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Abstract: Currently, there are two main types of anti-floating methods for underground structures;
one is the passive anti-floating method represented by anti-draft piles, the other is the active anti-
floating method which focuses on interceptor-discharge pressure-reducing (IDPR). In the design of
an IDPR anti-floating system, the relief well system situated within the cut-off wall serves as the
primary drainage channel. The determination of the seepage field distribution within the multi-well
system is vital for the overall design. For the seepage field analysis of the IDPR anti-floating multi-
well system, currently numerical analysis is usually used, and there is a lack of simplified analysis
methods. The simplified analysis methods already available are based on the uniform distribution
of wells in circular pits, while the conversion of non-circular pits into circular pits produce large
errors, which are not conducive to promoting the use of the method. To address this, we propose a
simplified calculation approach suitable for multi-well systems (arbitrary layout) within elliptical pits.
The analytical solution of non-uniformly distributed wells in circular pits is deduced through the
principle of superposition. Then, the ellipse is mapped into a circle by using conformal mapping. The
resistance coefficient method is adopted, and the internal and external seepage fields are connected in
series to obtain the total flow rate, as well as the distribution of the seepage field. This is based on the
consideration of the permeability of the waterproof curtains and the bypassing seepage. According
to the verification of the calculation example, the results of the simplified algorithm are similar to the
results of the finite element method, which proves the accuracy of the method; at the same time, when
applied to the actual engineering, the obtained calculation results coincide with the measured data,
which proves the practicability and reliability of the method. The simplified method can provide an
effective way to design an IDPR anti-floating system.

Keywords: elliptical pit; anti-floating; multi-well system; cut-off wall; conformal mapping; method
of resistance coefficient

1. Introduction

In recent years, with the development of the city, increasing attention has been paid to
the development of underground space, and a series of large-scale, complete functional
systems of underground complexes, underground facilities, urban renovation, and new
construction areas has emerged. The construction of these super-large and super-deep
basements inevitably faces the problem of calculating the flotation resistance of the un-
derground structure and selecting anti-floating measures. Kong Dezhi et al. [1] pointed
out that when a sudden high-water level occurs, a single anti-buoyancy measure cannot
actively reduce the water load on the underground structure, and the basement will suffer
from wall cracking and floor arching. Wu Yongxia et al. [2] investigated the risk of impact
instability of the structure caused by the buoyancy force of groundwater due to the increase
in head in the pressurized aquifer in the Shanghai area. Sun Weixin et al. [3] conducted a
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comprehensive study on the design of shield tunnel cover thickness from the aspects of
working surface and anti-buoyancy stability. Li Yang et al. [4] introduced the failure rea-
sons and laws of anti-buoyancy structure through engineering examples of anti-buoyancy
accidents. Zheng Yuchao et al. [5] ensured that the large air shafts between the Olympic
Sports Centre Station and the Century Avenue Station of Lanzhou Metro Line No. 1 were
fitted with anti-float safety devices. The traditional anti-floating measures for underground
structures mainly use anti-draft piles or anti-floating anchors, which provide a tensile force
to resist the water load acting on the structural base plate. I.H.Wong [6] discussed various
methods of passive flotation resistance and explained the conditions applicable to each
method. Zhou Tonghe et al. [7] designed a composite pile with a lower expanded section
applicable to engineering flotation resistance, analyzed the mechanism of its resistance to
pull-out, and proposed a theoretical model of single pile pull-out capacity and calculation
parameters for this type of pile. Zhang Minxia et al. [8] conducted field pile pull-out tests
of bored and grouted piles and proposed an MMF growth curve model that accurately
describes the pull-out load-displacement curve of pull-out resistant piles and predicts the
ultimate capacity of piles for underground engineering. Jia Jinqing et al. [9] investigated
the shear stress distribution of the anchor in geotechnical soil through destructive tests of
pull-out anchors, and pointed out that increasing the length of the anchor has a limited
effect on the shear stress of the anchor in the geotechnical soil, while increasing the length
of the anchor has only a limited effect on improving its bearing capacity. However, there
exists an alternative to this passive ‘resistance’ based approach—an active ‘drainage’ based
approach to decompression and flotation [10,11]. In this method, the design water level
is lowered and the water load on the bottom of the structure is reduced by installing a
hydrophobic layer, a drainage ditch, a relief well below the bottom of the structure or a
drainage corridor around the structure to drain the water. By reducing or eliminating
the water load, most (or all) of the anti-draft piles or anti-floating anchors can be omitted,
and the thickness and reinforcement of the floor slab can be reduced, while the drainage
water from the system can be used for other purposes. This is sufficient to offset the cost
of long-term pumping. Therefore, compared to conventional passive anti-floating, active
drainage relief anti-floating has great economic advantages [12–17].

