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Abstract: This research proposes an enhanced teaching–learning based optimization (ETLBO) al-
gorithm to realize an efficient path planning for a mobile robot. Four strategies are introduced to
accelerate the teaching–learning based optimization (TLBO) algorithm and optimize the final path.
Firstly, a divide-and-conquer design, coupled with the Dijkstra method, is developed to realize the
problem transformation so as to pave the way for algorithm deployment. Secondly, the interpolation
method is utilized to smooth the traveling route as well as to reduce the problem dimensionality.
Thirdly, an opposition-based learning strategy is embedded into the algorithm initialization to create
initial solutions with high qualities. Finally, a novel, individual update method is established by hy-
bridizing the TLBO algorithm with differential evolution (DE). Simulations on benchmark functions
and MRPP problems are conducted, and the proposed ELTBO is compared with some state-of-the-art
algorithms. The results show that, in most cases, the ELTBO algorithm performs better than other
algorithms in both optimality and efficiency.

Keywords: optimization; metaheuristic; path planning; divide-and-conquer; teaching–learning based
optimization algorithm; differential evolution

1. Introduction

In modern society, mobile robots have been widely introduced into the harsh man-
ufacturing environment and some other industries to reduce labor intensity for people.
Many topics associated with mobile robots have been studied, including navigation, path
planning, trajectory tracking, and simultaneous localization and mapping (SLAM) [1–4].
In this regard, MRPP plays a significant role in the field of mobile robots. It is mainly
responsible for finding a collision-free and optimal (or approximately optimal) traveling
path [5]. This work is motivated by such a context and aims to explore a fast and efficient
methodology for MRPP problems.

At present, MRPP-related algorithms mainly include the artificial potential field
method, grid method, ant colony algorithm, genetic algorithm and neural network method.
Due to its simple mathematical model, small computation time, and strong, real-time
nature, the artificial potential field method is widely used [6]. Nevertheless, it is a local
path-planning approach in nature that, considering its weaknesses of target unreachability
and local minimum points, may lead to the failure of path planning. The grid method is
used to model the mobile environment and then to convert the robot path into connections
between grids, paving the way for algorithm deployment [7]. It is a global path-planning
approach in nature. However, the number of grids increases dramatically when the mobile
environment becomes larger. Thus, it is difficult to achieve the desired routes in terms
of large and complex environments. In addition, some bionic intelligent optimization
algorithms have been proposed and successfully applied to MRPP-related problems. Repre-
sentative approaches include the ant colony algorithm (ACO), particle swarm optimization
(PSO), genetic algorithm (GA), and the neural network (NN). However, it should be noted
that some weaknesses of these approaches restrict their applications in MRPP, including the
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local optimum, low search efficiency, and large burden of computation [8–10]. Therefore,
this work focuses on designing a more efficient procedure and methodology to generate
solutions for MRPP problems.

In real-world applications, major efforts have concentrated on strengthening by hy-
bridizing one candidate bionic intelligent optimization algorithm with other sophisticated
skills. The ACO is one example: some of the most recent ACO-based path-planning al-
gorithms are reviewed as follows. To reduce search blindness, Zhao et al. [11] embedded
the directional, heuristic information and unevenly distributed initial pheromone into the
ACO architecture. The rollback strategy was introduced by Wu et al. [12] to make more
ants reach the goal, and the death strategy was also utilized to reduce the influence of an
invalid pheromone on the algorithm evolution. Wang et al. [13] designed an improved,
pseudo-random proportional rule for the ant state transition which greatly improved the
convergence speed. A novel penalty strategy to volatilize the poor path pheromone was
embedded into the ACO by Yue et al. [14], which efficiently improved the utilization rate of
the ant exploration. Chen et al. [15] tried to improve the visibility of heuristic information
by virtue of the principle of infinite step length. In addition, the pheromone update rules,
as well as the evaporation rate, were dynamically adjusted to accelerate the convergence
speed. The evaluation function of the A-star algorithm and the curvature suppression
operator were introduced into the ACO by Dai et al. [16]; these additions were in favor of
accelerating the convergence and improving the smoothness of the final path. Luo et al. [17]
proposed an attenuation-factor-based heuristic information mechanism, and adjusted the
pseudo-random ratio of state selection by means of an adaptive function. The adaptive
adjustment factor and pheromone volatilization factor were embedded into the pheromone
update rule by Miao et al. [18]. Such modifications efficiently balanced the global search
ability and convergence. As can be noted from the above literature, different skills have
been embedded into the basic algorithm with respect to the aspects of path formulation,
path adjustment, solution modification, individual update, etc. The proposed ETLBO is
motivated and designed by these observations and is developed by virtue of TLBO.

Many practical applications have proven TLBO to be superior to some conventional
metaheuristics [19–21]. TLBO simulates the behaviors of the teacher and students in
the classroom, where the so-called teacher and learner phases are utilized to update the
population in the algorithm evolution. Some modified, TLBO-related algorithms have
already been proposed by many researchers; please refer to the book by Rao [22] for the most
recent studies. However, some challenges still exist when applying the TLBO approach to
practical optimization problems [23]. First, the adaptation of TLBO to a specified application
requires an appropriate problem conversion and solution representation. Second, TLBO
tends to get trapped in a local optimum in real-world applications, which is a common
weakness of swarm-based metaheuristics. In this context, this paper develops an efficient,
TLBO-based algorithm for MRPP.

This work is motivated by the great demand for a fast and efficient path-planning
approach for a mobile robot in a complex environment. In the current research, an effort is
made to address such an issue with a TLBO-version approach. Four main contributions
associated with the methodology design are stated as follows:

• For the algorithm deployment, a divide-and-conquer design, coupled with the Dijkstra
method, is developed to realize the problem transformation;

• The interpolation method is embedded into the proposed algorithm to smooth the
traveling route as well as to reduce the problem dimensionality;

• An opposition-based learning strategy is utilized to modify the algorithm initialization process;
• To balance between exploitation and exploration, a novel, individual update method

is established by hybridizing TLBO with DE.

The rest of this work is organized as follows. Section 2 formulates the MRPP, and
Section 3 presents a brief introduction of TLBO and DE. The proposed methodology is
formally described in Section 4. Computational studies are designed and carried out in
Section 5. Finally, Section 6 displays conclusions and future work.
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2. Problem Formulation

This section models the investigated MRPP problem by virtue of the grid environment
map, and then formulates it with the objective of minimizing the route length.

2.1. Problem Description

As is illustrated in Figure 1, a two-dimension grid map was utilized to model the
environment so that the coordinate information of each grid can be easily computed with
the predefined grid size, a. In this regard, the robot path between the origin and destination
can be expressed by a series of connections between different grids.

Figure 1. Grid environment map.

Figure 2 is employed here to better illustrate the move rules of the grid map. When
placed at a specified grid, the robot can only move to, at most, eight adjacent workable
grids. Let notation gi represent the robot’s current position and set Ω to denote all workable
girds. All possible reachable positions of grid gi can be stated as follows:

N(gi) =

{
gj

∣∣∣∣a ≤ d(gi, gj) ≤
√

2 · a
gj ∈ Ω

}
(1)

where d(gi, gj) represents the distance value between any two grids, gi and gj.

