. Both

the power law function, e.g., in the form f (x, y|M) ∝
[(

x2 + y2)/eα(M−m0) + d
]−q

and the
bivariate normal distribution have been discussed in the literature with a general preference
for the power law based on goodness-of-fit diagnostics [6,8]. The Gaussian form is chosen
in this study mainly for its analytical simplicity and ease of implementation in the model.
Since the exponential scaling parameter α is the same in Equations (3) and (6), the space
response formula assumes that the aftershock area grows in proportion to the number of
events triggered, which is in line with the observed trend known as the Utsu–Seki law [6,27].
This constraint from early ETAS model variants has been challenged in the literature, raising
the suggestion for a separate spatial scaling parameter γ [8,11]. However, due to the small
number of major clusters available in the Hungarian catalogue, it is preferred to keep
the number of fitted parameters as low as possible. Finally, for the moderately strong
Hungarian events in the study period, a weak spatial scaling trend between trigger event
magnitudes and aftershock radii is observed. It is assumed that the underlying effect
is the epicenter error, which becomes a dominant factor at low magnitudes; hence, the
motivation to include the ε parameter. We note that the formulation in Equation (6) is a
simplified reflection of epicenter error when the space response function f is centred on the
observed epicenters rather than the underlying ones. In a precise mathematical model, the
conditional distributions of the error vectors would be neither isotropic nor independent.

When an isotropic space–time model is fitted to non-isotropic aftershock data, a typical
impact is a downward bias of the α parameter; an indication of this effect is a significant
gap between the α values estimated from space–time versus time-only models [18,28].
This effect is avoided by applying the constraint α = β, motivated by the assumption of
self-similarity: when the magnitude threshold of the model is shifted from m0 to m1, the K
parameter is rescaled to K1 = K0·e(α−β)(m1−m0) while ignoring the upper magnitude bound
for simplicity; therefore, the model parameters are almost unchanged across magnitude
scales if α = β except in the vicinity of the upper bound mx. Such a model also preserves
Båth’s law, i.e., the observation that the average magnitude difference between a trigger
event and its biggest aftershock appears to be invariant [9,14,18] (S1.2.1) [29].

The branching ratio of the model characterizing the stability of the process is defined as
the average number of the first-generation descendants triggered by an event and expressed
as [8,18]:

$ =
∫ mx

m=m0

∫ ∞

t=0
K·eα(m−m0)·g(t)·J(m) dt dm. (7)

The process is subcritical (stable) if $ < 1, it is critical (unstable) if $ = 1, and it is
supercritical (unstable, potentially explosive) if $ > 1. In a model describing earthquake
recurrence over extended periods, subcritical behaviour is assumed. Therefore, assuming a
self-similar process with α = β and substituting Equations (4) and (5) in Equation (7), the
branching ratio is:

$ =
K
ηq
· β(mx −m0)

1− e−β(mx−m0)
· exp

(
−η∆tq

0

)
, (8)
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which considers the truncation of the time response function at ∆t0. There is a near-linear
dependence of $ on the magnitude span mx −m0, where the upper bound is difficult to
estimate and the lower bound is subject to expert judgement. Therefore, the branching
ratio according to Equations (7) and (8) is better viewed as a model property rather than as
a physical parameter of the observed earthquake catalogue.

3.2. Parameter Fitting

In this subsection the parameter fitting process for a space–time ETAS model formu-
lated in Equations (3)–(6) is described. The study period is [0, T] with T = 8 036 where
time is measured in days beginning at 2000-01-01 00:00 UTC. The broader study area is
A = [X0, X1]× [Y0, Y1] = [−258, 313 ]× [−245, 167], where space coordinates follow the
kilometre grid defined in Equation (1). The core study area A0 and the proper study area
A1 are narrower than A, so A0 ⊂ A1 ⊂ A (see Figures 2 and 3). The lower and upper
magnitude bounds are set at m0 = 2.45 and mx = 6.55, respectively; it is assumed that the
magnitude values in the catalogues, rounded to multiples of 0.1, reflect the mid-points of
the respective magnitude bins. In addition, the minimum aftershock delay parameter is
fixed at ∆t0 = 2.315·10−4 days (equivalent to 20 s).
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The maximum likelihood estimation (MLE) method seeks the parameters where the
maximum of the likelihood function is reached. Expressed as a function of the parameter
set θ = (µ, K, η, q, α, D, ε), the log-likelihood function is [6]:

log L(θ) = ∑
i∈HV

log λθ(ti, xi, yi|H:i)−
y

V

λθ(t, x, y|Ht) dx dy dt, (9)

where V is the space–time target region of the study. The different event ranges considered
in Equation (9) must be noted: HV is the target catalogue, i.e., the list of all the events in
V. HV can also be a subset of the fitting catalogue H; in other words, auxiliary events
from outside the target region V can be taken into account as historical triggers in the
conditional occurrence rate λθ for Equation (9) [7,8]. Whereas HV is assumed to be a
complete catalogue, the completeness of the auxiliary catalogue H\HV is not necessary. In
the first term, H:i ⊂ H is a shorthand notation for the sub-catalogue of prior events that can
have a triggering effect on event i. In this case, H:i = Hti−∆t0 according to the minimum
delay assumption.
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When implementing the maximum likelihood estimation, the complex non-rectangular
form of the space–time target region, shown in Figure 3, must be considered: (1) the
extended geographical window itself is not rectangular in the kilometre grid, (2) an area
along the Romanian border is excluded due to concerns of data inhomogeneity, (3) the
catalogue of the window extension is considered complete only from 2018, and finally, (4) a
1-day completeness gap from the target region beginning after the Petrinja 2020 mainshock
is excluded. The exclusion of a time window after a large event is one of the techniques
suggested in the literature to deal with the problem of aftershock incompleteness [18,28].
In fact, events falling into this time gap are used as auxiliary events, so their triggering
effect is considered in the model, nonetheless.

