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Abstract: In this study, we propose and analyze three designs of a novel aerial system that aims for
autonomous firefighting missions in the body or border of water areas. In such areas, it is difficult and
even dangerous for human firefighters, and firefighting robots, to approach and put out the fire. Thus,
the systems proposed in this paper make use of the available water source not only for suppressing
the fire, but also for propelling and maneuvering themselves. The three designs are different in their
ways of actuating, namely flow rate control, nozzle rotation control, and weight distribution control.
The designs are first introduced. Then, mathematical models are formulated and reveal the motion
characteristics of each system. A linear control framework is developed and implemented for all of
them. Simulation studies were conducted to verify their motion performance and subsequently, to
select the best solution. The results indicate that the weight distribution control system struggled to
follow the required reference while the two other designs both provided adequate maneuverability.
The nozzle rotation control system is the better one, with greater tracking results of the head part and
smaller fluctuations of the water hose.

Keywords: aerial firefighting system; motion control; servomechanism; system modeling; water-
powered system

1. Introduction

The use of remote-controlled robots and unmanned vehicles in hazardous environ-
ments has been attracting much interest. In such environments, human exposure would
either represent a threat to life or a long-term health concern. In particular, in a firefighting
mission, firefighters have to carry heavy hoses and tools over a significant distance and
under extreme conditions of heat, smoke, and structures that could collapse at any mo-
ment. Over the past decade, terrestrial robots and multi-propeller aerial vehicles have been
deployed in these missions. Unfortunately, many of their characteristics make their use
may ineffective.

In terms of terrestrial firefighting robots, the most preferable configuration is in the
form of an all-terrain tracked utility vehicle. They usually have a highly durable yet
customizable chassis so that they can carry different tools for different tasks: firefighting,
heavy load transportation, taking measurements, protective water shield creation, etc. For
solely firefighting purposes, the robots equip with a motorized water cannon and carry
a fire hose conveying water from a fire hydrant. These robots can be operated remotely,
battling flames from close distances or in difficult locations, tunnels and explosives depots,
for example. Commercial products, such as Colossus and Rhyno Protect robots from Shark
Robotics (La Rochelle, France) [1], Thermite robots from Howe & Howe Technologies
(Waterboro, ME, USA) [2], and TEC800 from Angatec (Perigny, France) [3], have been
developed and deployed. However, moving on uneven terrain, for example, a pile of
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rubble, is not easy, not to mention the robot also has to pull a large fire hose with water. For
fire events in high places, water areas, and intricate structures, a terrestrial robot cannot
approach. Then, the only solution is to shoot a powerful jet of water from a far distance,
which is not only ineffective, but can also cause property damage. Other types of terrestrial
firefighting robots have also been studied, such as legged robots [4,5], snake robots [6], and
even humanoid robots [7,8], but practicability is still low.

An aerial firefighting system can overcome the above problems easily. Hence, multi-
propeller aerial vehicles have been used to carry firefighting tools and perform firefighting
missions. The flight maneuverability and flexibility of the vehicles allow them to reach
almost every fire location. The aerial systems also have a high-ground advantage over
the flame, thus improving the fire suppression efficiency. They also vary in design, fire
extinguishing material, and firefighting tactics. Numerous related problems have been
studied [9–13], and prototypes have been tested [14–17]. However, the operation of these
systems is still limited in range and duration, and the size of the fire they can fight. For
larger-scale fires, multiple systems must cooperate to perform the task efficiently. Especially,
the airflow generated by the propellers may also blow the flames into neighboring areas.
Some systems, such as [17], avoid this problem by using a long extinguishing nozzle and
battling the flame from a distance. Eventually, this reduced the maneuverability of the
system. High-speed rotating blades are also not a good choice in terms of reducing human
injury or property damage.

Therefore, in this study, we propose the use of novel firefighting systems that take
advantage of aerial ones and overcome the limitation of the multi-propeller configuration.
Instead, we use waterpower, not only to put out the fire, but also to propel and maneuver
the systems. The systems are aimed to battle fire events in the body or border of water areas,
such as on a narrow bridge, in a crowded harbor, and over a boat on the sea. The enormous
amount of water in these areas allows water-powered systems to operate successfully.
Meanwhile, it is difficult, or in some cases impossible, for human firefighters and other
firefighting robots to access and perform their duties. The proposed systems could also use
water from fire hydrants and could therefore be extended to fire accidents in buildings or
cities. Figure 1 illustrates some of these operating scenarios.
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We consider three novel designs of the water-powered aerial firefighting system with
different motion characteristics. Each has a water pump to pressurize water and a flexible
hose to convey the water to a nozzle assembly to generate thrust. An additional nozzle
is used to spray water for firefighting. The three designs are different in their ways of
flight operation. They are, namely, flow rate control, nozzle rotation control, and weight
distribution control. Their detailed structures are explained in Section 3. Then, we formulate
the systems’ dynamical characteristics. In the sections after, linear controllers with the
same structure are implemented and simulation studies are conducted for all systems. The
objective is to validate the maneuverability of each design and reveal the actuating method
with the most desirable characteristics to be further developed. Accordingly, the novelties
and contributions of this study can be summarized as follows:

• Novel water-powered aerial firefighting systems with three different actuation meth-
ods are proposed and designed, namely flow rate control, nozzle rotation control, and
weight distribution control.

• Mathematical models of these novel systems are derived in form of coupled ordinary–
partial differential equations. The models reveal the motion characteristics of each
designed system.

