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Abstract: In this paper, the divergent instability and coupled flutter characteristics of axially moving
beams made of functionally graded materials (FGM) are studied using the interpolation matrix
method. The material property of the beam is designed to change smoothly and continuously along
the thickness direction. In considering the Euler-Bernoulli beam theory, Hamilton’s principle is used
to derive the differential equation of the transverse vibration kinematics of axially moving FGM
beams. In addition, the calculation model for solving the complex frequency of the beam based on the
interpolation matrix method has been established. The presented solutions are compared with those
in the literature to illustrate the effectiveness of the interpolation matrix method. The results show
that the divergence and flutter velocities of axially moving FGM beams tend to decrease with the
increase of the material gradient index, and there is a very narrow stability region between the first
static instability region (divergence) and the first dynamic instability region (first- and second-order
coupled flutter).

Keywords: functionally graded materials (FGM); free vibration; natural complex frequency;
divergence speed; flutter velocity

1. Introduction

Axial moving structures carry important technical meaning and present a series of
engineering problems in industrial, mechanical, civil, aerospace, automotive, and electron-
ics applications. In addition, such problems appear in the textile industry with thread
lines, chain and belt drives, high-speed paper and tape, band saw blades, filament winding,
filaments, aerial cable tracks, cooling tower battens, etc. Further, Wickert [1] and Pelli-
cano [2] mentioned in their research on axially moving structures that, even at low speed,
the axial velocity of the structure would significantly affect the dynamic characteristics of
the structure, thus causing changes in the natural frequency and complex modes. However,
when the critical axial velocity is exceeded, the engineering structure may suffer severe
instability and coupled chatter, resulting in structural failure. Hence, accurate prediction of
the dynamic characteristics and instability of such structures in advance is very important
for successful analysis and optimization of the technical equipment design. So far, the
differential equations of motion of axially moving beams have been solved by various
means, including Galerkin’s method [3], the assumed mode method [4], the finite element
method [5,6], Green’s function method [7], the transfer function method [8], the pertur-
bation method [9], the asymptotic method [10], and the Laplace transform method [11].
Lee et al. [12] established a spectral element model of an axially moving Timoshenko
beam under axially uniform tension. Then, the accuracy of the spectral element solution
is verified by comparison with the conventional finite element solution and the exact
analytical solution.
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The FGM is a composite material whose properties vary continuously and smoothly
from a ceramic surface to a metal surface in a specific structural direction. The ceramic
surface protects the metal surface from corrosion and thermal damage, while the metal part
provides strength and stiffness to the functionally graded material structure. Additionally,
FGMs can be used in harsh environments with high temperatures. In this case, the use of
FGMs can play a constructive role in extending the material service life. Currently, there
have been considerable achievements made in the research on the mechanical behavior of
FGMs and their components. Based on various beam theories, Mesut [13] analyzed the
dynamic characteristics of functionally graded beams under the action of moving loads.
Further considering the transverse shear deformation, Yan et al. [14] studied the dynamic
response of functionally graded beams with boundary cracks on an elastic foundation un-
der transverse loads of constant velocity. Liqun et al. [15] studied the parametric vibration
of an axially moving viscoelastic beam with varying velocity in the range of subharmonic
resonance and combined resonance. Zhongmin et al. [16] used the differential quadrature
method to analyze the changes in the real and imaginary transverse vibration complex
frequency of a functionally graded, simply supported beam in axial motion with parame-
ters such as axial motion velocity and gradient index. However, in considering that the
vibration of axially moving cantilever beams would affect the system’s safety and stability,
Liang et al. [17] analyzed the vibration characteristics of functionally graded cantilever
beams. Haibo et al. [18] analyzed the influences of axial force, axial force derivative, and
motion acceleration on the inherent characteristics of the beam, and conducted a compara-
tive study on the influencing factors such as critical load and critical velocity. The free and
forced vibrations of an FG porous tube subjected to a moving, distributed load are investi-
gated within the framework of a refined beam theory by Yuewu et al. [19]. Subsequently,
Yuewu et al. [20] discuss the mechanical behaviors of an axially functionally graded (AFG)
beam in microscales subjected to a moving mass. Based on Reddy’s shear deformation the-
ory, Yuewu et al. [21] developed for the first time a temperature-dependent GPL-reinforced
porous beam model to explore the thermal buckling/postbuckling responses of beams.

