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Abstract: Generic, analytical equations are suggested for the localized plasmon excited in a narrow
gap formed between a metal/dielectric cylinder and a metal surface. The local distribution of the
electric field was found by employing the quasi-static approximation. A strong electric field can be
achieved in the nanogap in the optical and infrared frequency regimes. The maximum electric field
was reached when the incident light was in resonance with the mode of the plasmon gap and can be
expressed in terms of the incident field E0 as |Emax/E0| ∝ |εm|δ−2 with δ = =εm/<εm. This aspect
of the maximum field achievable in the nanogap can be enhanced by many orders of magnitude.
The results of the analytical model were in relatively good agreement with a known theoretical
model and the experimental results of surface-enhanced Raman scattering (SERS). The narrow gap
resonator seems to be a powerful and flexible tool for different spectroscopies such as SERS and
infrared absorption.

Keywords: plasmon nanogap resonator; plasmonic devices; plasmonic sensing; electric field
enhancement

1. Introduction

The calculation of the electric field in the gap between two metallic cylinders is a
classical problem in electrodynamics. However, the metal permittivity is typically negative
in the optical spectral range, and plasmons are excited between the cylinders, which
provide a great enhancement of the local electric field in the gap [1]. Later, it was shown
that the large optical field fluctuations in random semicontinuous metallic films were due
to the local field concentration in between large metallic clusters [2]. The two metallic
nanostructures supporting localized plasmons behave as an open resonator when they are
separated by a spatial gap. Exact spectral control is achieved by changing the nanogap’s
width [3,4].

Echtermeyer et al. reported the use of plasmon nanogaps in order to increase the
sensitivity of photodetectors [5]. Halas’ group showed that the frequency transformation
due to the non-linearity was determined by the value of the local electric field and its spatial
localization within the gap [6]. The physical processes that are crucially important for sens-
ing can be observed in quantum plasmonics for gaps having a subnanometric size between
the metallic particles [7]. Baumberg’s group reported the use of graphene to tune the sub-
nanometric size of the gaps within metallic dimers [8]. Metallic nanoparticle arrays with a
1–5 nm range of the gap size were prepared by using the atomic layer deposition of alu-
minum oxide, allowing the control of this gap size [9]. Several groups have demonstrated
the achievement of strong electric fields thanks to plasmonic nanoparticles/nanostructures
deposited on a metallic film serving as a mirror [10–16]. Furthermore, a great number
of research groups have studied the coupling of plasmonic nanoparticles with nanogaps
or subnanogaps [9,17–34]. These various groups have theoretically and experimentally
investigated great enhancements of the electromagnetic field concerning the coupling of
these plasmonic nanoparticles with nanogaps (or subnanogaps) [35–44]. Xomalis et al.
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reported the generation of high-order modes of plasmons obtained with gold nanoparticles
deposited on a gold disk of a micrometric size with a gap between them, which can be
adjusted by the dimensions of the molecule serving as a spacer [30]. Ding et al. presented
studies based on the metasurfaces of a gap plasmon composed of nanostructure arrays and
a thick film of metal spaced apart by a thin film of dielectric, thus permitting the parameter
adjustment of the reflected light (i.e., polarization, amplitude, and phase) [45]. Furthermore,
the principle of the gap plasmon can be applied to several domains, such as strong coupling
between the plasmon and exciton [46,47], the spectroscopy of infrared absorption enhanced
by the surface [48], the improvement of electroluminescence [49] and fluorescence [50],
non-local effects [51], hyperspectral imaging [52], and the detection of hot electrons [53]. A
strong motivation for the investigation of gap plasmons is the effect of surface-enhanced
Raman scattering (SERS), which relies on plasmonic enhancement to enable the identifica-
tion of trace molecules captured within gaps [54]. SERS is extremely important for medical
diagnostics, for instance for cancer detection, imaging, and therapy, drug delivery, and
the quantitative control of biomarkers, including glycated proteins and cardiovascular
biomarkers, and viruses [34,55–59]. For instance, Sarychev et al. demonstrated a sensitive
detection of less than 1 pg of a biological molecule (the spike glycoprotein of SARS-CoV-2)
by employing a nanometric cavity formed by an Ag film and a layer of a receptor-binding
domain of this glycoprotein [34]. Li et al. reported a significant improvement of the SERS
effect by employing a nanocavity of a size comparable to the wavelength of excitation and
composed of a gold film and a silver nanostructure (nanoframe) separated by the layer
of molecules to be detected [31]. In the majority of the studies described previously, the
theoretical aspects have generally been addressed by using numerical simulations.

