
Citation: Zangwill, G.; Granot, E.

Half-Spectrum Suppression in

Dynamic Resonant Tunneling. Appl.

Sci. 2023, 13, 12919. https://

doi.org/10.3390/app132312919

Received: 30 September 2023

Revised: 26 November 2023

Accepted: 29 November 2023

Published: 2 December 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

applied  
sciences

Article

Half-Spectrum Suppression in Dynamic Resonant Tunneling
Gilad Zangwill * and Er’el Granot *

Department of Electrical and Electronics Engineering, Ariel Photonic Center, Ariel University, Ariel 40700, Israel
* Correspondence: gzangwill@gmail.com (G.Z.); erel@ariel.ac.il (E.G.)

Abstract: It is well known that in a process of Dynamic Resonant Tunneling, where the energy level
of the quasi-bound state varies in time, the tunneling current can be drastically suppressed at specific
energies. These energies obey a generic quantization rule (QR). However, these systems exhibit
two types of current suppression. In the first type, the current vanishes completely, and in the second
the current is suppressed but does not vanish. We investigate these two types of current suppression
and their relations to the quantization rule.
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1. Introduction

The subject of tunneling suppression has been studied for decades. It has been
shown that the tunneling current between two wells can be totally suppressed [1,2]. This
finding was surprising not only due to its counter-intuitiveness, but also since it contradicts
previously reported behavior of a similar system [3,4]. Later on, it was presented in
a simple two-level solvable system [5,6]. At about the same time, it was shown that an
oscillating delta function potential at certain energies shows zero transmission [7]. A similar
phenomenon was found in more complex systems, such as in Dynamic Resonant Tunneling
(DRT) processes (see Figure 1); recently, it was shown that zero transmission appears
under certain conditions in dynamic tunneling processes [8]. The current paper shows that
zero transmission can only appear when half of the spectrum is completely suppressed.
Again, this was counter-intuitive, since it was anticipated that due to the high sensitivity
of resonant tunneling current on the system’s parameters, any spectrum widening would
improve the probability of penetrating the opaque barrier. Indeed, many studies showed
both experimentally and theoretically that oscillations and potential variations increase
tunneling probability [9–17]. However, when the resonant level varies in time, at certain
incoming particle energies, which obey a quantization rule, the tunneling current is highly
suppressed [18–23]. Despite the fact that these quantization rules show a high agreement
with exact numerical analysis, since these criteria are approximate analytical expressions, it
is not clear whether they predict a criterion for complete suppression, i.e., zero current, or
if they predict significant suppression, albeit where the current does not vanish.

Recently, it has been shown that DRT can be analyzed similarly to a stationary RT
process [22]. In an RT process, the particle tunnels via a quasi-bound state (QBS), which is
created due to the presence of a well inside the barrier. When the incoming particle’s energy
(Ω) matches the resonance energy Ω = ΩR, transmission is high, while when there is no
match the tunneling current is suppressed drastically. In a DRT process, the well oscillates,
and therefore the QBS turns into a Quasi-Bound-Super-State (QBSS), which consists of an
infinite array of coupled sub-states. Therefore, in accordance with the stationary model,
when the incoming particle energy agrees with that of the sub-state energies, whose spectral
component is high, the entire QBSS is excited and the total tunneling current is high, while
when there is no match, the current is suppressed. That is, if

∣∣ΦQB
〉

represents the QBSS,
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then therefore the probability of an incoming particle with energy Ω tunneling out with
energy Ωout is

pΩin ,Ωout ∼
∣∣〈Ω∣∣ΦQB

〉∣∣2∣∣〈ΦQB
∣∣Ωout

〉∣∣2 (1)

Appl. Sci. 2023, 13, x FOR PEER REVIEW  2  of  16 
 

 

Figure 1. The system under study. An energetic particle tunnels through an opaque barrier with an 

oscillating well at its center. The red area inside the thick arrow (the well) represents the spectral 
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rier height,     is the incoming energy,  and  out   are the outgoing energies (arrows’ length indi-
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Figure 1. The system under study. An energetic particle tunnels through an opaque barrier with an
oscillating well at its center. The red area inside the thick arrow (the well) represents the spectral
width of the generated spectrum. The well oscillates with frequencyω (red arrow). U is the barrier
height, Ω is the incoming energy, and Ωout are the outgoing energies (arrows’ length indicates
different transmission probabilities).