In this paper, the transverse vibration mechanical properties of an axially moving
FGM beam are studied under three boundary conditions: simply supported at two ends
(SS), clamp supported at one end and simply supported at the other end (CS), and clamp
supported at both ends (CC). Firstly, the displacement field and strain field of any point
on the beam section are given based on the Euler-Bernoulli beam theory. In addition,
according to the Hamilton principle, the free vibration motion differential equation of
the axially moving FGM beam with the natural frequency as the eigenvalue is derived.
Based on the basic theory of the interpolating matrix method (IMM) [22,23], the solution of
the eigenvalue of the free vibration kinematic differential equation of an axially moving
FGM beam is transformed into the solution of a set of eigenvalues of standard generalized
algebraic equations by using an integral matrix. Finally, all the complex frequencies Ω of
transverse free vibration of an axially moving FGM beam are solved at once by orthogo-
nal trigonometric decomposition (QR). Meanwhile, the static divergence instability and
dynamic coupling flutter characteristics of the axially moving FGM beam are studied.

2. Basic Theory and Calculation Formula

In a rectangular section beam, the elastic modulus E(z) and density ρ(z) of functionally
graded materials change along the z direction of height. Let beam length be L, rectangular
section height be h, width be b, and axial velocity be V. Then, a rectangular coordinate
system is established, as shown in Figure 1. It is hypothesized that the FGM properties
change along the z direction of height according to the arbitrary functions f (z) and g(z),
with the concrete expression shown as follows:

E(z) = Em f (z) (1a)

ρ(z) = ρmg(z) (1b)
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where, −h/2 ≤ z ≤ h/2, Em and ρm are the elastic modulus and density of the reference
material, respectively, and f (z) and g(z) are arbitrary functions with regard to coordinate z.
According to the Euler-Bernoulli beam theory, the displacement components ũ(x, z, t) and
w̃(x, z, t) of any point on the beam in the directions x and z can be expressed as:

ũ(x, z, t) = u(x, t)− z
∂w(x, t)

∂x
+ Vt (2a)

w̃(x, z, t) = w(x, t) (2b)

where, u(x,t) and w(x,t) are the axial displacement and transverse displacement of any point
on the beam axis, respectively, and Vt is the axial rigid body displacement generated by the
axial motion velocity V.

εx =
∂u(x, t)

∂x
− z

∂2w(x, t)
∂x2 (3a)

σx = E(z)εx = E(z)
[

∂u(x, t)
∂x

− z
∂2w(x, t)

∂x2

]
(3b)
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The strain energy U of an axially moving FGM beam is,

U =
1
2

∫ L

0

∫
A

σxεxdAdx =
1
2

∫ L

0

{
D0

(
∂u
∂x

) 2

− 2D1
∂u
∂x

∂2w
∂x2 +D2

(
∂2w
∂x2

)2}
dx (4)

Here, 
D0 =

∫
A E(z)dA = Em

∫
A f (z)dA = Em Aγ0

D1 =
∫

A E(z)zdA = Em
∫

A f (z)zdA = EmSγ1

D2 =
∫

A E(z)z2dA = Em
∫

A f (z)z2dA = Em Iγ2

(5)

The expressions of γ0, γ1, and γ2 are respectively,

γ0 =
1
A

∫
A

f (z)dA, γ1 =
1
S

∫
A

f (z)zdA, γ2 =
1
I

∫
A

f (z)z2dA (6)

In Equation (6), A = bh, S = bh2/2, I = bh3/12, the same as below. In the transverse
vibration of an axially moving FGM beam, the velocity of any point on the beam is,

ṽx =
∂ũ(x, z, t)

∂t
=

∂u(x, t)
∂t

− z
∂w(x, t)

∂x∂t
+ V (7)

ṽz =
∂w(x, t)

∂t
+ V

∂w(x, t)
∂x

(8)
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The kinetic energy K of the axially moving FGM beam is,

K = 1
2

∫ L
0

∫
A ρ(z)

(
ṽ2

x + ṽ2
z
)
dAdx

= 1
2

∫ L
0

{
I0

[(
∂u
∂t

)2
+ V2 + 2V ∂u

∂t +
(

∂w
∂t

)2
+ V2

(
∂w
∂x

)2
+ 2V ∂w

∂t
∂w
∂x

]
−2I1

(
V ∂2w

∂t∂x + ∂u
∂t

∂2w
∂t∂x

)
+ I2

(
∂2w
∂t∂x

)2
}

dx

(9)

Here, the expressions for I0, I1, and I2 are, respectively,
I0 =

∫
A ρ(z)dA = ρm

∫
A g(z)dA = ρm Aα0

I1 =
∫

A ρ(z)zdA = ρm
∫

A g(z)zdA = ρmSα1
I2 =

∫
A ρ(z)z2dA = ρm

∫
A g(z)z2dA = ρm Iα2

(10)