When an estimate of the background density function u(x, y) is provided, the parame-
ters (µ, K, η, q, α, D, ε) that maximize the log-likelihood function can be computed through
non-linear optimization. In this study, the Davidon–Fletcher–Powell method [30] is im-
plemented using custom Python code. The space integrals in the log-likelihood function
in Equation (9) are approximated by integration on the rectangular broader area A; the
difference is immaterial since the Gaussian kernels in the space functions quickly fall close
to zero outside the study area A1. In accordance with the self-similarity assumption, pa-
rameter α is set to be equal with the β magnitude–frequency decay parameter of the target
catalogue HV , which is estimated at β = 2.602 and is equivalent to a Gutenberg–Richter
b = 1.13.

The function u(x, y) is approximated by the kernel smoothing of a declustered epi-
center catalogue, following an iterative process suggested by Zhuang et al. [7,8] after
certain adaptations. An initial declustered catalogue is obtained via the window method,
i.e., by removing those events from the full catalogue that fall inside a pre-defined space–
time neighbourhood of a bigger event, where the window parameters suggested in [31]
(pp. 173–174) are used. Starting from the initial declustering, cycles of the following steps
are iterated until convergence is reached:

1. kernel smoothing for u(x, y);
2. log-likelihood optimization for (µ, K, η, q, D, ε);
3. follow-on declustering steps based on the ETAS model.

For a better-smoothed background density estimate, during the kernel smoothing and
declustering steps, the epicenter catalogue E is broader than the catalogue H used for the
log-likelihood optimization. The latter is kept narrower to reduce computing time. The
epicenter catalogue E includes all M ≥ 2.5 events in the study area A1 from catalogues B, C,
and X in the years 1996–2021, giving a total number of 2 432 potential epicenter nodes before
declustering. The incompleteness of E implies an inhomogeneous coverage between the
core area and the extension margin, which needs to be corrected by appropriate weighting.

Declustering in an ETAS context aims to identify background events rather than
mainshocks, as in the parameterization of a stationary Poisson model. Since both the
background process and the trigger process contribute simultaneously to the Poisson rate
at event i, declustering in an ETAS context is non-binary. A background weight 0 ≤ ξi ≤ 1
is defined for each event in the epicenter catalogue, expressing the relative contribution of
the background process to event i [7,8]:

ξi = µ·u(xi, yi)/λ(ti, xi, yi|E:i). (10)

Despite its non-binary nature, the observed distribution of ξi is typically strongly
U-shaped with modes close to 0 and 1, suggesting that background events can be well
distinguished from triggered events in most cases [7,9]. As a simplification, the continuous
background weights ξi are replaced by the binary background indicators χi:

χi =

{
0 if ξi < 1/2,
1 if ξi ≥ 1/2.

(11)
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The conversion into binary indicators is mathematically not strictly necessary, as the
equations used in the parameter fitting also work with continuous weights. The advantage
of binary indicators is that they are robust, so they ensure a quick convergence of the
iteration, and they also provide an unambiguous declustered catalogue of background
events.

Given the background indicators χi, the background density function is approximated
as a weighted sum of Gaussian kernels placed around the epicenter nodes [7,8]:

u(x, y) =
1
C
·
[
∑i∈E0

χi·kd(x− xi, y− yi) + w·∑i∈E\E0
ξχi·kd(x− xi, y− yi)

]
, (12)

with

kd(x, y) =
1

2πd
· exp

(
− x2 + y2

2d2

)
, (13)

where C is a normalising constant and E0 is the epicenter sub-catalogue corresponding
to the core area A0. The weighting w of the sum over E\E0 is introduced to correct the
uneven coverage of the epicenter catalogue between the core area A0 and the extension
margin A1\A0, and it is defined such that the corrected total weight in the two area parts is
proportional to the respective background occurrence rates, estimated from the most recent
declustering step of the iteration. While Zhuang et al. [7,8] suggest a variable bandwidth, a
fixed bandwidth is used in this study, set by expert judgement to d =

√
50 = 7.071 km.

4. Modelling Results
4.1. ETAS Parameters

The convergence of the fitted parameters after each iteration of the declustering–kernel
smoothing–log-likelihood optimization cycle is shown in Table 1; the preferred parameters
are those from iteration 3. A plot of the modelled density of the background rate µ·u(x, y) is
shown in Figure 4 and the histogram of background weights ξi and background indicators
χi is shown in Figure 5. The branching ratio of the model with the parameters after the
last iteration is $ = 0.47. The major clusters in the study catalogue show anisotropy, which
could have an impact in an alternative parameterization when the α parameter is set free.
The result from space–time fitting is α = 1.79 while a time-only fitting yields α = 2.76—this
pattern is consistent with the effects reported by Hainzl et al. [28].

