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Abstract: In order to strengthen disaster prevention control under deep resource development and
space utilization, it is necessary to construct a damage intrinsic model under complex stress states to
predict the mechanical behavior of deep-rock mass under cyclic loading. An indoor uniaxial cyclic
loading test on sandstone was carried out in this paper. By analyzing the mechanical properties
and energy transformation of the failure process, it was assumed that the failure of rock micro-units
follows a Weibull density function, and the damage intrinsic relationship was constructed using the
Mogi—Coulomb strength criterion. The constitutive rationality was verified via the nonlinear fitting
of the experimental curve and theoretical curve, and the model parameters were analyzed. This study
indicates that the cyclic loading procedure has a strengthening effect on the elastic modulus. The
brittleness of the rock increases with the cycle amplitude, the axial strain accumulates continuously,
and the hysteresis loop area increases gradually and moves to the right. The energy conversion of the
loading process is mainly split into the energy storage phase before the damage and the release phase
at the time of damage, and the dissipation energy percentage curve shows the groove evolution law.
The damage intrinsic model based on the Mogi—-Coulomb strength criterion accurately reflects the
ontological relationship of sandstone under cyclic loading, and the model parameters have clear
physical significance. This study has important theoretical and engineering meaning for predicting
the deformation and destruction of rocks.

Keywords: Mogi-Coulomb strength criterion; stepped loading and unloading; damage constitutive
model; sandstone damage; model parameter

1. Introduction

With the large-scale exploitation of shallow mineral resources in the earth, numbers
are approaching exhaustion, and mineral exploitation is expanding deeper. The deep
high-stress occurrence of this environment makes the rock have a mechanical behavior that
is different from that of shallower depths. Traditional rock mechanics theories and methods
may fail [1-4]. Moreover, with the construction of tunnels, the excavation of underground
chambers and other deep underground projects, rock in its original equilibrium state is
disturbed. As a result of repeated loading, the internal energy of the rock accumulates and
releases, damage accumulates and the stability of the engineering of the rock is affected,
thus causing a sequence of safety accidents, including rock burst and collapse. Therefore,
studying the mechanical properties of deep rock during cyclic loading at different stress
grades can contribute to disaster prediction and prevention.

At present, experts have conducted much research on the mechanical characteristics
of rock damage and have achieved many results. There are two main methods of studying
the mechanical characteristics of the rock. One is to explore the microscopic damage
mechanism, and the other is to describe the macroscopic deformation behavior [5-9]. Li
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et al. [10] constructed an intrinsic equation that can describe the whole stage of rock damage
under the new concept of the void strain ratio, describing the relationship between rock
deformation and void and skeleton deformation. Chen et al. [11] found that the Weibull
probability distribution ontological model is more reasonable and superior in the plastic
stage by establishing two constitutive models of rock micro-element strength, satisfying
the power function distribution and Weibull probability distribution, respectively. Hu
et al. [12] established an elastoplastic damage intrinsic equation considering different
damages under tension and compression-shear conditions. Xie et al. [13] constructed a
piecewise constitutive model based on the relationship between strain, void deformation
and skeleton deformation. They believe that the rock strain before the rock yield can be
composed of void strain and skeleton strain.

According to the laws of thermodynamics, material destruction is accompanied by
energy transformation [14,15]. Meng et al. [16] investigated the energy properties of
limestone under different confining pressures. Wu et al. [17] established a nonlinear
relationship between different energy characteristics of granite and cycle amplitude and
cycle times. Li et al. [18] performed comparative research of rock energy under different
moisture contents.

In summary, it is hard to represent rock changes under complex stress states by using
the damage intrinsic relation of conventional M-C and D-P theory. Based on this, a damage
intrinsic model considering the effect of intermediate principal stress can be established.
The strength of the rock micro-units satisfies the Mogi-Coulomb strength criterion, and the
micro-units failure follows the Weibull probability formula. The constitutive model with
fewer parameters can be combined with the nonlinear fitting function of the Origin software
to obtain the model parameters quickly. It is more suitable to analyze internal changes in
the deep underground surrounding rock. In this paper, the model verification and model
parameter analysis were carried out through a cyclic loading test on sandstone. The law of
mechanical parameters and the energy in the course of cyclic loading are explored, and
the damage properties of sandstone under high-stress cyclic loading were revealed, which
provides some theoretical support for underground engineering.

2. Sandstone Sample Preparation and Testing Process

A total of six standard cylindrical specimens with a diameter of 50 mm and a height of
100 mm were made according to the recommendations of the International Society of Rock
Mechanics, and the error of non-parallelism at both ends of the specimens was not more
than £0.05 mm. The shape of the specimen is shown in Figure 1.