In this work, we propose an analytical model of plasmons excited in an ultra-narrow
gap formed by a metallic cylinder on a metallic surface for different metals. We found the
resonance conditions in which it is possible to achieve the limit of the electromagnetic field
both inside and in the vicinity of the gap. This will increase the sensitivity of SERS probing,
as well as that of other existing surface-enhanced spectroscopies. In Section 2, we describe
the analytical model. Then, in Section 3, we compare our analytical model to another
theoretical model developed by Pendry’s group to the experimental results obtained by
Zayats’ group, as well as to the simulation results obtained by the group of Bozhevolnyi
and by Li et al.

2. Analytical Model

We considered two parallel metallic cylinders whose respective radii were a and a1 > a,
which were separated by a distance d + d1, so that the spacing between the cylinder axes
was a + d + a1 + d1. The x-axis connects the cylinders’ centers, which have the coordinates
{x, y} = {a + d, 0} and {−a1 − d1, 0}, as displayed in Figure 1. In order to assess the
electric field located in the nanogap lit with an incident light (see Figure 1d), alternative
coordinates (u and v) were employed, facilitating the introduction of the complex variables
z and w associated with the following equation:

z = L tanh
w
2

(1)

with z corresponding to x + iy, w corresponding to u + iv, and L equal to:

L =
√

d(2a + d) (2)

where d is the length between the cylinder surface (named a) and the origin of the co-
ordinate system. Note that a, a1, and L fully define the system geometry, if we de-

fine d1 =
√

a2
1 + L2 − a1 < d. The electrodynamics of two parallel cylinders is de-

fined by their radii a, a1 > a and the distance between the cylinders, which equals

d + d1 =
√

a2 + L2 − a +
√

a2
1 + L2 − a1 ≈ L2(a + a1)/(2aa1). A particular value of d

or d1 simply defines the position of the origin of the coordinates as soon as the values a,
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a1, and L are given. The length L corresponds to the characteristic length of the electric
field variation in the gap, as shown below. In the transition from z to w, the whole plane
{x, y} transforms to the strip −∞ < u < ∞, −π < v < π. The surfaces of the cylin-
ders “a” and “a1” are transformed to the vertical lines ud = ln[(a + d)/(a− d)] > 0 and
ud1 = − ln[(a1 + d1)/(a1 − d1)] < 0 (Figure 1).

Figure 1. The design of cylindrical nanoparticle-on-mirror cavity. (a,b) Conformal map of two
cylinders into the u− v strip; (c) metallic cylinder above the metal plate; the electromagnetic wave is
incident from the top; (d) electric field between Ag plate and cylinder with a radius of a = 50 nm and
the gap d = 0.5 nm calculated at the excitation wavelength of λ = 405 nm.

The entire outer space of the cylinders shrunk into the rectangular [ud1 < u <
ud, −π < v < π]. The approach was similar to the map used in [35,60]. The solu-
tion of the Laplace equation in the rectangle can be presented as a sum of functions
f (q)Rc = e−qu cos qv, f (q)Rs = e−qu sin qv, f (q)Lc = equ cos qv, f (q)Ls = equ sin qv, q = 1, 2 . . .:

ϕG(u, v) = ϕ0 +
∞

∑
q=1

[
A(q)

1 f (q)Rc + A(q)
2 f (q)Rs + A(q)

3 f (q)Lc + A(q)
4 f (q)Ls

]
(3)

where ϕ0 is the potential of the external electric field. We assumed that the electric field
concentrates in the nanogap whose size is much smaller than the wavelength of the incident
light d + d1 � λ. The electric potentials in the “a” and “a1” cylinders are given by the
following expressions, respectively:

ϕR(u, v) = ϕ0 +
∞

∑
q=1

[
B(q)

1 f (q)Rc + B(q)
2 f (q)Rs

]
, u > ud (4)

ϕL(u, v) = ϕ0 +
∞

∑
q=1

[
B(q)

3 f (q)Lc + B(q)
4 f (q)Ls

]
, u < ud1 (5)

