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Abstract: The rotary vector reducer presents high precision and load capacity characteristics. The 
shape of the cycloidal gear tooth profile in the rotary vector reducer significantly affects its perfor-
mance. Meanwhile, the effect of the machining error on the error between the designed and theo-
retical tooth profiles cannot be ignored. Thus, this paper analyzes the machining error items that 
affect the shape of the cycloidal gear profile from the machining process perspective. Due to the 
random characteristics and different distribution rules inherent in various machining errors, this 
paper proposes a cycloidal gear machining error compensation and modification model based on 
the Monte Carlo simulation method, providing a new theoretical method for compensating cy-
cloidal gear machining errors. While compensating for machining errors, considering the impact of 
cycloidal gear modification on the carrying capacity, the NSGA-Ⅱoptimization algorithm is utilized 
to optimize the cycloidal gear modification parameter and finally, to solve the modification param-
eters with a more comprehensive performance. 

Keywords: rotary vector reducer; cycloidal gear tooth profile modification; machining error; Monte 
Carlo simulation method; multi-objective optimization 
 

1. Introduction 
The rotary vector reducer (the RV reducer) is based on a precision reduction mecha-

nism using the cycloid pinwheel planetary transmission, as shown in Figure 1. It possesses 
excellent characteristics, such as high transmission accuracy, extensive transmission ratio 
range, strong bearing capacity, and compact structure [1], and it is widely utilized for 
motion and torque transmission in industrial robots [2], medical equipment, aerospace 
applications, precision machine tools, and other fields. Ideally, although the standard cy-
cloid pinwheel transmission is a backlash-free meshing transmission, it cannot compen-
sate for errors caused by manufacturing, installation, and bearing deformation, which will 
lead to problems such as assembly difficulties, interference jamming, and extremely poor 
lubrication effects during actual use. Therefore, the cycloid pinwheel must be modified to 
improve meshing transmission. Since the pin teeth in the cycloid pinwheel transmission 
are cylindrical, the cycloidal gear segment is usually modified. 
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Figure 1. The RV transmission diagram. 

The tooth profile shape of the cycloidal gear significantly influences the cycloid pin-
wheel transmission [3,4] and also presents a technical difficulty in designing and produc-
ing RV reducers. It is of great significance to study the modification of the cycloidal gear 
to improve the transmission performance of the RV reducer. Malhotra et al. [5] proposed 
a procedure to calculate the forces on various elements of the speed reducer and their 
theoretical efficiency. They also studied the effects of design parameters on forces and 
contact stresses. Litvin et al. [6] considered the application of the cycloidal gear in some 
actual products and performed in-depth research on the generation and geometry of the 
cycloidal gear. Blanche et al. [7] modeled the machining tolerances of the cycloid drive 
and studied the influence of machining tolerances on backlash and torque ripple. Carlo 
Gorla et al. [8] verified the effect of design parameters on the force of the cycloidal gear. 
Sensinger et al. [9] described the sources of tolerances and their effects on backlash and 
torque ripple, without compensating for these effects. Thube et al. [10] used the finite ele-
ment method to study the stress distribution of the rotating parts of the cycloidal reducer 
simulated in a dynamic environment, analyzing the stress and deformation changes with 
time in one cycle. Lin et al. [11] studied the kinematic error and tolerance design of cy-
cloidal gear reducers, using the Monte Carlo method to analyze the distribution of kine-
matic errors and optimize the tolerance. Li et al. [12] proposed an improved load distri-
bution model of the mismatched cycloid-pin gear pair with ring pin position deviations 
and demonstrated the influences of ring pin position deviations on the distributed load, 
contact stress, loaded transmission error, and instantaneous gear ratio of the mismatched 
cycloid-pin gear pair. Komorska and Grosso studied the diagnosis of problems in the cy-
cloidal gears and cycloidal gearboxes, respectively [13,14]. Additionally, many scholars 
have also conducted research on cycloidal gearboxes [15–19]. However, the technology 
related to cycloidal gear modification is kept strictly confidential and blocked, and there 
are few published reports. The RV reducer research started late in China, and since then, 
many scholars have performed various studies on cycloidal gear tooth profile modifica-
tion. Several modification methods have been presented in the literature, such as equidis-
tant modification, radial movement modification, angle modification, and their combined 
modification [20]. Accordingly, many scholars have developed additional modification 
methods [21,22]. Although machining error is a critical factor affecting the actual cycloidal 
gear profile and theoretical profile, few related studies considered the machining error 
compensation. Ayadi et al. [23] divided the synthesis of machining tolerances into three 
steps, finally obtaining the best machining process diagram. Guo Jingbin et al. [24] meas-
ured the full tooth profile error of the cycloidal gear and converted it into the change in 
the modification amount through Fourier transformation, while not analyzing it from the 
perspective of the machining error principle. Zhang et al. [25] utilized a coordinate meas-
uring machine to measure the tooth profile of the cycloidal gear and analyzed the machin-
ing error. However, the error analysis was not in-depth, and they did not compensate for 
the error. Nie Shaowen et al. [26] considered the machining error of the cycloidal tooth 
profile to convert the tooth profile shape change caused by the machining error into the 
amount of angle modification for compensation. However, the processing error value is 
selected based on experience, which has high technical requirements and requires many 
production practices to obtain more accurate parameter values, thus exhibiting a long cy-
cle and poor adaptability. Wang Ruoyu et al. [27] established a new modification model 
for machining error compensation, which obtains the corresponding machining error 
from the actual measurement results using the regression algorithm, and then compen-
sates for it. Compared with the empirical modification method, this modification method 
significantly reduces the error between the actual and ideal tooth profiles. However, this 
method requires an accurate measurement of the actual tooth profile, which is a compli-
cated process. Many sampling measurements are inappropriate for this method, and the 
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measurements must be repeated after replacing the processing equipment, which is a 
complicated operation. 