• A linear motion control scheme is designed and implemented for the three systems.
• Simulation tests validate and compare the systems’ maneuvering characteristics. The

simulation scenario provides movements in all directions, but with different timing
or reference to validate the responses in each direction and realize the interactions
between them. Accordingly, the best solution can be obtained.

2. Related Studies

The proposed systems in this study are inspired by hydroflight equipment, such as
jetpacks [18,19], flyboards [19,20], jetovator [21], and aquadrone [22]. They have shown the
capability of water-powered aerial systems. Unfortunately, these hydroflight equipment are
either manual or semi-automated, and their applications are mainly in hydroflight sports,
entertainment, and show performances. The way a person leans his/her body to operate
hydroflight equipment gives us the idea of the weight distribution actuator in our third
design. In 2017, firefighters in Dubai demonstrated the use of a water-powered flyboard to
get them to the height they need to tackle a fire [23,24]. The fire hose pumped water from
the source below and gave an infinite water supply.

Liu and Zhou [25] experimented with two actuating mechanisms for unmanned
water-powered aerial vehicles, namely nozzle-gimbaled and flow-regulated mechanisms.
Similar to our nozzle rotation and flow rate control designs, they all implement the idea
of controlling the direction and the amplitude, respectively, of the thrust generated by
each nozzle. However, their designs are different from ours, which results in different
motion characteristics. For instance, their nozzle-gimbaled mechanism leads to the non-
minimum phase phenomena, and their flow-regulated mechanism is not able to control the
yaw motion. Additionally, their systems’ motion equations are rudimentary such that the
motion of the system is neglected in the generation of thrust and the effects of the hose are
results from a number of assumptions without the explicit hose’s dynamics.

On the other hand, our systems share the similar objective of using water for propelling
and firefighting with the Dragon Firefighter system from Tohoku University, Japan. The
system was first proposed in [26], and by considering the system as a flexible continuum
robot, multiple problems related to its motion dynamics were subsequently solved [27–30].
Besides similar purposes, our systems differ from theirs in almost every aspect, such as
design, modeling, and control. For instance, the Dragon Firefighter consists of a module
of four rotary nozzles arranged differently from ours. Additionally, the water jets from
these nozzles not only propel the system, but also suppress the fire simultaneously. For
conveying water to the nozzles, the hose in their system is short and kept horizontal,
connect directly to the nozzle module with an oscillation suppression mechanism.
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Furthermore, partial and naive ideas of this study have been presented in our previous
publications [31,32]. In both studies, the dynamics of the hose were neglected, which could
not help to fully understand the system characteristics. In [31], we presented the idea
of separately controlling the flow rate of each thrust nozzle. However, from a practical
perspective, it cannot be the case. In [32], we explored the idea of controlling the weight
distribution to maneuver the system. The actuating mechanism was different from that in
the third system in this paper, and only five degrees of freedom of the system motion were
controllable.

3. Proposed Designs

The proposed system consists of a water pump, a flexible hose, and a head part. The
pump is placed on the ground or floats on the water, depending on the location of the
fire accident. The hose conveys the pumped water to the head part for both generating
thrust and battling the fire. Arranged on the head part are a thrust nozzles assembly, a fire
extinguishing nozzle, instruments, and actuation systems. A swivel ball joint connects the
head and the hose so that the torques from the conveying hose are isolated to the head.

In terms of the head part design details, there are four nozzles whose outlets are
much smaller than the head inlet. The front-left nozzle is denoted as nozzle no.1. Nozzles
no.2 to 4 are indicated following the counterclockwise direction. The water speeded
up while flowing through the nozzles and thus, generating thrust. Differing from other
commercial water-powered devices, the nozzles do not spurt the water straight down,
but at a certain angle. This is for enhancing the stability of the head part motion. In a
firefighting mission, the system flies above the flame, takes the high ground advantage,
then the fire extinguishing nozzle spray widely the water to cover the flame. The fire
extinguishing nozzle is designed such that its axis passes through the mass center of the
head and does not create an unwanted torque by spraying out water.

The head can be kept stabilizing or flying around by either regulating the flow rate
through the nozzles or the direction of the nozzles, which are correspondingly controlling
the amplitude and direction of the thrust generated by the nozzle assembly. The three
proposed designs are different in their ways of actuating. Figure 2 illustrates the design of
the flow rate control system, the nozzle rotation system, and the weight distribution control
system, from the left to right, respectively.
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3.1. Flow Rate Control System

Three motorized valves are used to manipulate the amount of water going through
each nozzle. Two of them distribute the water between two nozzles symmetrically about
the head center, i.e., no. 1–3 nozzles and no. 2–4 nozzles. The other valve, i.e., the main
valve, regulates the water flow between the two mentioned pairs. The yaw motion is
achieved by operating this valve. The nozzles are fixed on the head part. The plane of the
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front nozzles is parallel to that of the rear, and the longitudinal motion of the head depends
on its pitch orientation only. Water flutter phenomena may appear in this design, due to
the sudden change of the flow from the opening/closing of the valves.

3.2. Nozzle Rotation Control System

Four nozzles connect to the main manifold by swivel joints so that they are rotatable.
Servo motors are used to operate the nozzles’ rotations. In this way, the direction of the
force generated by each nozzle can be changed. Nozzles no. 1 and 3 are linked together
to achieve the minimal 3 actuators. The radially symmetrical arrangement of the nozzles
avoids water jets from intersecting. However, this results in the input coupling in both
horizontal motions.