Table 1. Convergence steps of the fitted ETAS parameters for the study catalogue. Parameter α is
fixed through the fitting. The value µ0 is included for information and it reflects the daily frequency
of background events within the core area A0. The preferred parameters are these from iteration 3.

Iteration µ
(1/Day)

µ0
(1/Day) K η q α

D
(km)

ε
(km) log L

1 0.0970 0.0675 0.0049 0.4178 0.2533 2.6021 0.0426 2.3464 −16,613.68
2 0.1136 0.0646 0.0049 0.4186 0.2519 2.6021 0.0418 2.3325 −16,569.50
3 0.1144 0.0644 0.0049 0.4184 0.2517 2.6021 0.0417 2.3395 −16,569.11

4.2. Parameter Ranges

The estimation of parameter errors is not straightforward, since the errors obtained
from analytical solutions can be different from simulation results [32]. Here, two simple
tests to derive approximate error ranges are carried out: (1) In the first test, the MLE
calculation is re-run on 20 simulated catalogues, using the preferred parameters for the
simulation. Each simulated catalogue includes 2214 events, i.e., the same number as the
actual study catalogue H. For comparability with the actual catalogue, a fixed copy of the
M = 6.3 Petrinja mainshock is also included at the beginning of each simulation. Table 2
shows the minimum and maximum fitted parameters from these simulations. (2) In the
second test, the sensitivity of the MLE calculation to a ±0.1 error in the magnitude of the
Petrinja mainshock is reported.
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Table 2. Approximate error ranges for the estimated parameters and for the branching ratio $.

µ
(1/Day) K η q D

(km)
ε

(km) $

Parameter ranges from 20 simulations

min 0.1031 0.0044 0.3694 0.2200 0.0389 2.2394 0.44
max 0.1284 0.0056 0.5148 0.2805 0.0455 2.4919 0.49

Parameters calculated with alternative magnitude of the Petrinja mainshock

M = 6.2 0.1142 0.0052 0.4011 0.2700 0.0481 2.3035 0.49
M = 6.4 0.1148 0.0045 0.4401 0.2308 0.0357 2.3842 0.44

4.3. Event Accumulation Test

The cumulative number of modelled events is obtained by integrating the conditional
occurrence rate function [5]:

Λ(t) =
∫ t

0

x

A(τ)

λ(τ, x, y|Hτ) dx dy dτ, (14)

where the notation A(τ) reflects the time-dependent area coverage of the study. Figure 6
shows the comparison of modelled and observed cumulative event numbers in the study
period. The estimated number of non-observed Petrinja aftershocks is 155; this is the
difference between the modelled and observed number of occurrences in the 1-day interval
after the Petrinja mainshock. When the observed curve is corrected for this difference,
the model captures the large Croatian earthquake sequences quite well. A weak point
is the seemingly uneven observed background rate, which is not matched by the model:
the underlying issue is that the southern part of the study area is unevenly covered by
the patchwork of catalogues; this affects not only the southern extension margin but the
southern edge of the core window too.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 13 of 31 
 

 
Figure 5. Histogram of background weights 𝜉𝜉𝑖𝑖 over the epicenter catalogue of the study. A back-
ground weight close to 1 indicates a background event while a background weight close to zero 
indicates a triggered event. 

4.3. Event Accumulation Test 
The cumulative number of modelled events is obtained by integrating the conditional 

occurrence rate function [Error! Reference source not found.]: 

Λ(𝑡𝑡) = ∫ ∬ 𝜆𝜆(𝜏𝜏, 𝑥𝑥,𝑦𝑦|𝐻𝐻𝜏𝜏) 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝐴𝐴(𝜏𝜏)
𝑡𝑡
0 , (14) 

where the notation 𝐴𝐴(𝜏𝜏) reflects the time-dependent area coverage of the study. Figure 6 
shows the comparison of modelled and observed cumulative event numbers in the study 
period. The estimated number of non-observed Petrinja aftershocks is 155; this is the dif-
ference between the modelled and observed number of occurrences in the 1-day interval 
after the Petrinja mainshock. When the observed curve is corrected for this difference, the 
model captures the large Croatian earthquake sequences quite well. A weak point is the 
seemingly uneven observed background rate, which is not matched by the model: the 
underlying issue is that the southern part of the study area is unevenly covered by the 
patchwork of catalogues; this affects not only the southern extension margin but the 
southern edge of the core window too.  

 
Figure 6. Modelled versus observed event accumulation in the study period 2000–2021 for 𝑀𝑀 ≥ 2.5. 
The two large event surges late in the period correspond to the Zagreb and Petrinja, Croatia, 2020–

Figure 6. Modelled versus observed event accumulation in the study period 2000–2021 for M ≥ 2.5.
The two large event surges late in the period correspond to the Zagreb and Petrinja, Croatia, 2020–2021
earthquake sequences. The model estimates that 155 occurrences in the Petrinja aftershock sequence
are missing from the observed catalogue. Additionally, it is worth noting the step-up of the back-
ground rate from day 6576 (1 January 2018), which is the beginning of the period when the study
area covers the extended window.
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4.4. Poisson Goodness-of-Fit Test

The Poisson behaviour of the background process on the core area and of the full
non-declustered process on the total modelled area is tested.

