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Abstract: The principal objective of the paper is the study of the three-dimensional Navier-Stokes
system with non-autonomous perturbation force term and increasing damping term, which often
appears in the fluid system within saturated porous media and other complex media. With some
suitable assumptions on the system parameters and external force term, based on the known result
on global well-posedness, the existence of pullback attractors is educed, and the system robustness is
shown via the upper semicontinuity of system attractors as the perturbation parameter approaches a

certain value.
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1. Introduction

The Navier-Stokes system depicts the conservation law about mass and momentum
of fluid, reflects the basic relationship among gravity, pressure and other factors inside the
viscous fluid, and is widely applied in many fields, such as materials, weather forecast
and so on. There has been a good deal of interesting research results on Navier-Stokes
equations, such as well-posedness of system solution, asymptotical behaviour, existence
and dimension evaluation of several attractors, determination, invariant measures and so
on, which can be referred to [1-9].

Given that the 3D NS system is extremely complex, especially in the case of solution
well-posedness, the 3D NS system with damping becomes one of the hot research topics.
About the increasing damping form |u|7~'u, it is necessary for us to study the porous
media. Porous media is very common in our lives, such as coal, animal fur, aluminium
foams, ceramics and so on. Further, the applications of porous media involve many
aspects of our lives—heat transfer device design, sound testing in medicine, food drying,
underground water flow, ice melting, sound propagation in building materials, noise
reduction in automotive design, heat retention in materials, etc. The porosity is the most
representative concept in studying porous media, which is the ratio of fluid volume to the
total, a nonnegative number less than or equal to 1, where the fluid is the compound of air
and some liquids. From the Darcy law, we know, in the flow within porous media, the flow
speed u and the pressure p satisfy

uu = —kVp,

where the viscosity coefficient 4 and permeability coefficient k are both positive. Further,
the flow in saturated porous media can be described as

pu = —kVp +pf,

where p denotes the fluid density in porous media and f is the force. When the flow speed
in porous media becomes large to a certain extent, to obtain an accurate description for
porous media, the left term uu will be replaced by a new one, such as au + bu? + cu?.
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Therefore, the increasing damping form |u|7~!u appears naturally in the fluid system
within the porous media, some detailed conclusions can be referred to [10]. Further, we can
find some meaningful results on models with the increasing damping for non-Newtonian
fluid in [11-13], and also the simulations on a system with the damping form |u|7~!u is
one of the future research directions, where the ideas in [14,15] can be used for reference.

In this paper, we investigate the following three-dimensional incompressible NS
system with the increasing damping |u|7~!u

ur —vAu+ (u-V)u+ Blu|"lu+ Vp =eg(x,t), (x,t) € Qx (g +0),
divu =0, (x,t) € QX (g, +00),

u(x, t)|an =0,te (Q, +°°)/

u(x,¢) = u(g), x € Q,

)

where Q) C R3 is a bounded domain with a smooth boundary, u = u(x, t) is the unknown
velocity field, p is the pressure, v > 0 is the viscosity coefficient, eg(x, t) is the external force
and e > 0, > 0, ¥ > 1. Meaningful results on system (1) can be found in [16-20]. Where
the well-posedness of the strong solution was shown in [16,19], based on which three types
of attractors were given in [17,18,20].

In practice, due to measurement errors and circumstances, the parameters of the
system are inevitably perturbed. In this case, the study of robustness is particularly
important, and robustness has become one of the important indicators of control system
design. For the conclusion of studying the robustness through upper semicontinuity, we
could refer to [21-25]. Thus far, there is no result about the robustness of the system (1),
and the aim of this paper is to study the upper semicontinuity of the pullback attractor
to (1).

The general outline is demonstrated as follows. The second and third parts recall
some basic definitions, theorems, frequently used Sobolev spaces and assumptions and
show the main results. Based on the well-posedness and estimation of the solution, we
obtain a pullback attractor of (1) and verify the robustness through semicontinuity in the
fourth part.

2. Preliminaries
2.1. Some Definitions and Theorems

Consider a Banach space X with metric dy(-,-) and norm || - ||x. {S(t,6)}i>c is a
process in &, its definition and properties can be referred to in [26].

Definition 1. Suppose that A(t) is a family of compact subsets { A(t) }1cg, and satisfies

(i) Characteristic of invariance: S(t,¢)A(g) = A(t), Vt > g.
(ii) Characteristic of pullback attraction: for any subset D bounded in X, there holds

lim disty(S(t,t —¢)D, A(t)) =0,

gr+00
then we call A(t) = {A(t)}scr the pullback attractor.
Definition 2. For arbitrary subset D bounded in X, if there always exists T(t, D) > 0 satisfying
S(t,t—¢)D c D(t), ¢ > T(t,D), t € R,
then we call the subset family D = {D(t)};cr the pullback absorbing set of {S(t,t —¢)}.