The components of the electric field in {u, v} space {Eu, Ev} = −∇w ϕ = −{∂ϕ/∂u,
∂ϕ/∂v} are complex since the metal permittivity is complex. The electric field in {x, y}
space is equal to {Ex, Ey} = Ĵ{Eu, Ev}, where the Jacobian Ĵ was obtained from the deriva-
tive wz = dw/dz, namely J11 = J22 = <wz, J21 = −J12 = =wz. The coefficients A(q)

and B(q) in the Equations (3)–(5) were found from the boundary conditions for the electric
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fields ER = −∇w ϕR, EG = −∇w ϕG, and EL = −∇w ϕL at the surface of the “a” and “a1”
cylinders:

ER
v = EG

v , εmER
u = εdEG

u , u = ud (6)

EL
v = EG

v , εm1 EL
u = εdEG

u , u = ud1 (7)

where εm, εd, and εm1 are the permittivities of the “a” cylinder, the outer space, and the
“a1” cylinder, respectively. We expanded the external field E0 = −∇ϕ0 = {E0x, E0y} in a

series of functions f (q)Rc , f (q)Rs , f (q)Lc , f (q)Ls . For the simplest case of the constant external field,
the expansion:

{E0u, E0v} = ∑
q

{
E(q)

0u , E(q)
0v

}
(8)

has the following form:{
E(q)

0u , E(q)
0v

}
= −2L(−1)qq×

{
E0x f (q)Rc − E0y f (q)Rs , E0x f (q)Rs + E0y f (q)Rc , u > 0

E0x f (q)Lc + E0y f (q)Ls , E0y f (q)Lc − E0x f (q)Ls , u < 0

}
(9)

where q = 1, 2, . . .. We substituted the above equation into the boundary Equation (6) for
the surface of the “a” cylinder and assimilated the coefficients to the same f (q) functions by
obtaining the following equations for the coefficients {A(q), B(q)} in the Equations (3)–(5):

εd

(
A(q)

3 + A(q)
1 g2q

)
− εmB(q)

1 = E0x(εm − εd), (10)

εd(A(q)
4 − A(q)

2 g2q)− εmB(q)
2 = E0y(εm − εd), (11)

A(q)
2 g2q + A(q)

4 − B(q)
2 = A(q)

1 g2q − A(q)
3 + B(q)

1 = 0 (12)

where g = (L + d)/(L− d). By matching the electric field and the displacement on the
surface of the “a1” cylinder, we obtain from the Equation (7):

εd

(
A(q)

1 + A(q)
3 g2q

1

)
− εm1 B(q)

3 = E0x(εm1 − εd), (13)

εd

(
A(q)

2 − A(q)
4 g2q

1

)
− εm1 B(q)

4 = E0y(εm1 − εd), (14)

A(q)
4 g2q

1 + A(q)
2 − B(q)

4 = A(q)
3 g2q

1 − A(q)
1 + B(q)

3 = 0 (15)

where g1 = (L + d1)/(L− d1). Setting the determinant of Equations (10)–(12) and (13)–(15)
to zero gives the “q” resonance condition. The cylinders with the same permittivity εm1 =

εm resonate when (gg1)
2q(εd + εm)

2 − (εm − εd)
2 = 0. The first term dominates when the

distance d+ d1 between the cylinders increases and gg1 → ∞. Then, all resonant frequencies
ω
(q)
r collapse into a single value ω

(1)
r given by the well-known equation <[εd(ω

(1)
r ) +

εm(ω
(1)
r )] = 0 for the plasmon resonance in a metallic cylinder. On the other hand, when

the gap size vanishes d + d1 → 0, the factor gg1 → 1 from above and the resonance
frequencies ω

(q)
r spread out from ω

(1)
r to the minimum resonance frequency estimated from

the equation εm(ω
(m)
r ) ' − 2εdaa1

L(a+a1)
→ −∞. The real part of the permittivity of silver, gold,

and many other metals is well described by the Drude formula in the red and infrared
spectral range <εm(ω) ∝ − (ωp/ω)2 [61] and the minimal resonant frequency ω