The design of the IDPR anti-floating system primarily addresses four crucial issues: the
arrangement of drainage structures, water discharge, pressure distribution on the bottom
plate, and environmental impact. To tackle these challenges, the seepage field is divided
into inner and outer sections, with the cut-off wall serving as the boundary. The total flow
rate is consistent on both sides and is then unified appropriately at the cut-off wall. The
calculation of the seepage field on the outer side is relatively straightforward, with the
focus being on the inner measurement of the seepage field [18,19]. Currently, numerical
methods are typically employed for analysis, and there is a noticeable absence of practical
simplified calculation methodologies.

The fundamental concept of simplified calculation for IDPR anti-floating primarily
involves three stages. First, the pressure reduction target, which is the average anti-floating
water level within the basement floor, is established. The determination of this water level
should factor in the characteristics of the structure and the site, the environmental impact of
the drainage, the durability of the drainage structure, as well as the volume of the drainage,
among other elements. Once the water level is set, the active anti-flooding structure can be
designed. In the simplified calculation approach presented in this paper, the anti-floating
water level is treated as a known input parameter.

Next is the calculation of the drainage volume. In the simplified calculation of a
multi-well system, the superposition principle is commonly used. When there is no
impermeable boundary, the drawdown at any point in the multi-well system is the sum
of the drawdowns caused by each well at that point [20,21]. Based on the principle of
superposition, Mao [22] proposed a method to solve the water depth drop at any point in a
pressurized and unpressurized multi-well system under arbitrary arrangement: the group
of wells is virtualized as a “big well” and the “big well formula” is used for calculation.
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The water depth and flow rate can be obtained when the group of wells is approximately
circularly distributed. However, in an IDPR environment with cut-off wall to intercept
seepage, the big well formula is no longer applicable. In addition, Wu [23] proposed the
mirror superposition method to solve the seepage field of a pit with a completely watertight
cut-off wall boundary. In fact, the cut-off wall of the pit is not a completely water-insulated
boundary, and there is both bypass seepage and through seepage. Wang [24] used the
conformal transformation method to find the head and flow in the case of bypass seepage
when the thickness of the cut-off wall is taken into account. Hu [25] carried out both
approximate calculations and numerical simulations for comparative verification of the
mirror superposition method in the case of permeability. However, the above studies did
not consider the working conditions of relief wells. Under the condition of cut-off wall,
the arrangement of relief wells mainly affects the pressure distribution on the inner side of
the cut-off wall, while the influence on the flow rate on the outer side of the cut-off wall is
smaller, so the inner and outer seepage flow fields can be decoupled, which provides the
feasibility for simplifying the proposed calculation method. For seepage calculations in
multi-well systems with the presence of a cut-off wall, a coefficient of resistance method is
used which takes the cut-off wall into account; This method was proposed by P.P.Чyгaeв
[26] in 1957 on the basis of the theory of Pavlovsky’s segmentation method and the theory
of Numeroff’s calculations of rapidly changing seepage zones, and is an approximation
of constant seepage in the non-rocky foundations of a lock and dam. It can be used to
determine seepage elements at various points in a seepage zone, including the seepage
pressure, seepage gradient, and seepage flow rate. Zhu et al. [18] obtained the discharge
by solving the seepage field on the inside of the cut-off wall by solving the resistance
coefficient. Luo et al. [27] proposed a new computational model to simplify the calculation
of water inflow in pits with impermeable walls based on the concept of segmental resistance
coefficients under the assumption of two-dimensional seepage in the profile, and gave the
formula of segmental resistance coefficients. This is highly accurate and can be used for
both watered and unwatered, confined and unconfined, and single-layer and double-layer
systems. Mei et al. [28] proposed a simplified method for solving the seepage problem
(including wall leakage and wall bypass) in weakly permeable layers by using the solutions
of two types of models, namely wall leakage only and wall bypass only, when the effects of
permeability and thickness of impermeable walls are considered simultaneously.

Lastly, the outlet height of the drainage structure, its arrangement, and the pressure
distribution beneath the basement slab are determined. Various drainage structures such as
relief wells, drainage corridors, ditches, etc., are considered in the drainage relief and anti-
floating analysis and calculation. The first two steps are consistent across these structures,
and mature calculation methods are desired. The primary distinction lies in the final step,
which also presents the main challenge in the simplified analysis of IDPR anti-floating.
This paper focuses on the calculation and analysis for the relief well. Zhu et al. [18] derived
the head distribution of a uniformly distributed multi-well system inside a circular pit,
assuming a constant head on the inner boundary of the cut-off wall. However, in practical
engineering, the wells within the pit are often unevenly distributed and most have irregular
shapes. These need to be mapped into a circle following the Schwarz–Christoffel transform
in complex function theory, a process that is quite intricate [29–31].