Definition 3. For arbitrary t € R, let D = {D(t) }scr be a subset family in X. For arbitrary
sequence { ¢, } with ¢, — 400 (n — +o0) and &, € D(t — ¢n), if {S(t,t — ¢n)&n} possesses the
relative compactness in space X, then we call {S(t,t — ¢)} pullback D—asymptotically compact in
space X.
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Theorem 1. Suppose that D = {D(t)};cR is the pullback-absorbing set for {S(t,t — ¢)}, which
is continuous and possesses the pullback D—asymptotical compactness in X topology. Then the
subset family A(t) = {A(t) }ser, where

- ~ = X
A(t)=A(D,t) = SQOgLZJSS(t,t —¢)D(t—¢) ,

is the pullback attractor to {S(t,t — ¢)} in space X.

Definition 4. Let ¢ € (eg — h, 0 + 1), {De(t) }ier C X denotes a subset family in space X, and
function ®(t,-,-,-,-) (t € R) is defined on

(g9 —h,e0+h) x (e0 —h,e0+ 1) x U De(t) x U De(t).
e€(eg—h,e0+h) e€(eg—h,e0+h)

If for any sequences {ey }peny C (e0 — h,e0 + h) and {Ey}pneny C De, (t), there always exist
subsequences {€n, }xen and {Cn, }ren such that

lim lim CD(i’, Engr Enyy gnkr gn;) =0,

k—o00 -0

then the function ®(t, -, -, -, -) is said to be contractive.
Definition 5. Let disty (-, -) be the Hausdorff semidistance in X, if there holds

(H)  lim disty (Ae(t), Ay (1) =0, V¥t € R,

£—¢p

then it is said that A (t) is upper semi-continuous at €.

Theorem 2 ([27]). Let €y,e0 > 0, x4, x € X, €4 — €9, X — X (1 — +00), and for arbitrary
t € Rand ¢ € R there hold

(1) nlgr(}o Se,(t t—6)xy = Se,(t,t —c)x.

(i) 3T = T(t) > 0and 6 € (0,1) satisfying

- X . -
Uey(t—0g,t—g)( U Alt—¢) ) CDglt—0g), Vg>T.
gg—h<e<eg+h

(iii) U A (t) possesses the relative compactness in X.
e€(eg—h,e0+h)

Then (H) holds.

Lemmal. Lete € (eg — N, &g+ ). Forarbitrary t € Rand &y > 0, if there exist positive constant
T, depending on t, 89 and { A¢(t)}, and a contractive function ®(t — T, -, -, -, -) with domain

(80 —h, e +Fl) X (80 —h,ep —I—Fl)
X u Ae(t—T) x U A(t—T),
ec(eg—h,e0+h) ec(eg—h,e+h)
such that, for any e1,€5 € (g9 —h,eg + 1), & € Ae, (t — T) and n € A, (t — T), there holds
Hssl (t’t - T)C - SSZ (t’t - T)TIHX S 50 + (D(t - T/ €1,€2, g/ 77)/

then U A (t) is relatively compact in X.
e€(eg—h,eq+h)
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2.2. Some Sobolev Spaces

Denote

L2(Q))? =(H'(Q))?

£ = {uu! € (CP(Q))?, divu! =0}, H = €' V-F ,

where H and V are Hilbert spaces with inner product and norm
Z/ X)dx, |ut| = (b, uHV?, vV ul,u? e H,

and
1a 2
(!, u2)) / ]dx || = (G, )72, Y ul,u? € V.
ij=1 axl Xi

V < H =H < V', where V' is the dual space of V with norm || - ||« and dual product
(-,-). Specifically, || - ||, denotes the norm of (L”(Q2))>.

P is the orthonormal projection in space (L?(Q))3 to H, and some properties and
spectral analysis for the operator A := —PA could be found in [28], where we know A
possesses the eigenvalues{/; };“’:1 and eigenfunctions {wj}]?“’zl, which make an orthonormal
system. For any u!,u? € V, there holds (Au',u?) = ((u',u?)). The power A? is defined as
follows

Asf Z)\] Wi, seC, jER, f:Z{Il](U],
]

D(A%) = {f: A%f € H} = {f = Vayw; : LA ay? < +oo},
]

]

and denote &7 by D(A®) with norm |A%u].
The properties of the bilinear operator B(u!,u?) := P((u! - V)u?) and the trilinear
operator

b(ul,u?,u?) = (B(u! Z /

ij=1
can be found in [6], such as
b(ul,uz, uz) =0, b(ul,uz, u3) = —b(ul,u3, uz), Vol u?,u e V.
In particular, B(u!) = B(u!, u').