In the case of the background process, the modelled occurrence rate on the core area
A0 is µ0 = 0.0643 at the magnitude threshold M ≥ 2.5. When splitting the period into
k-day intervals, the event counts by interval should follow a Poisson distribution with
a mean parameter k·µ0 according to the model. The outcome of chi-squared tests at a
0.95 confidence level is the following: at the magnitude threshold M ≥ 2.5 the catalogue
typically fails the test for the period 2000–2021, but it passes the test for the period 2000–2010.
At the magnitude threshold M ≥ 3.0, with the Poisson mean scaled accordingly, the
catalogue passes the test for the full 2000–2021 period. This can be explained by possible
data deficiencies, i.e., missing small events along the periphery after the termination of
Catalogue C in 2010.

In the case of the full non-declustered process, the time transformation t 7−→ Λ(t) ,
according to Equation (14), is used to convert the process into a stationary one [5]. When
splitting the full period into k-unit intervals of transformed time, the event counts by
interval should follow a Poisson distribution with a mean parameter k for M ≥ 2.5. Chi-
squared tests at a 0.95 confidence level fail the model at the threshold M ≥ 2.5, but the
model passes the tests at M ≥ 3.0. This indicates that the observed process has some
features at low magnitudes that this simplified model is unable to capture. Figure 7 shows
some of the results of the Poisson goodness-of-fit tests.

The following three tests (i.e., distance test, time lag test, and triggering ability test)
have been suggested and used with Japanese earthquake data by Zhuang et al. [8] in order
to assess how well the space and time response functions of a model match the observations.
The next subsections show the test results of this model with the Hungarian data.
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4.5. Distance Test

This test compares the distribution of observed distances between trigger events and
their aftershocks against the modelled space response function [8]. If an event i is triggered
by an event j, the standardized distance between the two events can be defined as:

rij =

√(
xi − xj

)2
+
(
yi − yj

)2√
D2·eα(Mj−m0) + ε2

. (15)

If the approximation of using a Gaussian space response function in the model is
correct, then rij should follow a chi distribution with two degrees of freedom (or Rayleigh
distribution with σ = 1). Since ancestor–descendant relationships between events cannot
be identified unambiguously, the weights ζij are introduced to express the fraction of event
i, which is triggered by event j:

ζij =
K·eα(Mj−m0)·g

(
ti − tj

)
· f
(
xi − xj, yi − yj

∣∣Mj
)

λ(ti, xi, yi|H:i )
. (16)

In order to build a histogram of the observed distribution of rij the sum of the ζij
values is taken in each standardized distance bin, where i runs over HV and j runs over H:i.

The test results are shown in Figure 8, and they show a good fit. This outcome seems
to be in contrast with the results of Zhuang et al., who conclude that the Gaussian space
response form fits poorly to the Japan Meteorological Agency (JMA) catalogue data, as
opposed to the power law, which shows good results. However, the authors used the
Rayleigh distribution with the wrong parameter for the test, that is, σ = 1/

√
2 instead of

σ = 1 [8] (Equation (26), p. 7, Figure 7a, p. 10). With the correct theoretical distribution, the
difference between the Gaussian model variant and the JMA data is much less than what
the 2004 article suggests. In the case of this study, the additional spatial parameter ε also
helps to achieve better results in this test.
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4.6. Time Lag Test

The purpose of this test is to analyse the fit of the modelled time response function
to the observations [8]. The test method is analogous to the distance test: instead of
standardized distances, the distribution of the time lag tij = ti − tj between triggered
events and their ancestors is reconstructed using the triggering weights ζij, as defined in
Equation (16). Unlike in the distance test, i is allowed to run over the full catalogue H rather
than excluding the first day after the Petrinja mainshock; as a result, the incompleteness of
the catalogue is also visible in the test outcome. Two views of the test output are shown
in Figure 9: a plot of the probability density function (PDF) on a logarithmic scale and
a complementary cumulative distribution function (CCDF) log–log plot, with the latter
suggested as a more powerful diagnostic tool by Mignan [12].

The test results show the following deviations: a downward deviation of the observed
PDF from the model for very short time lags, apparently due to the incompleteness of early
aftershock data in the Petrinja earthquake sequence. However, the test shows this deviation
only at time intervals of less than 10−2 days, that is, less than 15 min, whereas in the study
catalogue, events with M < 3 are missing from the initial part of the observed Petrinja
aftershock sequence for more than 10−1 days, that is, more than 2.4 h. The test also shows
a downward deviation of the observed PDF from the model for very long time lags due
to the boundary effect at the end of the study period. The latter effect also explains the
downward deviation of the observed CCDF from the model.