When the well oscillates harmonically, the incoming particle can gain or lose energy
quanta. Consequently, the spectrum of the particle consists only of discrete energy levels.
Therefore, this model is useful when there is an agreement between 〈ΩR〉 (the mean value of
the varying resonance energy level) and one of the particle’s discrete spectral components.
In this case, the QBSS

∣∣ΦQB
〉

is well-defined, and its spectrum consists of the discrete levels

En = 〈ΩR〉+ nω (2)

whereω is the well’s oscillating frequency, n is an integer and 〈ΩR〉 ≡ (ω/2π)
∫ 2π/ω

0 ΩR(t)dt
is the mean resonance energy level. In which case, if the component

∣∣〈Ω∣∣ΦQB
〉∣∣ is high, the

current is high, and when it is low the current is low as well. This model was used to
investigate the dependence of the current’s sensitivity on the incoming particle’s energy. In
particular, it explains the current suppression at certain energies [22]; however, it cannot
predict the energies for which the current vanishes completely. When Ω = En, the current
can be suppressed by orders of magnitude but cannot reach zero. This behavior can be
explained below.

When the well’s energy varies in time, the resonance level varies as well: ΩR(t). It has
been shown that when the incoming energy solves the following equation,

1
2

t2∫
t1

∣∣Ω−ΩR
(
t′
)∣∣dt′ = π

(
n− 1

4

)
(3)

where ΩR(t) is the instantaneous resonant energy, t1,2 are the solutions of ΩR(t1,2) = Ω
and n is a positive integer, the current is considerably suppressed [23]. In cases where the
well’s energy levels varies, like a hill, i.e., initially it increases and eventually decreases
(or vice versa), Equation (3) shows the high prediction of full current suppression. In this
category, one can include Gaussian, Secant and even Lorentzian perturbations. In all these
cases, the resonance energy ΩR(t) crosses the incoming particle’s energy Ω exactly twice
and therefore the instances t1,2 are well defined (see the left panel of Figure 2).

However, in the case where the well oscillates harmonically, then in every period there
are two extrema—one minimum and one maximum (see the right panel of Figure 2). Now,
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if Ω = En, then the same criterion (3) can be applied for both minima and maxima. In that
case, then

1
2

τ+2π/ω∫
τ

[
Ω−ΩR

(
t′
)]

dt′ =
π

ω
(Ω− 〈ΩR〉) = nπ (4)

for any τ. Therefore, if

1
2

t2∫
t1

∣∣Ω−ΩR
(
t′
)∣∣dt′ = π

(
n1 −

1
4

)
(5)

then

1
2

t1+2π/ω∫
t2

∣∣Ω−ΩR
(
t′
)∣∣dt′ = π

(
n2 −

1
4

)
(6)

where n2 = n + n1, since, without loss of generality Ω > ΩR(t) for t2 < t < t1 + 2π/ω,
then Ω < ΩR(t) for t1 < t < t2,

1
2

t1+2π/ω∫
t2

∣∣Ω−ΩR
(
t′
)∣∣dt′ =

1
2

t1+2π/ω∫
t1

[
Ω−ΩR

(
t′
)]

dt′ +
1
2

t2∫
t1

∣∣Ω−ΩR
(
t′
)∣∣dt′ = π

(
n + n1 −

1
4

)
(7)
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Figure 2. Temporal variations of the resonance energy level. Left panel: The resonance level varies
like a Gaussian perturbation and crosses the particle energy twice (only one extremum). Right panel:
The resonance level varies periodically. In every period there are two extrema.

It should be noted that in (4) n can be any integer, while n1 and n2 must be positive
integers.