3.3. Weight Distribution Control System

This design is inspired by the way a person leans his/her body to operate a jet board.
In this system, a 2-degree linear motion mechanism is utilized on the horizontal plane of
the head part. A weight block is shifted around by this mechanism resulting in a change
in the total weight distribution of the head and the movement of the system. Moreover, it
is shown in the mathematical model that the weight distribution control cannot operate
the yaw rotation. Thus, a fan impeller is used, in which the drag moment of the fan rotates
the head part, while it is arranged such that the air is blown upward, thus overcoming
the drawbacks of the propeller-type firefighting system. However, this design may lead to
complicated construction, weight increase, and non-minimum phase phenomenon due to
the acceleration of the weight block.

4. System Modeling
4.1. Coordinate Systems and Kinematic Relationships

In order to analyze the motion characteristics of each design, mathematical models are
formulated in this Section. For the sake of modeling, two Cartesian coordinates are defined
and considered: the Earth reference and the head part fixed coordinates. A curvilinear
coordinate is placed along the centerline of the water-conveying hose, with the beginning
at the outlet of the pump and the ending at the head inlet. The coordinate systems are
illustrated in Figure 3.
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The kinematic relationship between two Cartesian coordinates is given by the follow-
ing transformation matrix: [

v
.

ϕ

]
=

[
Rb

E O3
O3 Rb

Euler

][
vb
ωb

]
(1)

where the dot stands for the differential with respect to time (the time variable is neglected

in the remaining for simplicity). Hence, v =
[ .

X
.

Y
.
Z
]T

and vb =
[ .

Xb
.

Yb
.
Zb

]T

are the translational velocity vectors of the head in the reference frame and body frame,

respectively.
.

ϕ =
[ .
φ

.
θ

.
ψ
]T

is the vector of Euler angle rates in XYZ rotation order, and

ωb =
[
ωxb ωyb ωzb

]T is the vector of the corresponding angular velocities. Rb
E and

Rb
Euler are the rotation matrices from the body frame to the reference frame and Euler angles,

respectively. On is the n-by-n zero matrix. For the sake of clarity, the subscript b in the
remaining of the paper is for the body-fixed frame.

Subsequently, the velocity of the water flow at an inlet or outlet j, which is positioned
by the vector rjb in the body-fixed coordinate, namely Vjb, is given by:

Vjb = Vj
^
njb + ωb × rjb + vb, (2)

where j = h, l, i (i = 1 ∼ 4) indicate the head inlet section, the outlet of the fire extin-
guishing nozzle, and the ith thrust nozzle’s outlet, respectively. Vj is the axial velocity of the

water flowing through the j section and
^
njb is the normal vector of the section. The direction

of
^
njb follows the direction of the water flow going through the area. Especially, the normal

vector of the head inlet, i.e.,
^
nh observed in the reference frame, is also the tangent vector of

the water-conveying hose at this end. It is noted that the inlet port is designed such that

it locates at the origin of the coordinate. Hence, Vj
^
njb is the relative velocity of the jetted

water with respect to the head center. The cross-product term ωb × rjb is the change in the
water’s velocity due to the head rotation ωb. Finally, vb is the head translation contributing
to the absolute velocity of the water flow.

On the other hand, let rs =
[
X(s) Y(s) Z(s)

]T define the location of the hose
element at s curvilinear coordinate. The initial value of rs is denoted by rs0. The hose has a
uniform cross-sectional area so the water velocity at any point is equal to that at the head
inlet, i.e., Vh. Then, the hose and the fluid velocities are, respectively defined by:

Vp(s) =
.
rs, V f =

.
rs + Vhr′s (3)

where the prime stands for the differential with respect to s and r′s is the tangent vector of

the hose. At the end of the hose, i.e., s = Ls, Ls is the hose’s length,
.
rLs = v, and r′Ls =

^
nh,

Equations (2) and (3) are equivalent.

4.2. Water Conveying Hose Modeling

Either Newtonian, in the same manner as the head part in the next section, or Hamil-
tonian approaches can be adopted to establish the motion equations of the hose. Since the
deformation of the hose in our system is significant, the latter method is more intuitive.
The head part is first isolated from the hose and is replaced by a vector of reaction force.
Then, the modified Hamilton principle for the assembly of the hose and the water inside is
written as follows [33,34]:∫ t2

t1

δWdt + δ
∫ t2

t1

Ldt =
∫ t2

t1

[
m f Vh

( .
rL + Vhr′L

)
· δrL

]
dt (4)

where the right-hand terms associate with end effects due to the isolation of the head. δ
is Hamilton’s variational operator. L is the Lagrangian including kinetic energy, bending
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strain energy, and gravitation. The formulations of the energies are given in the same
manner in [33,34]. The term δW is the virtual works done by external forces, as follows:

δW =
∫ Ls

0 FT
s δr∆sds, r∆s = rs − rs0,

Fs = −Fpδ(s−Ls) + Frδ
(Zs−
√

Ah/π)
+ Fpp δ(s) − ph Ah

^
nhδ(s−Ls) + F0δ(s)

(5)

The forces mentioned in Equation (5) include the reaction force from the head −Fp;
the interactive force with surroundings Fr; the force due to the pumping pressure at the

hose inlet Fpp and exit pressure at the hose outlet −ph Ah
^
nh; the holding force due to the

connection of the hose inlet to the pump outlet F0. Additionally, the Dirac delta function
δ(·) indicates the part of the hose where the force applies.