Figure 1. Rock specimen.

The adopted test was the cyclic loading test. The sandstone cyclic loading tester is
shown in Figure 2. First, according to the uniaxial compression test of sandstone, the
unconfined uniaxial compressive strength of sandstone was determined to be 87.6 MPa.
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The cyclic loading test was divided into seven amplitudes, namely 30, 40, 50, 60, 70, 80 and
90 MPa, and the loading and unloading rate was 0.5 kN/s. Each cycle was loaded at a set
rate to a specified value and was then unloaded to 0 MPa at the same rate, and six cycles of
cyclic loading tests were performed in turn until the specimen was damaged. The specific
circulation method is shown in Figure 3.

Figure 2. Sandstone cyclic loading tester.
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Figure 3. Circulation method.

3. Test Curve Analysis

In order to simulate the disturbance effect of engineering instruments on sandstone,
a cyclic loading test was designed. The sample test curve under cyclic loading is shown
in Figure 4. Under repeated cyclic loading, the loading curve rises roughly along the
loading path parallel to the previous grade, showing an obvious rock deformation memory
phenomenon [19-22]. In the course of cyclic loading, the damage of sandstone accumulated
continuously, the internal cracks extended continuously, the axial strain increased continu-
ously, the test curves of cyclic loading moved forward continuously and the concave degree
increased continuously. At the peak load of the seventh cycle, the rock curve dropped
sharply, and the sandstone suddenly lost its carrying capacity.
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Figure 4. Sandstone cyclic loading test curve.

3.1. Elastic Modulus and Axial Strain

As an important mechanical parameter of rock, the elastic modulus highlights the
brittle characteristics of the rock. The elastic modulus under cyclic loading can be obtained
from a single cyclic loading curve [23]. In this paper, the elastic modulus of each cycle level
was calculated using the peak value of the loading curve and the minimum value of the
unloading curve. According to the mechanical indexes of sandstone under different upper
limit stresses, as shown in Figure 5, the internal void cracks of sandstone were continuously
compacted under the load, and the elastic modulus of rock increased continuously, which
could be roughly divided into two stages: rapid growth and stability. As the elastic modulus
of rock increased, the brittleness of rock gradually increased until the final unstable failure

of the rock.
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Figure 5. Mechanical indexes at different upper stresses.

Figure 5 also shows that, owing to the strengthening effect of repeated cyclic loading,
the friction of rock particles in the crack section was more intense. During the period
loading course of the rock, the damage accumulated continuously, and the axial strain
increased continuously until the post-peak stage of rock failure reached the maximum.
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3.2. Energy Characteristics

The cyclic loading process is accompanied by the input and output of energy. The
energy input during the loading process is partly used for the storage of rock elastic energy
and is partly dissipated due to the development of damage inside the rock. The relationship
among the three can be obtained according to the first theorem of thermodynamics [24-26].

U=U, + U )
€
u, = / ode 2
&
€1 €2
u, — / ode — / ode 3)
0 €1

where U is the total input energy density, U, is the elastic energy density and Uj; is the
dissipation energy density.

According to the diagram’s expression of the relationship between energy density
values in Figure 6, the elastic deformation energy stored in the rock unloading process was
released. The area under the unloading curve and the strain axis is the elastic energy density.
According to the relationship between fracture mechanics and energy, the area enclosed
by the loading curve and unloading curve is the dissipated energy density. Dissipation
energy consists of friction energy dissipation and crushing energy dissipation [27], which
causes the accumulation of rock internal damage, crack initiation and propagation, and
the formation of a sharp leaf-like hysteresis loop between the upper unloading curve and
the lower loading curve due to the multi-phase, multi-component and non-uniformity
characteristics of the rock.

A

)
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v
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Figure 6. Rock energy density value relationship diagram.

Energy conversion was used to further analyze the damage process inside the rock
under different cycle amplitudes. The results are shown in Figure 7. The analysis suggests
that the energy transformation process under cyclic loading can be divided into four
stages: the compaction stage, elastic stage, plastic stage and failure stage. The curve of the
dissipation energy percentage and elastic energy percentage shows obvious groove and
inverted groove evolution. In the compaction stage, due to the compaction of pores and
cracks in the rock, the percentage of dissipated energy in the input energy was large, but in
the compaction stage, the elastic stage and the plastic stage were still dominated by elastic
energy storage. In the plastic stage, due to the increase in the unrecoverable plastic strain
of the rock, the elastic energy of the rock decreased by 1.86%, and the dissipation energy
increased by 1.86%. In the failure phase, the elastic energy of the rock was released, and the
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dissipation energy increased rapidly, resulting in the loss of the carrying stability of the
rock. From an energy point of view, the sudden release of the elastic energy accumulated