Figure 2. Possible movements of the robot.
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2.2. Mathematical Model

The investigated MRPP aims to find a set of optimal grid connections between the
origin and destination so that some numerical metrics can be optimized or improved.
Two constraints should be obeyed during the whole decision process: namely, the continuity
constraint and the obstacle-avoidance constraint. The previous constraint requires that
the robot must start from the origin, move to adjacent grids step by step, and finally reach
its destination. The latter states that obstacle grids are not allowed to be included in the
robot path.

This research formulated the considered problem with the objective of minimizing the
total route length. Given a robot route S = {gi|i = 1, 2, . . . . . . , n}, the objective definition is
as follows:

minL =
n

∑
i=1

d(gi, gi+1) (2)

where n is the total number of grids in the robot route.

3. TLBO and DE Algorithms

The proposed ETLBO under study capitalizes on the strengths of both TLBO and DE
to form a novel and efficient hybrid algorithm.

3.1. TLBO

TLBO simulates the teaching–learning phenomenon in a classroom to solve compli-
cated optimization problems with appreciable efficiency. It is a swarm-based evolutionary
algorithm that utilizes a group of so-called individuals to produce a global optimum. In
TLBO, the current best solution is considered to be the teacher individual, and the other
solutions are treated as student individuals. A group of solutions are created in a random
way. They then evolve by two fundamental modes of learning: namely, the teacher phase
and the learner phase. The classical TLBO is executed through the following steps:

Step 1. Initialize the parameter settings, including the population size, P, maximum
iteration, G, problem dimension, D, etc.;
Step 2. Create initial individuals then calculate their objective values;
Step 3. Employ the teacher phase to update the current population;
Step 4. Employ the learner phase to update the current population;
Step 5. If any algorithm termination criterion is satisfied, terminate the search process and
output the current best individual; otherwise, go to Step 3.

Detailed mathematical formulations of TLBO are stated as follows.

(1) Initial phase

The solution in TLBO is expressed by an array, x = (x1, x2, · · · , xd, · · · , xD), in which
d ∈ {1, 2, · · · , D}. Given a variable range, [xl

d, xu
d ], P random individuals are initialized by

the following equation:
xd = xl

d + rand(0, 1) ·
(

xu
d − xl

d

)
(3)

where rand(0, 1) is a uniform random number in the interval [0, 1].

(2) Teacher phase

The mean position of the current population is calculated. Let x= (x1, · · · , xd, · · · , xD)
be the mean solution, and x∗ represents the current best solution. The teacher phase is
implemented based on the position difference between x and x∗. In this regard, the equation
is stated as follows:

x′ = x + rand(0, 1) · (x∗ − ∂ · x) (4)

where parameter ∂ is the teaching factor that lies in the set {1, 2}. If the mutant individual
performs better than its parent, a greedy selection is then introduced, and x would be
replaced by x′.
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(3) Learner phase

The learner phase is implemented based on the position difference between the current
solution and one randomly selected individual. Let f (·) represent the objective function
formula. The offspring is produced as follows:

x′ =

{
x + rand(0, 1) · (x1 − x) if f (x1) < f (x2)

x + rand(0, 1) · (x2 − x) otherwise
(5)

where x1 and x2 denote two randomly selected individuals. In addition, the greedy selection
is applied in an analogous way to the teacher phase.

3.2. DE

The DE approach is a stochastic and swarm-based optimization algorithm [24]. It
begins with a random initial population consisting of a number of target individuals. The
population evolves by means of mutation and crossover and selection operators. The
detailed operations of a classical DE are as follows:

(1) Mutation operation

The mutation operation in the DE approach is utilized to generate a mutant vector
associated with each target individual in the current population. Given a candidate solution,
x, its associated mutant vector, v, can be produced by taking one of the following strategies.

DE/rand/1 v = xr1 + F · (xr2 − xr3) (6)
DE/rand/2 v = xr1 + F · (xr2 − xr3) + F · (xr4 − xr5) (7)
DE/best/1 v = xbest + F · (xr2 − xr3) (8)
DE/best/2 v = xbest + F · (xr2 − xr3) + F · (xr4 − xr5) (9)
DE/current− to− best/1 v = x + F · (xbest − x) + F · (xr1 − xr2) (10)

where xr1 ∼ xr5 are randomly selected individuals and xbest represents the current best
solution. Meanwhile, the scaling factor, F, is used to control the differential variation
between two individuals.

(2) Crossover operation

The DE algorithm employs a crossover operation to generate candidate offspring
in order to the increase population diversity. In this regard, a candidate offspring, u, is
produced by combing solution information from each pair of a target vector, x, and its
associated mutant vector, v. The scheme can be described as follows:

ud =

{
vd rand(0, 1) ≤ CR
xd otherwise

(11)

where d ∈ {1, 2, · · · , D}, and rand(0, 1) is a random number in the interval [0, 1]. Symbols
xd, vd, and ud represent the d−th gene in the individual vectors x, v, and u, respectively.
The crossover probability, CR, is utilized to control the proportion of genes copied from
target and mutant vectors.

(3) Selection operation

The selection operation in the DE algorithm employs a one-to-one greedy selection to
determine whether the candidate offspring, u, can replace its parent individual, x. Solution
x will be replaced by u once that u performs equally or even better than x.

4. Proposed ETLBO for MRPP

This section presents a detailed introduction of the proposed methodology for the
MRPP problem.
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4.1. Divide-and-Conquer Design for MRPP

As is illustrated in Figure 3, a divide-and-conquer design is embedded into the algo-
rithm deployment. In this regard, the investigated MRPP problem is broken down into
multiple simple sub-problems, for which an appropriate divide-and-conquer grid in each
column between the origin and destination must be optimized to form a simple route [25].
Then, local optimal routes between any two divide-and-conquer grids are generated by
fast and sophisticated methods to form a solution to the original MRPP problem.

Figure 3. Divide-and-conquer design for MRPP.

Two decisions must be made when dealing with the converted problem. First, an
appropriate divide-and-conquer grid in each column between the origin and destination
must be determined in order to construct the simple route. Second, local optimal routes
between any two divide-and-conquer grids must be obtained to form a solution to the
original MRPP problem. The prior decision is to be tackled by the proposed ETLBO, while
the latter decision is optimized by the Dijkstra approach. More details are presented here
to better explain the application of the Dijkstra approach. Let us denote the grid in a (row,
column) format. For example, (1, 3) represents the grid located at row 1 and column 3.
On this basis, all workable grids in column 3 and column 4 can be expressed by sets A
= {(1, 3), (2, 3), (3, 3), (6, 3), (7, 3), (8, 3), (9, 3), (10, 3)} and B = {(1, 4), (3, 4), (6, 4), (7, 4),
(8, 4), (9, 4), (10, 4)}, respectively. The Dijkstra approach is then utilized to obtain optimal
routes between any two positions from sets A and B, respectively. Since these positions are
located in columns adjacent to each other, the decision process of the Dijkstra approach is
time-saving and always ensures optimality.
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4.2. Interpolation Application in ETLBO

As stated in the previous subsection, ETLBO is used to determine the locations of
every divide-and-conquer grid at each column between the origin and destination. To
reduce the problem dimensionality and to smooth the traveling routes, the interpolation
method is embedded into the application of the ETLBO. The corresponding illustrative
schematic diagram is depicted in Figure 4.

Figure 4. Schematic diagram of interpolation method.

It can be observed from Figure 4 that some divide-and-conquer grids are to be op-
timized by the solution array of the ETLBO, such as grids 4© and 7©, while the other
divide-and-conquer grids are obtained by the interpolation method. In the case in which an
interpolated grid is located at an obstacle grid, the nearest workable grid in that column is
selected as the divide-and-conquer grid. In this regard, the B-Spline interpolation method is
selected to pave the way for ELTBO deployment according to some existing MRPP-related
studies [26].