The same reasoning, of course, applies to high currents. If a high-current criterion is
valid in the t1 < t < t2 domain, i.e.,

1
2

t2∫
t1

∣∣Ω−ΩR
(
t′
)∣∣dt′ = π

(
n1 +

1
4

)
(8)

then in the case where Ω = En a high current criterion is valid in the t2 < t < t1 + 2π/ω
domain as well, i.e.,

1
2

t1+2π/ω∫
t2

∣∣Ω−ΩR
(
t′
)∣∣dt′ = π

(
n2 +

1
4

)
(9)
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Therefore, when Ω = En there is a consistency between the two parts of the period.
Consequently, when Ω = En, the QBSS in DRT behaves like a QBS in a stationary RT
process—there is a clear criterion for maximum current and a clear criterion for current
suppression. It is clear that (2) and (8) are the two required criteria to achieve the maximum
current. However, it is also clear that despite the fact that (2) and (3) are criteria for current
suppression, they cannot be sufficient for zero current (Fano resonances [8,24–31]). The
reason is that like the stationary scenario, the transmission at the minima is not zero. Even
in off-resonance cases some particles penetrate the barrier into the well and escape from
the well across the barrier.

To generate a scenario of zero transmission, i.e., zero current, one must demand
suppression criterion in only one part of the period. In this case, the entire spectrum
is suppressed but half of it can go to zero. If, without loss of generality, we again take
Ω > ΩR(t) for t2 < t < t1 + 2π/ω (and Ω < ΩR(t) for t1 < t < t2) and we further
take the suppression criterion for t1 < t < t2 and current-enhancement criterion for
t2 < t < t1 + 2π/ω, then both (5) and (9) must be valid simultaneously. In this case,

π
ω (Ω− 〈ΩR〉) = 1

2

t1+2π/ω∫
t1

[Ω−ΩR(t′)]dt′

= − 1
2

t2∫
t1

|Ω−ΩR(t′)|dt′ + 1
2

t1+2π/ω∫
t2

|Ω−ΩR(t′)|dt′ = π
(
(n2 − n1) +

1
2

) (10)

Therefore, this specific scenario can occur only between the QBSS energy levels, i.e.,
when

Ω = En+1/2 = 〈ΩR〉+
(

n +
1
2

)
ω (11)

where in this case n = n2 − n1.
Clearly, the same conclusion appears when the suppression criterion is applied for the

t2 < t < t1 + 2π/ω part, and current enhancement for the t1 < t < t2 part.
Below, we will investigate these cases. We will show that in the unique scenar-

ios where the incoming particle energy is exactly between the QBSS sub levels, i.e.,
Ω = En+1/2 = 〈ΩR〉 + (n + 1/2)ω, and (5) or (6) (but not both) holds, then the spec-
trum is split into two. Both are suppressed, but half is suppressed to zero (see Figure 3).
Consequently, if the suppressed part is the high-energy one, and the incoming energy is
lower than the oscillating frequency, then the current reaches zero.
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Figure 3. Upper panel (a): the system fulfills the criterion which completely suppresses the lower
part of the spectrum. Lower panel (b): the higher part of the spectrum is completely suppressed.
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2. The Model and Its Dynamics

The system is presented in Figure 1. A particle with energy Ω penetrates an opaque
barrier. In the center of the barrier there is an oscillating well. For simplicity, the well is
presented by a delta function; however, this is a very good approximation for the case
where the well is considerably narrower than the particle’s de Broglie wavelength [32].

The Schrodinger equation of this system reads

i
∂ψ

∂t
= − ∂2

∂x2 ψ + V(x)ψ + (α+ β cosωt)δ(x)ψ (12)

where the units were taken for convenience considering that Planck’s constant is } = 1 and
the particle’s mass is m = 1/2, and

V(x) =
{

U
0
|x| < L

else
(13)

In this case, for a very wide barrier, the instantaneous resonance level can be written
as follows [23]:

ΩR(t) ∼= U − 1
4
(α+ β cosωt)2 (14)

Equation (14) is accurate only when the barrier is infinitely wide.
Therefore, the mean resonance energy level, which is the QBSS spectrum’s central

energy, is

〈ΩR(t)〉 ∼= U − 1
4

(
α2 + β2/2

)
(15)

Due to the symmetry, current suppression occurs when either

t1∫
0

∣∣Ω−ΩR
(
t′
)∣∣dt′ = π

(
n1 −

1
4

)
(16)

or
π/ω∫
t1

∣∣Ω−ΩR
(
t′
)∣∣dt′ = π

(
n2 −

1
4

)
(17)

where in this case

t1 =
1
ω

arccos

(
2
√

U −Ω− α
β

)
(18)