Substitute the Lagrangian and the kinematics in Equation (3) into Equation (4), and
after a lengthy, but straightforward computation process, the governor equation of the hose
conveying water is obtained as follows:

(m f + mp)
..
rs = −2m f Vh

.
r′s −m f Vh

2r′′s − EIr′′′′s +
(

mp + m f

)
g + Frδ

(Zs−
√

Ah/π)
(6)

with the boundary conditions given by:

−Fp + EIr′′′Ls − ph Ah
^
nh + m f Vh

.
rLs = 0,

F0 + Ah pp + EI.X′′′ 0 = 0,
(X′′sδX′s)|Ls

0 = (Y′′sδY′s)|Ls
0 = (Z′′sδZ′s)|Ls

0 = 0

(7)

In which, mp and m f are the mass per unit length of the hose and the fluid, respectively.
The flexural rigidity of the hose is denoted by EI. g is the vector of the gravitational
acceleration. Finally, pp and ph are the gauge pressure at the pump outlet and the head
inlet, respectively.

Remark 1. In onshore firefighting missions, Fr contains the normal contact force with the ground
and frictional force generated by the motion of the hose on the ground surface [35]. In offshore
applications, Fr includes the buoyancy force, hydrodynamic force, seabed interaction force, etc. [36].

Remark 2. The three-dimensional translation rs can be reduced to two partial motions via the
inextensible condition of the hose [33,34].

4.3. Head Part Modeling

The head part can be considered as a rigid body by isolating the water hose, water
flow, and weight block (in the third design) and replacing them with reaction forces and
torques acting on the head. Figure 4 depicts the force allocation on the body-free diagram
of the head.

The dynamics of the head part, represented in the body-fixed frame, are given in the
following Newton-Euler formulations:

Mh
( .
vb + ωb × vb

)
= Fhb,

Jh
.

ωb + ωb × Jhωb = τhb
(8)

where Mh is the mass of the head with its flowing through water, Jh is the inertia tensor.
Fhb and τhb are the total force and torque acting on the head. With Assumptions (1)–(3), the
forces and torques can be represented as in Equation (9).
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Assumption 1. The water volume contained in the head is considered undeforming and moving.

Assumption 2. The water flow is steady. The remaining acceleration of the water will be treated as
input disturbances.

Assumption 3. External forces and torques due to wind, aerodynamic drag, and additional
mechanisms are neglected in this stage of development.

Fhb = (−∑4
i=1

.
miVib −

.
mlVlb +

.
mhVhb) + Mhgb + ph Ah

^
nhb + Fpb + Fwb,

τhb = (−∑4
i=1 rib ×

.
miVib − rlb ×

.
mlVlb) + τwb

(9)

with:
.

mh = ∑4
i=1

.
mi +

.
ml ,

.
mj = ρVj Aj, (j = h, l, i ), (10)

.
mj is the mass flow rate flowing through the cross-sectional area Aj. ρ is the water

density. The water conveyed by the hose is for both generating thrust and suppressing
a flame.

The terms in brackets in Equation (9) are the force and torque generated by the change
of the linear momentum of the water flowing through the head part. Considering the first
two assumptions, the force and torque depend only on the momentum through the head
inlet and the nozzles’ outlet. The water inlet of the head is located at the origin of the
coordinate so that no torque is created by the input water.

On the other hand, gb is the gravitational acceleration observed from the body-fixed

frame. ph Ah
^
nhb represents the force acting at the water inlet area Ah due to the gauge

pressure ph at this area. The reaction force from the water conveying hose is denoted by Fpb,
while the swivel ball joint, with the assumption of frictionless, isolates the reaction torque
transmitting to the head. Finally, Fwb and τwb are provided by the actuating mechanism in
the third design, thus they are zeros in the first two designs.

By considering the boundary conditions (7) and the kinematics (1–3), the resulting
equation of motion of the head part can be represented by:

Mh
.
v = ∑4

i=1

(
.

mi[ri]Rb
Eωb −

.
m2

i
^
ni/ρAi

)
−MhRb

E(
.
R

b
E)

T
v + Mhg + Rb

EFw + Γ,

Jh
.

ωb =
(

Rb
E

)T
∑4

i=1 [ri]

(
.

mi[ri]Rb
Eωb −

.
miv−

.
m2

i
^
ni/ρAi

)
+ τw + T

(11)
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with:

Γ = Mh[v]Rb
E(R

b
Euler)

−1 .
ϕ − .

m2
l

^
nl/ρAl +

.
ml [rl ]Rb

Eωb +
.

mh
2 ^
nh/ρAh + EIrLs

′′′ ,

T = [Jhωb]ωb −
(

Rb
E

)T
[rl ]

(
.

m2
l

^
nl/ρAl −

.
ml [rl ]Rb

Eωb + v
) (12)

and [∗] the skew-symmetric matrix constructed from the corresponding vector ∗.

4.4. Actuation Systems

The three proposed designs are different in their way to regulate the forces and torques
acting on the head part.