4.7. Triggering Ability Test

This test compares the modelled and observed triggering ability of events by magni-
tude class [8]. The observed number of events triggered by an event j is expressed as ∑i ζij
when using the triggering weights defined in Equation (16) while the modelled ultimate
number is an exponential function of Mj, and the expected number within the study period
is obtained by restricting the integration bounds of the time responses. The test results
are shown in Figure 10. While the test confirms the exponential trend, it also reveals an
upward deviation from the model at low magnitudes. The graph suggests an exponential
trend with a lower α parameter than that of the model; the likely underlying effect is the
anisotropy of aftershock clusters.
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Figure 9. Time lag test results: reconstruction of the distribution of the time lag between triggered
events and their ancestors from observations. (a) Plot of probability density. (b) Plot of complementary
cumulative distribution function (CCDF). To check the hypothesis that the deviation of the observed
curve is explained by the time boundary effect, an alternative CCDF is also shown where the time lag
is truncated at 400 days.
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5. Parameter Downscaling Methods
5.1. Motivation for Downscaling

By downscaling, we mean the adaptation of the model parameters to smaller zones
within the study area, where a stand-alone ETAS parameter estimation is not feasible
due to insufficient data. Due to the data quality requirements of an ETAS study, the
parameterization presented in the previous section relies on the instrumental catalogue
data from the period 1996–2021, which are dominated by the 2020–2021 Croatian earthquake
sequences. On the other hand, the largest historical occurrences within Hungary itself date
to earlier than the study period. From the insurance industry point of view, a Hungarian
earthquake model needs a regional parameterization, covering the central area around
Budapest, since this area has the densest accumulation of insured property in the country.
Furthermore, for a full coverage of the country, the geographical coverage gap along the
Romanian border would need to be filled.

Sections 5.2 and 5.3 describe an approach for adapting ETAS parameters to regional
source zones, which incorporate historical earthquake data from a longer period. Therefore,
we combined ETAS with standard techniques that have been used to parameterize station-
ary mainshock-only models. The zonation used in this study is based on the area sources
of the SHARE project [26], with zone groupings for larger datasets. Figure 11 shows the
map of the zones. The downscaling effort was restricted to the part of the zones within the
core geographical window, defined between 45.5–49.0 N and 16.0–23.0 E.
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Figure 11. Source zones and zone groupings used in the model, based on the area sources of the
SHARE project [26]. The core geographical window is also displayed—the downscaled model covers
the part of the zones falling within the core window. Zones 01–02–03, Zones 04–10, and Zones 05–06
are grouped for the model. The non-contiguous zones with grey labels are grouped for the model as
the residual Zone 99. Zones with empty labels are not modelled.
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5.2. Maximum Likelihood Estimation with Variable Observation Periods

In this section, we refer to the maximum likelihood estimation (MLE) method devel-
oped by Weichert [33]. In a nutshell, the aim of the estimation is to determine recurrence
parameters for mainshocks, defined as the largest earthquakes in each cluster. The ac-
cumulation of mainshocks is assumed to follow a stationary Poisson point process with
a constant recurrence rate ν. It is assumed that event magnitudes are independent and
follow a truncated exponential distribution with decay parameter β between the bounds
m0 and mx, according to Equation (4). Magnitudes are rounded and grouped into the
magnitude bins [mk − δ , mk + δ). The length Tk of the time interval when the historical
event catalogue is complete varies by the magnitude class mk. The number of events in
the respective magnitude class and completeness period is denoted by nk. The parameters
m0, mx, δ, and Tk are determined by prior expert judgement and are fixed in the estimation;
the unknown parameters to be fitted are ν and β. Under these assumptions, the event count
nk is drawn from a Poisson distribution whose mean parameter is:

λk(ν, β) = ν·Tk·
∫ mk+δ

mk−δ
J(m) dm = ν·Tk·e−β(mk−m0)· 2sinh(βδ)

1− e−β(mx−m0)
. (17)

The calculus for finding the maximum of the corresponding likelihood function L(ν, β)
leads to the equations [33]:

∑k Tk·mk· exp(−βmk)

∑k Tk· exp(−βmk)
=

∑k nk·mk

∑k nk
= m, (18)

ν =
1− e−β(mx−m0)

2sinh(βδ)
· ∑k nk

∑k Tk· exp(−β(mk −m0))
. (19)

The recurrence parameter estimates are obtained by solving Equation (18) for β and
then calculating ν from Equation (19). The strength of this MLE method is that it makes
optimum use of available data by allowing magnitude-dependent observation periods. The
method aims to find only temporal parameters. Its limitation is the reliance on a stationary
Poisson event counting process, which normally restricts its application to declustered
catalogues. Because the largest event in every cluster is selected, the estimated β is expected
to be lower than the β parameter of the full population.

In our ETAS model context, the above MLE technique with variable observation
periods could be straightforwardly adapted to find the (µ, β) parameters of the stationary
Poisson background process while focusing on the initial event in each cluster rather than
the largest one. For that, the calculation of the background weights ξi and indicators
χi according to Equations (10) and (11) would need to be extended to the full historical
catalogue. Such an extension is possible, with the following caveats: due to incomplete
data, the process may identify some triggered earthquakes as background events. In
addition, the high epicenter uncertainty of historical events, and especially the use of
macroseismic epicenters, may lead to implausible results, unless Equation (10) is adjusted
to take this effect into account, e.g., by the convolution of the space distributions with
error functions. However, we did not elaborate in this paper on this method and its results
because this study took a different approach for the downscaling of ETAS parameters, as
seen in Section 5.3.

5.3. Transformed Time Estimates

To be able to perform the MLE with variable observation periods on a non-declustered
catalogue, the t 7−→ Λ(t) transformation was used, which converts the event counts into a
stationary Poisson point process with unit rate [5], where Λ(t) is given by Equation (14).