4.3. Pyramid of ETLBO

ETLBO is established by virtue of the outstanding performance of TLBO. Meanwhile,
the opposition-based learning mechanism and the DE-related offspring method are utilized
to enhance the algorithm performance.
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4.3.1. Opposition-Based Learning Initialization Method

The opposition-based learning mechanism is a simple but efficient method to strengthen
the algorithm’s performance in swarm computation [27]. In ETLBO, the opposition-based
learning mechanism is used to create intimal solutions with high qualities. In this regard,
P solutions are initialized in a random way. Then, P opposition-based solutions are gen-
erated based on the opposition-based learning concept. Finally, P individuals with better
evaluations are selected to form the initial population.

As stated previously, TLBO is run by virtue of P individuals, and each candidate can be
marked as an array x = (x1, x2, · · · , xd, · · · , xD) in which d ∈ {1, 2, · · · , D}. In this regard,
the search space is defined by [xl

d, xu
d ]. In the initialization, let us denote the i−th random

solution and its associated, opposition-based solution by xp,i = (xp,i
1 , · · · , xp,i

d , · · · , xp,i
D ) and

xo,i = (xo,i
1 , · · · , xo,i

d , · · · , xo,i
D ), respectively. According to “Definition 2” stated by Mahdavi

et al. [27], the following formula holds true:

xo,i
d = xl

d + xu
d − xp,i

d (12)

Based on the above concepts, the initialization process in ETLBO is implemented
as follows:

Step 1. Set i← 1 and d← 1 . Then, go to step 2.
Step 2. If condition i ≤ P holds, go to step 3; otherwise, go to step 7;
Step 3. If condition d ≤ D holds, go to step 4; otherwise, go to step 5;

Step 4. Set xp,i
d = xl

d + rand(0, 1) · (xu
d − xl

d) and xo,i
d = xl

d + xu
d − xp,i

d . Then, go to step 5;
Step 5. Set d← d + 1 , if condition d > D holds, go to step 6; otherwise, go to step 3;
Step 6. Set i← i + 1 ; then, go to step 2;
Step 7. Select P best individuals from

{
xp,1, · · · , xp,P, xo,1, · · · , xo,P} to form the initial population.

4.3.2. Hybrid Offspring Generation Method

An efficient swarm-based metaheuristic should make full use of both the local and
global information on the solutions found. Local information on solutions can be helpful
for exploitation, while global information tends to guide the search for exploring promising
areas. The evolution of TLBO mainly depends on the global information, and thus TLBO has
an obvious advantage in that learner individuals will converge at a single attractor/teacher
individual. It can be observed that DE evolves mainly based on the distance and direction
information, which are types of local information in nature. In other words, DE has the
advantage of not being biased toward any prior defined guide, and such an attribute makes
DE able to maintain population diversity and explore local searches.

The key reason for employing the hybridization of different metaheuristics is that the
hybrid approach can make full use of the strengths of each algorithm while simultaneously
overcoming the associated limitations. In this regard, instead of employing a single updated
learner individual in the TLBO, the proposed ETLBO makes use of the integration of
two offspring individuals. The first offspring individual is computed by the TLBO, and
the second one is obtained by the DE operators. Detailed mathematical expressions are
described as follows.

(1) Teacher phase

Given a candidate solution, x, the corresponding offspring individual, x′, is calculated
by the hybridization of the teacher phase in TLBO and differential learning in DE:

x′ = u1 · xTLBO,Teach + (1− u1) · xDE,Teach (13)

where xTLBO,Teach represents the offspring individual obtained by Equation (4) in TLBO,
while xDE,Teach represents the offspring individual computed by Equations (6)–(11) in DE.
The hybridization factor u1 is a random number that lies in the interval [0, 1].
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(2) Learner phase

Analogous to the teacher phase, the offspring individual x′ of a candidate solution x
is generated by taking the following equation:

x′ = u2 · xTLBO,Learn + (1− u2) · xDE,Learn (14)

where xTLBO,Learn represents the offspring individual obtained by Equation (5) in TLBO,
while xDE,Learn is the offspring individual computed by Equations (6)–(11) in DE. The
hybridization factor u2 is a random number that lies on interval [0, 1].

4.4. Framework of Proposed Methodology for MRPP

By virtue of the previous statements, the flowchart of the proposed ETLBO for the
MRPP problem is illustrated in Figure 5. Simulations are to be conducted in the next section
to validate the algorithm performance.

Figure 5. Proposed ETLBO for the MRPP.

5. Experimental Studies

Simulation experiments on the benchmark functions and MRPP problems were de-
signed and carried out to validate the proposed methodology. All experiments were
performed on a MATLAB 2016b platform, using a personal computer with a 2.4 GHz Intel
Core i5 CPU and 4 GB of RAM.
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5.1. Benchmark Function Problem

In this subsection, the ETLBO is validated by virtue of 20 benchmark function problems
which are commonly used to evaluate new optimization methods. These functions can be
classified according to several criteria, such as their linearity (or nonlinearity), convexity
(or non-convexity), and continuousness (or non-continuousness). However, unimodal
(or multimodal), separable (or non-separable), and dimensionality characteristics are of
great importance for benchmark functions to evaluate the algorithm efficiency. Unimodal
functions increase and decrease monotonically, while multimodal functions have two
or more vague peaks. Separable functions are easier to resolve when compared to non-
separable functions. Regarding the problem dimensionality, its increase also raises the
optimization difficulty. In this context, this work employed benchmark functions with
combinations of different characteristics to evaluate the proposed ETLBO.

5.1.1. Preliminaries

A. Unimodal functions

Table 1 summarizes the unimodal functions utilized in this study. In this regard, the
search space, problem dimension, and optimum for 12 benchmark functions, F1–F12, are
presented [28]. Functions F1–F3 were separable, and functions F4–F12 were non-separable.
The complexity expanded with increasing problem dimensions, which varied up to a
maximum value of 100.

Table 1. Unimodal benchmark functions.

Label Name Formula Range Dimension Optimum

F1 Sphere f1(x) =
n
∑

i=1
x2

i
[−100, 100] 100 0

F2 Step f6(x) = ([xi + 0.5])2 [−100, 100] 30 0

F3 Quartic f7(x) =
n
∑

i=1
ixi

4 + rand(0, 1) [−1.28, 1.28] 30 0

F4 Schwefel 2.21 f4(x) = maxxi{|xi | , 1 ≤ i ≤ n} [−100, 100] 60 0
F5 Booth f5(x) = (x1 + 2x2 − 7)2 + (2x1 + x2 − 5)2 [−10, 10] 2 0
F6 Schwefel 2.22 f2(x) =

n
∑

i=1
|xi |+

n
∏
i=1
|xi | [−10, 10] 40 0

F7 Schwefel 1.2 f3(x) =
n
∑

i=1

(
i

∑
j−1

xj

)2
[−100, 100] 50 0

F8 Easom f8(x) = − cos(x1) cos(x2) exp(−(x1 − π)2 − (x2 − π)2) [−100, 100] 2 −1
F9 Bohachevsky f14(x) = x2

1 + 2x2
2 − 0.3 cos(3πx1)− 0.4 cos(4πx2) + 0.7 [−100, 100] 2 0

F10 Matyas f17(x) = 0.26
(

x2
1 + x2

2
)
− 0.48x1x2 [−10, 10] 2 0

F11 Three-hump camel f18(x) = 2x2 − 1.05x4 + x6

6 + xy + y2 [−5, 5] 2 0
F12 Schaffer N.2 f20(x) = 0.5 +

sin2(x2−y2)−0.5

[1+0.001(x2+y2)]
2

[−100, 100] 2 0

B. Multimodal functions

Multimodal functions F13–F20 were employed for the algorithm evaluation in this
work [29]. Functions F13–F14 were separable, while functions F15–F20 were non-separable.
The multimodal functions employed here are detailed in Table 2 with their related search
space, problem dimension, and optimum.