(m)
r ∝

ωp(d/a)1/4 � ωp.
Observing plasmon resonance between the metal cylinders is a challenging experimen-

tal problem involving positioning two nanocylinders parallel to each other at a nanometric
distance. Yet, the investigation of the plasmon resonance in the metallic nanocylinder
placed at a nanodistance above a flat metallic surface (i.e., a1 = ∞) is the focus of current
experimental studies. In order to evaluate the electric field located within this nanogap, the
limit case was employed (i.e., a1 → ∞ and d1 → 0). The electric field (named E0) had a fixed
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value at the level of the cylinder surface a1 (far from the cylinder a). Thus, all expressions of
the electric field are expressed in terms of E0. For the limit case (a1 → ∞), E0 corresponds
to that attached to the surface of the metal plate (i.e., at x = 0, a� |y|; see Figure 1c). From
there, the electric field E(x, y) was assessed at the central coordinates (i.e., (x, y) = (0, 0)
and (u, v) = (0, 0)), and its value was maximal, as depicted in Figure 1c,d. Thus, the
Jacobian Ĵ simplifies to the scalar quantity L, and the expression of Ex,y was determined by
solving the Equations (10)–(12) and (13)–(14). The field equation is simplified in the center
of coordinates, namely

E(x = 0, y = 0) = {Ex0

[
1+

8εm1 Σ
εd − εm

]
, Ey0

[
1− 8εdΣ

εd − εm

]
}, (16)

Σ =
∞

∑
q=1

(−1)qq h
(b + 1)q − h

, h =
(εd − εm)(εd − εm1)

(εd + εm)(εd + εm1)
, (17)

b = (d + L)(2a + d + L)/a2 '
√

8d/a (18)

where εm, εm1 , and εd are the permittivities of the cylinder, metal plate, and outer space,
respectively. a and d are the cylinder radius and the gap size, respectively. The last
approximation in the Equation (18) holds for d� a. The system resonates if a denominator
in the first equation in (17) almost vanishes, i.e., the dimensionless parameter <h > 1 and
the loss factor κ = =h/|h| ' 2εd

(
=εm|εm|−2 +=εm1|εm1|−2

)
� 1 for |εm|, |εm1 | � εd.

Despite the simplicity of the Equations (16) and (17), the gap field has a rather rich
behavior when the gap vanishes, i.e., b→ 0. Suppose that the parameter <h < 1, then the
denominator n(q) = (b + 1)q − h in the sum Σ in the Equation (17) is not close to zero for
all the values of q, and hence, it can be linearized as n(q) ' b1q− h1, where h1 = h− 1,
<h1 < 0, b1 = log(1 + b) ' b. Then, the sum Σ in the Equation (17) is approximated as

Σ ' S(h1, b1) =
∞

∑
q
(−1)qq/(b1q− h1) (19)

which can be solved by the Laplace transformation and Abel regularization. The function S
has a simple integral presentation:

Σ ' S =
h1(ψ1 − ψ2) + b1

2b2
1

= −
∫ 1

0

x−
h1
b1

(x + 1)2
dx
b1

(20)

where ψ1 = ψ
(

b1−h1
2b1

)
, ψ2 = ψ

(
− h1

2b1

)
and ψ = Γ′/Γ is the polygamma function. The sum

is approximated as Σ ' − 1
4(b1−h1)

(
b1

2b1−h1
+ 1
)
→ 1

4h1
for the fixed h1 and |b1/h1| → 0.

In other words, the electric field tends towards a finite value when the gap between the
cylinder and the plate vanishes. The integral (20) converges for <h1/b1 < 1. In the
opposite case, one of the denominators n(q) in the sum Σ of the Equation (17) vanishes
for q = qc = log h/ log(1 + b). We linearized the denominator at this point, obtaining
n(q) ' [d n(q)/d q](q− qc) = qb2 − h2, where b2 = h log(1 + b) and h2 = h log h. Therefore,
the sum S in the Equation (17) is still given by the Equation (19), where the parameters b1
and h1 are replaced by b2 and h2. The terms in Σ with numbers close to q1 = <qc have the
maximum impact on the sum Σ. The analytical continuation of the function S(b2, h2) to the
domain <[h2/b2] < 0 gives:

Σ ' − x2

b2 sin(x)
− S(−h2, b2) (21)

where x = πh2/b2 =
π log h

log(1+b) '
π log |h|
log(1+b) + i π κ

log(1+b) , S(−h2, b2) is still given by the integral
in the Equation (20). The first resonance term of the Equation (21) determines the singular
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behavior of the field when the loss factor κ � 1. Suppose that the frequency is fixed, then
the sum |Σ| oscillates as a function of b� log|h| (see Figure 2).