When the event catalogue is incomplete, the part of the transformed time triggered by
missing events is unknown. Given the ETAS parameters (µ, K, η, q, α) and the magnitude–
frequency decay parameter β, an estimate is provided for the transformed time interval
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length Λ(T2)− Λ(T1) corresponding to the observation period [T1, T2] where the obser-
vations are complete at magnitude threshold mc. Here, the space–time region is defined
by a geographical zone and an observation period, and, as a simplification, it is assumed
that the triggering effects crossing the boundaries of this region are negligible in both
directions, which is a reasonable assumption if there are no major events close to the
zone and period boundaries. This simplification allows for disregarding of the space–time
integration bounds of the response functions g and f and ignoring all events outside the
selected region. The total transformed time is divided into the following parts: (1) Λ0 is the
transformed time coming from the background process, (2) Λ1+ is the transformed time
triggered by the above-threshold events, and (3) Λ1− is the transformed time triggered by
the below-threshold events. Given that the observed below-threshold events only set a
lower bound, Λ1− is unknown.

Λ0 = µ·(T2 − T1), (20)

Λ1+ =
K
ηq
· exp

(
−η∆tq

0

)
·∑j:tj∈[T1,T2],, Mj≥mc

eα(Mj−m0), (21)

Λ1− ≥ Λmin
1− =

K
ηq
· exp

(
−η∆tq

0

)
·∑j:tj∈[T1,T2],, Mj<mc

eα(Mj−m0). (22)

In Equation (22), Λ1− is estimated by emulating iterations of the triggering process
by tracing back every below-threshold event either to some above-threshold event or to
the background:

Λest
1− = (Λ0 + Λ1+)·

[
p(mc)·$(mc) + p(mc)

2·$(mc)
2 + . . .

]
=

= (Λ0 + Λ1+)· p(mc)·$(mc)
1−p(mc)·$(mc)

,
(23)

where p(mc) is the probability that the magnitude of an event is lower than mc according
to Equation (24), and $(mc) is the average reproduction rate of events below magnitude mc
according to Equation (25). The truncation at mc is carried out to avoid double counting
with Λ1+.

p(mc) =
1− e−β(mc−m0)

1− e−β(mx−m0)
, (24)

$(mc) =


K
ηq · exp

(
−η∆tq

0

)
·β· mc−m0

1−e−β(mx−m0)
if α = β,

K
ηq · exp

(
−η∆tq

0

)
· β

β−α ·
1−e−(β−α)(mc−m0)

1−e−β(mx−m0)
if α 6= β.

(25)

Considering the lower bound in (22), the total estimated transformed time is then

Λ(T2)−Λ(T1) = Λ0 + Λ1+ + max
(

Λest
1−, Λmin

1−

)
. (26)

The MLE framework with variable observation periods is used with the above time
transformation for downscaling the ETAS parameters (µ, K, η, q, α, D, ε) to zones. The
starting values are the estimated overall parameters from Table 1. The background rate
parameter µ is estimated for each zone from the 2000–2021 catalogue as ∑ χi/T, where
T is the length of this period in days; because the χi indicators are robust, they are not
recalculated with the downscaled parameters. The time response shape parameters (η, q)
are left unchanged during the downscaling as most of the zone sub-catalogues have
insufficient data to reparametrize them. The trigger scale parameter K is rescaled to K·r
for each zone individually, and the α parameter is adjusted by zone using the α = β
assumption. The transformed time intervals corresponding to the observation periods
change with the rescaling. Starting from r = 1, the following iteration steps are repeated
until convergence:

1. Parameter β is obtained by solving Equation (18) for the non-declustered event set in
the transformed time, and α is set equal to β.
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2. The scaling factor r is set such that ν = 1 for the non-declustered event set in the
transformed time, where ν is calculated according to Equation (19).

There are no sufficient data by zone for an independent rescaling of the space re-
sponse parameters D and ε. Therefore, ε is kept unchanged while D is rescaled to D·r1/2;
the latter assumption keeps the number of triggered events per unit of aftershock area
approximately invariant.

6. Parameter Downscaling Results
6.1. Downscaled Parameters

The magnitude bounds are set at m0 = 2.45 and mx = 6.55, and the magnitude class
width is 2δ = 0.1. For simplicity, the same upper bound is used for all zones. Considering
the maximum magnitudes of the model variants as in Tóth et al. [34], mx = 6.55 appears a
conservative choice for the core geographical window. The largest homogenized magnitude
in the historical catalogue observed within this area is M = 6.1 which is estimated for
the Érmellék 1834 earthquake. The observation periods by magnitude class are given in
Table 3.

Table 3. Observation periods by magnitude class.

Magnitude Begin End Tk (Days)

M ≥ 2.5 2000 2021 8036
M ≥ 3.0 1995 2021 9862
M ≥ 3.5 1970 2021 18,993
M ≥ 4.0 1880 2021 51,865
M ≥ 4.5 1750 2021 99,346
M ≥ 5.0 1750 2021 99,346
M ≥ 5.5 1700 2021 117,609
M ≥ 6.0 1700 2021 117,609

The downscaled parameter estimates by zone are shown in Table 4. The obvious
boundary effects at the Croatian edge of the core window make the transformed time
estimates unreliable in Zone 99. For this zone all original parameters other than µ are kept
unchanged. Because of data quality concerns, the parameters are not downscaled in the
Romanian border Zone 05–06 either. As a placeholder solution for including the Romanian
border area in the model, the kernel estimate of the background density u(x, y) and the
declustering indicators χi are extended to Zone 05–06 without changing the original ETAS
parameters while applying a 0.5 credibility weight to all events with questionable data
quality (that is, all events in zone 05–06 whose only source is Catalogue C) and restricting the
estimation of µ to the years 2000–2010. Another problem area is zone 13 on the northeastern
periphery, where there is a very steep frequency decay at low-end magnitudes, which is a
possible indication of the presence of an inhomogeneous sub-population. Therefore, in this
zone, the lowermost magnitude classes—M < 2.7, for the estimation of µ, and M < 2.6, for
transformed-time MLE—are excluded from the calculation. Thereby, some low-magnitude
residual activity in this zone is left unmodelled.