In light of this, based on the conformal mapping method from an ellipse to a unit
circle, we propose a simpler and more universally applicable simplified algorithm. This
algorithm is designed for the IDPR anti-floating design of elliptical pits under arbitrary
well deployment conditions.

2. Simplified Calculation of Multi-Well System for Elliptical Pit
2.1. Basic Assumptions of Simplified Calculations

1. Owing to the function of the cut-off wall, the water inflow of drainage relief depends
on the average water level difference between the inside and outside of the pit post-
relief and is independent of the specific arrangement of the relief well. Hence, the
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seepage field is divided into two sections—inside and outside the pit by the cut-
off wall. This paper simplifies the calculation method by treating these two parts
separately, first calculating the internal seepage field. Subsequently, the pit is equated
into a circle based on the area [18], and the equivalent internal seepage field is solved
in series with the external seepage field.

2. The seepage field on the inner side of the cut-off wall is pressurized.
3. The primary aquifer layers outside the cut-off wall are categorized into two scenar-

ios: the pressure-bearing mode and the submerged mode. In cases where there are
multiple layers of highly permeable strata with negligible variations in permeability
coefficients, equivalent permeability coefficients can be employed.

4. The material of each soil layer and cut-off wall is homogeneous and isotropic [32].
5. The inner edge line of the cut-off wall is an equal head line.

2.2. Seepage Field Inside a Circular Pit

For the simplified calculation of unevenly distributed wells in non-circular pits, the
first step is to find the analytical solution of the seepage field of unevenly distributed wells
in circular pits and then to map it to the non-circle by means of a conformal transformation.

In order to obtain the seepage field on the inside of the cut-off wall of a circular pit,
this paper adopts the conformal transformation [33,34] to solve the potential function at
any point in the pit. First, a pumping well M1 with a distance e from the center of the
circle and a flow rate q is placed in a circular pit with a radius R. As shown in Figure 1, its
coordinates are given as the following:

z = x1 + iy1 (1)

Next, an injection well M1
′ with the same flow rate is placed symmetrically around

the circumference of well M1; the inverse mapping of well M1 gives well M2, i.e.,:

z2/R = R/z1 (2)

since well M1
′ is symmetric with well M2 about the real axis, the coordinates of well M1

′

are obtained:
z2 = R2/z1 (3)
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Figure 1. Schematic diagram of a seepage field inside a circular pit. Figure 1. Schematic diagram of a seepage field inside a circular pit.

then the potential function between well M1 and well M1
′ is calculated as follows:

ω =
q

2π
ln(

z− z1

z− R2/z1
) + C (4)

since in the IDPR conditions, the point on the cut-off wall is taken for the zero point of the
potential function, that is, when |z| = R, the point on the cut-off wall potential function
ω = 0. At this time, the characteristic point is taken on the circumference of z = R and
with substitution into the above equation, the following solution is obtained:

C = ln(R/|z1|) (5)
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According to the principle of well superposition, in the case of mutual interference
between several relief wells on the site, the potential function at any point within the site
is equal to the superposition of the potential functions of several relief wells at that point.
Therefore, by the principle of superposition, the potential functions of n relief wells within
the circular pit cut-off wall, sorted as i = 1, 2, 3, . . ., with coordinates ωwi, are superposed to
obtain the potential function of the circular pit multi-well system for a cut-off wall at any
point ω on the inside of the curtain, as shown below:

ϕ =
n

∑
i=1

qi
2π

ln(
Ξ− Ξwi

Ξ− R2/Ξwi

R
|Ξwi|

) (6)

2.3. Ellipse to Circle Mapping

Let the length of the semi-long axis of the ellipse be a, the length of the semi-short axis
be b, and (z = x + yi) be the coordinates of the points in the plane inside the ellipse. The
conformal mapping transformation from ellipse to unit circle is then as follows [34]:

Ξ =
√

ksn(
2K
π

arcsin
z√

a2 − b2
) (7)

The transformation of an ellipse into a unit circle by the above conformal mapping is
shown in Figure 2:
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where the parameter k in the elliptic function and the elliptic integral K of the first type are
calculated as follows [35]:

k =

(
2q

1
4 + 2q

9
4 + 2q

25
4 + · · ·

1 + 2q + 2q4 + 2q9 + · · ·

)2

(8)

K =
∫ π/2

0

dt√
1− k2 sin2 t

= F(k,
π

2
) (9)

q =

(
(a− b)
(a + b)

)2

(10)