2.3. Assumptions

Definition 6. For any w € V and t > ¢, we call u a strong solution to system (1) on Q) x [¢, T,
ifu e L®(g, T; V) NL%(g, T; D(A)) NL™ (g, T; (L7T1(Q))3), and satisfies

{ g (ww) +v((u,w)) + b(u,u,w) + (PBlu|"™u,w) = (Peg, w), @)
u(x,¢) = u(g).

Let G(u) = PB|u|Y'u, system (1) can be replaced by the following abstract form

ur +vAu+ B(u) + G(u) = Peg(x,t), Vit > g,
{Le o ©
u(x,¢) = u(g)-

To derive the well-posedness of the solution, let the following conditions hold
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(I) 3K > 0 satisfying
t+1
sup [g(x,t)| <K, sup |g¢[2ds < 40
teR teR

(II) Vt € R, there holds
t
/ % |g(x,s)|%ds < 00, 0 < & < vA1/2.

3. Main Results

Theorem 3. Let 3 < v < 5,u(g) € VN (LY+1)3, then the strong solution u to system (1) exists
uniquely, and

T
sup ([Ju(t) >+ u(t)713) < Ce“T=9 x (Jfu(g)[* + [fu(g) 1713 +C€2/g |g1%dt).

¢<t<T

The proof can be referred to in Theorem 3.1 in [20]. Similarly, we can show that the
system solution u possesses the continuity to the initial datum and then obtain the existence
of a family of processes {S¢(t,¢) : V — V}.

Theorem 4. Let 3 < ¢ < 5,u(g) € VN (LY*1)3, then for any t € R, system (3) possesses the
pullback attractor Ag(t) = {A¢(t) }rer in V.

Theorem 5. Let 3 < v < 5, u(g) € VN (L")3, then for any t € R, the pullback attractor
Ac(t) is upper semi-continuous at &g, and

lim distx (As(t), Agy(t)) = 0.

£—¢€p

4. Proof
4.1. Estimation of Solutions

Lemma?2. Let3 <y <5,u(g) € VN (L'™)3, and t € R is arbitrary. Then, there exist Ty > 0
and p1(t) > 0 satisfying
u(t)]* < pi(t), ¢ < —To.

Proof. Multiplying (3) by e°*u, we can get
d ot ot 2 7+1 & sty
27 (@ u(P) + Kae® (flul] + [[u]737) < oA 18l @
where K; = min{v — A%, 2B}, then integrating it over [g, t], we also get
D+ K [ P+ (o) < / e [gPds + S lu(c) 2. (5)
Finally, there holds

_ e _
|1/l(t)|2 Se5(€ Q'”(Q)‘z"‘ﬁe 51‘/ ()5|g|2ds

which means there is a positive constant Ty satisfying

2 t
76—&/_ % |gds = p3(t), V¢ < —To. (©)
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Lemma 3. Let 3 < vy < 5,u(g) € VN (L"), and t € R is arbitrary. Then, there are positive
constants Ty and py(t) satisfying

1
(B + ()71 < P3(), 6 < =T
Proof. Multiplying (3) by u; and Au, respectively, we have
d 26 d 1
2 T2+ r+
2l + v P+ 2 el
<2((u- V), ue)| + 2| (ur, e)| < |ue|* +2|u - Vul* +2[eg|? (7)

and

d _ 8 GEa!
Sl 20l Au -+ 2811Vl + LA

4
gsz-VﬁhAw|+ﬂ@thﬂ5;3AM2+;W-VMZ+;kQ? ®)
Using the estimates in [20] that
Clu- Vu[? < Bl[ul =" Vu2 + 2| Aul? + Cllu(t)| 771,

and adding (7) and (8) together, we get

d
a2 741 2 =1y, 2 2
(V+1) Al +7+1dt|\ (Ol +2v[Aul + 2B[[u]" Vul” + [u]
_ 1
< Bllul” 1v14|2+§|1‘W|2+CH BOI75 + ( +2)e%g),

and

d 1 —
7 (@l + lull750)) + Ce® (| Aul® + [Ju " Vul?)