3. Exact Numerical Solution

The solution of Equation (12) can be written as a superposition of plane waves with
discrete energies, i.e.,

ψ(x, t) =


ϕ+

0 exp(−iΩ0t) +
∞
∑

n=−∞
rn ϕ−n exp(−iΩnt) x < 0

∞
∑

n=−∞
tn ϕ+

n exp(−iΩnt) x > 0
(19)

where ϕ±n are the homogeneous solutions for waves that propagate from left to right (ϕ+
n )

and from right to left (ϕ−n ), namely

− ∂2

∂x2 ϕ±n (x) + [V(x)−Ωn]ϕ
±
n (x) = 0 (20)

and
ϕ+

n → τΩn exp[iknx− iΩnt] ( f or x → ∞) (21)
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ϕ−n → τΩn exp[−iknx− iΩnt] ( f or x → −∞) (22)

where kn =
√

Ωn and Ωn = Ω + nω. |τΩ|2 is the probability to penetrate the stationary
barrier with energy Ω.

The boundary conditions at x = 0 are

ψl(0) = ψr(0) and ψ′l(0)− ψ′r(0) = −(α+ β cos(ωt))ψr(0) (23)

where the subscripts “r” and “l” represent the wavefunction to the right and to the left
of the well, respectively. Using this terminology, the dynamics can be presented with the
following difference equation:

−χnδ(n) = (α− χn)sn +
β

2
(sn+1 + sn−1) (24)

where sn ≡ tn
(

ϕ+
n /ϕ+

0
)

and χn ≡ ϕ+n
′

ϕ+n
− ϕ−n

′

ϕ−n
= 1

G+
n (0)
≡ −2ρntanh[ρnL− iarctan(kn/ρn)] [8,33].

G+
n (0) is the outgoing Green function of Equation (20) at x = 0

− ∂2

∂x2 G+
n (x) + [V(x)−Ωn]G+

n (x) = −δ(x) (25)

and ρn =
√

U −Ωn. Finally, the current through the barrier is

j = 2<
∞

∑
n=−∞

|tn|2|τn|2kn (26)

where the abbreviation τn ≡ τΩn is used.
Equation (24) can be solved numerically using matrix formalism:

s = M−1v (27)

where

s ≡



...
s−2
s−1
s0
s1
s2
...


, M =



. . . . . .

. . . α− χ−2 β/2
β/2 α− χ−1 β/2

β/2 α− χ0 β/2
β/2 α− χ1 β/2

β/2 α− χ2
. . .

. . . . . .


and v =



...
0
0
−χ0

0
0
...


(28)

A zero current occurs when there are no propagating modes. This occurs when the
higher half of the spectrum vanishes, i.e., sn = 0 for n ≥ 0, and the incoming particle’s
energy is lower than the oscillating frequency Ω < ω.

4. A Solution in the Slowly Varying Approximation

When the slowly varying approximation of the Sisyphus effect (Equation (16)) is
applied to Equation (14), i.e., to the harmonically oscillating case, we find(

Ω−U + 2α2+β2

8

)
t1 +

β2

16ω

[
sin(2ωt1) + 8αβ sin(ωt1)

]
= π

(
n1 ∓ 1

4

)
where t1 = 1

ωarccos
(

2
√

U−Ω−α
β

) (29)



Appl. Sci. 2023, 13, 12919 7 of 15

where the −/+ sign corresponds to Equations (3) and (8), respectively, i.e., the minus
corresponds to current suppression and the plus corresponds to current enhancement.
After substituting t1 in Equation (29), the equation can be rewritten:

π
(

n1 ∓ 1
4

)
=

1
ω

[
β
8

(
3α+ 2

√
U −Ω

)√
1− (α−2

√
U−Ω)

2

β2 + (Ω− 〈ΩR〉)acos
(

2
√

U−Ω−α
β

)] (30)

since

1
2

π/ω∫
−π/ω

[
Ω−U +

1
4
(α+ β cosωt)2

]
dt =

(
α2 + β2/2

4
+ (Ω−U)