inside the rock was the internal cause and power source of rock failure.
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Figure 7. Energy transformation during the cyclic loading process.
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Figure 8 shows the hysteresis loop contours and the hysteresis energy density—cycle
amplitude relationship curve. The analysis shows that, as the amplitude of the cycles
increased, the plastic damage of the rock increased continuously, the hysteresis loop moved
to the right, the area increased continuously and the hysteresis curve of the rock changed
from dense to sparse. The nonlinear data fitting of the rock hysteresis energy density and

cycle amplitude was carried out. The fitting results are as follows:
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Figure 8. Hysteretic loop profile and hysteretic energy density—cycle amplitude relationship curve.
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4. Establishment of the Constitutive Model
4.1. Establishment of the Damage Constitutive Relation

The damage intrinsic relation is based on the strain equivalence hypothesis proposed
by Lemaitre [28], as follows:

[0*] = [0]/(1 = D) = [E][¢] /(1 - D), ®)

where [0*] is the effective stress matrix; [0] is the nominal stress matrix; [E] is the elastic
matrix of the material; [¢°] is the elastic strain matrix; and D is the damage variable.

Due to the internal defects of the rock itself and many influencing factors in the
procedure of rock damage, the determination of the damage variables has always been a
top priority in the study of rock mechanics. According to different methods, the selection of
damage variables in different research directions is different. Based on the method adopted
by Cao et al. [29-31], this paper introduces two assumptions: the strength of the micro-units
satisfies the Weibull probability formula and the macroscopic isotropic of rock materials.
The formula for the rock failure criterion is assumed to be

f(o7) = ko, (6)

where k is the constant of material cohesion related to the internal friction angle. In line
with the probability principle, the probability of the rock micro-unit strength failure is

P[f(0")] = Plko]- @)

The probability of the damage variable is

ko
D= / G(x)dx, ®)
0
where: G(x) is the Weibull probability distribution.

4.2. Establishment of Rock Micro-Element Strength

Rock failure, according to the principles of calculus, is a macroscopic manifestation of
the strength failure of a large number of rock micro-elements. When any principal stress
on the rock reaches the yield strength of the rock, rock failure occurs. Most studies [32]
suggest that there is a threshold value when the intermediate primary stress o, increases.
When it is less than the threshold value, the rock strength increases with the increase in
the intermediate principal stress. When the intermediate primary stress surpasses the
threshold value, the strength starts to decline. There are also related studies [33,34] in
which, by keeping o7 and 03 unchanged, o> alone can lead to rock failure. However, the
Mohr-Coulomb and Griffith single shear theories lack the consideration of intermediate
principal stress, 0>, and it is difficult to express the state of rock mechanics in complex states.
Based on a large number of triaxial tests, Mogi et al. [35,36] considered the function of the
intermediate principal stress 0> and believed that the brittle fracture of the material occurs
in a plane parallel to the oy direction, and the distortion energy inside the material reaches
the limit value. The failure of the yield surface depends on the effective intermediate stress,
Oefs rather than the average effective stress, 0.

Oave = (Ul + oo+ 03)/3 )

The Mogi—Coulomb rock strength theory can better describe the unloading failure
characteristics under high-stress states. Therefore, the Mogi—Coulomb rock strength crite-
rion is introduced in this paper, and the octahedral stress is expressed as a function of the
effective intermediate stress [37], as follows:

Toss = & + Bof (10)
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Toss = 5\/((71 —0)’ 4 (02— 03)" + (03 — 01) (11)
01+ 03
Uef = P ’ (12)

01 = [Eer + p(0y +03)] exp[—(

where T, is the octahedral shear stress, «, B are material parameters related to the rock’s
mechanical characteristics and o, is the effective intermediate stress. Under the conven-
tional triaxial condition, the Mogi—Coulomb rock strength criterion degenerates into the
Mohr—Coulomb criterion relation, and then the following is obtained:

2V/2

x = TC cos ¢ (13)
B = 2\36 sin @, (14)

where c is the cohesion and ¢ is the internal friction angle.
Therefore, the micro-unit strength, considering damage based on the Mogi—Coulomb
strength formula, can be expressed as

* *
%) +0'3
2 7

A=a+p- (15)

where A is the distribution variable of micro-unit strength failure.