) :
< Ce(lu®)|? + llu()ll7 1) + Ce?e[g .

By integration of the inequality and conclusion in Lemma 2, we conclude that

& (lu() |2+ () 75])

t t
< () P+ )71 + € [ e () + u(s) 7 s + €2 [ ol s

t
< CE(u() P + (@71 + Cre? [ e[gfds +Cs,

and there are positive constants Ty and p,(t) satisfying

()] + fu(B)I71] < p3(1), Vg < —Ty.

O

Lemmad4. Let3 <y <5,u(c) €e VN (L"1)3, andt € Ris arbitrary. Then, there are positive
constants T, and p3(t) satisfying

[ Au(t)|* < p3(t), ¢ < ~Ta.

The proof can be referred to in [19].
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4.2. Existence of Pullback Attractor

According to the estimations on the system solution, we get

2 r+1
(7 + ()l 54
t
< Ce N ([[u(e)|> + |u(g)I1T7) + CreZe ™ / ¢”|g[*ds + Ca. €)
We denote R, (t) = (2C;e%e fioo e%|g|%ds —|—2C2)%, De(t) ={ueV:|ul <Re(t)},
then the subset family D¢ (t) = {D¢(t) };cr is just the pullback absorbing set of system (3)
in V.
Choose 0 < § < J1 < vA1/2, and replace ¢ with J1, then (9) still holds. For any
u(t —¢) € De(t — ¢), there holds

ISe(tt = u(t = o)1 + [ISe(t t — u(t — ¢)[I71;

A b
< Ce 6R2(t —¢) + Cre2e ! / (017003693 |25 + C,
t
< Ce MR2(t — ¢) + Cye2e ™0 / e%|g|%ds + C.

Since lim e %16R2(t —¢) = 0, there is T3 = T3(t, De(t)) > 0 satisfying

G—r+00
Se(t,t —¢)De(t —¢) C De(t), Vg > Ts.

Lemma 4 and the fact that D(A) << V lead to that {S¢(t, )} possesses the pullback
asymptotical compactness in V. Finally, we obtain Theorem 4 from Theorem 1.

4.3. Robustness

Next, the robustness of the system is obtained by showing that the pullback attractors
Ae(t) = {Ac(t)},cr are upper semi-continuous.

Lemma5. Let 3 < v < 5,u(g) € VN (L"1)3, and ¢ > 0. For arbitrary t € R, &, — eg and

ug,t_g — u?_g asn — +oo, then
. 0 0
nh_%lo Se, (t,t — Q)un,t—g = Se(t,t — G)ut—g'
Proof. Let

2 (8) = Se, (bt — g)up o — Seo(t,t — g)uf_ = u™(t) — u(t),
then z° (t) satisfies
z;" + vAZ® + B(u®) — B(u®) + G(u®") — G(u™) = P(e, — €0)g(x, 1), (10)

where 2 ( —¢) = ”91 e — u?ﬁ .

9
Multiplying (10) by z%(t), there is
1d
2dt
< ey |2 Vuo|d / €1 |4,€0 en|y—1
< [ PTuoldx -+ [ [l [l
— (|7 dx + (en — €0) | (8, 2°) - (11)

250 2 4 w2502 + Bl |20 2
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Using the technique employed in Theorem 3.1 in [20], for 3 < ¢ < 5, we can obtain
d -1 -1
2P < CAH a2 4 [u )|+ Clen — o) g (12)

Applying the Gronwall inequality to (12) yields

to
1 (0)” < Clladpg- — o+ (e —co) [ lgPds)
-

to -1 7-1
xexp(/ (1+ |ufn| "2 + |u®0| 2 )ds) — 0 (n — o).
fo—¢
O

Lemma 6. Let 3 < v <5, u(g) € VN (L"), and t € R is arbitrary. Then there are positive
constants 0 € (0,1) and Ty, depending on g and t, such that

= X .
Seo(t—0g,t —¢) U Ae(t—6) C Dgy(t—6c), Vg > Ty

eg—h<e<eg+h

Proof. For the pullback attractors A (t) = {A¢(t)};cr, we have

and

6 c U De(t) CDelt)
go—h<e<eg+h ¢ go—h<e<eg+h ¢ o

Letod =1— 551_1, for any u?fg € Dgyn(t — ¢), applying Lemma 3, we know that

+1
ey (£ = 06, t = G)uf_c||* + [ISe, (t — 0, t — g)up_c |71,

t—6g
< C6791(1*5)9R§O+h(t —¢)+ Cls%ef‘sl(tfeg) [ e |g\2ds + G

t—0g
< Ce M070R2 | (t —¢) + Crege%(—09) / % |g|2ds + Cy,

€

and from lim e f1(1-9)cR2

g—rtoo 50+h(t —¢) = 0 we also get

= X -
Se(t—0g,t — U Ag(t — C D¢, (t —0g).
wlt=Ogt=c) U A=) o (t = 66)

O

Lemma7. Let3 < v < 5,u(g) € VN (L")3, and t € Ris arbitrary. Then, U Ag(t)
e€(eg—h,e0+h)
possesses the relative compactness in space X .