Figure 2. Comparison of analytical (lines) and numerical (dots) maximum electric field intensities
|E/E0|2 in the gap (see Figure 1) between (a) the Ag cylinder and the Ag surface, (b) the Au cylinder
and the Au surface, (c) the Cu cylinder and the Cu surface, and (d) the Si cylinder and the Ag surface.
Red, green, and blue colors correspond to the excitation wavelengths (λexc) of 785 nm, 532 nm, and
405 nm, respectively. The excitation beam has an incidence angle of 45◦ and a p-polarization. In
(b), the stars and crosses represent, respectively, the experimental results obtained by Zayats’ group
and the theoretical results obtained by Pendry’s group, for the excitation wavelengths of 785 nm
(red) and 532 nm (green). The dashed lines correspond to the analytical results obtained with an
incidence angle of 90◦ for the excitation beam. The black diamond and the black ring correspond
to the simulation results obtained by Bozhevolnyi’s group and by Li et al., respectively. The results
are shown in logarithmic scale. The value of the field |E/E0|2 only depends on the ratio d/a in the
quasi-static approach used in our analytical theory. For the computer simulations, the diameter of the
cylinder is 2a = 20 nm.

The oscillation period decreases with the decrease of the gap size. The local maxima
|Σ|m are achieved when <x = mπ. The value of these maxima is given by the following
expression:

|Σ|m '
πm2

|h2|
sinh

(
πmκ

log |h|

)−1
(22)

This value increases linearly with the number m: |Σ|m ∝ m/κ achieving the absolute
maximum for m = mmx ' log |h|/πκ, namely |Σ|mx ' log |h|/(πκ2|h|). The oscillations
collapse with a further decrease of the gap due to the losses in the system, and |Σ| drops
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down exponentially as a function of b. By substituting |Σ|mx into the Equation (16), we
obtain the estimate of the limit of the electric field:

|Emx|2 '
64|h|4 log2 |h|

π2(=h)4 |E00|2 (23)

where the paramater h is given by Equation (17), |E00|2 = |E0xεm1|2 +
∣∣E0yεd

∣∣2, while εm,
εm1 , and εd are the permittivities of the metal cylinder, the metal plate, and the surrounding
space, respectively. In the red and infrared spectral ranges, the permittivity of the metal is
large in absolute value (|εm|, |εm1 | � εd, =εm/|εm|,=εm1 /|εm1 | � 1), and the Equation (23)
is simplified:

|Emx|2 ∝

∣∣ε6
m
∣∣∣∣ε4

m1

∣∣(|εm|+ |εm1 |)
2

ε2
d
(
|ε2

m|=εm1 +
∣∣ε2

m1

∣∣=εm
)4 |E00|2 (24)

The maximum enhancement of the field is estimated at |Emx| ∝ |εm|3ε−1
d (=εm)

−2|E0|
in the gap between the cylinder and the plate made of the same metal. For instance, the field
can be as large as |Emx| > 103|E0| in the gap between the silver plate and a silver cylinder
for the green light λ = 532 nm (Figure 2a). This is an upper limit since the field can be
restricted by the radiation loss and spatial dispersion of the electric charge in subnanometer
gap [3].

3. Analytical Model vs. Simulations and Experiments

In any real SERS detection experiment, a layer of molecules to be investigated is
placed in the gaps formed by metallic particles distributed on a metal mirror. In this work,
numerical simulations (COMSOL) were employed to reproduce the periodic grating of
the metallic nanocylinders, whose dimensions were, respectively, 10 nm and 50 nm for
the radius a of the nanocylinder for each grating and 200 nm for the periodicity D for
both gratings. The arrays of nanocylinders were deposited on a metallic surface, then
illuminated by p-polarized light at a 45◦ angle of incidence comparable to the work of
Moskovits’ group [10]. To obtain the reflectance and electric field measurements, we
employed periodic boundary conditions and periodic ports. The 2D model was set up
for an unit cell of the grating, flanked by Floquet boundary conditions describing the
periodicity. This means that the solution on one side of the unit is equal to the solution
on the other side multiplied by a complex-valued phase factor. The phase shift between
the boundaries was evaluated from the perpendicular component of the wave vector. Port
conditions were used to specify the incident wave. The radius a of the nanocylinder was
fixed, and the size of the nanogap d was a variable parameter. The electric field in the
gap and the S-parameters were obtained by solving Maxwell’s equations via the finite-
element method. Comparing the results of these numerical simulations with the analytical
model, a relatively good agreement was observed for the enhancement of the electric field
within the nanogap (see Figure 2a–c). By considering a metal–semiconductor nanogap,
significant values of the electric field within the latter can be achieved (see Figure 2d). The
concentration of electromagnetic energy in the nanogaps can be noticed by a decrease in
reflectance (see Figure 3b,d).