C. Evaluation metrics

To evaluate the algorithm performance, some metrics were calculated based on 50
independent runs. The metrics utilized in this subsection included the best, worst, median,
average, and standard deviation (SD) values, computed according to 50 independent runs
of each benchmark function.
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Table 2. Multimodal benchmark functions.

Label Name Formula Range Dimension Optimum

F13 Rastrigin f9(x) =
n
∑

i=1

[
x2

i − 10 cos(2πxi) + 10
] [−5.12, 5.12] 20 0

F14 Branin f15(x) =
(

x2 − 5.1
4π2 x2

1 +
5
π x1 − 6

)2
+ 10

(
1− 8

π

)
cos x1 + 10 [−5, 15] 2 0.398

F15 Ackley f10(x) = −20 exp
(
−0.2

√
1
n

n
∑

i=1
x2

i

)
− exp

(
1
n

n
∑

i=1
cos(2πxi)

)
+ 20 + e [−32.32] 30 0

F16 Griewank f11(x) = 1
4000

n
∑

i=1
x2

i −
n
∏
i=1

cos
(

xi√
i

)
+ 1 [−600, 600] 30 0

F17 Penalized
f12(x) = π

n

{
10 sin2(πyi) +

n−1
∑

i=1
(yi − 1)2

[
1 + 10 sin2(πyi+1) + (yi − 1)2

]}
+

n
∑

i=1
u(xi , 10, 100, 4)

yi = 1 + xi+1
4

u(xi .a, k, m) =

{
k(xi − a)m; xi > a
0;−a < xi < a
k(−xi − a)m; xi < −a

[−50, 50] 50 0

F18 Penalized2
f13(x) = 0.1

{
sin2(3πx1) +

n−1
∑

i=1
(xi − 1)2[1 + sin2(3πxi−1)

]
+ (xn − 1)2[1 + sin2(2πxn)

]}
+

n
∑

i=1
u(xi , 10, 100, 4)

u(xi .a, k, m) =

{
k(xi − a)m; xi > a

0;−a < xi < a
k(−xi − a)m; xi < −a

[−50, 50] 30 0

F19 Goldstein-Price
f16(x) =

[
1 + (x1 + x2 + 1)2(19− 14x1 + 3x2

1 − 14x2 + 6x1x2 + 3x2
2
)]
∗[

30 + (2x1 − 3x2)
2(18− 32x1 + 12x2

1 + 48x2 − 36x1x2 + 27x2
2
)] [−2, 2] 2 3

F20 Levi f19(x) = sin2(3πx) + (x− 1)2(1 + sin2(3πy)
)
+ (y− 1)2(1 + sin2(2πy)

)
[−10, 10] 2 0
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D. Non-parametric tests

Non-parametric tests are statistical analysis experiments for sample data that do not
require the underlying population for assumptions. This work employed the Wilcoxon
rank-sum test to validate the algorithm performance for different test functions [30]. In this
regard, the rankings of the sample data were allotted by combining two populations. Since
all functions were considered minimization problems, observations in two populations
were first sorted in ascending order, and the Wilcoxon rank-sum statistics were then
calculated in the following manner:

wA = ∑
r∈RA

r (15)

where wA is the sum of rank values in population A.
In addition, in a Wilcoxon rank-sum test for the comparison of two candidate algo-

rithms, the null hypothesis and the alternate hypothesis can be stated as follows: H0:
population A ≥ population B; Ha: population A < population B. In this regard, the related
p value is given by:

p =

{
Pr(WA ≥ wA) Ha : A > B
Pr(WA ≤ wA) Ha : A < B

(16)

where WA represents the distribution of the rank sum. The resulting p is compared to the
so-call significance level, which is set to 0.05 in the current study.

5.1.2. Results and Discussion

Simulations were carried out to compare the solution performance of ETLBO with
some well-known and state-of-art methods, including TLBO, TLBO(S) (an enhanced TLBO
proposed by Shukla et al.) [31], PSO, DE, and GA. According to some related studies and
tentative experiments, the population size and maximum iteration of all test algorithms
were set as 50 and 5000, respectively. For ETLBO, the scaling factor, F, was set to 0.4 and
the crossover probability, CR, was fixed at 0.8. Other parameters of compared algorithms
were set to values recommended by the related literature. For the sake of constancy, the
simulation of a test algorithm for each benchmark function was exacted 50 independent
times. The results are presented and discussed as follows.

A. Results of unimodal functions

Table 3 presents the simulation results of all unimodal functions, for which the best,
worst, median, average, and SD metrics are calculated according to independent runs of
each algorithm. In this regard, the best values are emphasized in bold. The following
comments can be drawn based on these results:

• ETLBO obtained the optimum for functions F2, F4, F6, and F9-F12 in all 50 runs;
thus, the SD values were zero. In terms of functions F1, F3, and F7, ETLBO obtained
near-optimal solutions and exceeded all other algorithms;

• For function 5, the optimum was obtained by PSO and DE. ETLBO performed third
with respect to the previous two algorithms, and obtained a higher accuracy than the
other three compared algorithms;

• For function F8, the DE algorithm yielded the best solution performance, followed by
PSO. GA performed third with respect to the previous algorithms. ETLBO obtained
more accurate solutions than TLBO and TLBO(S) in terms of the average value metric.
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Table 3. Simulation results of unimodal functions.

Algorithm Metric ETLBO TLBO TLBO(S) PSO DE GA

F1

Best 1.41 × 10−134 1.11 × 10−11 7.31 × 10−20 1.44 × 1001 4.61 × 1000 4.07 × 1002

Worst 3.35 × 10−129 1.47 × 10−11 2.81 × 10−11 1.59 × 1002 6.83 × 1000 9.34 × 1002

Median 1.92 × 10−132 1.40 × 10−11 1.72 × 10−14 1.59 × 1001 5.73 × 1000 5.59 × 1002

Average 1.19 × 10−130 1.32 × 10−11 1.16 × 10−12 2.79 × 1001 5.72 × 1000 5.65 × 1002

SD 5.04 × 10−130 8.61 × 10−13 4.21 × 10−12 3.36 × 1001 5.11 × 10−01 9.93 × 1001

F2

Best 0.00 × 1000 0.00 × 1000 0.00 × 1000 2.70 × 10−23 0.00 × 1000 0.00 × 1000

Worst 0.00 × 1000 0.00 × 1000 0.00 × 1000 4.46 × 10−15 0.00 × 1000 0.00 × 1000

Median 0.00 × 1000 0.00 × 1000 0.00 × 1000 1.90 × 10−20 0.00 × 1000 0.00 × 1000

Average 0.00 × 1000 0.00 × 1000 0.00 × 1000 9.13 × 10−17 0.00 × 1000 0.00 × 1000

SD 0.00 × 1000 0.00 × 1000 0.00 × 1000 6.23 × 10−10 0.00 × 1000 0.00 × 1000

F3

Best 1.29 × 10−07 4.80 × 10−01 7.70 × 10−05 2.45 × 10−02 2.50 × 10−02 1.43 × 10−02