Considering the high requirements for selecting empirical parameters and the com-
plicated operation, this paper establishes a cycloidal tooth profile modification model us-
ing Monte Carlo simulation analysis, based on the work in previous studies. By analyzing 
the machining errors and verifying their item characteristics, the model employs a com-
puter to simulate many processing errors based on the Monte Carlo simulation analysis 
method. Moreover, the mathematical statistics for the sampling results determine the 
tooth profile variation within a specific confidence range, providing a particular theory 
and method for analyzing the cycloidal gear machining error. Furthermore, to improve 
the comprehensive performance, the influence of cycloidal gear tooth profile change on 
the bearing capacity is comprehensively considered. However, the optimal modification 
parameters obtained by error compensation and the optimal modification parameters ob-
tained by the maximum carrying capacity show a contradictory relationship. Therefore, 
the optimization algorithm of NSGA-II is utilized to optimize these parameters, and the 
modified parameters with better comprehensive performance are obtained. 

Figure 2 shows the structure of the paper. Section 2 theoretically analyzes the machining 
error of the cycloidal gear, including machining error analysis (Section 2.1), machining error 
compensation (Section 2.2), and sensitivity analysis of the machining error (Section 2.3). Sec-
tion 3 mainly introduces the Monte Carlo simulation method, specifically including the Monte 
Carlo simulation steps (Section 3.1), the acquisition of the sampling formula for each machin-
ing error item (Section 3.2), and the case analysis (Section 3.3). Section 4 mainly introduces the 
optimization of the cycloidal gear modification parameters, mainly including the establish-
ment of optimization models (Section 4.1), the establishment of objective function (Section 4.2), 
the selection of design variables (Section 4.3), constraints (Section 4.4), and final optimization 
results (Section 4.5). 

 
Figure 2. The outline of the structure of the paper. 

2. Theoretical Analysis of Machining Error 
2.1. Machining Error Analysis 

Equipment errors cause machining errors during processing. The cycloidal gear is 
processed by the generation method, as shown in Figure 3. During processing, the grind-
ing wheel only performs the high-speed rotary cutting motion, and the crankshaft drives 
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the workpiece to perform revolutions around the crankshaft. Additionally, it is driven by 
the machine tool’s transmission system in the spindle box to perform reverse rotation 
around the workpiece axis. The primary sources of machining errors in this process are 
the grinding wheel radius error, the distance error from the grinding wheel center to the 
spindle center, the eccentricity error of the machine tool spindle, the transmission ratio 
error of the machine tool, and the eccentricity error of the installation of the cycloidal gear 
blank [28]. 

 
Figure 3. Schematic diagram of the generation method. 