4.4.1. Flow Rate Control System

The flow rate at the nozzles’ outlet can be represented through the control input
uk, (k = 13, 1, 2) as follows:

.
m1 = (1 + u1)(1 + u13)

( .
mh −

.
ml
)
/4,

.
m2 = (1 + u2)(1− u13)

( .
mh −

.
ml
)
/4,

.
m3 = (1− u1)(1 + u13)

( .
mh −

.
ml
)
/4,

.
m4 = (1− u2)(1− u13)

( .
mh −

.
ml
)
/4,

−1 ≤ u13, u1, u2 ≤ 1

(13)

where uk, (k = 13, 1, 2) maps the opening of a three-way valve to the resulting flow rates
after it. u13 is for the main valve, u1 represents the valve that controls the flow rate between
nozzles 1 and 3, and u2 is for the flow rate between nozzles 2 and 4. uk = 0 is for the valve
at its neutral position and the water flow distributed equally to the two outlets after it.
uk = 1 indicates the valve is fully opened for the k-th nozzle(s) and fully closed for the
opposite one; uk = −1 is the opposite.

4.4.2. Nozzle Rotation Control System

If the influence of the elevation difference and loss coefficients among the nozzles
are neglected, then the flow rates jetted from the outlets are all equal. The changes in the
direction of the nozzles result in the change of water velocity at the outlets, and the position
vectors of the outlets, as follows:

^
n

λi

ib = R0
λi

^
n

0

ib, rib = ri0b + d
^
n

λi

ib (14)

In which, λi, (λmin < λi < λmax) is the rotation of the i-th nozzle about the axis of

the corresponding swivel joint, and R0
λi

is the matrix of this rotation.
^
n

0

ib and
^
n

λi

ib are the
normal vectors of the i-th outlet without and with the rotation λi·λ3 = −λ1 since nozzles
no.1 and 3 rotate together via the linkage between them. ri0 is defined as the position
vector of the center of rotation of the i-th nozzle, and d is the distance from this point to the
corresponding outlet.

4.4.3. Weight Distribution Control System

In the same manner as the previous system, the flow rates jetted from the outlets are all
equal. Moreover, the nozzles do not rotate. The maneuverability of the system is controlled
by the horizontal position of a weight block moving on its top, i.e., xw and yw. The reaction
force and torque act on the head part due to the movement of the weight block are obtained
from its motion dynamics as follows:

Fwb = Mw
(
gb −

.
vwb −ωb × vwb

)
,

τwb = rwb × Fw − Jw
.

ωb −ωb × Jwωb
(15)
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where:
vwb = vb + ωb × rwb +

.
rwb, Jw = Jw0 −Mw[rwb]

2 (16)

Mw is the mass of the block, and Jw and Jw0 are the inertia tensor of the weight
about the rotation center of the head and the mass center of the block, respectively. rwb =[
xw yw zw

]T is the position vector of the weight block, in which the vertical distance zw
is a constant value and horizontal positions xw and yw vary by the 2-degree linear motion
mechanism.

Remark 3. One can see the presence of the weight block’s acceleration, i.e.,
..
rwb, in the motion

equation of the head part. This acceleration introduces a non-minimum phase phenomenon to the
system. That is, when the weight block moves to tilt the head part in one direction, the inertia force of
the block makes the head initially moves backward before diving and moving in that same direction.

Remark 4. A person can fully control his/her flyboard, especially the yaw rotation, by leaning back
and forth, and side to side, thanks to the inextensible condition of the hose. However, with a long
hose conveying water in the firefighting task, the weight distribution control approach is insufficient
to control the yaw. Hence, an additional actuator is needed.

Now consider the use of an impeller fan, as in Figure 2c. Since its mass and inertia are
small so being neglected. When the fan rotates, it generates thrust force and drag moment
as follows [37]:

F f
wb =

[
0 0 −CTρa A f

(
R f ω f

)2
]T

,

τ
f

wb =
[
0 0 −CQρa A f R3

f ω2
f sign

(
ω f

)]T
,

(17)

with CT the thrust coefficient, CQ the drag coefficient, ρa the air density, A f the fan disk
area, R f the rotor radius, and ω f the fan angular velocity.

Remark 5. By substituting Equations (13), or (14), or (15), (16) and (17) into Equations (11) and
(12), the motion equations of each design are completely obtained.

5. Motion Control System Design

An identical linear control scheme is designed and implemented for all of the proposed
systems in order to evaluate their maneuverability. The objective of motion control is to
pilot the firefighting systems to their working positions and maintain the stability of the
systems while on duty. The working positions are represented by desired altitude, attitude,
and horizontal positions. For this objective, we first linearize the system models. In the case
of the water-conveying hose, the continuous partial differential equations are approximated
with the finite difference method. Let sn = n∆s, n = 1, 2, . . . , Ns, ∆s = L/Ns, the difference
operators [38] discretize and linearize Equation (6) to the following formulation:

..
rsn = −σ4

( .
rsn −

.
rsn−1

)
− σ1

(
rsn+2 + rsn−2

)
+ σ2

(
rsn+1 + rsn−1

)
− σ3rsn + g + Frδ

(zsn−
√

Ah/π)
/
(

mp + m f

)
,

σ1 = EI
(m f +mp)∆s4 , σ2 = 1

(m f +mp)

(
4EI
∆s4 −

m f Vh
2

∆s2

)
, σ3 = 1

(m f +mp)

(
6EI
∆s4 +

2m f Vh
2

∆s2

)
, σ4 =

2m f Vh
(m f +mp)∆s

(18)

or as in Equation (19).
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d
dt



rs1
rs2
rs3
rs4
rs5
...

.
rs1.
rs2.
rs3.
rs4.
rs5
...