Worst 1.75 × 10−04 6.76 × 10−01 1.01 × 10−02 5.40 × 10−02 8.61 × 10−02 1.13 × 10−01

Median 2.95 × 10−05 6.17 × 10−01 1.41 × 10−03 5.23 × 10−05 5.20 × 10−02 3.90 × 10−02

Average 4.40 × 10−05 6.12 × 10−01 2.15 × 10−03 8.61 × 10−02 5.54 × 10−02 4.22 × 10−02

SD 3.85 × 10−05 3.66 × 10−02 1.86 × 10−03 1.30 × 10−02 1.48 × 10−02 1.84 × 10−02

F4

Best 0.00 × 1000 4.72 × 10−09 1.00 × 10−16 2.19 × 10−01 1.00 × 1001 1.18 × 1001

Worst 0.00 × 1000 6.11 × 10−09 2.62 × 10−13 1.56 × 1000 1.61 × 1001 3.07 × 1001

Median 0.00 × 1000 5.37 × 10−09 1.60 × 10−14 7.17 × 10−01 1.38 × 1001 1.88 × 1001

Average 0.00 × 1000 5.35 × 10−09 3.57 × 10−14 8.01 × 10−01 1.35 × 1001 1.97 × 1001

SD 0.00 × 1000 3.27 × 10−10 5.11 × 10−14 3.82 × 10−01 1.38 × 1000 3.76 × 1000

F5

Best 0.00 × 1000 2.00 × 1000 8.37 × 10−08 0.00 × 1000 0.00 × 1000 2.07 × 10−03

Worst 2.15 × 10−04 2.00 × 1000 2.30 × 10−01 0.00 × 1000 0.00 × 1000 1.91 × 1000

Median 3.74 × 10−16 2.00 × 1000 1.64 × 10−02 0.00 × 1000 0.00 × 1000 6.00 × 10−01

Average 8.05 × 10−06 2.00 × 1000 2.30 × 10−02 0.00 × 1000 0.00 × 1000 9.45 × 10−01

SD 3.00 × 10−05 4.35 × 10−09 4.97 × 10−02 0.00 × 1000 0.00 × 1000 8.29 × 10−01

F6

Best 0.00 × 1000 9.76 × 10−03 1.31 × 10−08 5.01 × 10−06 1.72 × 10−03 1.39 × 10−02

Worst 0.00 × 1000 3.79 × 10−01 1.19 × 10−05 1.36 × 10−01 3.69 × 10−03 9.86 × 10−02

Median 0.00 × 1000 1.35 × 10−01 6.33 × 10−07 4.43 × 10−04 2.57 × 10−03 3.73 × 10−02

Average 0.00 × 1000 1.60 × 10−01 2.01 × 10−06 4.13 × 10−03 2.69 × 10−03 4.04 × 10−02

SD 0.00 × 1000 8.19 × 10−02 2.71 × 10−06 1.81 × 10−02 4.34 × 10−04 1.72 × 10−02

F7

Best 2.69 × 10−170 2.50 × 10−19 1.93 × 10−11 1.27 × 1003 7.34 × 1004 5.14 × 1003

Worst 1.65 × 10−155 2.12 × 10−10 8.55 × 10−21 9.14 × 1003 1.25 × 1005 2.20 × 1004

Median 4.25 × 10−163 2.13 × 10−14 1.78 × 10−11 3.99 × 1003 1.08 × 1005 9.40 × 1003

Average 3.29 × 10−157 6.85 × 10−12 9.30 × 10−11 4.43 × 1003 1.03 × 1005 1.05 × 1004

SD 2.17 × 10−156 3.24 × 10−11 9.32 × 10−11 1.79 × 1003 1.24 × 1004 3.66 × 1003

F8

Best −9.99 × 10−01 −3.07 × 10−01 0.00 × 1000 −9.99 × 10−01 −1.00 × 1000 −1.00 × 1000

Worst −4.71 × 10−07 −2.20 × 10−01 0.00 × 1000 −2.46 × 10−08 −1.00 × 1000 −4.27 × 10−01

Median −8.43 × 10−01 −2.48 × 10−01 0.00 × 1000 −9.86 × 10−06 −1.00 × 1000 −1.00 × 1000

Average −4.79 × 10−01 −2.51 × 10−01 0.00 × 1000 −1.83 × 10−01 −1.00 × 1000 −9.88 × 10−01

SD 4.80 × 10−01 1.69 × 10−02 0.00 × 1000 3.77 × 10−01 0.00 × 1000 8.26 × 10−02

F9

Best 0.00 × 1000 4.15 × 10−01 4.86 × 10−13 0.00 × 1000 0.00 × 1000 0.00 × 1000

Worst 0.00 × 1000 4.22 × 10−01 1.10 × 10−07 0.00 × 1000 0.00 × 1000 4.80 × 10−01

Median 0.00 × 1000 6.08 × 10−01 1.45 × 10−09 0.00 × 1000 0.00 × 1000 0.00 × 1000

Average 0.00 × 1000 4.13 × 10−01 7.18 × 10−09 0.00 × 1000 0.00 × 1000 9.38 × 10−03

SD 0.00 × 1000 2.82 × 10−02 1.80 × 10−08 0.00 × 1000 0.00 × 1000 6.72 × 10−02

F10

Best 0.00 × 1000 1.64 × 10−10 8.19 × 10−22 3.09 × 10−135 3.95 × 10−101 1.24 × 10−52

Worst 0.00 × 1000 1.08 × 10−03 3.72 × 10−13 8.89 × 10−109 1.36 × 10−93 1.18 × 10−04

Median 0.00 × 1000 3.20 × 10−04 9.11 × 10−15 1.23 × 10−118 1.24 × 10−97 8.97 × 10−11

Average 0.00 × 1000 3.75 × 10−04 3.75 × 10−14 2.00 × 10−110 4.04 × 10−95 5.00 × 10−06

SD 0.00 × 1000 3.01 × 10−04 6.93 × 10−14 1.27 × 10−109 2.05 × 10−94 1.95 × 10−05
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Table 3. Cont.

Algorithm Metric ETLBO TLBO TLBO(S) PSO DE GA

F11

Best 0.00 × 1000 3.83 × 10−09 7.28 × 10−19 3.70 × 10−245 4.13 × 10−101 3.20 × 10−78

Worst 0.00 × 1000 9.47 × 10−04 3.08 × 10−12 5.38 × 10−232 1.40 × 10−93 8.07 × 10−06

Median 0.00 × 1000 7.89 × 10−05 4.01 × 10−14 2.71 × 10−240 1.26 × 10−97 1.37 × 10−21

Average 0.00 × 1000 2.17 × 10−04 3.06 × 10−13 1.13 × 10−233 4.01 × 10−95 1.67 × 10−07

SD 0.00 × 1000 2.51 × 10−04 6.46 × 10−13 0.00 × 1000 2.02 × 10−94 1.17 × 10−06

F12

Best 0.00 × 1000 9.30 × 10−08 0.00 × 1000 0.00 × 1000 0.00 × 1000 0.00 × 1000

Worst 0.00 × 1000 3.44 × 10−01 2.01 × 10−13 0.00 × 1000 0.00 × 1000 2.99 × 10−03

Median 0.00 × 1000 1.07 × 10−01 6.55 × 10−15 0.00 × 1000 0.00 × 1000 0.00 × 1000

Average 0.00 × 1000 1.19 × 10−01 2.01 × 10−14 0.00 × 1000 0.00 × 1000 1.44 × 10−04

SD 0.00 × 1000 8.05 × 10−02 3.83 × 10−14 0.00 × 1000 0.00 × 1000 5.66 × 10−04

Based on the above presentations, it can be concluded that the proposed ETLBO per-
formed better and obtained more consistent accurate solutions for most unimodal functions.