4.3. Establishment of Triaxial Constitutive Relation

Assuming that the damage of the rock material’s micro-units satisfies the Weibull prob-
ability distribution, the probability density distribution function of rock can be expressed

as m m—1 m
W)= (1)) expl=(1) ) (16)

where m and A are Weibull distribution parameters.
The damage variable obtained by substituting Equation (16) into Equation (8) yields

m

D= /OA Gx)dx = 1— exp[—(%o) . 17)

The general form of the generalized Hooke law and the Lemaitre strain equivalence
assumption is as follows:

1 e e
ei = glof —ulof + )]0 ),k =1,23), (18)

where E is the elastic modulus and y is the Poisson ratio.

0 = i’iD(i =1,2,3) (19)

Using Equation (19), the damage relation of the rock under triaxial action can be
obtained, as follows:

300 1= [Ber (o3 + o) expl—[(a+ p- 72 ) /0] | @)
01 = Ee1(1 — D) + (o2 + 03) (21)

or * £3 m
01 = Eey - exp[—[(a+ 8- Tr3)/20] |+ (02 +05). 22)

2
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In summary, from Equation (22), the rock uniaxial constitutive model is

m

01 = ey exp|—[(a + B ”T” “Eer)/Ad] |- (23)

4.4. Model Validation

In the past, most of the verification of Mogi—-Coulomb criterion has been based on
loading conditions, but it has been less focused on the verification of both loading and
unloading conditions. In this validation, in order to prevent the over-parameterization
of the intrinsic equation in the fitting process and the failure of the fitting, Equation (23)
is transformed, and the equivalent constitutive equation is constructed using A = « and
B=g. 1t

=B St y
01 = Eeyexp[—((A+ B- Ee1)/Ao)"] (24)

In the process of model validation, the basic physical parameters of the rock are as
follows: ¢ is 45.42° and c is 10.02 MPa. When the data fitting effect of Equation (24) is better,
the rationality of the intrinsic model can be confirmed. First, according to the cyclic loading
test, the loading and unloading test curves under each cycle amplitude were obtained.
Then, using the nonlinear fitting function of the Origin software, combined with the model
relationship (24), a new custom fitting function was established with m and A as parameters.
The applicability of the model’s establishment was quickly determined according to the
fitting correction coefficient R? through the rapid iteration of the Levenberg-Marquardt
method embedded in the software. The fitting curves of the loading stage amplitudes
of 30 MPa and 90 MPa and the unloading stage amplitudes of 30 MPa and 80 MPa were
randomly selected and compared with the test curves. The comparison results are shown
in Figures 9 and 10.

As shown in Figures 9-11, except for some deviations in the initial stage, the fitting
degree between the theoretical curve and the experimental curve is high. According to
the fitting parameters of each cycle level in Table 1, the fitting correction coefficient R?
of the fitting curve of the test data is above 0.99, which also shows that the rock intrinsic
relationship has good applicability and rationality. According to the comparison between
the loading phase and the unloading phase, the fitting effect of the loading section was better
than that of the unloading section. Moreover, the fitting effect of loading and unloading
curves with different amplitudes was compared. With the continuous accumulation of rock
damage, the fitting effect of the rock test curve is better.
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Figure 9. Curve fitting of loading section: (a) 30 MPa. (b) 90 MPa.
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Figure 10. Unloading curve fitting: (a) 30 MPa. (b) 80 MPa.
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Figure 11. Experimental curve fitting of whole-stage cyclic loading process.

Table 1. Fitting parameters of each cycle.

Loading or Unloading ~ Amplitude/MPa Ao/MPa m R?

30 24.940 —-1.767 0.997

40 28.451 —2.629 0.999

50 29.804 —2.822 0.998

Loading 60 30.947 —2.938 0.998
70 32.004 —2.998 0.998

80 33.148 —3.007 0.999

90 34.446 —2.800 0.997

30 28.483 —3.285 0.996

40 30.854 —3.401 0.995

Unloading 50 32.470 —3.475 0.995
60 33.996 —3.551 0.994

70 35.580 —3.553 0.994

80 37.603 —3.477 0.994

Through the observation of Table 1, the constitutive parameters Ay and m of the rock
in the loading section are smaller than those in the unloading section under different cycle
amplitudes. In the first five loading—unloading processes, the parameter A is proportional



Appl. Sci. 2023,13, 1690

11 0f 14

to the loading—unloading amplitude, and the parameter m is inversely proportional to
the loading—unloading amplitude. The m value of the rock increases slightly under the
sixth and seventh cyclic loading-unloading in the rock, approaching the failure stage. The
relationship between parameters Ay, m and the amplitude are shown in Figure 12.

