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Abstract: Dendrite, a typical geological pattern, is developed along the bedding plane in limestone
and dolomite strata in Jinzigou area, Zhoukoudian, Beijing, China, with a self-similar dendritic
morphology. In order to reveal the dynamic mechanism of its formation, the diffusion-limited
aggregation method, a model of fractal growth, was selected to simulate the microscopic dynamic
mechanism of its formation. Take an L × L square lattice, with L = 200 lattices, 20,000 particles, and
L = 250 lattices, 30,000 particles, for simulation. Obtain the simulation results of the dendritic pattern
and the intermediate results with 8057 and 10,827 random particles released in the simulation process
with 20,000 particles. The results show that the pattern is a typical fractal pattern formed in the
process of fractal growth, with a fractal dimension of about 1.6. Its morphology is characterized by
fractal geometry, and the dynamic mechanism of its formation is the fractal growth phenomenon
generated by self-organizing criticality. The growth process is a nonlinear and non-equilibrium
evolutionary process, which is dynamic and far from equilibrium. It is consistent with the fractal
dimension of Zhoukoudian dendrite (1.52–1.78). Diffusion-limited aggregation (DLA) is a typical
growth process in fractal growth. It leads to the growth of randomly branching structures that closely
resemble various important systems in the earth sciences, providing a theoretical basis for revealing
the nature of complex geological processes.
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1. Introduction

Dendrite, a typical multi-branching formation, with a bushy, or feather-like pattern, is
a kind of dendritic film, much like the impression of bryophytes or algae, which is mainly
produced in the bedding plane, joint, fissure or mineral surface, cleavage plane, etc., of
limestone, dolomite, marble, sandstone, etc. [1]. Because of its plant-like appearance, it is
often mistaken for plant fossils (Figure 1). The name comes from the Greek word dendron
(δένδρoν), which means “tree,” since the crystal’s structure resembles that of a tree [2]. It
has long been recorded in the literature of the Song and Yuan Dynasties of China [3].

Dendrite samples were collected in Jinzigou area, Zhoukoudian, Beijing (Figure 1),
and developed in the limestone of the Majiagou Formation and marble of the Jingeryu
Formation; they are iron dendrites. Morphological observation of dendrite shows that
its local pattern and overall pattern have a high degree of morphological similarity, or
self-similarity, which means that the dendritic pattern of dendrite has fractal geometric
morphological characteristics. Here, the similar morphology is determined by the micro dy-
namic mechanism. To a certain extent, it can be approximately considered as a geochemical
gene [4–9], just as genes determine biological characteristics.

Since the fractal term was creatively proposed by mathematician Mandelbrot in
1967 [10–12], with the gradual growth, maturity, and development of fractal itself, it
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has been cited by many disciplines and departments, and, at the same time, shows the
vitality of fractal application in various disciplines. This is because it can reveal the essential
structure of nature and describe the actual life of human beings [13–15]. It is an intuitive
geometric language to describe the motion of chaos. In fact, it is a mathematical system in
closer agreement with the real world, integrating many nonlinear science contents.
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Earth sciences are concerned with extremely diverse sets of strongly interacting and
synergetic phenomena [16–18]. In order to better understand these phenomena, it is
often necessary to accurately describe complex structures and their evolution far from
equilibrium. The development of fractal geometry has provided a valuable new approach
towards the quantitative description of the statistical properties of various structures
ranging in size from large molecules to continental coastlines [11,12]. In recent years, many
simple non-equilibrium growth models have been developed [18], one of which is the
diffusion-limited aggregation model (DLA), introduced by Witten and Sander [19].

As for the formation of dendrite, it is generally believed that it is the result of the
infiltration and diffusion precipitation of iron and manganese solutions along the bedding
surface or fracture surface after the formation of rock [1]. It is tree-like pattern of some
crystal aggregates of oxide of iron and manganese, exhibits fractal morphological structural
characteristics, and should be the growth pattern formed by fractal growth [14,15]. In order
to investigate the dynamic mechanism of the dendrite formation, the diffusion-limited
aggregation model, a typical growth process in fractal growth, was selected to simulate
the micro dynamic mechanism of its formation, providing a reference for revealing the
formation essence of dendrite.