B. Results of multimodal functions

In Table 4, the simulation results of all tested multimodal functions are collected. The
resulting best, worst, median, average, and SD values of each algorithm were computed
by virtue of independent runs. The best values are emphasized in bold, and the following
comments can be provided:

• ETLBO obtained the optimum of functions F13 and F16 in all 50 independent runs;
the resulting SD values were zero;

• For functions F15 and F19, ETLBO obtained near-optimal solutions and performed
better than all compared algorithms. Regarding function F19, the result provided by
ETLBO was a close approximation to the optimum and the corresponding SD value
was very close to zero;

• The six algorithms all performed very well for function 14, and no significant difference
was found regarding stability;

• For functions 18 and 20, TLBO(S) and DE yielded the best solution performances of all
compared algorithms, respectively. Despite the fact that ETLBO failed to obtain the
best solution performance, its metrics were acceptable in a relative manner since those
values were located in an acceptable range;

• For function 17, ETLBO failed to obtain a good solution in 50 independent runs. The
resulting metrics of ETLBO were higher when compared to the simulation results
obtained by the compared algorithms, to a certain extent.

Table 4. Simulation results of multimodal functions.

Function Statistic ETLBO TLBO TLBO(S) PSO DE GA

F13

Best 0.00 × 1000 8.10 × 10−05 2.58 × 10−04 3.53 × 10−15 1.91 × 10−04 0.00 × 1000

Worst 0.00 × 1000 5.01 × 10−02 5.46 × 10−02 2.22 × 10−03 2.35 × 10−02 2.40 × 10−05

Median 0.00 × 1000 8.70 × 10−03 6.52 × 10−03 1.27 × 10−06 3.67 × 10−03 0.00 × 1000

Average 0.00 × 1000 1.16 × 10−02 1.37 × 10−02 1.11 × 10−04 5.68 × 10−03 1.45 × 10−06

SD 0.00 × 1000 1.05 × 10−02 1.30 × 10−02 3.62 × 10−04 5.50 × 10−03 4.87 × 10−06

F14

Best 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01

Worst 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01

Median 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01

Average 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01 3.98 × 10−01

SD 4.84 × 10−08 9.98 × 10−09 4.02 × 10−07 8.54 × 10−07 3.34 × 10−10 8.46 × 10−08



Appl. Sci. 2023, 13, 2291 15 of 23

Table 4. Cont.

Function Statistic ETLBO TLBO TLBO(S) PSO DE GA

F15

Best 8.83 × 10−16 2.04 × 1001 3.49 × 10−05 1.51 × 10−12 3.68 × 10−03 4.11 × 1000

Worst 8.83 × 10−16 2.00 × 1001 3.63 × 1000 3.19 × 1000 1.01 × 10−02 9.22 × 1000

Median 8.83 × 10−16 2.04 × 1001 4.30 × 10−03 1.15 × 1000 6.10 × 10−03 7.36 × 1000

Average 8.83 × 10−16 2.00 × 1001 1.51 × 1000 1.00 × 1000 6.34 × 10−03 7.13 × 1000

SD 0.00 × 1000 2.14 × 10−01 1.72 × 1000 8.29 × 10−01 1.19 × 10−02 1.14 × 1000

F16

Best 0.00 × 1000 1.00 × 1000 3.92 × 10−11 3.22 × 10−02 3.50 × 1000 3.08 × 1000

Worst 0.00 × 1000 1.03 × 1000 2.64 × 10−07 2.23 × 1000 5.89 × 1000 2.06 × 1001

Median 0.00 × 1000 1.02 × 1000 6.76 × 10−09 6.09 × 10−01 4.33 × 1000 9.51 × 1000

Average 0.00 × 1000 1.02 × 1000 2.22 × 10−08 6.25 × 10−01 4.37 × 1000 1.05 × 1001

SD 0.00 × 1000 6.00 × 10−03 4.38 × 10−08 4.26 × 10−01 5.12 × 10−01 3.96 × 1000

F17

Best 9.31 × 10−01 2.00 × 10−01 1.43 × 10−09 2.31 × 10−01 1.09 × 1000 5.49 × 1000

Worst 1.34 × 1000 7.92 × 10−01 1.77 × 10−05 1.20 × 1001 2.91 × 1000 6.70 × 1002

Median 1.06 × 1000 5.14 × 10−01 8.22 × 10−07 3.15 × 1000 1.68 × 1000 1.25 × 1001

Average 1.11 × 1000 5.23 × 10−01 2.16 × 10−06 3.61 × 1000 1.73 × 1000 3.54 × 1001

SD 1.00 × 10−01 1.35 × 10−01 3.23 × 10−06 2.30 × 1000 4.33 × 10−01 1.08 × 1002

F18

Best 2.59 × 1000 4.46 × 1001 7.64 × 10−11 3.44 × 1001 4.22 × 1001 1.91 × 1001

Worst 2.98 × 1000 1.16 × 1001 1.62 × 10−05 1.17 × 1002 1.03 × 1002 1.24 × 1004

Median 2.98 × 1000 2.03 × 1001 1.51 × 10−07 5.93 × 1001 5.71 × 1001 5.52 × 1001

Average 2.75 × 1000 1.23 × 1001 1.53 × 10−06 6.09 × 1001 5.77 × 1001 9.39 × 1002

SD 4.42 × 10−02 3.89 × 1000 3.48 × 10−06 1.86 × 1001 1.12 × 1001 2.61 × 1003

F19

Best 3.00 × 1000 3.00 × 1000 3.28 × 1001 3.00 × 1000 3.00 × 1000 3.00 × 1000

Worst 3.00 × 1000 1.66 × 1001 3.27 × 1001 3.00 × 1000 3.00 × 1000 3.00 × 1000

Median 3.00 × 1000 3.00 × 1000 3.30 × 1001 3.00 × 1000 3.00 × 1000 3.00 × 1000

Average 3.00 × 1000 3.30 × 1000 3.24 × 1001 3.00 × 1000 3.00 × 1000 3.00 × 1000

SD 1.41 × 10−14 1.95 × 1000 7.04 × 10−08 1.24 × 10−03 4.24 × 10−08 3.10 × 10−05

F20

Best 3.02 × 10−01 1.67 × 10−03 1.24 × 10−03 1.33 × 10−31 1.30 × 10−31 1.35 × 10−31

Worst 3.02 × 10−01 1.14 × 1001 1.00 × 1000 1.38 × 10−31 1.31 × 10−31 2.26 × 10−07

Median 3.02 × 10−01 1.52 × 1000 2.03 × 10−01 1.33 × 10−31 1.36 × 10−31 1.35 × 10−31

Average 3.02 × 10−01 2.25 × 1000 5.28 × 10−01 1.32 × 10−31 1.40 × 10−31 8.01 × 10−06

SD 4.20 × 10−05 2.43 × 1000 4.86 × 10−01 1.82 × 10−40 1.80 × 10−46 1.26 × 10−06

In summary, the proposed ETLBO performed better and provided more accurate
results for most multimodal functions.