In Equation (10), the expressions for α0, α1, and α2 are respectively,

α0 =
1
A

∫
A

g(z)dA, α1 =
1
S

∫
A

g(z)zdA, α2 =
1
I

∫
A

g(z)z2dA (11)

According to the Hamilton principle δ
∫ t2

t1
(K−U)dt = 0, due to the arbitrariness of

the variable term, its coefficient of the variable term is zero [18], thus,

D1
∂3w
∂x3 − I1

∂3w
∂t2∂x

− D0
∂2u
∂x2 = 0 (12)

D2
∂4w
∂x4 + I0

(
∂2w
∂t2 + V2 ∂2w

∂x2 + 2V
∂2w
∂t∂x

)
− I2

∂4w
∂t2∂x2 + D1

∂3u
∂x3 = 0 (13)

By calculating the first-order partial derivatives of both sides of the equal sign in
Equation (12) with regard to x, the value ∂3u

∂x3 can be obtained as:

D0
∂3u
∂x3 = D1

∂4w
∂x4 − I1

∂4w
∂t2∂x2 (14)

By substituting Equation (14) into Equation (13) for decoupling, the kinematic differ-
ential equation of axially moving FGM beam can be obtained,(

D2 −
D2

1
D0

)
∂4w
∂x4 −

(
I2 − I1

D1

D0

)
∂4w

∂t2∂x2 + I0

(
∂2w
∂t2 + V2 ∂2w

∂x2 + 2V
∂2w
∂t∂x

)
= 0 (15)

The boundary conditions of a simply supported beam (SS) at both ends are [24],

w(0, t) = 0, w(L, t) = 0, w′′(0, t) = 0, w′′(L, t) = 0 (16a)

The boundary conditions of the clamp supported beam (CC) at both ends are,

w(0, t) = 0, w(L, t) = 0, w′(0, t) = 0, w′(L, t) = 0 (16b)

The boundary conditions of a beam (CS) clamp supported at one end and simply
supported at the other end are,

w(0, t) = 0, w(L, t) = 0, w′(0, t) = 0, w′′(L, t) = 0 (16c)
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Here, (· · · )′ = d(· · · )/dx, (· · · )′′ = d2(· · · )/dx2, the same as below. In order to
facilitate the subsequent programming calculation, the following normalized variables
are introduced.

W
(
ξ, t̃
)
=

w(x, t)
L

, ξ =
x
L

, t̃ =
t

L2

√
Em I
ρm A

, v = VL

√
Em I
ρm A

(17)

By substituting Equation (17) into the motion differential Equation (15) of an axially
moving FGM beam, there is

φ1
∂4W

(
ξ, t̃
)

∂ξ4 +
∂2W

(
ξ, t̃
)

∂t̃2
+ v2 ∂2W

(
ξ, t̃
)

∂ξ2 +2v
∂2W(ξ, v)

∂ξ∂t̃
− φ2

∂4W(ξ, v)
∂ξ2∂t̃2

= 0 (18)

where,

φ1 =
γ0γ2 − 3γ2

1
α0γ0

, φ2 =
α2γ0 − 3α1γ1

12λ2α0γ0
, λ =

L
h

(19)

Here, λ is the length-height ratio of the FGM beam. If the axial motion velocity of the
beam exceeds a certain critical value, the axially moving FGM beam may become unstable.
In order to study the stability of the moving beam, it is usually hypothesized that the form
of free vibration response is:

W
(
ξ, t̃
)
= W̃(ξ)eΩt̃ (20)

where, Ω is the normalized complex frequency and W̃(ξ) is the modal function. By
substituting Equation (20) into Equation (18), we have:

W̃(4)(ξ) +
v2

φ1
W̃ ′′(ξ)−Ω2 φ2

φ1
W̃ ′′(ξ) + Ω

2v
φ1

W̃ ′(ξ) + Ω2 1
φ1

W̃(ξ) = 0 (21)

The natural frequency Ω of the complex form can be expressed in the following form:

Ω ≡ Re(Ω) + iIm(Ω)

The instability type of an axially moving FGM beam can be determined by the signs of
the real part (Re) and imaginary part (Im) of all eigenvalues in Equation (21). Specifically,
when Re(Ω) = 0, Im(Ω) 6= 0, it is static stability; when Re(Ω) 6= 0, Im(Ω) = 0, it is a
static instability (divergence instability); and when Re(Ω) 6= 0, Im(Ω) 6= 0, it is a dynamic
instability (coupled flutter). In order to facilitate the derivation and simplification of the
following equations, let

g222 =
v2

φ1
, q222 =

φ2

φ1
, q221 =

2v
φ1

, q220 =
1
φ1

(22)