)
π

ω
= (Ω− 〈ΩR〉)

π

ω
(31)

Equivalently, the same criterion applied in the second part of the period leads to

π
(

n2 ∓ 1
4

)
=

1
ω

[
β
8

(
3α+ 2

√
U −Ω

)√
1− (α−2

√
U−Ω)

2

β2 + (Ω− 〈ΩR〉)
[

acos
(

2
√

U−Ω−α
β

)
− π

]] (32)

To simplify the expressions, let us focus on the large oscillating amplitude regime
(2
√

U −Ω− α << β), since Ω− 〈ΩR〉 << α2 and |β| << |α| (note that α is negative);
then, Equation (30) reduces to

(Ω− 〈ΩR〉)
π

2ω
− αβ

2ω
= π

(
n1 ∓

1
4

)
(33)

and therefore, the energy must be

Ω = 〈ΩR〉+
αβ

π
+ 2ω

(
n1 ∓

1
4

)
(34)

Similarly, the suppression/enhancement criterion applied in the second part of the
period (following Equation (30)) leads to

(Ω− 〈ΩR〉)
π

2ω
+
αβ

2ω
= −π

(
n2 ∓

1
4

)
(35)

and therefore the energy must be

Ω = 〈ΩR〉 −
αβ

π
− 2ω

(
n2 ∓

1
4

)
(36)

Therefore, (34) and (36) can both be valid with the same sign, provided that
Ω = Ωm = 〈ΩR〉 + mω and m = n1 − n2. Therefore, as was shown above, when the
energy coincides with one of the energies Ωm then the entire spectrum is suppressed or is
excited.

On the other hand, when Ω = Ωm+1/2 = 〈ΩR〉+ (m + 1/2)ω, then if one part of the
spectrum is suppressed (say the lower one), then the other side (say the higher one) is
excited and vice versa.

5. A Formal Derivation in the Quasi-Classical Regime

χn of Equation (24) in the quasi-classical approximation, i.e.,ω << U −Ω, reads

χn ∼= −2
√

U −ΩR −Ω + ΩR − nω ∼= −2ρ0 + (Ω−ΩR + nω)/ρ0 (37)
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where ρ0 =
√

U −ΩR and

4
β
ρ0δ(n) = 2

ω

ρ0

(
[ρ0(α+ 2ρ0)−Ω + ΩR]/ω− n

β

)
sn + (sn+1 + sn−1), (38)

respectively. Therefore, using the notations

∆ = [ρ0(α+ 2ρ0)−Ω + ΩR]/ω and z ≡ βρ0/ω (39)

the solution of (38) can be written as follows:

sn =

{
AJn−∆(βρ0/ω) n > 0

BJ−n+∆(βρ0/ω) n < 0
(40)

where A and B are coefficients, and Jν(z) are the Bessel function (see, for example, Ref. [34]).
Matching the solution at n = 0 yields

AJ−∆(βρ0/ω) = BJ+∆(βρ0/ω) (41)

and
4
β
ρ0 = (AJ−∆+1(βρ0/ω)− BJ+∆+1(βρ0/ω)) (42)

After solving Equations (41) and (42), the final solution reads

sn =

{
W J+∆(βρ0/ω)Jn−∆(βρ0/ω) n > 0

W J−∆(βρ0/ω)J−n+∆(βρ0/ω) n < 0
(43)

where
W =

4ρ0/β
J+∆(βρ0/ω)J−∆+1(βρ0/ω)− J+∆+1(βρ0/ω)J−∆(βρ0/ω)

(44)

Therefore, to suppress the high energy part of the spectrum, one requires

J+∆(βρ0/ω) = 0 (45)

and to suppress the lower part of the spectrum,

J−∆(βρ0/ω) = 0 (46)

Clearly, Equations (45) and (46) suppress the half spectrum to zero.
In the regime where z ≡ βρ0/ω >> 1, i.e., with slowly varying approximation and

large oscillating amplitudes, one can use the approximation [34]
Jν(z) ∼

√
2/(πz) cos

(
z− 1

2 νπ− 1
4π
)

to obtain equivalent expressions to (34) and (36),
i.e.,

βρ0
π
± 1

2
[ρ0(α+ 2ρ0)−Ω + 〈ΩR〉] = ω

(
m− 1

4

)
(47)