6.2. Sensitivity of the Downscaled Parameters

For assessing the robustness of the downscaling, the parameters are recalculated using
two alternative parameterizations of the overall model from Section 4.2., i.e., with the
two parameter sets calculated with alternative magnitudes of the Petrinja mainshock. The
results of this calculation are shown in Table 5. Except for D, the changes in most parameters
are small. One cannot conclude from these results that the errors of the downscaled
parameters are small; however, the test suggests that the sensitivity of these parameters to
the overall parameterization is limited and that the parameters depend more strongly on
the zone catalogues.



Appl. Sci. 2023, 13, 2814 21 of 28

Table 4. Preferred ETAS parameters by zone after downscaling. The event numbers used for parame-
ter downscaling and the implied branching ratios $ are also shown. The downscaling approaches
were not applied to the Romanian border Zone 05–06 due to data deficiencies and to the residual
Zone 99 due to boundary effects. Note that the µ background rates (without Zone 05–06) do not add
up to the core area total µ0 in Table 1; the difference is due to the non-covered residual activity in
Zone 13.

Zone µ
(1/Day) K η q α = β

D
(km)

ε
(km) N $

01–02–03 0.0101 0.0066 0.4184 0.2517 2.4406 0.0486 2.3395 191 0.60
04–10 0.0113 0.0037 0.4184 0.2517 2.8073 0.0366 2.3395 139 0.39

08 0.0174 0.0048 0.4184 0.2517 2.7404 0.0416 2.3395 233 0.49
11 0.0092 0.0054 0.4184 0.2517 2.3869 0.0438 2.3395 151 0.47
13 0.0059 0.0031 0.4184 0.2517 2.8651 0.0335 2.3395 60 0.33

05–06 * 0.0170 0.0049 0.4184 0.2517 2.6021 0.0417 2.3395 68.5 ** 0.47
99 * 0.0078 0.0049 0.4184 0.2517 2.6021 0.0417 2.3395 63 0.47

* No downscaling. ** With credibility weights.

Table 5. Alternative results for the downscaled parameters, starting from two alternative parameter
sets of the overall model calculated with different magnitudes of the Petrinja mainshock, M = 6.2
and M = 6.4, respectively (cf. Table 2).

Zone Alternative µ
(1/Day) K η q α = β

D
(km)

ε
(km) $

01–02–03 M = 6.2 0.0101 0.0067 0.4011 0.2700 2.4414 0.0545 2.3035 0.60
M = 6.4 0.0101 0.0065 0.4401 0.2308 2.4423 0.0429 2.3842 0.60

04–10 M = 6.2 0.0113 0.0038 0.4011 0.2700 2.8070 0.0410 2.3035 0.39
M = 6.4 0.0113 0.0037 0.4401 0.2308 2.8073 0.0323 2.3842 0.39

08 M = 6.2 0.0174 0.0049 0.4011 0.2700 2.7400 0.0466 2.3035 0.49
M = 6.4 0.0174 0.0047 0.4401 0.2308 2.7414 0.0368 2.3842 0.49

11 M = 6.2 0.0092 0.0054 0.4011 0.2700 2.3870 0.0490 2.3035 0.47
M = 6.4 0.0092 0.0052 0.4401 0.2308 2.3872 0.0387 2.3842 0.47

13 M = 6.2 0.0059 0.0032 0.4011 0.2700 2.8651 0.0376 2.3035 0.33
M = 6.4 0.0059 0.0031 0.4401 0.2308 2.8680 0.0296 2.3842 0.33

6.3. Test of Long-Term Event Numbers by Zone

For this test, 500 stochastic catalogues were generated using the downscaled param-
eters and another 500 stochastic catalogues with the original parameters, each stochastic
catalogue spanning 300 years. This provided a modelled distribution of event numbers
by zone before and after downscaling, which were compared with the respective event
numbers in the historical catalogue. The comparison focused on magnitudes M ≥ 4.0,
i.e., these events with a potential for insurance losses. Event numbers in the observation
periods according to Table 3 were compared to these in the equivalent simulated periods
by magnitude class. The test results are shown in Figure 12.