By substituting Equation (22) into Equation (21), it can be simplified as,

W̃(4)(ξ) + g222W̃ ′′(ξ)−Ω2q222W̃ ′′(ξ) + Ωq221W̃ ′(ξ) + Ω2q220W̃(ξ) = 0 (23)

The boundary conditions at both ends of the axially moving FGM beam after normal-
ization are,

W̃(0) = 0, W̃(1) = 0, W̃ ′′(0) = 0, W̃ ′′(1) = 0 (SS) (24a)

W̃(0) = 0, W̃(1) = 0, W̃ ′(0) = 0, W̃ ′(1) = 0 (CC) (24b)

W̃(0) = 0, W̃(1) = 0, W̃ ′(0) = 0, W̃ ′′(1) = 0 (CS) (24c)

To sum up, the natural frequency calculation of the axially moving FGM beam is
transformed into the solution of the eigenvalue of the ordinary differential Equation (23)
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under the boundary condition in Equation (24). Here, the interpolating matrix method is
used for solution [22,23].

From a static state, with the increase of beam axial velocity, each order natural fre-
quency of FGM beam decreases gradually. When the axial velocity reaches a certain value
so that the first-order natural frequency disappears, the velocity is the critical velocity. If
the FGM beam moves in the axial direction at a faster rate than this critical velocity, the
beam will lose static stability. According to this law, in Equation (21), if we let Ω = 0, then
the governing equation for solving the critical velocity of the axially moving FGM beam is,

W̃(4)(ξ) +
v2

φ1
W̃ ′′(ξ) = 0 (25)

Thus, the interpolating matrix method (IMM) is used to solve the ordinary differential
Equation (25) under the boundary condition in Equation (24), and the critical velocity of
the axially moving FGM beam can be calculated.

3. Calculation of the Natural Frequency of an Axially Moving FGM Beam Using the
Interpolating Matrix Method

The interpolating matrix method (IMM) [22,23] is an effective numerical calculation
method for solving eigenvalues and two-point boundary values of ordinary differential
equations. The method takes the highest derivative function in the ordinary differential
equation as the unknown parameter of the discrete system. The solution of the eigenvalue
of ordinary differential equations is transformed into the solution of the eigenvalue of
standard generalized algebraic equation sets by means of an integral matrix.

Figure 2 shows the calculation model of an axially moving FGM beam by the inter-
polating matrix method (IMM). The normalized interval [0,1] is divided into N discrete
elements, ξ0 = 0, ξN= 1. The length of a discrete element is ∆Li = ξi-ξi−1 = 1/N, and the
third derivative of an unknown function W̃(ξ) in an ordinary differential Equation (26) is
expressed by the function value of a discrete node on the beam length interval using the
difference method.

W̃ ′′′
(
ξ j
)
− W̃ ′′′(ξ0) =

∫ ξ j

ξ0

W̃(4)(ξ)dξ (j = 0 : N) (26)
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The unknown derivative W̃(4)(ξ) in the above equation is approximated by the inter-
polating function, i.e.,

W̃(4)(ξ) =
N

∑
i=1

W̃(4)(ξi)Li(ξ) (i = 0 : N) (27)
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where, Li(ξ) is the basis function of lagrangian interpolation. In this paper, quadratic
parabola interpolation is adopted, and its basis function is

Li(ξ) =



(ξ−ξi)(ξ−ξi+1)

2(∆li)
2

(ξ−ξi−1)(ξ−ξi+1)

−(∆li)
2

(ξ−ξi−1)(ξ−ξi)

2(∆li)
2

, ξ ∈ [ξi−1, ξi+1] (28)

By substituting Equations (27) and (28) into Equation (26), there is

W̃ ′′′
(
ξ j
)
− W̃ ′′′(ξ0) =

N

∑
i=0

W̃(4)(ξi)Dji (i = 0 : N; j = 0 : N) (29)

Here, D =
[
Dji
]
(N+1)×(N+1) =

∫ ξ j
ξ0

Li(ξ)dξ is the integral matrix, which depends on
the interpolation basic function Li(ξ). In order to facilitate the derivation of the following
formulas, the following two (N + 1)×1-order column vectors, τ, σ and an (N + 1) × (N + 1)-
order unit matrix I are introduced.