And again, since 2
√

U − 〈ΩR〉 − |α| << β and β << |α|, then up to the second order of β

Ω = 〈ΩR〉 ±
[
βα

π
+ 2ω

(
m− 1

4

)]
(48)

Therefore, the upper sign (+) leads to Equation (34) and the lower sign (−) leads to
Equation (36). Similarly, an enhancement criterion leads to

Ω = 〈ΩR〉 ±
[
βα

π
+ 2ω

(
m +

1
4

)]
(49)
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where, again, the upper sign (+) leads to Equation (34) and the lower sign (−) leads to
Equation (36), as should be expected.

In Figure 4, the logarithm of the coefficient |sn|2 is presented as a function of both the
incoming particle’s energy Ω and the spectral mode n. As can be seen, all three patterns
appear. When Ω = 〈ΩR〉+ nω, then when (49) is valid, Full Spectrum Excitation (FSE)
is achieved. When (48) is valid, then Full Spectrum Suppression (FSS) is reached. On
the other hand, when Ω = 〈ΩR〉+ (n + 0.5)ω, then when (48) is valid the Half Spectrum
Suppression (HSS) is reached.
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Figure 4. The logarithm of |sn|2 (solution of Equation (27)) as a function of the incoming energy and
the output mode number n. Dark color designates high amplitude. FSE, FSS and HSS stand for Full
Spectrum Excitation, Full Spectrum Suppression and Half Spectrum Suppression, respectively. The
parameters are LU1/2 = 7, αU−1/2 = −1.6, βU−1/2 = 0.08 andω/U = 0.01009 and the vectors (28)
consist of 71 components, of which only 51 are presented.

In Figure 5, the current is presented as a function of the incoming particle’s energy and
the oscillation amplitude. Therefore, it presents the dependence of the current spectrum
on the oscillations’ amplitude. As should be expected, the spectrum widens with the
corresponding increase in the amplitude. On the right panel of Figure 5, the solutions of
Equations (48) and (49) are presented. The solutions of Equation (48), which are related to
current suppression, are presented by red lines (solid and dashed), while the solutions of
Equation (49), which are related to the current enhancement, are presented by blue lines
(solid and dashed).
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Figure 5. (a): The current as a function of the incoming energy and the oscillation amplitude. Dark
color designates high current. The larger the amplitude the wider the QBSS spectrum, which supports
a wider range of incoming energies. (b): An enlargement of the blue area on the left panel but with
the analytical solutions of Equations (48) (red curves) and (49) (blue curves) above the numerical
results. The parameters are LU1/2 = 7, αU−1/2 = −1.6 andω/U = 0.002.
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Despite the fact that the equations in Section 4 and Equations (48) and (49) were
derived, for simplicity, in the high amplitude regime, Figure 5 shows that these equations
show high agreement with numerical analysis even in the low amplitude regime.

The main results can be clearly seen: the difference between adjacent destructive and
constructive solutions isω. Two blue lines intersect when βα

π = −2ω
(

m1 +
1
4

)
and two

red lines intersect when βα
π = −2ω

(
m2 − 1

4

)
. On the other hand, a red line intersects

a blue line when Equations (48) and (49) are valid, simultaneously with the opposite
signs; hence, a red line intersects a blue line when αβ

π = 2ωm, and the gap between
adjacent similar scenarios is α∆β = 2πω. However, Equations (48) and (49) can be valid
simultaneously both when Equation (48) has a ‘+’ sign and Equation (49) has a ‘−’ sign, or
when Equation (48) has a ‘−’ sign and Equation (49) has a ‘+’ sign. Both scenarios represent
half-spectrum suppressions; however, the first scenario (Equation (48) with a ‘−’ sign)
represents the total suppression of the lower energies, and the second scenario (Equation
(48) with a ‘+’ sign) represents the suppression of the higher energies. Therefore, the gap
between the two scenarios is α∆β = πω.