=



O3Ns I3Ns
−σ3I3 σ2I3 −σ1I3 O3 O3
σ2I3 −σ3I3 σ2I3 −σ1I3 O3

−σ1I3 σ2I3 −σ3I3 σ2I3 −σ1I3

...
O3 −σ1I3 σ2I3 −σ3I3 σ2I3
O3 O3 −σ1I3 σ2I3 −σ3I3

· · ·

−σ4I3 O3 O3 O3 O3
σ4I3 −σ4I3 O3 O3 O3

O3 σ4I3 −σ4I3 O3 O3

...
O3 O3 σ4I3 −σ4I3 O3
O3 O3 O3 σ4I3 −σ4I3

· · ·





rs1
rs2
rs3
rs4
rs5
...

.
rs1.
rs2.
rs3.
rs4.
rs5
...



+



O3Ns×1

g +
Fr1δ(zs1−

√
Ah/π)

(mp+m f )

g +
Fr2δ(zs2−

√
Ah/π)

(mp+m f )
...


(19)

In which, In is the identity matrix of size n. From this state-space representation, one
can see that for a given hose, its stability depends on the flow rate of the water flowing
inside it. It is found that there is a critical flow rate, which is corresponding to a critical
flow velocity, such that when the flow rate of the water is below it, the hose is stable. In
contrast, when the water flow rate exceeds this critical value, flutter instability occurs. This
conclusion is compatible with the dynamics of cantilevered pipes in [33,34].

On the other hand, if the hose is stable, EIrLs
′′′ is bounded. Then, by treating the

influence of the hose on the head as disturbances, the motion equations of the head (11)
with its actuation system (Equations (13), or (14), or (15)–(17)) can be linearized about the
state variables, inputs, and outputs defined as follows:

X =
[

X Y Z− Z0 φ θ ψ
.

X
.

Y
.
Z ωxb ωyb ωzb

]T
,

U =


[ .

mh −
.

mh0 u13 u1 u2
]T for the 1st design[ .

mh −
.

mh0 λ1 λ2 λ4
]T for the 2nd design[ .

mh −
.

mh0 xw yw ω2
f sign

(
ω f

) ]T
for the 3rd design

,

Y =
[
X Y Z− Z0 ψ

]T ,
X0 =

[
O1×2 Z0 O1×9

]T , U0 =
[ .
mh0 O3×1

]T

(20)

where X0 and U0 define the local equilibrium point. Z0 is the desired altitude for the robot
head and

.
mh0 is the flow rate necessary to maintain the head at this height. The linear

state-space of each system has the following standard form:

.
X = AX + BU + D,

Y = CX
(21)

where matrices A and B are obtained by Lyapunov’s linearization method. C is the output
matrix, and D is the vector of nonlinearities and disturbances. Additionally, a robust
tracking and disturbance rejection control law is designed in the form:

U = −KfX + Kge +
[ .
ml O1×3

]T (22)

In which, e is the integration vector of tracking errors of the head’s horizontal positions,
altitude, and attitude, respectively. Kf and Kg are the gain matrices, whose values are
obtained using the linear matrix inequality method. Let us denote the following matrices,
which are the system matrices of the servomechanism with the state vector

[
XT eT]T :

¯
A =

[
A O12×4
−C O4

]
,

¯
B =

[
B

O4

]
,

~
B =

[
O3×13

I13

]
,

¯
C =

[
O2×3 I2 O2×11

O10×6 I10

]
, Us = diag(Umax)

(23)
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with Umax the vector of maximal values of control inputs. If there exist matrices Q and Z,
and a constant γ such that the following inequalities hold:

¯
AQ + Q

¯
A

T

+
¯
BZ + ZT

¯
B

T ~
B Q

¯
C

T

~
B −γI O

¯
CQ O −γI

 < 0,

Q > 0,
[

1 XT
0

X0 Q

]
> 0,

[
UT

s Us Z
ZT Q

]
> 0

(24)

the control gain matrices computed by:[
−Kf Kg

]
= ZQ−1 (25)

guarantees the criteria of the system robustness and input saturations given as follows [39]:

‖G‖∞ < γ, with G(s) =

 A− BKf BKg
−C O

~
B

¯
C O12×13

,

max
i
|Ui| < Umaxi, for i = 1 ∼ 4

(26)

The details of the system matrices and controllers’ gain matrices are given in Ap-
pendix A. One can see that the first matrix inequality in Equation (24) is the bounded-real
lemma for the servomechanism with the system matrices in Equation (23). Meanwhile, the
remainder in Equation (23) guarantees the constraints on the control input U.

6. Results and Discussion
In order to evaluate the maneuverability of each designed system, the above system

models and control law are taken into comparative simulations. In particular, the numerical
solution of the partial differential equation of the water hose can be rewritten as follows:

(m f + mp)∆s
..
rsn = −2m f Vh

( .
rsn −

.
rsn−1

)
− (τsn+1 − 2τsn + τsn−1)/∆s

−
(

mp + m f

)
∆sg + Fr∆sδ(zsn−

√
Ah/π) −m f Vh

2(rsn+1 − 2rsn + rsn−1 )/∆s,

τsn = kΦsn + c
.