τ =


0
0
...
0


(N+1)×1

, σ =


1
1
...
1


(N+1)×1

, I =


1 0 · · · 0
0 1 · · · 0

0 0
. . . 0

0 0 · · · 1


(N+1)×(N+1)

(30)

Equation (29) can be written in vector form as follows:

W̃
′′′

= τW̃(ξ0) + τW̃ ′(ξ0) + τW̃ ′′(ξ0) + σW̃ ′′′(ξ0) + DW̃(4)(ξi)

= [τ, τ, τ, σ, D](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

= [J∗3 , J3](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

(31a)

Here, J∗3 = [τ, τ, τ, σ](N+1)×4, J3 = [D](N+1)×(N+1),

W̃
∗
=
{

W̃(ξ0), W̃ ′(ξ0), W̃ ′′(ξ0), W̃ ′′′(ξ0)
}T

,

W̃
(4)

=
{

W̃(4)(ξ0), W̃(4)(ξ1), W̃(4)(ξ2), · · · , W̃(4)(ξN)
}T

,

W̃
′′′

=
{

W̃ ′′′(ξ0), W̃ ′′′ (ξ1), W̃ ′′′(ξ2), · · · , W̃ ′′′(ξN)
}T

.
If the lower derivatives in the system of ordinary differential equations are gradually

replaced by higher derivatives, by recursion, there is

W̃
′′
= τW̃(ξ0) + τW̃ ′(ξ0) + σW̃ ′′(ξ0) + DσW̃ ′′′(ξ0) + D2W̃(4)(ξi)

=
[
τ, τ, σ, Dσ, D2]

(N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

= [J∗2 , J2](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

(31b)

Here, J∗2 = [τ, τ, σ, Dσ](N+1)×4, J2 =
[
D2]

(N+1)×(N+1),

W̃
′′
=
{

W̃ ′′(ξ0), W̃ ′′(ξ1), W̃ ′′(ξ2), · · · , W̃ ′′(ξN)
}T

W̃
′
= τW̃(ξ0) + σW̃ ′(ξ0) + DσW̃ ′′(ξ0) + D2σW̃ ′′′(ξ0) + D3W̃(4)(ξi)

=
[
τ, σ, Dσ, D2σ, D3]

(N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

= [J∗1 , J1](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

(31c)
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Here, J∗1 =
[
τ, σ, Dσ, D2σ

]
(N+1)×4,

J1 =
[
D3]

(N+1)×(N+1), W̃
′
=
{

W̃ ′(ξ0), W̃ ′(ξ1), W̃ ′(ξ2), · · · , W̃ ′(ξN)
}T

.

W̃ = σW̃(ξ0) + DσW̃ ′(ξ0) + D2σW̃ ′′(ξ0) + D3σW̃ ′′′(ξ0) + D4W̃(4)(ξi)

=
[
σ, Dσ, D2σ, D3σ, D4]

(N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

= [J∗0 , J0](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

(31d)

Here, J∗0 =
[
σ, Dσ, D2σ, D3σ

]
(N+1)×4, J0 =

[
D4]

(N+1)×(N+1),

W̃ =
{

W̃(ξ0), W̃(ξ1), W̃(ξ2), · · · , W̃(ξN)
}T

.

The highest derivative W̃(4)(ξ) of the ordinary differential equation (in Equation (23))
can be written directly in vector form as follows:

W̃
(4)

= τW̃(ξ0) + τW̃ ′(ξ0) + τW̃ ′′(ξ0) + τW̃ ′′′(ξ0) + IW̃(4)(ξi)

= [τ, τ, τ, τ, I](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

= [J∗4 , J4](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

(31e)

Here, J∗4 = [τ, τ, τ, τ](N+1)×4, J4 = [I](N+1)×(N+1),
Equation (31) is substituted into Equation (23) and converted into matrix form as follows,

[K∗11, K12](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

−Ω2[M∗11, M12](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

−Ω[M∗13, M14](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

= 0
(32)

where,
K∗11 = J∗4 + g222J∗2 , K12 = J4 + g222J2, M∗11 = q222J∗2 − q220J∗0 ,

M12 = q222J2 − q220J0, M∗13 = −q221J∗1 , M14 = −q221J1
.

Since Equation (32) contains Ω2, which makes the eigenvalue solution of generalized
algebraic equations nonlinear, a new (N + 1) × 1-order column vector Z̃(ξ) is introduced to
quasi-linearize Equation (32).

Z̃(ξ) = Ω[M∗11, M12](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

(33)

By substituting Equation (33) into Equation (32), we have:

[K∗11, K12](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

−ΩZ̃(N+1)×1 −Ω[M∗13, M14](N+1)×(N+5)

(
W̃
∗

W̃
(4)

)
(N+5)×1

= 0 (34)

By combining Equations (33) and (34) with the boundary condition in Equation (24),
we have:

0 K∗b Kb
I 0 0
0 K∗11 K12


 Z̃

W̃
∗

W̃
(4)


[2(N+1)+4]×1

−Ω

0 0 0
0 M∗11 M12
I M∗13 M14


 Z̃

W̃
∗

W̃
(4)