As mentioned above, dendrite has only been mentioned in a few studies, and it is
only a very simple introduction, without systematic discussion, especially regarding the
dynamic mechanism of its formation. In fact, dendrite is a typical geological pattern,
representing a large class of important systems and structures in geoscience, such as fault
systems, sand dune ripples, rock cracks, mud cracks, river networks, mineral growth, ore
vein morphology, and the deposit formation process. Although the characteristics of these
systems or structures are very obvious, we do not know the micro-dynamic mechanism
of their formation process. The study of the dynamic mechanism of the formation of
dendrite provides a good example for the in-depth understanding and discussion of the
micro-dynamic mechanism of the formation of many similar typical geological phenomena
(or patterns).

As we know, the natural system is very complex. Specifically, it is a complex system, a
dynamic system far from equilibrium, a nonlinear and non-equilibrium evolutionary sys-
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tem. We hope to promote an understanding of the nature of natural phenomena and deepen
the understanding of non-equilibrium phenomena by elaborating the microscopic dynamic
mechanism of dendrite, one of the typical phenomena in nature. After all, most processes
in nature are non-equilibrium, rather than equilibrium, processes. Non-equilibrium and
nonlinear processes are the essence of nature.

2. Model

Diffusion-limited aggregation (DLA) is a typical growth process in fractal growth.
This model is a very convincing model of fractal growth, proposed by Witten and Sander
of the University of Michigan in 1981, aiming at describing the diffusion and condensation
process of coal ash, soot, or metal powder suspended in the atmosphere. It is a fractal
growth process, far from the equilibrium state [19–22].

The DLA model also shows the fractional power-law behavior of correlation func-
tion [19]. This model is a variant of the Eden model, and its initial state is a seed particle
at the origin of the lattice. A second particle is added at some random site, far away from
the origin. The particle walks randomly until it reaches a position adjacent to the seed.
Then the walking particles become part of the cluster. Subsequently, another particle is
introduced at a random distance, and it randomly walks until it joins the cluster, and so on.
If a particle touches the boundary of the lattices during its random walk, it will be removed
and introduced into another particle [18,23].

DLA is an important and valuable model for simulating random growth process. The
mathematical model describing the growth of diffusion limited aggregation is the Laplace
equation. The growth probability of the surface of the growth structure is given by the
scalar field (or gradient perpendicular to the surface) Φ(r), obeying Laplace equation

∇2Φ = 0 (1)

with boundary conditions Φ(r) = 0 at all positions r occupied by the cluster and Φ(r) = 1
(or some other constant value) for |r| = ∞. Singularities are avoided by choosing a finite
size to use the Laplace equation. In the DLA model, the probability P(r) of random walk
particles visiting the lattice site at position r is proportional to Φ(r). This can be easily seen
by comparing the discretized Laplace equation

Φ(i, j) =
1
4
[Φ(i− 1, j) + Φ(i + 1, j) + Φ(i, j− 1) + Φ(i, j + 1)] (2)

with the equation

P(i, j) =
1
4
[P(i− 1, j) + P(i + 1, j) + P(i, j− 1) + P(i, j + 1)] (3)

that describes the probability of a random walk particle visiting a lattice site (i, j), that is,
the probability of visiting its nearest neighboring lattice site [18]. Here, Φ(i, j) is the value
of the scalar potential associated with the position lattice site (i, j) on the square lattice, and
P(i, j) is the probability that a random walk particle will be found at the position of the
lattice site.

In summary, the DLA process of thousands of particles, overall, forms a distribution
of particle concentration (or the probability distribution of finding particles). This concen-
tration is large away from the growth center and zero at the edge of the clustered cluster.
Therefore, a concentration gradient is formed from the distance to the edge of the cluster,
which can be described by the first and second equations of Fick diffusion [20].

The first Fick diffusion equation describes the diffusion particle flow j as being equal
to the product of the concentration gradient ∇φ and the diffusion coefficient D:

j = −D∇φ (4)
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The Fick diffusion second equation shows that the change in concentration over time
is equal to the concentration of the diffusion particle flow.

∂φ

∂t
= −∇·j = D∇2φ (5)

Here, j is the diffusion particle flow, and D is the diffusion coefficient. Because j is
pointing in the direction in which the concentration gradient ∇φ is decreasing, it has a
minus sign in front of it. If the particles are diffused on a large enough square lattice, and
the clustered clusters are small enough, the change in the concentration of the diffused
particles over time can be considered as zero for most of lattices, and thus Equation (1) can
be obtained.