In Figure 5, two red lines’ intersection occurs only when the current is suppressed (see
the red curves in Figures 6 and 7). Two blue line intersections occur when the current is
enhanced (see the blue curves in Figures 6 and 7). As can be seen from Figures 5 and 6, in
both cases the spectrum is symmetric with respect to the central energy of the spectrum,
i.e., the spectrum has a similar shape for Ω− 〈ΩR〉 = ω and for Ω− 〈ΩR〉 = −ω.
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Figure 6. The same parameters as in Figure 5 but with the amplitude βU−1/2 = 0.04909. The output
spectrum is presented for different incoming energies. (a) and (c): The current suppression criterion:
Equation (48) for Ω = 〈ΩR〉 ±ω (the intersection between the red curves in Figure 5b, i.e., destructive
interference in both directions). The scenarios (a) and (c) are enlarged in (d) and (e), respectively.
(b): The activation criterion: Equation (49), for Ω = 〈ΩR〉 (the intersection between the blue curves in
Figure 5b), i.e., constructive interference in both directions. Note the resemblance between the two
cases: Ω = 〈ΩR〉 ±ω.

At the intersections of blue and red lines in Figure 5, the current is suppressed. In
these cases, the spectrum is anti-symmetric with respect to 〈ΩR〉. As can be seen in Figure 8,
the spectrum is flipped: for Ω− 〈ΩR〉 = ω/2, the lower part of the spectrum vanishes,
while for Ω− 〈ΩR〉 = −ω/2 the higher part of the spectrum vanishes.
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Figure 7. The same parameters as in Figure 5 but with the amplitude βU−1/2 = 0.04516. The
output spectrum is presented for different incoming energies. (a) and (c): The activation criterion:
Equation (49) for Ω = 〈ΩR〉 ±ω (the crossing point between the blue curves in Figure 5b). (b)
The current suppression criterion: Equation (48) for Ω = 〈ΩR〉 (the crossing point between the red
curves in Figure 5b). (d) is an enlargement of (b). Note the resemblance between the two cases:
Ω = 〈ΩR〉 ±ω.
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Figure 8. Same parameters as in Figure 5, for the amplitude βU−1/2 = 0.0471. Both Equations (48) and
(49) are valid simultaneously (with opposite signs); these points are seen in the intersection of the red
and blue lines in Figure 5. On the upper panel, (a), the incoming energy is Ω = 〈ΩR〉 −ω/2 and the
high energies’ spectral components are suppressed, and on the bottom panel, (b), Ω = 〈ΩR〉+ω/2 and
the lower spectral components are suppressed.

6. Half-Spectrum Suppression Leads to 100% Reflection and Fano Resonance

In Figure 5, the currents in the suppression scenarios are not much different between
the different types of suppressions, and the differences between the spectra do not have
much influence on the current. However, in the case where the incoming particle’s energy is
lower than the oscillations’ frequency Ω < ω, then in the case of suppression of the upper
half of the spectrum all the positive spectral components vanish, and the transmission
reaches zero. These zero-transmissions/Fano-resonances are marked by black arrows in
Figure 9 for the case Ω < ω. The spectral components at these resonances consist of only
negative energies (see, for example, the black spectrum in Figure 10).
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Figure 9. The current as a function of α for adjacent incoming energy. In the black curve, the incoming
energy is slightly lower than the oscillations’ frequency Ω < ω. The black arrows represent the cases
when the higher energies of the spectrum (i.e., Ωout ≥ Ω) are suppressed, and since there are no
positive energies that can propagate, a 100% reflection appears. The blue arrows represent the case
when the lower part of the spectrum (i.e., Ωout < Ω) is suppressed; in that case, there are positive
energies with a finite probability to escape from the well out through the barrier, and therefore the
suppression is not complete. The dotted red curve represents the case where the incoming energy
is slightly higher than the frequency Ω > ω; in this case, there is always a spectral component
with positive energy, and therefore a total reflection cannot exist. The parameters are LU1/2 = 7,
βU−1/2 = 0.4 andω = 0.05.
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Figure 10. Here, (b) is an enlargement of (a). The parameters are as in Figure 9 for the case of
αU−1/2 = −2.04. This scenario is represented by the left-most black arrow in Figure 9. The high-
energies part of the spectrum is suppressed for both incoming energies, but although both spectra
are very similar, they lead to fundamentally different scenarios. For the case of Ω/ω < 1 (black
curve in Figures 9 and 10), there are no positive spectral components; in that case, 100% reflection
occurs, as can be seen in Figure 9. On the other hand, for the case Ω/ω > 1 (dotted red curve in
Figures 9 and 10), there is a single spectral component with positive energy (b). This minor difference
is sufficient to prevent a total reflection since this positive spectral component has a finite probability
of escaping from the varying well out through the barrier.