2.2. Machining Error Compensation 
The cycloidal gear mathematical model can facilitate the quantitative analysis of the 

cycloidal gear. The standard cycloidal gear profile equation is given as follows [13]: 

( ) ( ) ( )
( ) ( ) ( )

0.5 0.5
1

0.5 0.5
1

cos 1 cos

sin 1 sin

p rp H rp H

p rp H rp H

x r r S i a K r S i

y r r S i a K r S i

ϕ ϕ

ϕ ϕ

− −

− −

= − − − −

= − − + −
 (1)

where pr  is the radius of the center circle of the pin tooth (mm), rpr  is the radius of the 

pin tooth (mm), Hi  is the relative transmission ratio of the cycloidal gear and the pin 
wheel, ϕ  is the rotation angle of the rotating arm p cO O  relative to the center of a spe-
cific pin tooth (rad) (as shown in Figure 4), a  is the eccentric distance of the center of the 
cycloidal gear relative to the center of the pin tooth center circle (mm), 1K  is the curtate 
ratio (the ratio of short epicycloid amplitude to epicycloid amplitude and 

1 '/ /p p p pK r r az r= = ), and 2
1 11 2 cosS K K ϕ= + − . 

 
Figure 4. Schematic diagram of a standard cycloidal tooth profile. 
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Figure 5 shows the tooth profile variation caused by the grinding wheel radius error 
during the cycloidal gear machining process. Since, in principle, the change of the grind-
ing wheel grinding radius error is similar to the change of the pin tooth radius, the pin 
tooth radius in the x and y directions is differentiated to obtain the coefficients 1xk  and

1 yk  of the variation of the cycloidal gear profile in the x and y directions caused by the 
grinding wheel grinding radius error, as shown in Formula (2). Similarly, the error items, 
such as the distance error from the center of the grinding wheel to the center of the spindle 
center, the eccentricity error of the machine tool spindle, the transmission ratio error of 
the machine tool, and the eccentricity error of the installation of the cycloidal gear blank, 
are differentiated to obtain the variation coefficients of each error item on the x and y axes, 
as shown in Table 1. 

 
Figure 5. Schematic diagram of the grinding radius error of the grinding wheel. 

( ) ( ){ }

( ) ( ){ }

0.5
1 1

0.5
1 1

cos cos 1

sin sin 1

x H H
rp

y H H
rp

xk K i i S
r
yk K i i S
r

ϕ ϕ

ϕ ϕ

−

−

∂= = − −  ∂
∂= = − − −  ∂

 (2)

where ( )1 Hiα ϕ= − , Hiβ ϕ= , cosi iT K ϕ= − , and /rp pr rλ = . 

Table 1. Variation coefficient of the machining error on the tooth profile. 

Error Coefficient of Variation 
The grinding wheel radius 

error 1ξ  
( )
( )

0.5
1 1

0.5
1 1

cos cos

sin sin
x

y

k K S

k K S

β α

β α

−

−

= −

= − −
 

The distance error from the 
grinding wheel center to the 

spindle center 2ξ  

( )
( )

0.5 1.5
2 2 2 2 2
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2 2 2 2 2

cos cos cos cos

sin sin sin sin
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y
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− −
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The eccentricity error of the 
machine tool spindle 3ξ  

( )
( )

1.5 0.5 1
3 3 3 3
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3 3 3 3
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The transmission ratio error 
of the machine tool 4ξ  

( ) ( )
( ) ( )

0.5 0.5
4 4

0.5 0.5
4 4

sin sin

cos cos
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k r r S a K r S
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The eccentricity error of the 
installation of the cycloidal 

gear blank 5ξ  

( ) ( )
( ) ( )
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x

y
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Since these errors are small, their superposition can be linearly approximated. The 
comprehensive variation of the cycloidal tooth profile is equal to the sum of each variation 
as shown in Figure 6; that is: 

( )
( )

1 1 2 2 3 3 4 4 5 5

1 1 2 2 3 3 4 4 5 5

,
,

x x x x x x

y y y y y y

g x k k k k k

g y k k k k k

ϕ ξ ξ ξ ξ ξ ξ
ϕ ξ ξ ξ ξ ξ ξ

= Δ = + + + +

= Δ = + + + +
 (3)

 
Figure 6. Schematic diagram of the tooth profile variation. 