Φsn , rsn = rsn−1 + ∆s
[

sβn
t

cβn
t
sαn

t
cβn

t
cαn

t

]T
(27)

where the bending moment τ, according to the elementary beam theory, is τ = EIrs ′′ .
Additionally, k = EI/L is the spring stiffness, c is the damping coefficient, and Φ is the
vector of rotation. Hence, the approximation of a water hose contains a collection of rigid
bodies with mass (m f + mp)∆s coupled with springs and dampers, as seen in the first and
last lines of Equation (27). This is similar to the lumped parameter method for modeling
a flexible body [40]. Moreover, each body element is also influenced by the water flow
through it which is given by the second line of Equation (27). The system is assumed to
operate in an onshore mission. That is, the interactive force Fr includes the normal contact
force with the ground and the frictional force generated by the motion of the hose on the
ground surface. They are modeled as in [41]. The specifications of the designed systems
and the parameters used in the simulation are listed in Table 1. It is also worth noting
that the actuators have their own dynamics in actual systems. Simply put, there is a time
required for the response of the actuators to reach the values given by the controller. In the
simulation studies, we integrated their complete CAD models and implemented first-order
filters to mimic these characteristics. We use MathWorks Simulink and Simscape Multibody
to solve the models and conduct the simulation tests.



Appl. Sci. 2023, 13, 1965 13 of 21

Table 1. Specifications of the designed systems.

Part Parameter Notation

Value

Flow Rate Control Nozzle Rotation
Control Weight Distribution Control

Robot head

Mass [kg] Mh 3.10 2.55 3.79

Inertial tensor
[kg ·m2]

Jh

 0.035 −0.001 −0.003
−0.001 0.034 −0.001
−0.003 −0.001 0.034

  0.032 0.002 −0.001
0.002 0.038 −0.001
−0.001 −0.001 0.039

  0.052 −0.005 −0.007
−0.005 0.051 0.008
−0.007 0.008 0.062



Thrust
nozzles

Outlet
position

vector [m]
r1b,

(r10b, d)

[
0.12 0.23 −0.03

]T r10b =
[
0.15 0.15 0.05

]T ,
d = 0.08

[
0.15 0.22 −0.02

]T

Outlet area
[m2] An 0.0022π

Nozzle angle
[rad] δb π/6

Actuation
system

Weight block
actuator’s

parameters
Jw0, Mw, zw

Jw0 =

0.14 0 0
0 0.13 0
0 0 0.15

 [kg ·m2],

Mw = 0.5 [kg], zw = 0.1 [m],

Control
saturations Umax

.
mh,max = 7.5 [kg /s],

ui,max = 1,
i = 13, 1, 2

.
mh,max = 7.5 [kg /s],
λi,max = π/2 [rad],

i = 1, 2, 4

.
mh,max = 7.5 [kg /s],

xw,max = yw,max = 0.2 [m]

Time
constants of
first-order

filters

Pump: 0.1 [s],
Valves: 0.01 [s]

Pump 0.1: [s],
Nozzles: 0.01 [s]

Pump: 0.1 [s],
Weight block: 0.2 [s],
Impeller fan: 0.01 [s]

Control
system

Linearization
point Z0,

.
mh0 Z0 = 3 [m],

.
mh0 = 2.3 [kg /s]

Bound on
∞-norm γ 1.45 3.6

Water hose

Cross area
[m2] Ah 0.0252π

Finite
difference’s
parameters

∆s,
Ns

∆s = 0.26 [m], Ns = 30

Stiffness
[N ·m/rad] k 2.865 Hose’s mass

[kg /m]
mp 0

Damping
[N ·m · s/rad] c 0.287 Water density

[kg/m3]
ρ 1000

Fire hose
nozzle Outlet area Al[m2] 0.022π Geometry

rlb,
δlb

rlb =
[
0.18 0 −0.07

]T
[ m],

δlb = π/18 [ rad]

Two scenarios were considered, simply put, one with and one without the firefighting
action. Three systems were initially land on the ground and take off and up the operating
altitude at 03 [m]. The beginning of the hose is simply fixed in the simulations. The systems
then perform positioning at the desired set points on the horizontal plane. At the same time,
the heading angles of the head parts vary following a sinusoidal trajectory. These motions
mimic the maneuver that a firefighting system has to perform while on duty, including
approaching several fire sites and spaying the water widely to cover the fires. Figure 5
and Supplementary Video S1 show the motions of the three considered systems without
the firefighting action. This simulation is to validate the maneuverability of these designs.
On the other hand, Figure 6 and Supplementary Video S2 present the results in the other
scenario, i.e., with the firefighting action. The action is represented by an additional water
flow of water through the fire extinguishing nozzle at a flow rate of 01 [kg/s], lasting 10 [s]
every 10 [s] interval. This flow is depicted in Figure 6e.

In the first scenario, all of the systems’ heads are able to follow the required references.
The tracking performances in Figure 5a and the time responses in each direction in Figure 5b
indicate that the flow rate control and nozzle rotation control systems perform significantly
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better than the weight distribution control approach. The two systems quickly reach the
desired altitude and properly track their motion references most of the time. Meanwhile, the
responses and control inputs (Figure 5d) of the weight distribution control system indicate
that it struggles to perform in every direction. The inertia force due to the movement of
the actuating weight affects the outputs of the system. Figure 5d also validates that the
control inputs of all systems are within their respective saturations. On the other hand,
the roll and pitch rotations of the heads should be ideally maintained at zeros. However,
these rotations are coupled with horizontal motions. Their values vary with time in order
to either move the system heads or compensate for the disturbances acting on the systems.
Their values in Figure 5b are kept nearby zero and prevent the systems from flipping over.
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flow rate.