Proof. According to the representation of the pullback attractor A (t) = {A¢(t)};cr, we
get 5 5
Se(t,t —¢)De(t —¢) C De(t), Vg >T, tER

and for any ¢ € (g — f1, €0 + 1), there always holds that A¢(t) C De(t).
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Suppose that {e, }nen C (€0 — 11, €0 + 1), and u,(t) is the system solution to (1) with
the initial datum u, (t — ¢) C D¢, (t —g) (1 =1,2,---), then

%(um i)+ VAt — 1) + Blttns) — B(ttn) + G(1t) — Glutn)
= P(em —€n)g. (13)

Letting w = uy, — u, and multiplying (13) by Aw, we get
i||w||2—|—21/|Aw|2
dt
3
< v|Aw|* + ;(|(5m —en)g|* + G um) — G(un)|> + |B(um) — B(un)[?),  (14)
where
|B(ttm) — B(un) [ = |B(w, um) — B(ttn, w)[?

< [ fol Vx4 [ fun P [V0Px < Cllol| a3+ Junllfe [ [VeoPax
< C[ Tl A2+ Cllta [ 0] < €At + s ) 0], (15)

|G (tm) — G(un)|?

< C/Q((\uml%l — Juan] "0 A f |2 (s — )% dx
< C/ﬂ((\”ml”‘2 + | Y72)? (i — )2 uy 4 |1t |27 (s — ) ?)dx
< C/ (|um|2772 + |un|2772)(um — un)zdx

Q

< CQlum 7 + allF22) [ (i = v
< C(|Aum |7+ [Au |71 0] (16)
Using (15) and (16) in (14), we have
d, 2 2
2wl + vl wl
_ 3
< C(|Aum|? + | Ay |* 4 | A |71 + | Auy) ||l + ;(em —en)lgl% (17)
and
d . sty o2 4 2
2 lP?) + 0~ ) vl
_ 3
< C(|Aum|? + |Aun|? + | Aty |71 + | Auy)e® |w]|? + ;|€m —eqle®t|gl?. (18)



Appl. Sci. 2023,13, 1255

10 of 11

Integrating (18) with respect to t and using the estimate of |Au| in Lemma 4 leads to
ot () = (1) 12

- 3 _ t
< (=€) = n(t = )2+ Sem —e)e ™ [ eglds

t
+C/t ([Aum|?* + |Aun|* + | A |71 4 [ A |7 1) ||w]|*ds
-
_ocp2 3 ot (U sy 2
< Ce Ry (t—¢) + ;(sm —¢€n)e / e |g|°ds
t
+Che /t it (5) — 14 (5) | 2dls. (19)
-

According to Lemmas 3 and 4, we show in L?(t — ¢, t; V) that

i (+) = u(-),

and

t
. . B 2 -
0, 100, J,_ lm(5) = un(s) s = 0

Further, the sequence {e,},en C (€0 — 11,0 + 1), thus there exists a Cauchy subse-
quence such that

t
lim lim (e, — sn)e_‘”/ e%|g|?ds = 0.

mM—r00 1—r00

We denote
3 ot 1 s 2 ! 2
D(t — G, em, €n, Um, Un) = ;(sm —epn)e / e |g|“ds + Ct/g/t et () — un(s)||7ds,
o —c

then ®(t —¢,-,,-,-) is a contractive function with domain

(6o —h,e0+h) x (eg —h,e0+ 1) x ] De(t —¢) x U De(t—g),
ec(eg—h,eo+h) e€(eg—nh,e0+h)

and according to Lemma 3, the proof is complete. [

From Lemmas 5-7, Theorem 5 is obtained.

5. Further Study

Our work has studied the robustness of a three-dimensional Navier-Stokes system
with perturbation force term and increasing damping term via the upper semicontinuity
of system attractors on a bounded smooth domain. However, the related research on a
non-smooth domain is still open, and we will take time to study this topic in the future.
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