The coordinate equation of the cycloidal gear profile after compensation is obtained 
by combining Formulas (1)~(3) and related formulas in Table 1. 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0.5 0.5
2 1

0.5 0.5
2 1

cos 1 cos ,

sin 1 sin ,

p rp H rp H x

p rp H rp H y

x r r S i a K r S i g

y r r S i a K r S i g

ϕ ϕ ϕ ξ

ϕ ϕ ϕ ξ

− −

− −

= − − − − −

= − − + − −
 (4)

2.3. Sensitivity Analysis 
The sensitivity analysis aims to analyze the influence of the change rate of various 

machining errors on the variation of the cycloidal gear profile. It expresses the different 
degrees of influence and the changing rules of each machining error on the variation of 
the cycloidal gear profile. Accordingly, the most sensitive error item can be obtained, and 
the numerical method can perform a sensitivity analysis on each error term. Assuming 
the machining errors 1 2 3 4 5[ , , , , ]e e e e e e=  that affect the cycloidal gear profile as the de-
sign variables, the function ( ) ( )1 2 3 4 5, , , ,f e f e e e e e=  is the normal variation of the cy-
cloidal gear profile, and the sensitivity of the design variables corresponding to this func-
tion is: 

1 2 3 4 5
, , , ,f f f f ff

e e e e e
∂ ∂ ∂ ∂ ∂ ∇ =  ∂ ∂ ∂ ∂ ∂ 

 (5)

As shown in Figure 7, the variation of the cycloidal tooth profile caused by the ma-
chining error in the x and y directions is converted into the variation in the normal direc-
tion of the cycloid through the geometric relationship [29], which can facilitate the com-
parison of sensitivities, namely: 

cos sinN X Yθ θΔ = Δ + Δ  (6)

where ( ) 1/2
1cos [ cos cos 1 ]H HK i i Sθ ϕ ϕ −= − − − , ( ) 1/2

1sin [ cos cos 1 ]H HK i i Sθ ϕ ϕ −= + − . 
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Figure 7. Schematic diagram of the conversion of the normal variation of the cycloidal gear profile. 

Similarly, the variation coefficients in the x and y directions are converted into those 
in the normal direction; that is, the sensitivity coefficients of each processing error item, 
as shown in the following formula: 

cos sinN x yk k kθ θ= +  (7)

The design parameters of the RV reducer cycloidal gear used in this paper are shown in 
Table 2. These parameters are the parameters of the Nabtesco model RV-40E reducer. 

Table 2. Cycloidal gear design parameters. 

Parameter Value 
Pin tooth center circle radius (mm)pr  64 

Pin tooth radius (mm)rpr  3 

Number of pin teeth pz  40 

Eccentricity (mm)a  1.3 

Cycloidal gear width (mm)b  8.9 

Table 3 shows the variation range of each machining error item. The data in Table 3 
comes from the work of references [27,30], and fine-tuning is carried out on this basis; the 
information is not from the experimental data. 

Table 3. Cycloidal gear machining error. 

Error Error Range (mm)  

The grinding wheel radius error 1ξ  0.002±  
The distance error from the grinding 
wheel center to the spindle center 2ξ  0.008±  

The eccentricity error of the machine tool 
spindle 3ξ  0.005±  

The transmission ratio error of the ma-
chine tool 4ξ  0.002±  

The eccentricity error of the installation of 
the cycloidal gear blank 5ξ  0.005±  
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In summary, the sensitivity of the cycloidal gear profile to each machining error item 
can be obtained, as shown in Figure . Figure 8 shows that the transmission ratio error of 
the machine tool has the maximum influence on the variation in the cycloidal gear profile. 

  
(a) (b) 

Figure 8. Sensitivity of cycloidal gear profile to various machining error items: (a) the 
transmission ratio error of the machine tool; (b) other error sources. 

3. Monte Carlo Simulation 
The Monte Carlo method [31] is also called the random simulation method, or the 

random sampling technique. This method establishes a probability model, or a random 
process whose parameters equal the problem solution. Then, the statistical characteristics 
of the parameters are calculated through the sampling test of the model. Finally, the ap-
proximate value of the solution is given. 