Figure 5a,b and Supplementary Video S1 also show that the effects of the dynamics of
the water hoses on the motions of the heads are noteworthy. In particular, the tension of
the hoses leads to large overshoots in horizontal motions when the systems take off. The
tension also results in the fluctuations between the 20th [s] and 30th [s] when the systems’
heads reach their furthest positions. Moreover, the postures of the water hoses are plotted
for every second in Figure 5c. The Y* axis represents the Y-coordinate being spread out
with time. One can see that the water hose of the latest system fluctuates the most. This
contributes to the worst performance of this system. The hose in the flow rate control
design swings less than this, but more than the hose in the nozzle rotation control system.
The flow rate control system, as its name, regulates the flow rates of the nozzle to maneuver,
thus causing the flow to flutter inside the hose. This phenomenon can be seen in Figure 5d
and results in the hose movement. Then, more disturbances act on the motion of the system
head. That explains why its roll and pitch rotations oscillate more than those of the nozzle
rotation control system.

Similar comparative conclusions are drawn in the second scenario. The first two
designs provide adequate performance while the latest design performs worst. The nozzle
rotation control system remains the better one. The influence of the firefighting action
and the robustness of the control system are also revealed, as shown in Figure 6 and
Supplementary Video S2. Whenever a fire extinguishing nozzle changes its operating
status, the corresponding system initially deviates from its current position due to the
reaction force from this nozzle. The control inputs then quickly compensate it and bring the
head to the desired reference. However, the impact of disturbances on motion performances
is still considerable. The designed control law can preserve the systems’ stability, but cannot
effectively reject the disturbances acting on the system.

7. Conclusions

Three designs of water-powered aerial systems with different actuators have been
proposed and analyzed in this paper, namely the flow rate control system, nozzle rotation
control system, and weight distribution control system. The systems have potential in
the firefighting missions performed in water areas and can extend to every fire site with
sufficient water availability. In this study, the dynamical characteristics of the three systems
have been formulated. A linear control scheme has been designed and implemented for
them. In the end, the comparative simulations indicate that both the flow rate control
system and nozzle rotation control system provide adequate motion performance. For
these two systems, the designed control law preserves the systems’ stability and guarantees
the input saturations. The nozzle rotation control system is the better one, with greater
tracking results of the head and smaller fluctuations of the water hose. Therefore, this
design is chosen to be developed further.
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However, the designed control law cannot deal with perturbations effectively. The
linear controller is designed based on the linearization of the system about a local equilib-
rium point, such that nonlinearities and other effects are neglected. For the chosen actuator
method, more advanced control techniques will be considered where the motion of the
hose will be incorporated into the control law. At the same time, prototypes of the nozzle
rotation control system will be fabricated, and experimental studies will be conducted
for evaluation.
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Appendix A

Details of the linear state-space of each system given in Equation (21), and the control
matrices obtained by Equations (24) and (25), are as follows:

• For the flow rate control system:

A =



O6 I6

0 0 0 0
.

mh0
2cδ

4An Mhρ 0 0 0 0 0 h
.

mh0
Mh

0

0 0 0 −
.

mh0
2cδ

4An Mhρ 0 0 0 0 0 − h
.

mh0
Mh

0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 − h
.

mh0
Jxx

0 −
.

mh0h2+
.

mh0w2

Jxx
0 0

0 0 0 0 0 0 h
.

mh0
Jyy

0 0 0 −
.

mh0h2+
.

mh0 l2
Jyy

0

0 0 0 0 0 0 0 0 0 0 0 −
.

mh0 l2+
.

mh0w2

Jzz


,

B =



O6×4
0 0 0 0

0 0 0 −
.

mh0
2sδ

4An Mhρ.
mh0cδ

2An Mhρ 0 0 0

0 0 0
.

mh0
2(wcδ−hsδ)
4An Jxx ρ

0 0 − l
.

mh0
2cδ

4An Jyyρ 0

0 − l
.

mh0
2sδ

2An Jzzρ 0 0


, Kg =


0 0 2.113 0
0 0 0 −0.48

−1.265 −0.488 0 0
1.265 −0.488 0 0

,

K f =

0 0 2.544 0 0 0 0 0 0.755 0 0 0
0 0 0 0 0 −0.628 0 0 0 0 0 −0.064

−1.659 −0.64 0 1.492 −3.924 0 −0.711 −0.271 0 0.056 −0.156 0
1.659 −0.64 0 1.492 3.924 0 0.711 −0.271 0 0.056 −0.156 0

(A1)

• For the nozzle rotation control system:
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A =



O6 I6

0 0 0 0 σ1 0 0 0 0 0 −
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mh0 σ2
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0 0
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,
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mh0

(
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√
2dsδ
2

)2
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.
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)2
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B =
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, Kg =


0 0 1.726 0

0.913 −0.909 0 0
0.759 0.721 0 −0.625
−0.759 −0.721 0 −0.625

,

K f =

0 0 2.075 0 0 0 0 0 0.612 0 0 0
1.215 −1.205 0 3.72 3.866 0 0.516 −0.508 0 0.135 0.138 0
1.018 0.963 0 −3.174 3.439 −0.828 0.444 0.418 0 −0.131 0.139 −0.088
−1.018 −0.963 0 3.174 −3.439 −0.828 −0.444 −0.418 0 0.131 −0.139 −0.088

(A2)

• For the weight distribution control system:

A =



O6 I6
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