40 - 9 -1.5
—&— Unloading section 1,
—#— Loading section A,
—o— Loading section m -1-20
35 —4A— Unloading section m
-4 -25
< =
30
- -3.0
4-35
25
1 1 1 1 1 _4‘0
30 40 50 60 70 80 90

Amplitude/MPa
Figure 12. Relationship between parameters Ay, m and amplitude.

5. Parameter Study

In the above tests of different loading and unloading sections of sandstone, the
Levenberg-Marquardt (L-M) method embedded in the nonlinear fitting function of Origin
software was used to select the iteration with initial values of the appropriate parameters
such that the residual error between the fitting function (24) and the test data was mini-
mized and the specific values of parameters m and Ay were obtained. It was found that
parameters Ay and m have certain rules. Therefore, the degree of influence and the physical
significance of constitutive parameters Ag and m on the theoretical curve of the constitutive
graded loading-unloading were determined via parametric studies.

5.1. Parameter m Study

Taking the first-stage loading as an example, the fixed parameter A value was 24.940,
and the values of m were —1, —1.5, =2 and —2.5. The study results of parameter m
are shown in Figure 13. When the stress level is less than 11 MPa, the theoretical curve
decreases with the m value, and the concave degree of the curve increases continuously.
Due to the large number of initial voids and cracks in the rock, the initial damage was
large, and the strain should have been changed greatly under an equal stress grade. When
the stress grade is greater than 11 MPa, the theoretical curve of the rock is steeper with
decreases in the value of m. According to the steepness of the curve, as the curve becomes
steeper, the elastic modulus becomes greater, the stiffness of the rock becomes greater, and
its brittleness becomes greater. It was easy to determine the value of m, which controls
the degree of brittleness of the rock. Under the same stress level, as the m value becomes
smaller, the rock strain becomes greater, and the initial damage becomes greater. Under
the action of cyclic stress, most of the work done by the initial stress of the rock acts on the
initial damage compaction stage, and less work is done for the extension and expansion
of rock cracks. Under the same external force, the total amount and growth rate of rock
cracks decrease. Compared with the larger m value, the initial damage of the rock is smaller,
the stress works earlier on crack propagation, and the cumulative number of cracks in
the rock is larger. Therefore, it can be inferred that the level of m reflects the degree of
crack propagation. As the degree of rock fracture propagation becomes greater, the level
of m becomes greater. According to the physical meaning of the value of m, because the
loading—unloading process of the sixth and seventh cycles approaches the rock failure
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stage, rock fracture extends and expands to a large extent, and its effect on the increase in
the level of m exceeds the effect of the initial damage of the rock on the reduction in the
level of m. The phenomenon of slight increases in m is also explained.

120

100 -

60

Stress/MPa

40 -

0
0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.016

Strain
Figure 13. Parameter m study.

5.2. Parameter Ay Study

Similarly, taking the first-stage loading as an example, the fixed parameter m was
—1.767, and the A values were 20, 25, 30 and 35. The study results of parameter A( are
displayed in Figure 14. As can be observed, the shapes of the theoretical curves under
different A values are generally similar. With increases in the value of Ay, the peak strength
of the curve decreases continuously, and the curve becomes flatter. It is easy to conclude
that parameter Ag has an important impact on the average macroscopic strength of the rock.

120
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80
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20

0
0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.016 0.018
Strain

Figure 14. Parameter A study.

6. Conclusions

(1) Under cyclic loading, the elastic modulus is proportional to the cycle amplitude.
During the cyclic loading process, cracks continue to expand, axial strain continues to
increase, and rock damage continues to accumulate.
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(2)  Under the action of cyclic loading, the elastic energy of sandstone accumulates contin-
uously. In the damage stage, the percentage of dissipated energy increases obviously,
and the percentage curve shows obvious groove evolution characteristics. The hys-
teresis energy density gradually increases with the cycle amplitude, and the hysteresis
curve changes from dense to sparse, constantly moving toward the direction of strain
increase.

(3) A damage intrinsic model based on the Mogi—Coulomb rock strength criterion is
established, which can accurately reflect the ontological relationship of sandstone
under cyclic loading.

(4) The influence of parameters on the theoretical curve and its physical meaning are
determined. Parameter A is related to the average macroscopic strength of the rock.
As parameter Ay becomes larger, the theoretical curve becomes smoother, and the
average macroscopic strength of the rock becomes smaller. Parameter  is related to
the initial damage, degree of brittleness and degree of crack extension. As parameter
m becomes larger, the concave degree of the theoretical curve is becomes smaller, the
initial damage of the rock becomes smaller, the degree of brittleness becomes smaller,
and the degree of crack extension becomes larger.
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