3.1. Simulation Steps 
The simulation steps of the cycloidal gear machining error analysis using the Monte 

Carlo method are shown in Figure 9. First, it is necessary to determine each machining 
error item, its probability distribution, and the distribution parameters, establishing the 
sampling formula according to different probability distributions. The MATLAB software 
is then utilized to generate a random number and obtain the sampling value for each ma-
chining error item through the sampling formula. Finally, according to the calculation 
method of the previously mentioned tooth profile variation, the tooth profile variation in 
the x and y directions of each sample is obtained. The simulation process is repeated. The 
more the simulation process is repeated, the higher the reliability of the simulation results. 
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Begin

Input the error value

Determine the distribution of each 
machining error

Choose sampling formula

Generate random numbers

Determining the sampling value of the 
error by sampling formula

Solve the variation of the tooth profile 
in x and y directions 

Number of 
samples=M

Get M variation values at φ 

Statistical analysis

Determine the amount of change

End

No

Yes

 
Figure 9. Monte Carlo Simulation Flowchart. 

3.2. The Sampling Formula of Each Machining Error Item 
(1) The grinding wheel radius error, the distance error from the grinding wheel center 

to the spindle center, the eccentricity error of the machine tool spindle, the transmission 
ratio error of the machine tool, and other errors obey the normal distribution, and its prob-
ability density function [32] is shown in Formula (8). Even if the variance σ in Formula (8) 
is small, large negative values for the error are still possible (albeit with low probability), 
thus, assuming a Gaussian distribution, is at best, a convenient approximation. 

( ) ( )
21

21 ,
2

x

f x e x
μ

σ

πσ

− −  
 = −∞ < < +∞  (8)

where µ and σ are the mean and standard deviation in a normal distribution (mm), re-
spectively. 
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The sampling of normal distribution X, obtained by transformed sampling [33], is 
shown in Formula (9), where 1 2,R R are uniform distributions ranging from 0 to 1. The 3σ
principle is suitable for the data processing of samples with a sufficiently large number of 
normal or approximately normal distributions. An interval is determined according to a 
certain probability, and it is considered that any error exceeding this interval is not a ran-
dom error, but a gross error, and the data containing this error should be eliminated. 
When the confidence level is 99.7%, according to the 3σ principle, the value of the distri-
bution parameter is shown in Formula (10), where 1 2T T T= − , 1 2T T T′ = + , where 1T  and 

2T  are the values within the error range, respectively. 

( ) ( )1/ 2
1 22 ln sin 2X R Rμ σ π= + −  (9)

1 1,
2 6
T Tμ σ′= =  (10)

(2) Since the eccentric error is composed of two independent random variables of 
magnitude and direction [34], the eccentricity error of the installation of the cycloidal gear 
blank obeys the Rayleigh distribution, and its distribution and probability density func-
tions are shown in Formulas (11) and (12), respectively: 

( ) ( )
21

21 , 0
X

F X e Xη
 −  
 = − >  (11)

( )
2

22
2( ) , 0

X
Xf X e Xη

η

−

= >  (12)

The sampling formula obtained by the direct sampling method is: 
21

21
X

R e η
 −  
 = −  (13)

where R represents a uniform distribution ranging from 0 to 1. According to the probabil-
ity distribution relationship, since R and 1-R have the same probability distribution, the 
sampling formula of X, which obeys the Rayleigh distribution, can be obtained from For-
mula (14). When the confidence level is 99.7%, the distribution parameter values can be 
obtained from (15). 

( )1/ 22 lnX Rη= −  (14)

( ) 6.82 2ln 1 0.997
T Tη = =

− −
 (15)

(3) Due to the rotary motion, the phase angles of the cycloidal gear and each runout 
amount obey the uniform distribution within 0 to 2π , with the following probability 
density formula: 

( ) ( )1 , 0 2
2

f θ θ π
π

= ≤ ≤  (16)

The sampling formula of the uniform distributionθ obtained by the direct sampling 
method is shown in Formula (17), where R is a uniform distribution from 0 to 1, 

2 Rθ π=  (17)



Appl. Sci. 2023, 13, 2581 11 of 17 
 

3.3. Case Analysis 
In the Monte Carlo method, specific differences can be observed in the results of each 

simulation sampling, indicating the random characteristics of actual machining errors. In 
order to ensure the accuracy of the Monte Carlo simulation of tooth profile variation 
caused by machining errors, it is necessary to perform multiple simulations and statistical 
analyses on the obtained data. A total of 100,000 cycloidal gears were simulated and pro-
cessed in MATLAB using the Monte Carlo simulation method, and the distribution of 
tooth profile variation caused by machining errors was obtained, as shown in Figure 10. 
The average tooth profile variation of 100,000 randomly-produced cycloidal gears is 
0.012067 mm, and the variance is 0.000145 mm, which shows that the variation distribu-
tion is relatively concentrated, and the model is reasonable. The confidence interval of the 
tooth profile variation simulation is [0.0119530.012103]， , which shows that 99.7% of the 
tooth profile variation caused by machining errors is distributed within the confidence 
interval in the 100,000 simulation statistics, demonstrating the accuracy of the statistical 
results. 