[2(N+1)+4]×1

=

0
0
0

 (35)
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When the axially moving FGM beam is simply supported at both ends (SS), the vector
form of the boundary condition is,

K∗b =



[J∗0 ]Il=0

[J∗0 ]Il=N

[J∗2 ]Il=0

[J∗2 ]Il=N


, Kb =


[J0]Il=0
[J0]Il=N
[J2]Il=0
[J2]Il=N

 (36a)

When the axially moving FGM beam is clamped at one end and simply supported at
the other end (CS), the vector form of the boundary condition is,

K∗b =



[J∗0 ]Il=0

[J∗0 ]Il=N

[J∗1 ]Il=0

[J∗2 ]Il=N


, Kb =



[J0]Il=0

[J0]Il=N

[J1]Il=0

[J2]Il=N


(36b)

When the axially moving FGM beam is clamped at both ends (CC), the vector form of
the boundary condition is,

K∗b =


[J∗0 ]Il=0
[J∗0 ]Il=N
[J∗1 ]Il=0
[J∗1 ]Il=N

, Kb =


[J0]Il=0
[J0]Il=N
[J1]Il=0
[J1]Il=N

 (36c)

In Equation (36), Il = 0 and Il = N. [· · · ]Il are represented as Il the row elements of
the matrix [· · · ]. The eigenvalue of a standard generalized algebraic equation set, such as
Equation (35), can be solved by orthogonal trigonometric decomposition (QR). The method
is the most effective and widely used method to solve all the eigenvalues of the matrix,
which can obtain several orders of normalized complex frequency Ω and the corresponding
modal function W̃

(
ξ j
)

of an axially moving FGM beam at one time.

4. Numerical Examples and Problem Discussion

In order to solve a specific problem, suppose the axially moving FGM beam is made
of ceramic and metal, and the elastic modulus E(z) and density ρ(z) of the material can be
expressed as:

E(z) = (Ec − Em)

(
z
h
+

1
2

)k
+ Em (37a)

ρ(z) = (ρc − ρm)

(
z
h
+

1
2

)k
+ ρm (37b)

where k is the material gradient index, the elastic modulus and density of metal materials
are Em = 210 GPa and ρm = 7800 kg/m3, respectively, and the elastic modulus and density of
ceramic materials are Ec = 390 GPa and ρc = 3960 kg/m3, respectively. When the functional
gradient index of the beam material k = 0 and k = ∞, the functional gradient material beam
degenerates into a uniform ceramic material beam and a metal material beam.

In order to verify the feasibility and accuracy of the interpolating matrix method (IMM)
in solving the natural frequency in free vibration of the FGM beam, the length-height ratio
of the FGM beam was set at λ = 10, and the number of discrete elements N = 6~22. Table 1
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shows the value of the dimensionless natural frequency of an axially moving FGM beam
calculated by the interpolating matrix method (IMM). The value is compared with the
results in the literature [16]. The numerical results show that when the number of discrete
beam length elements N is greater than or equal to 12, the numerical results in this paper
gradually converge to the actual value, and with the increase in the number of discrete
elements N, the interpolating matrix method (IMM) presents greater computational stability.
The number of beam length discrete elements N = 20. Tables 2 and 3 illustrate the numerical
solutions of the first three-order natural complex frequency using the interpolating matrix
method (IMM) for a simply supported beam (SS) with material gradient index k = 0.1 and
1.0 under different coaxial velocities v, which are completely consistent with the calculated
results of the existing literature [16]. The feasibility and accuracy of the interpolating matrix
method (IMM) in the analysis of transverse free vibration dynamics of axially moving FGM
beams are thus further verified.

Table 1. The change of the natural complex frequency Ω1 of an axially moving FGM beam with the
number of discrete elements N of the beam Length.

λ v Orders N k = 0.1 k = 1 k = 10

10 1.0 Im(Ω1)

6 17.2640239 12.9435352 10.3138156
8 17.2612122 12.9412079 10.3117430

10 17.2590450 12.9394837 10.3102699
12 17.2579142 12.9385884 10.3095090
14 17.2573203 12.9381188 10.3091105
16 17.2569923 12.9378596 10.3088908
18 17.2568014 12.9377088 10.3087629
20 17.2566848 12.9376167 10.3086849
22 17.2564886 12.9374618 10.3085536

Ref. [16] 17.26 12.94 10.31

Table 2. The calculated values of the first three dimensionless natural complex frequencies of the
FGM simply supported beam under different axial motion velocities v (k = 0.1).