In Figure 9, the current is presented as a function of α for two adjacent incoming
energies, Ω < ω (black curve) and Ω > ω (dotted red curves). Around the blue arrows,
there is not much difference between suppressions in both cases (Ω < ω, Ω > ω); the
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reason is that the lower part of the spectrum is suppressed and the other part of the spectrum
consists of positive energies with finite probability to tunnel out of the barrier (see Figure 11).
On the other hand, around the black arrows, the difference between the suppressions in
the two scenarios is fundamental. For the case Ω < ω (black curve), the current reaches
zero since the high spectral components are suppressed and all the remaining spectral
components are negative (Ω− nω) < 0, n = 1, 2 . . . (see Figure 10). However, for the case
of Ω > ω (dotted red curve), although the high spectral components are suppressed, there
is still a component (or components) with positive energy, Ω− nω > 0, and therefore with
a finite probability to escape and tunnel out of the barrier. In Figure 10, the spectra are
presented for the case marked by the left black arrow in Figure 9. Although the difference
between the incoming energies is very minor, and although the spectra are almost identical,
for the case Ω > ω (dotted red curve) there is a single component (n = 1) with positive
energy Ω−ω > 0 (see Figure 10b). This minor difference is sufficient to prevent a total
reflection since the positive spectral component has a finite probability of escaping from the
varying well out through the barrier. Although the current does not reach zero for the case
Ω > ω (dotted red curve), the black arrows’ region is lower than the one marked with blue
arrows, the reason is that there are fewer remaining spectral components (or even a single
component) with positive energies, and those remaining components obviously have low
energies, Ω− nω < Ω, which have a lower probability to tunnel through the barrier.

It should be noted that the spectral width of the Fano resonances, i.e., the zero trans-
mission region, is proportional to β2 but also depends on the order of the resonance (see
Ref. [8]).

It should be noted that in cases where the minimum instantaneous resonant energy
is negative and the incoming particle’s energy matches one of the QBSS energies, i.e.,
Ω = 〈ΩR〉+ nω, then only the ‘−’ sign (in Equation (48)) is valid, and in this case the
upper half of the spectrum vanishes. Therefore, if, in addition, the incoming particle’s
energy is lower than the oscillation frequency Ω < ω, a total reflection occurs.
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Figure 11. The parameters are as in Figure 9 for Ω/ω = 0.98 and αU−1/2 = −1.79. This scenario is
represented by the far-right blue arrow in Figure 9. The lower part of the spectrum is suppressed;
therefore, all the spectral components are positive and there is a finite probability of escaping from
the varying well and tunneling out through the barrier. In that case, the transmission is suppressed;
however, it cannot reach zero.

7. Summary

It has been shown before that, in a dynamic resonant tunneling system, the tunneling
current is highly suppressed when a QR (3) holds. Moreover, it has been shown that the
varying well generates a QBSS, which consists of multiple interconnected quasi-states.

Current suppression occurs even when the incoming particle’s energy agrees with
the QBSS spectral components. However, it has been shown in this paper that, in these
cases, despite current suppression, the current cannot vanish. To achieve zero current, the



Appl. Sci. 2023, 13, 12919 14 of 15

energy must be between two spectral components of the QBSS. Furthermore, it is shown
that the difference in current suppression is accompanied by fundamental changes in the
current’s spectra; when the energy agrees with the QBSS spectral components, then the
entire spectrum is suppressed uniformly. However, when the particle’s energy is in between
the QBSS spectral components, then the spectrum is split. Half the spectrum vanishes.
Then, if the half that vanishes is the upper one, and the incoming particle’s energy is lower
than the oscillating frequency, the current vanishes completely.
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