The Kolmogorov–Smirnov method is utilized for normality testing, and the results 
of H=0, p-value = 0.7383 > 0.05 are obtained, showing that the distribution in Figure 10b 
follows a normal distribution. 

  
(a) (b) 

Figure 10. Simulation results of tooth profile variation: (a) statistics of tooth profile variation; (b) 
normal fitting of tooth profile variation. 

4. Modifying the Parameter Optimization 
4.1. Optimization Model 

(1) Machining error compensation model 
The machining error is analyzed to obtain the coordinate equation for the tooth pro-

file of the cycloidal gear after compensating for the machining error, as shown in Formula 
(4). The coordinate equation of the tooth profile of the cycloidal gear after the combined 
modification of equidistant and radial movement modification can be obtained as follows 
[35]: 

0.5 0.5
3

0.5 0.5
3

cos(1 ) cos

sin(1 ) sin

p rp H p p rp H

p

p rp H p p rp H

p

ax r r S i r z r S i
r
ay r r S i r z r S i
r

ϕ ϕ

ϕ ϕ

− −

− −

   ′ ′ ′ ′= − − − −
   ′

   ′ ′ ′ ′= − − + −
   ′

 (18)

where ,p p p rp rp rpr r r r r r′ ′= + Δ = + Δ . 
The curve modified by equidistant and radial movement modification cannot com-

pletely coincide with the compensated tooth profile, and there is a specific deviation. 
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When ϕ  turns 2π , a complete cycloidal gear tooth can be formed. For example, the 
interval [0, 2 ]π  is divided into 1m −  equal parts. After error compensation, the tooth 
profile coordinates ( )( )2 2, 1,2,i ix y i m=   of the cycloidal gear can be obtained according 

to Formula (4). At the same time, the tooth profile coordinates ( )( )3 3, 1,2,i ix y i m=   of 
the cycloidal gear after the combined modification of equidistant and radial movement 
can be obtained from (18). There is a specific deviation between the coordinates of the two 
tooth profiles, in which its degree can be measured by the average value of the deviation 
of m points, as shown in Formula (19). The smaller the deviation degree, the higher the 
fitting degree. 

( ) ( ) ( )2 2
3 2 3 2

1

1,
m

p rp i i i i
i

D r r x x y y
m =

Δ Δ = − − −  (19)

(2) Carrying model 
After modifying the cycloidal gear by the combined modification of equidistant and 

radial movement, the multi-teeth meshing condition no longer exists without considering 
the elastic deformation of the cycloidal pin wheel. However, when a certain pair of cy-
cloidal gear teeth come into contact, there are different degrees of initial normal backlash 
between other cycloidal gear teeth. As shown in Formula (20) [36], the initial normal back-
lash in the normal direction of the i-th pair of cycloidal gears and the pin teeth caused by 
equidistant modification and radial movement modification is: 

( ) ( ) ( )( )1/ 21/ 2 2 1/ 2
1 11 sin 1 cos 1 sinrp i p i ii r S r K K Sϕ ϕ ϕ ϕ− −Δ = Δ − − Δ − − −  (20)

The loaded tooth surface will undergo different degrees of elastic deformation dur-
ing transmission. In the RV transmission, since the pin teeth are half buried in the pin 
holes of the pin gear housing, there is no bending deformation, and elastic deformation 
mainly considers contact deformation. Therefore, the total deformation comprises the con-
tact deformation between the cycloidal gear teeth and the pin teeth, and between the pin 
teeth and the pin gear housing. According to the RV transmission characteristics, the de-
formation of the two parts is produced simultaneously under the same meshing force, the 
contact between the cycloidal gear and the pin wheel satisfies the Hertzian contact, and 
the maximum deformation maxδ  can be obtained from the Hertzian contact formula [37] 
as: 

2 2
max 1 2

max
1 2

42 1 1 4 1 1ln ln
3 3

rprF
b E c E c

μ ρ μδ
π

 − −   = + + +    
    

 (21)

where E  is the modulus of elasticity, μ  is Poisson’s ratio, and ρ  is the radius of cur-
vature. 