To compare our analytical model with the computer simulations described above,
we set the electric field Es at the point x = d + 2a, y = 0 on the surface of a cylinder and
calculated the field E(x, y) throughout space using our analytical theory. To simplify the
consideration, the direct interaction between cylinders was neglected since the electric
field was localized in the nanogaps of size d� a. Then, we averaged the field over the layer
0 < x < d+ 2a and introduced the effective permittivities ε

(e)
xx = 〈ε(x, y)Ex(x, y)〉/〈Ex(x, y)〉

and ε
(e)
yy =

〈
ε(x, y)Ey(x, y)

〉
/
〈

Ey(x, y)
〉
. An electromagnetic wave of amplitude Ein and

the p-polarization arrives on the layer placed above the metal plate. Maxwell’s equations
were solved in terms of amplitude Ein in order to find an electromagnetic field in the
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layer of thickness d + 2a and permittivity ε̂(e). In particular, we found the electric field
E0 = {Ex0, Ey0} at the interface between the layer and the metal plate (see Figure 1c). In
the dilute case a� D � λ, the field E0 was equal to the field that was on the metal surface
without a cylinder, namely

E0 = Ein{
εm1 sin 2θ√

εdεm1 − ε2
d sin2 θ + εm1 cos θ

,
2 cos θ

√
εdεm1 − ε2

d sin2 θ√
εdεm1 − ε2

d sin2 θ + εm1 cos θ
} (25)

where θ is the angle of incidence. This field was introduced into Equation (16) in order to
obtain the analytical estimate of the electric field in the nanogap. The theoretical results
were consistent with full-scale computer simulations for small cylinders (ka � 1). The
results of our quasi-static model extrapolated to ka∼1 were still in qualitative agreement
with the computer simulations of “large” nanocylinders (see Figure 3). The agreement was
better for a smaller gap size d and a higher plasmon resonance q. Indeed, our quasi-static
theory worked better when the spatial scale of the electric field variance Lq∼L/q∼

√
ad/q

was much smaller than the wavelength λ. In this case, we believe that all other parts of the
plasmonic system can be considered as an external environment by simply renormalizing
the applied electric field. The model is valid when the plasmon size Lq∼

√
ad/q is less than

the skin depth Lq � 1
k
√
|εm |

. Figures 2 and 3 show that the largest field enhancement was

obtained in the red and infrared spectral bands, where the optical loss in the metal was
relatively low. On the other hand, the silver–silicon system resonated for λ < 550 nm when
the parameter <h in the Equation (17) became greater than one.

Figure 3. Analytical results in the gap between the Ag cylinder and the Ag surface as a function of
wavelength and d/a ratio: (a) electric field intensity |E/E0|2 and (b) reflectance. Numerical results
for the “large” silver cylinder with a radius of a = 50 nm and a period of D = 200 nm: (c) electric
field intensity |E/E0|2 and (d) reflectance.
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Moreover, we also compared our analytical model to other theoretical results obtained
with a local analogue model (LAM) developed by Pendry’s group [62]. A good agreement
was obtained between our analytical model and the LAM of Pendry’s group for the excita-
tion wavelength of 785 nm (see the red line and red crosses in Figure 2b). For the excitation
wavelength of 532 nm, our analytical model was still in relatively good agreement with the
LAM (see the green line and green crosses in Figure 2b).