6.4. Test of Event Accumulation by Zone, 2000–2021

The comparison of modelled versus observed cumulative event numbers (cf. Figure 6)
is performed in this test for each zone separately. The results are shown in Figure 13. The
model shows a better fit to the observations in the central Zones (01–02–03 and 04–10)
than on the periphery; this can also reflect variations of underlying data quality. The
biggest deviation is observed in Zone 13 where the smallest events were excluded from the
downscaling to obtain a better fit to long-term event counts in higher magnitude classes.
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Figure 12. Comparison of long-term event counts by zone, modelled and observed. The modelled
distributions were obtained by generating 500 stochastic catalogues using the downscaled parameters
and another 500 stochastic catalogues with the original parameters, each one spanning 300 years.
The observation periods reflecting completeness differ by magnitude class; therefore, the event
numbers shown are not always decreasing with the magnitude threshold. (a,c,e,g,i) Zone-by-zone
downscaled model results. (b,d,f,h,j) Results for the same zones with parameters before downscaling,
for comparison. (k,l) Results for Zones 05–06 and 99 where the downscaling approach is not used.
(m,n) Results for the total modelled area, with and without downscaling.
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Figure 13. Modelled versus observed event accumulation by zone in the study period 2000–2021 for
M ≥ 2.5. (a–e) Results of the test shown for each zone. Zones 05–06 and 99 with no downscaling
are omitted.
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7. Discussion and Conclusions

ETAS methodology has been applied to Hungarian earthquake data of the period
1996–2021. Despite the data challenges caused by moderate seismicity, we succeeded in
fitting space–time ETAS parameters to recent instrumental data of the region, which include
the 2020–2021 Croatian earthquake sequences. Our conclusions from the modelling exercise
are the following:

1. Poisson goodness-of-fit tests of the modelled versus the observed process show a
satisfactory fit for events M ≥ 3.0, which is appropriate for application in insurance.
On the other hand, the same tests show significant deviations from the model at the
magnitude threshold M ≥ 2.5. These deviations at low magnitudes likely result from
the inhomogeneities of the observed process between earthquake clusters, from data
deficiencies, and possibly also from boundary effects at the edge of the modelled area
or at the magnitude threshold.

2. A stretched exponential time response function is used in the model. Based on the
results of the event accumulation and time lag tests, we conclude that this time
response form is appropriately fitted to the observed data. Deviations from the
theoretical curve in the time lag test occur at very short time periods due to early
aftershock incompleteness and at long time periods due to the time bounds of the
observed catalogue. The modelled branching ratio $ = 0.47 implies a stable process.
A systematic comparison of the stretched exponential function against the more
commonly used modified Omori law as an alternative, however, was not part of
this study.

3. The model uses a Gaussian space response function with an allowance for epicenter
error. The results of the standardized distance test show a good fit between the model
and the observed data. The ε = 2.34 km value of the error parameter is consistent
with the horizontal error estimates of the underlying catalogue. On the other hand,
the fitted ε parameter possibly also absorbs a correction for a deviation of the data
from the Gaussian space response model or from the γ = α constraint. An indication
for this is that the 42-m value of the D parameter is unlikely to reflect the aftershock
radius of M = 2.5 events by itself.

4. After the overall ETAS parameter estimation, parameter adjustments for regional
zones (downscaling) were also calculated. In this step, historical catalogue data go-
ing back to 1700 were incorporated. Despite the known limitations of the historical
catalogue, we find it important that, in an insurance model for a moderately active
region like Hungary, the most destructive historical events are taken into account for
parameterization and for model testing. Even after the inclusion of historical events,
the dataset used for downscaling is still dominated by recent instrumental data which
have a lower magnitude threshold of completeness. The modelled event numbers
were tested against long-term historical observations in the magnitude range relevant
for insurance losses. For the total modelled area, the test outcomes show a good
fit both with and without downscaling, with the modelled median numbers falling
slightly closer to the observations with the non-downscaled parameters. However,
downscaling provides clear improvements to the results by zone. While the param-
eters of the overall model are subject to significant uncertainties, the tests indicate
that the downscaled parameters are only moderately sensitive to the variations of the
overall parameters.

5. For a Hungarian model, the central Zone 01–02–03 is especially important. In
this zone, the downscaled model overestimates long-term event numbers in the
4.0–4.5 magnitude range. On the other hand, it gives better-fitting and more conser-
vative results than the original parameterization for magnitudes M > 4.5, which is
desirable in the case of a model for insurance applications. Zone 01–02–03 has expe-
rienced some notable event clusters in the 2000–2021 period, corresponding to the
Oroszlány 2011, Tenk 2013, and Érsekvadkert-Iliny 2013–2015 events. The observed
overall event accumulation in the zone is well-fitted to the downscaled model, as
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shown in Figure 13a; however, this graph masks the inhomogeneities between the
two 2013 event sequences, which were geographically distant but overlapped in time.

Finally, we reflect on how the results of this study contribute to the planned application
in insurance. In this study, only the first module of an earthquake risk model was covered,
that is, a statistical model of event occurrences. With the help of this model, synthetic
earthquake catalogues can be generated, representing sequences of events that may happen
in the future and possibly cause losses. Unlike in those models where only mainshocks
are modelled, the synthetic catalogues of this model also include aftershock sequences.
However, the subset of the mainshocks can be extracted from the catalogues if a simplified
model variant is preferred. If aftershocks are modelled, then the future scenarios are not
independent from the past, as large earthquakes are followed by periods of increased
seismic activity. This effect can be captured by the stochastic catalogue generator of this
model if recent events are added to the simulation as fixed inputs, occurring before the
simulated time interval.

The synthetic catalogues mentioned above will be used as a starting point for simulat-
ing insurance losses when the full model is in place. Future work on the model will focus
on developing those modules that were not discussed in this study: the ground motion
attenuation and the vulnerability modules. Another possible area of future work is to
extend the geographical coverage of the model to other Central European countries.
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