In the loaded state, the cycloidal gear and the pin teeth produce multi-teeth meshing 
due to elastic deformation. In this state, there will be multiple meshing points. The defor-
mation amount is different for pin teeth at different positions of the meshing point, and 
the deformation amount of the meshing point can be obtained according to (22). When the 
load deformation between the cycloidal gear and the pin teeth is greater than their initial 
meshing clearance, the pairing of the cycloidal gear and the pin teeth will enter meshing; 
otherwise, they will not participate in meshing. According to this principle, the evaluation 
of the number of meshing teeth of the cycloidal gear and the pin teeth can be performed 
simultaneously. 

( )max

max
1,2, , / 2i i i pl l i z

l
δδ β= = =   (22)
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where l  is the distance from the common normal of the meshing point to the center of 
the cycloidal gear; under the action of load, the cycloidal gear and the pin wheel will pro-
duce contact deformation, and the cycloidal gear will turn through the β angle; assuming 
that the maximum deformation of the pair of cycloidal gears and the pin teeth under the 
largest load is maxδ , the distance between the common normal of the meshing point and 
the center of the cycloidal gear is m axl , and obviously, max max/ lβ δ= . 

For the cycloidal gears and pin teeth, (m~n) refers to all the teeth between the m-th 
tooth and the n-th tooth that are in a simultaneous meshing state; because the number of 
meshing teeth of the modified cycloidal gear cannot reach half the number of teeth at the 
same time, and a certain initial gap between the modified cycloidal gear and the pin teeth 
in the normal direction of the meshing point ( )iϕΔ  exists, the force iF  of the i-th tooth is 
proportional to the difference between the deformation and the initial gap [38]; that is: 

( )
max

max

i i
iF F

δ ϕ
δ
− Δ

=  (23)

The torque cT  on the cycloidal gear is transmitted by all the cycloidal gear teeth simul-
taneously participating in the meshing. According to the torque balance condition, we have: 

( )max

max

i n
c

c i i
i ni m i i

i
i m c

TT Fl F
l l
r

ϕ
δ

=

==

=

=  =
 Δ

−  ′ 




 
(24)

The above solution process shows that maxδ  is required to solve maxF , and maxF
should be determined to solve maxδ . Thus, the iterative calculation method is utilized to 

solve the problem. An initial value max0F  of maxF  is given, and the initial value max0δ  of 

maxδ  can be solved. Finally, the exact value of maxF  can be solved by Formula
( )max max max( 1) / 2k kF F F −= + . In the RV transmission, the smaller the maximum normal 

contact force maxF , the greater the carrying capacity of the RV reducer, while considering 
the other parameters unchanged. 

4.2. Objective Function 
After error compensation, the cycloidal tooth profile is approximated by the com-

bined modification method of equidistant and radial movement, and the influence of 
modification of the carrying capacity is considered simultaneously. Thus, the minimum 
deviation degree ( ),p rpD r rΔ Δ and the minimum value of the maximum contact force maxF  
of the cycloidal gear are selected as the objective function, namely: 

( ) maxmin[ , ], min( )p rpG D r r F = Δ Δ   (25)

4.3. Design Variable 

Since ( ),p rpD r rΔ Δ  and maxF  are functions related to rprΔ  and prΔ , the equidistant 

modification amount rprΔ and the radial movement modification amount prΔ  are selected 
as design variables, namely: 

1

2

rp

p

rV
V r

Δ  
= =    Δ   

V  (26)
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4.4. Restrictions 
(1) Curtate ratio 
The curtate ratio is crucial in cycloidal pinwheel transmission. Under the constant 

values of the pin wheel radius and the number of teeth, the curtate ratio will affect the 
carrying capacity of the cycloidal gear. According to the recommended value of the cur-
tate ratio [39], when the number of cycloidal teeth cz  is 25 ~ 59 , the curtate ratio should 
be 0.65 ~ 0.9 . 

(2) Backlash 
As the input shaft rotates in the opposite direction, the output shaft lags behind the 

input shaft in transmission, generating backlash. The backlash is an essential indicator 
affecting the accuracy of RV transmission, so it should be constrained. The backlash 
caused by equidistant and radial movement modification can be calculated according to 
Formula (28) [40]. In this paper, the designed backlash value ϕΔ  is less than 0.2′ . 