C. Nonparametric test results

The Wilcoxon rank-sum test was employed here to independently compare ETLBO
with the other tested algorithms. Since all algorithms were executed for 50 independent
runs, the ranking value varies from 1 to 100 for each sample data in the combination of
ETLBO and the compared algorithm. Thus, the possible sum of ranking (wA) falls in the
range [1275, 3775].

The minimum value of the metric wA occurred when the ETLBO completely outper-
formed the compared algorithm in all 50 runs. On the other hand, the maximum value of
the metric wA was observed when the ETLBO underperformed its compared algorithm
in all 50 runs. In Table 5, the wA metric and the p values of the Wilcoxon rank-sum test
associated with each compared algorithm are calculated and displayed.
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Table 5. Wilcoxon rank-sum test for benchmark function problems.

Function TLBO TLBO(S) PSO DE GA

wETLBO p Win wETLBO p Win wETLBO p Win wETLBO p Win wETLBO p Win

F1 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √

F2 2525 5.00 × 10−01 = 2525 5.00 × 10−01 = 1275 3.42 × 10−18 √
2525 5.00 × 10−01 = 2525 5.00 × 10−01 =

F3 1275 3.42 × 10−18 √
1342 1.74 × 10−16 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √

F4 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √

F5 1275 3.42 × 10−18 √
1399 4.16 × 10−15 √

3775 1.00 × 1000 × 3775 1.00 × 1000 × 1275 3.42 × 10−18 √

F6 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √

F7 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √

F8 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

3580 1.00 × 1000 × 3775 1.00 × 1000 × 3731 1.00 × 1000 ×
F9 1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
2525 5.00 × 10−01 = 2525 5.00 × 10−01 = 1853 1.80 × 10−06 √

F10 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √

F11 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √

F12 1275 3.42 × 10−18 √
1399 4.16 × 10−15 √

2525 5.00 × 10−01 = 2525 5.00 × 10−01 = 1300 1.52 × 10−17 √

F13 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1342 1.74 × 10−16 √

F14 2150 4.86 × 10−03 √
2525 5.00 × 10−01 = 3580 1.00 × 1000 × 3580 1.00 × 1000 × 2525 5.00 × 10−01 =

F15 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √

F16 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

1275 3.42 × 10−18 √

F17 3775 1.00 × 1000 × 3775 1.00 × 1000 × 1300 1.52 × 10−17 √
1399 4.16 × 10−15 √

1275 3.42 × 10−18 √

F18 1275 3.42 × 10−18 √
3775 1.00 × 1000 × 1275 3.42 × 10−18 √

1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

F19 1438 3.35 × 10−14 √
1275 3.42 × 10−18 √

1853 1.80 × 10−06 √
3731 1.00 × 1000 × 3769 1.00 × 1000 ×

F20 1275 3.42 × 10−18 √
1275 3.42 × 10−18 √

3775 1.00 × 1000 × 3775 1.00 × 1000 × 3775 1.00 × 1000 ×
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For functions F1, F3–F13, F15–F16, F18, and F20, the associated rank sum of the ETLBO
(compared to the basic TLBO) is 1275, and the resulting p value is almost zero. Since the
significance level is set to 0.05 for this study, it can be concluded that the ETLBO dominates
TLBO for all 50 runs when they are applied to address each of the tested functions. Thus,
H0 can be rejected, confirming that ETLBO provides minimum values for these benchmark
functions. For functions F2 and F17, the resulting p values are less than (or equal to) the
predefined significance level. In other words, TLBO performs equally or even better when
compared to ETLBO. For functions F14 and F19, the rank sum of ETLBO lies between the
maximum and minimum rank threshold values, implying that ETLBO and TLBO produce
a mixed ranking. In addition, since the p value is less than 0.05, H0 can be rejected, and
ETLBO obtains more excellent solutions in most cases. A similar analysis is conducted and
compared between ETLBO and other test algorithms (namely, TLBO(S), PSO, DE, and GA).
A win for ETLBO over the compared algorithm is marked as “

√
”; similar performance is

denoted by “=”; and failures are represented by “×”.
In summary, the proposed ETLBO outperforms other compared algorithms in a statis-

tical manner when applied to address most of the above-mentioned benchmark functions.

5.2. MRPP Problem

MRPP problems were utilized to compare the proposed methodology’s accuracy and
performance with some other path-planning metaheuristics. The experimental design
in this subsection was arranged as follows: First, instances with different problem sizes
were generated in a random manner. The proposed methodology was then compared
with two representative and state-of-art algorithms: ACO(L) and ACO(G) (two enhanced
ACO algorithms proposed by Luo et al. and Gao) [17,32]. To reduce statistical errors, one
algorithm was independently simulated 50 times for a function.

5.2.1. Preliminaries

A. Instance generation

MRPP problems in the current study were carried out on four randomly generated
obstacle maps. The grid size was set to 5, and the map sizes were set as 20 × 20, 30 × 30,
40 × 40, and 50× 50. Such an experimental design reveals the simulations of algorithms for
middle-scale and even large-scale instances that reflect the size of real-world applications.

B. Evaluation metrics

To evaluate the algorithm performance, some metrics were calculated based on 50 in-
dependent runs. Metrics utilized in this subsection included the best, worst, average, and
related deviation values, computed according to 50 independent runs of each instance. The
deviation is calculated as follows [33]:

GAP =
(L− Lbest)

Lbest × 100% (17)

where Lbest is the optimal route length obtained by three algorithms in all runs. Mean-
while, L represents the best, worst, and average route length by a selected approach in
50 independent runs.

5.2.2. Results and Discussion

Simulations were carried out to compare the solution performance of ETLBO with
ACO(L) and ACO(G). By virtue of the related studies and tentative experiments, the
population size and maximum iteration of all test algorithms were set as 20 and 500,
respectively. Regarding ETLBO, the scaling factor, F, was set to 0.4, and the crossover
probability, CR, was fixed at 0.8. Other parameters of ACO(L) and ACO(G) algorithms
were set to values recommended by the related literature. To reduce statistical errors, the
simulation of a test algorithm for one instance was exacted for 50 independent instances.
The results are presented and discussed as follows.
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A. Presentation of best routes

The best routes of information of different algorithms for all instances are detailed
in Figures 6–9 in order to vividly state the algorithm performance. In this regard, the
best robot path for a candidate algorithm for one instance was described by virtue of a
single environment map. Meanwhile, objective values versus the number of iterations
are illustrated in each figure by means of convergence curves, which represent the best
results among 50 independent trials of each algorithm for the corresponding instance. The
following comments can be drawn based on these results.

• For instance 20 × 20, it can be seen from Figure 6 that ETLBO yielded the best
solution performance of the three test algorithms, with the best route length of 151.92
(Figure 6d). ACO(G) performed second to ETLBO, with the best route length of 154.85
(Figure 6c). ACO(L) showed the weakest performance in the best route length, with
an objective value of 156.07 (Figure 6b);

• For the 30 × 30 instance, ETLBO obtained more accurate solutions than ACO(L) and
ACO(G) in terms of the best route length metric. The objective value of the proposed
ETLBO amounted to 225.56 (see Figure 7d), which is superior to 232.63 (given by
ACO(L) in Figure 7b) and 231.42 (provided by ACO(G) in Figure 7c);

• Similar conclusions can be drawn from Figures 8 and 9, in which ETLBO yielded the
best solution performance. The corresponding objective values for instances 40 × 40
and 50 × 50 were 291.27 (see Figure 8d) and 378.70 (see Figure 9d), respectively.
ACO(G) performed second to ETLBO, with metric values of 291.27 (see Figure 8c) and
378.70 (see Figure 9c). ACO(L) ranked at the bottom, with an objective value of 302.99
(see Figure 8b) and 400.42 (see Figure 9b).