3. Method

As mentioned above, this model has the following properties and characteristics: this
kind of fractal structure follows the Laplacian equation of a movable boundary in the
formation process; in the process of condensed growth, the condensed particles exhibit
irregular diffusion motion in the Laplacian concentration field; the interface of the growth
clusters shows complex and unstable properties [24].

The rules of the DLA model can be summarized as follows: take a square in two-
dimensional Euclidean space and divide it into many small squares to form a square lattice.
A stationary particle is placed on a lattice site near the center of the lattice as a seed, and a
particle is randomly generated at a distance from the seed particle. It makes a random walk
on each lattice site due to Brownian motion. The result is a collision with a seed particle, in
which case, the particle attaches to the seed particle and combines with it to form a cluster.
The second step is to walk to the edge of the lattice, so that the particle is absorbed and
disappears. Then, a second particle is randomly produced, and the process is repeated
until it becomes attached to the cluster or absorbed by the boundary. After this process is
repeated many times, the connected set of a square will grow outward from the original
square, as shown in Figure 2. Particles exhibit Brownian motion, so when the particle is
released, it is specified to move to the adjacent left, right, top, and bottom squares with a
probability of one-quarter, and this process continues until the particle leaves the boundary,
or reaches the cluster.

Based on the classical DLA model and MATLAB, the dendritic morphology and
growth process of the dendrite are simulated.
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Take an L × L square lattice and set a fixed particle in the center of the plane as a
seed. The random function rand is used to randomly generate a particle in the plane, and
the particle moves irregularly on the plane by Brownian motion. If the generated particle
collides with the seed, it will be attached to the seed and form particle clusters. This process
is repeated until a dendritic aggregate is formed in the lattice.

In computer simulation, first, set the size of the square grid as L = 200 or 250 and
use the axis function to set the size of the square grid to L × L. Sparse function is used to
generate an L × L all-zero sparse matrix, and then the seed position and seed number are
set. The random function rand is used to generate random particles. Then, use the draw
function to dynamically demonstrate the motion pattern of random particles. Determine
the position of the random particles, count the number of “seed cluster” particles adjacent
to random particles, and finally, graph these positions.

4. Result and Discussion

Figure 3 shows the computer simulation results of the DLA model, with L = 200
lattice and 20,000 particles. Figure 3a,b shows the simulated growth results when 8057 and
10,827 random particles are released, respectively, and Figure 3c shows the dendritic graph
obtained after running the program (20,000 particles). From Figure 3, it can be clearly seen
that the tree branches simulated by the DLA model continue to grow upward. It seems
that the larger DLA cluster has more arms and fills the space more evenly than does the
smaller cluster; its fractal dimension is 1.59 (Figure 4).

Figure 5 shows the computer simulation results of the DLA model, with lattice L = 250
and 30,000 random particles. This dendritic fractal pattern is relatively complex. Particles
grow outward from the central seed. The dendritic pattern formed is gradually complicated.
The fractal dimensions of the dendritic pattern shown in Figures 3 and 5 were calculated,
using the box dimension method, to be 1.59 and 1.64, respectively (Figures 4 and 6).
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In order to explore the simulation effect of the DLA model, the author selected four
samples of dendrite—JZG01, JZG02, JZG03, and JZG04—in Zhoukoudian area for compar-
ative analysis (Figure 1). The fractal dimension calculation method is the same as that of
the simulated dendritic pattern, namely, the box dimension method. Through four steps:
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extraction analysis location→ image processing→ image binary matrix data extraction→
data statistical analysis, the box dimension method was used to calculate the morphological
fractal dimension of the four samples in Zhoukoudian area. The results show that the
fractal dimension of the four samples is 1.61, 1.67, 1.78, and 1.52, respectively, ranging from
1.52 to 1.78, with an average value of 1.65. The local fractal dimension of JZG03 is 1.77,
while the overall fractal dimension is 1.78, indicating that the local pattern of the dendrite
shows self-similarity to the overall pattern; that is, the dendritic pattern of dendrite has
fractal characteristics. The fractal dimensions of the dendritic pattern simulated by the DLA
model are 1.59 and 1.64, which are consistent with the fractal dimensions of Zhoukoudian
dendrite. The simulation effect is good, which essentially reveals the microscopic dynamic
mechanism of dendrite formation.
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From the above, the agglomeration group (cluster) formed by the DLA model exhibits
fractal characteristics. Moreover, previous studies have shown that the fractal dimension
of DLA is independent of the lattice type [20]. The fractal dimension of the obtained DLA
figure remains unchanged when the square lattice is changed into a triangular lattice [20],
its fractal dimension does not increase with the increase in the spatial dimension, and it has
a stable value [25].