2
1

2 2
1rp p

c c

r r
K

az az
ϕ

Δ Δ
Δ = − −  (27)

(3) Radial clearance 
In order to compensate for errors and facilitate assembly and lubrication, a specific radial 

clearance must be retained. A radial clearance that is too large will reduce the transmission 
accuracy of the reducer. In contrast, a small radial clearance cannot compensate for the error 
and meet the lubrication requirements, so the radial clearance rΔ must be constrained. For 
the combined modification of equidistant and radial movement, the radial clearance can be 
numerically calculated as rp pr r rΔ = Δ − Δ  [41]. This paper takes the radial clearance as 0.02 
mm. 

4.5. The Optimization Algorithm and Results 
Traditional multi-objective optimization mainly converts the weighted sum of each 

objective into a single-objective problem. This method has the disadvantages of high sub-
jectivity, the inconsistency of units among objects of different properties, and the difficulty 
in comparison [42]. This paper utilizes the NSGA-II optimization algorithm to solve the 
multi-objective optimization. NSGA-II is a multi-objective optimization algorithm im-
proved based on the NSGA algorithm, possessing the advantages of low computational 
complexity and highly precise optimization results. Unlike a single-objective problem, the 
results of multi-objective optimization are multiple sets of solutions, also known as Pareto 
optimal solutions. An optimization algorithm program is written in MATLAB to solve 
this, and the optimized Pareto front is shown in Figure 11. As revealed in Figure 11, the 
solution distribution is relatively uniform, while there is a conflict between the two opti-
mization objectives designed in this paper. Moreover, there is a restrictive relationship 
between the fitting degree and the carrying capacity, and it is challenging to simultane-
ously determine the optimal solution of the two. In order to improve the comprehensive 
performance, the equidistant modification amount of 0.1311rprΔ =  mm and the radial 

movement modification amount of 0.1111prΔ =  mm are selected as the final optimiza-
tion results, as shown in the five-pointed star in Figure 11.  

The existence conditions of the anti-bow tooth profile are: (1) modified by the com-
bined modification method of positive equidistant and positive radial movement; (2) the 
parameter relationship 2 1/2

1* ( ) /[1 (1 ) ]rp rp rp pr r r r KΔ > Δ = Δ −Δ − − is satisfied. The anti-bow 
tooth profile can effectively reduce the maximum contact force and contact stress, thereby 
improving the carrying capacity of the tooth surface [20]. It can be seen that the modifica-
tion amount meets the existence conditions of the anti-bow tooth profile, with good car-
rying performance. 
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Figure 11. Optimized Pareto front. 

5. Conclusions 
Machining error is an inevitable but non-negligible aspect in the design process of an 

RV reducer cycloidal gear. This paper quantitatively analyzes the influence of the machin-
ing error on the tooth profile of the cycloidal gear. Considering the randomness of ma-
chining errors, several computer simulations of machining errors are performed based on 
the Monte Carlo method. After simulation, mathematical statistics are derived based on 
the simulated sampling data. The variation in the cycloidal gear profile caused by the ma-
chining error is obtained. The variance of the statistical result is obtained from the statis-
tics as 0.000145 mm2, demonstrating the particular feasibility of the model. The tooth pro-
file after machining error compensation is fitted by the combined modification method of 
equidistant and radial movement, and an optimization model of error compensation is 
established. At the same time, the carrying capacity optimization model is established, 
considering the carrying capacity of the RV reducer. The multi-objective optimization al-
gorithm of NSGA-II is utilized to optimize the models, and the equidistant modification 
amount of 0.1311rprΔ =  mm and the radial movement modification amount of 

0.1111prΔ =  mm can be obtained. These optimizations meet the existence conditions of 
the anti-bow tooth profile, and show good carrying capacity and error compensation ef-
fects. 

There are still some deficiencies in this paper, which will serve as the direction for 
future work: (1) The machining errors in this paper do not come from actual machine 
tools. Thus, the machining errors of the actual machine tools will be adopted in the future; 
(2) The modification parameters obtained by the proposed method have not been verified 
by experiments. The proposed method will be employed to process cycloidal gears and 
conduct experiments with RV reducers to evaluate the modification effect. (3) Errors 
caused by part fixture and part defects and the influence of dispersion will be considered 
in the future. 
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