Furthermore, we compared our analytical model to the experimental results obtained
on the enhancement factors of the SERS effect recorded by Zayats’ group [63]. The nanos-
tructures used for these experiments were arrays of gold dimers on a 50 nm-thick gold
film, composed of two disks with a radius of 70 nm, height of 40 nm, and gap of 20 nm.
They obtained |E/E0|2 ratios of 1.25 × 102 and 5.48 × 102 at the excitation wavelengths
of 532 nm and 785 nm, respectively, for a corresponding d/a ratio of 0.29. We observed a
good agreement between our analytical model and the experimental results recorded by
Zayats’ group (see the red/green lines and the red/green stars in Figure 2b). The small
difference can be due to the difference in the incidence angle of the excitation beam between
our analytical model (45◦ with respect to the surface normal) and the experimental results
(normal incidence; the polarization of the excitation light was along the dimer direction).
We analytically calculated the electric field intensity |E/E0|2 at the excitation wavelengths
of 532 nm and 785 nm in the gap between the Au cylinder and the Au surface for the case
considered by Zayats’ group and Pendry’s group, where the polarization of the excitation
light was along the dimer direction. This configuration corresponded to ours at an inci-
dence angle θ = 90◦ with respect to the surface normal (see the red and green dashed lines
in Figure 2b). In this case, |E/E0|2 was more enhanced and an even better agreement was
reached with the above-mentioned results of Zayats and Pendry.

Besides, a comparison between our analytical model and the numerical simulations
obtained by Bozhevolnyi’s group was made [16]. The structure employed for these sim-
ulations was a disk on a 200 nm-thick gold film, the 40 nm gap between them of which
was made by a layer of SiO2. The radius of the disk was 250 nm, and its height was 40 nm.
They obtained an |E/E0|2 ratio of 2.25 × 102 at the excitation wavelength of 800 nm for
a corresponding d/a ratio of 0.16. A good agreement was reached between our analytical
model (at the excitation wavelength of 785 nm) and the simulation results obtained by
Bozhevolnyi’s group (see the black diamond in Figure 2b). Lastly, another comparison of
our analytical model to the numerical simulations obtained by Li et al. was made [64]. The
nanostructure employed for these simulations was a dimer composed of gold disks with a
radius of 25 nm and a gap in between of 3 nm. They reached an |E/E0|2 ratio of 2 × 102 at
the excitation wavelength of 532 nm for a corresponding d/a ratio of 0.12. A relatively good
agreement between our analytical model and the simulations results obtained by Li et al.
was achieved (see the black ring in Figure 2b).

The analytical model, as well as computer simulations predict a possible large en-
hancement in the local electric field between the dielectric cylinder and the metal mirror
even in the absence of the plasmon resonance, as shown in Figure 2d for λ = 532 nm and
785 nm. We speculated that such enhancement of the non-resonant field was the result
of the summation of many non-resonant gap modes. Non-resonant SERS was probably
observed in recent experiments [34,59], where the Raman signal was detected from agglom-
erates of large protein molecules. The possibility of non-resonant SERS due to the formation
of large molecular aggregates on the flat metal surface should be experimentally studied in
more detail. Our model predicted a rather sophisticated behavior of the reflection from the
metal nanocylinders distributed on the metal mirror, as shown in Figure 3b,d. By fitting
the radii of the cylinders, the resonances can be tuned for particular frequencies. Then, the
metal cylinder system can be used as a plasmonic paint of various colors. Indeed, various
plasmon paints have attracted much attention in recent years (e.g., [65]).
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4. Conclusions

In summary, we presented an analytical model of the plasmons excited in the gap be-
tween a metallic or dielectric nanocylinder and a metallic or dielectric plate. The resonance
conditions for the gap plasmon were found as a function of the metal permittivity and the
gap size. When the cylinder-on-mirror cavity was excited by the incident light, the electric
field of the gap increased and oscillated with the decrease in the gap size to achieve its limit
value. The excitation of gap plasmons led to dips in reflectance. The minimum “q-th” of
the reflectance corresponds to the excitation of the “q-th”-order plasmon. Reflectance fluc-
tuations have probably been observed, e.g., in experiments [3,66]. The quasi-static model
qualitatively describes the field enhancement up to ka ≤ 1, since the field is concentrated
in the nanogap, whose size is much smaller than λ. Finally, we compared our analytical
model with experimental results on the enhancement factors of the SERS effect, simulations
results, and another theoretical model, and good agreements between them were found.
Thus, this analytical model can be used to design new SERS substrates and other possible
optical sensors composed of metal nanocylinders.
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