DLA also has a screening effect [20]. The reason for the generation of branches with
different sizes is that, due to the tortuous random motion trajectory of the particles, the
branches that extend from the outside of the cluster have a greater probability of acquiring
particles, which prevents the particles from intruding into the inside. This screening effect
makes the clusters grow in the structure by continuously branching outward [26].

Figures 3 and 5 also show that, in the process of the random walking and outward
growth of the particles, due to the high probability of obtaining particles from the branches
extending outside the cluster, particles cannot invade into the interior. This screening
effect makes the cluster grow continuously according to the outward branching structure,
forming a complex dendritic pattern.

According to the above analysis, it is believed that the formation of dendrite is a
fractal pattern formed in the process of fractal growth, that is, the microscopic dynamic
mechanism of its formation.

In recent years, studies regarding fractal growth have developed rapidly [27–31].
According to the latest research results, fractal growth phenomena caused by self-organized
criticality can be generally summarized into three main models: Laplace, percolation,
and oscillation. For dendritic growth, these can be divided into two cases, the first being
dendritic solidification, forming a solid dendritic pattern, and the second being viscous
fingering, forming a fluid dendritic pattern. Under appropriate conditions, both can be
studied using the DLA model.

Moreover, this dynamic mechanism reveals that the growth process is a dynamic
process far from equilibrium, and it is also a nonlinear and non-equilibrium evolutionary
process. It can be used to explain a large class of fractal formation processes in nature,
such as fluid movement, dielectric breakdown, electrodeposition process, crystal growth
in liquid film, viscous fingering, non-dendritic growth, loose rock dissolution and seismic
cracking, etc. [32–37]. Therefore, it has attracted widespread attention, deepening the
understanding of non-equilibrium phenomena. It has been widely used in some irreversible
growth processes far from equilibrium. For example, Yu applied it to the study of mineral
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deposits [15,38–42], suggesting that the formation of mineral deposits is a fractal growth
process, and that the dynamic mechanism of the formation of super-large deposits and ore-
concentration areas constitutes the dynamics of fractal growth. In other words, super-large
deposits and ore-concentration areas are realized and completed through the onset of ore
formation followed by the snowball effect.

The diffusion-limited aggregation model, as well as various related models, have led
to the growth of random branching structures that closely resemble various important
systems in earth sciences. Although most processes in nature involve multiple mechanisms,
the DLA model alone seems unlikely to provide an adequate understanding of these
processes. However, the DLA model is one of the most striking examples of complex
pattern generation using simple models and algorithms. It has become the dominant
paradigm for pattern formation far from equilibrium, and it provides valuable examples
for a wide range of natural phenomena. It gives us the first insight into the microscopic
processes involved in the growth of branching structures, as well as the importance of
random events or distributions to these growth phenomena. Above all, it does provide a
good theoretical model for the formation mechanism of many typical geological phenomena
(or patterns), such as fault systems, river networks, mineral growth, ore vein morphology
and deposit formation process, etc.

5. Conclusions

The morphology of dendrite has fractal geometry characteristics, and in fact, the
dynamic mechanism of its formation is the fractal growth phenomenon generated by self-
organizing criticality. The growth process is a dynamic process far from equilibrium, which
is a nonlinear and non-equilibrium evolutionary process. The diffusion-limited aggregation
(DLA) model in the fractal growth theory can satisfactorily simulate the growth process
and the formed pattern, which essentially reveals the microscopic dynamic mechanism
of dendrite formation. The fractal dimensions of the simulated pattern are 1.59 and 1.64,
which are consistent with the fractal dimensions of Zhoukoudian dendrite. DLA has led to
the growth of random branching structures that closely resemble various important systems
in the earth sciences, providing possibilities for revealing the nature of complex geological
processes, and also for deepening the understanding of non-equilibrium phenomena.
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