Orders Method
k = 0.1

v = 0 v = 0.5 v = 1.0 v = 1.5 v = 2.0 v = 2.5 v = 3.0 v = 4.0

Im(Ω1)
Ref. [16] 17.60 17.51 17.261 16.83 16.23 15.43 14.44 11.69
Present 17.592882 17.509053 17.256451 16.831563 16.227915 15.434911 14.435610 11.686251

Im(Ω2)
Ref. [16] 70.37 70.32 70.14 69.86 69.45 68.93 68.28 66.62
Present 70.372588 70.315273 70.143095 69.855354 69.450866 68.927940 68.284344 66.623139

Im(Ω3)
Ref. [16] 158.35 158.30 158.15 157.90 157.55 157.10 156.55 155.14
Present 158.34866 158.29874 158.14891 157.89904 157.54885 157.09797 156.54593 155.13579

Table 3. The calculated values of the first three dimensionless natural complex frequencies of the
FGM simply supported beam under different axial motion velocities v (k = 1.0).

Orders Method
k = 1.0

v = 0 v = 0.5 v = 1.0 v = 1.5 v = 2.0 v = 2.5 v = 3.0 v = 4.0

Im(Ω1)
Ref. [16] 13.38 13.27 12.94 12.37 11.56 10.46 9.030 4.185
Present 13.381218 13.270916 12.937432 12.372323 11.558739 10.465210 9.0296415 4.1846219

Im(Ω2)
Ref. [16] 53.53 53.45 53.22 52.84 52.31 51.61 50.75 48.51
Present 53.525680 53.450306 53.223657 52.844129 52.308985 51.614255 50.754565 48.510044

Im(Ω3)
Ref. [16] 120.44 120.38 120.18 119.85 119.39 118.80 118.06 116.20
Present 120.44064 120.37500 120.17796 119.84917 119.38802 118.79367 118.06496 116.19830

Figures 3–5 show the change of the dimensionless natural complex frequency value Ω
of an axially moving FGM beam with axial velocity v when the FGM beam length-height
ratio is λ = 10, the material gradient index is k = 10, and the boundary conditions are simply
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supported at both ends (SS), clamp supported at one end and simply supported at the
other end (CS), and clamp supported at both ends (CC). When the dimensionless axial
velocity is lower than vD1 (vD1 is the first dimensionless divergence velocity), i.e., v ≤ vD1,
an axially moving FGM beam is stable because all the dimensionless natural frequency
values Ω are imaginary. However, if the dimensionless axial motion velocity is between
vD1 and vs (vs is the dimensionless axial motion velocity at the beginning of the second
stability zone), that is, when vD1 ≤ v ≤ vs, the first-order natural frequency Ω1 is a real
number, indicating the occurrence of static instability (i.e., divergence instability) of the
beam. Figures 3–5 show that there is a very narrow second stable region between vs and vF1,
that is, when vs ≤ v ≤ vF1, all natural frequencies are imaginary. If the dimensionless axial
velocity of the beam is greater than vF1, that is, when v≥ vF1, then the first and second order
dimensionless natural frequencies are a pair of complex conjugates, indicating that the
beam has dynamic instability (that is, the first and second order coupled flutter). Therefore,
vF1 is the minimum coupled flutter velocity of the beam. In Figures 3–5, vD2 is the second
dimensionless divergence velocity, and vF2 is the second dimensionless coupled flutter
velocity. When vD2 ≤ v ≤ vF2, it indicates the second occurrence of static instability of the
beam (i.e., the second occurrence of divergence instability). When v ≥ vF2, it indicates the
second occurrence of dynamic instability (i.e., second- and third-order coupled flutter).
The values of all critical axial velocities (vD1, vs, vF1, vD2, and vF2) in Figures 3–5 calculated
by the interpolating matrix method (IMM) are listed in Table 4. Tables 5–7 are the IMM
calculated values of the dimensionless critical velocity when the gradient index of the
functionally graded material is k = 11~15. The calculation results show that with the
increase of the material gradient index k, the divergence velocity vD1 and flutter velocity
vF1 of the axially moving FGM beam tend to decrease. The main reason is that when the
material gradient index k gradually increases from 0 to, ∞, the stiffness of the beam material
gradually decreases.
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Table 4. Critical velocity of dimensionless axial motion of FGM beam with functionally graded
materials under different boundary conditions.

k Boundary
Condition

Dimensionless Critical Axial Velocity of SS Beam

vD1 vs vF1 vD2 vF2

10
SS 3.45612848 6.91230903 7.105330000 10.31880210 11.26140000
CS 4.94329742 8.49885742 8.820195000 11.99671700 13.10100000
CC 6.91230903 9.88692206 10.76850000 13.82628580 15.10870000
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Table 5. The effects of gradient parameter k of material on the dimensionless critical axial velocities
of FGM beam (SS).