• The convergence curves illustrated in four figures (Figures 6a, 7a, 8a and 9a) indicate
that the proposed ETLBO not only had a faster convergence in solving all test instances
when compared to the state-of-art ACO(L) and ACO(G) but the final convergence
accuracy of the proposed approach was better than that of the compared algorithms.

Figure 6. Best solution information of instance 20 × 20.
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Figure 7. Best solution information of instance 30 × 30.

Figure 8. Best solution information of instance 40 × 40.
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Figure 9. Best solution information of instance 50 × 50.

In summary, among 50 independent trials, the proposed ETLBO exceeded other
compared algorithms in terms of the best route length metric.

B. Statistical comparison

Table 6 collects the simulation results obtained for all considered problem instances
and algorithms. The resulting best, worst, and average objective values, as well as the
corresponding deviations, were computed according to 50 independent runs. The best
values among the three compared algorithms are emphasized in bold, and the following
comments can be drawn according to these results.

Table 6. Simulation results for MRPP problems.

Instance Algorithm
Best Average Worst

Length Deviation (%) Length Deviation (%) Length Deviation (%)

20 × 20
ACO(L) 156.07 2.73% 160.16 5.42% 163.64 7.71%
ACO(G) 154.85 1.93% 158.78 4.52% 161.92 6.58%
ETLBO 151.92 0.00% 156.64 3.10% 160.71 5.78%

30 × 30
ACO(L) 232.63 3.13% 240.06 6.43% 245.56 8.87%
ACO(G) 231.42 2.60% 238.56 5.76% 244.35 8.33%
ETLBO 225.56 0.00% 233.78 3.64% 240.21 6.49%

40 × 40
ACO(L) 302.99 4.02% 313.52 7.64% 322.99 10.89%
ACO(G) 301.27 3.43% 309.56 6.28% 318.85 9.47%
ETLBO 291.27 0.00% 303.87 4.33% 312.49 7.28%

50 × 50
ACO(L) 400.42 5.73% 412.07 8.81% 421.13 11.20%
ACO(G) 395.77 4.51% 409.77 8.20% 418.70 10.56%
ETLBO 378.70 0.00% 398.27 5.17% 410.42 8.37%
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• In terms of the optimum, ETLBO was able to find the best solutions for all considered
problem instances of different problem scales. However, ACO(L) and ACO(G) failed
to obtain the best or near-optimal solutions especially for large-scale problem instances.
In this regard, the values of the best deviation metric amounted to 5.73% (given by
ACO(L)) and 4.51% (given by ACO(G));

• ETLBO yielded the best solution performance when it was applied to address different
problem instances in terms of best-, worst-, and average-related metrics. ACO(G)
performed second to ETLBO, while ACO(L) showed the weakest solution performance;

• The average metrics versus the problem size indicated that the increasing problem
dimensionality raised the optimization difficulty. In this regard, the average deviations
of ACO(L), ACO(G), and ETLBO for the 20 × 20 instance were 5.42%, 4.52%, and
3.10%, respectively. For the large-scale instance with a 50 × 50 size, the average
deviations amounted to 8.81%, 8.20%, and 5.17%, respectively;

• Despite the diversity of problem instances, it is evident that all generated values
from the proposed ETLBO were more acceptable when compared to the two other
algorithms compared.

To reveal the statistical significance of the simulation results, the Wilcoxon rank-sum
test was utilized to independently compare the ETLBO with the ACO(L) and ACO(G).
As stated in the previous subsection, the value of wA fell in range [1275, 3775] when
comparing ETLBO with another robot-path-planning algorithm. The minimal wA occurred
when ETLBO completely outperformed the compared algorithm in all 50 runs, while the
maximal wA was observed in the circumstance that ETLBO underperformed its rival in
all executions. The wA metric and the p values of the Wilcoxon rank-sum test associated
with each compared algorithm were calculated and presented in Table 7, where mark “

√
”

represents a win for ETLBO over its rival.

Table 7. Wilcoxon rank-sum test for MRPP problems.

Instance
ACO(L) ACO(G)

wETLBO p Win wETLBO p Win

20 × 20 1590 5.75 × 10−11 √
1631 3.56 × 10−10 √

30 × 30 1399 4.16 × 10−15 √
1575 2.89 × 10−11 √

40 × 40 1300 1.52 × 10−17 √
1438 3.35 × 10−14 √

50 × 50 1275 3.42 × 10−18 √
1342 1.74 × 10−16 √

In respect to the comparison between ETLBO and ACO(L), the following comments
can be made:

• For the 50 × 50 instance, the associated rank sum of ETLBO was 1275, and the
resulting p value was very close to zero. As is stated in previous subsections, the
significance level was fixed at 0.05 for this study. Therefore, it can be deduced that
ETLBO dominates the ACO(L) in all executions when they are adopted to this instance.

• For the instances 20× 20, 30× 30, and 40× 40, the rank sum of ETLBO lay between the
maximum and minimum rank threshold values, indicating that ETLBO and ACO(L)
produced a mixed ranking. Nonetheless, the associated p values were less than the
predefined significance level. In other words, ETLBO performs equally or even better
when compared to ACO(L).

• Despite the increasing problem dimensionality raising the optimization difficulty, the
resulting p values decreased with the enlargement of the problem scale. Thus, it can be
deduced that ETLBO is more competitive than ACO(L) for a real-world-scale problem.

A similar comparison between ETLBO and ACO(G) was conducted and illustrated.
In summary, the proposed ETLBO outperforms the compared algorithms in a statistical
manner and provides consistent and more accurate solutions for MRPP problems.
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6. Conclusions

This research proposes a so-called ETLBO algorithm to realize an efficient path plan-
ning for a mobile robot. Four strategies are introduced to accelerate the basic TLBO
algorithm and optimize the final path. Firstly, a divide-and-conquer design coupled with
the Dijkstra method is developed to realize the problem transformation so as to pave the
way for the algorithm deployment. Then, the interpolation method is utilized to smooth
the traveling route as well as to reduce the problem dimensionality. Thirdly, the algo-
rithm initialization process is modified by an opposition-based learning strategy. Finally,
a hybrid individual update method is prosed to strike a balance between exploitation
and exploration.

Simulation experiments are designed to validate the proposed algorithm. In terms of
benchmark function problems, the proposed ETLBO performs better than the compared
algorithms in a statistical manner and obtains consistent and more accurate solutions for
most optimization function problems. With respect to MRPP problems, ETLBO outperforms
some state-of-are algorithms in both optimality and efficiency, and thus can be implemented
on the real-world robot for path planning.

Since the local optimal path planning in current algorithm is solved by the Dijkstra
method, it is important to modify the existing divide-and-conquer design in future research
work to reduce the computation burden when faced with more complicated practical
problems. In addition, the proposed methodology can be adjusted and adapted to the
dynamic environment in which certain real-time factors are seriously considered.
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