k
Dimensionless Critical Axial Velocity of SS Beam

vD1 vs vF1 vD2 vF2

11 3.43661589 6.87328355 7.065000000 10.3102620 11.19784000
12 3.41943125 6.83891402 7.030000000 10.2587060 11.14182000
13 3.40416891 6.80838910 6.998000000 10.2129172 11.09200000
14 3.39051587 6.78108283 6.970000000 10.1719564 11.04750000
15 3.37822571 6.75650231 6.944900000 10.1350844 11.00740000

Table 6. The effects of gradient parameter k of material on the dimensionless critical axial velocities
of FGM beam (CS).

k
Dimensionless Critical Axial Velocity

vD1 vs vF1 vD2 vF2

11 4.91538857 8.45087461 8.77035300 11.9289860 13.02699000
12 4.89080941 8.40861641 8.72648000 11.8693356 12.96194000
13 4.86897969 8.37108526 8.68739900 11.8163578 12.90400000
14 4.84945177 8.33751151 8.65250000 11.7689662 12.85200000
15 4.83187315 8.30728915 8.62130000 11.7263053 12.80540000

Table 7. The effects of gradient parameter k of material on the dimensionless critical axial velocities
of FGM beam (CC).

k
Dimensionless Critical Axial Velocity

vD1 vs vF1 vD2 vF2

11 6.87328355 9.83110253 10.70751000 13.7482254 15.02333000
12 6.83891402 9.78194257 10.65410000 13.6794780 14.94800000
13 6.80838910 9.73828169 10.60660000 13.6184208 14.88120000
14 6.78108283 9.69922455 10.56400000 13.5638017 14.82182000
15 6.75650231 9.66406616 10.52533000 13.5146347 14.76813600

The modal function of an axially moving Euler-Bernoulli beam has a complex mode.
In this paper, the interpolating matrix method (IMM) can not only be used to calculate
the natural frequencies of several orders before the transverse free vibration of an axially
moving FGM beam but also solve the corresponding modal function. Let the material
gradient index k = ∞, and then the FGM beam degenerates into a uniform metal beam.
Figure 6 compares the real part of the first-order mode of the uniform metal beam under
different axial velocities (v). The study found that the static SS beam and CC beam with
symmetry in the first order mode are distorted due to the influence of the axial velocities
v. Therefore, the original symmetry of Euler-Bernoulli beams of uniform metal materials
under static SS and CC boundary conditions cannot be applied to the case of axially moving
beams, especially for beams with great axial velocities. Moreover, axial motion velocities
exert a greater influence on the first-order modal distortion of a beam clamped at both ends
(CC) compared to a beam simply supported at both ends (SS).
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5. Conclusions

Based on the Euler-Bernoulli beam theory and the Hamilton principle, the transverse
vibration kinematics control differential equation for an axially moving FGM beam is
established. Based on the basic theory of the interpolating matrix method (IMM), the
kinematic differential equation with an inherent complex frequency as an eigenvalue is
converted into the eigenvalue solution of a standard generalized algebraic equation by
using an integral matrix. Finally, the standard generalized algebraic equation set is solved
by orthogonal trigonometric decomposition (QR), and the natural frequency of transverse
vibration of an axially moving FGM beam is obtained. Meanwhile, the corresponding
modal function is obtained. The main conclusions are drawn as follows:

(1) In this paper, the numerical calculation of the dimensionless natural complex
frequency of axially moving FGM beams by the interpolating matrix method is in complete
agreement with the results obtained in the previous findings, which verifies the calculation
accuracy of the interpolating matrix method. At the same time, the numerical results show
that, with the increase in the number of discrete elements on the beam length, the algorithm
demonstrates strong computational stability.

(2) With the increase of material gradient index k, the divergence velocity and flutter
velocity tend to decrease. When the axial velocity is equal to the lowest divergence velocity,
vD1, the first-order natural frequency of the axially moving FGM beam disappears. That is,
the first-order bending mode disappears, resulting in static instability. At the same time,
there is a very narrow stability region between the first static instability region (divergence)
and the first dynamic instability region (first- and second-order coupled chatter).

(3) In general, the beam clamp supported at both ends (CC) has the strongest constraint,
while the beam simply supported at both ends (SS) has the weakest constraint. The
calculation results of the interpolating matrix method (IMM) show that the divergence
velocity and flutter velocity of an axially moving FGM beam tend to increase with the
increase of boundary constraints.

(4) The axial velocity v causes symmetry distortion in the real part of the first-order
complex mode of the simply supported beam (SS) and clamp supported beam (CC) with
uniform metal material. The axial velocity v has a more significant effect on the real part
distortion of the first order mode of the beam clamp supported at both ends (CC) compared
to the beam simply supported at both ends (SS).
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