For elliptic functions, the calculation of each function is shown below:

sn u =
m

1
4 θ1(z0, q)
θ4(z0, q)

(11)

where u = 2Kz0/π; m = k2, and

θ1(z0, q) = 2
∞

∑
n=0

(−1)nq(n+
1
2 )

2
sin
[(

n +
1
2

)
2z0

]
(12)
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θ4(z0, q) = 1 + 2
∞

∑
n=1

(−1)nqn2
cos(2nz0) (13)

First, the coordinates of the elliptical pit (z = x + yi) are conformally mapped by
the above equation. Second, the equivalent coordinates Ξ after the transformation are
substituted into Equation (6) to calculate the potential function of the seepage field inside
the circular pit cut-off wall. If there are n wells, there are n equations, and the n flow
rates qi are taken as a 1× n vector x to be solved, and the n equations on the right side of
the equations are taken as the n×n matrix A. The n water heads ϕ on the left side of the
equation are used as a n× n vector b. Finally, the matrix equation Ax = b is solved using
the linalg.solve command in the numpy library in Python to obtain the vector x. The water
discharge from each individual well under the water head inside the target pit cut-off wall,
and then the seepage field inside the cut-off wall can be obtained by superimposing the
seepage field of each individual well distribution.

Figure 3 shows the seepage field flow network inside the pit waterproof curtain of an
elliptical pit under a non-uniformly arranged relief well, where the blue line is the seepage
field flow line and the black line is the seepage field equipotential line.
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After obtaining the seepage field distribution inside the cut-off wall of the target pit,
the equivalent radius of the elliptical pit is found according to the area equivalent to the
circular pit by Rd =

√
(a× b× π)/π =

√
ab.Then the seepage field inside and outside the

pit cut-off wall is solved in series by the resistance coefficient method. Finally the total flow
and head of the target pit is obtained.

2.4. Inside-Outside Seepage Field Solved in Series

After obtaining the analytical solution of the inner seepage field, the resistance co-
efficient method can be used to solve the seepage field of the inner and outer sides of
the pit in series using the fsolve module of the scipy library in Python. The resistance
coefficient method has three resistance coefficients: ξ1, ξ2, ξ3, can be obtained through the
solution of these three coefficients of the total flow Q, so as to calculate the seepage field
distribution of the pit under the system of multiple wells, for the underground structure of
the interception of the IDPR anti-floating system to provide a basis for design. Depending
on the stratigraphic environment in which the pit is located, the calculations can be divided
into the pressure-bearing mode and the submerged mode. As shown in Figure 4, the outer
head is Hd, the inner head is HR, the thickness of the cut-off wall is d, the permeability
coefficient is Kw, the head at the edge of the affected area is H0, the permeability coefficient
of the weakly permeable layer at the bottom of the waterproof curtain is K1, the thickness
is D, the thickness of the outer side is T1, the thickness of the inner side is T2, and the water
level of the relief well is hw. In Figure 4a, K0 and T0 are the permeability coefficient and
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thickness of the pressure-bearing highly permeable layer on the outside of the cut-off wall,
and K and T are the permeability coefficient and thickness of the pressure-bearing highly
permeable layer on the inside of the cut-off wall. In Figure 4b, K0 and T0 are the permeabil-
ity coefficients and thicknesses of the submerged layer on the outside of the cut-off wall,
and K and T are the permeability coefficients and thicknesses of the hydrophobic layer
on the inside of the cut-off wall. The specific calculation procedure can be found in the
literature [18], only the main formulae are given here.
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Figure 4. Schematic of pit profiles under the IDPR scheme: (a) Pressure-bearing mode; (b) submerged
mode. “Reproduced with permission from Zhu D. et al. [18], Simplified calculation and design
method of multi-well system for anti-uplifting based on intercepting and discharging water; published
by Chinese Journal of Geotechnical Engineering, 2021”.

In pressure-bearing mode, the main aquifer outside the pit cut-off wall is the pres-
surized soil layer. Among them, the thickness of the relatively highly permeable layer is
the thickness of the pressurized highly permeable layer on the outside of the cut-off wall,
i.e., Tq = T0, the permeability coefficient is K0, and ξ1 is the external seepage resistance
coefficient, at which time there is the following [23]:

H0 − Hd = Q
K0

ξ1

ξ1 = 1
2πT0

ln R0
Rd

}
(14)

If in submerged mode, then

T0 = (h0 − hd)/2
h0 = H0 − z0
hd = Hd − z0

 (15)

depending on the main aquifer outside the pit cut-off wall, the total flow rate of the seepage
field outside the pit cut-off wall can be obtained from the given site head by selecting the
above formulae for calculating the seepage field outside the pit cut-off wall in pressure-
bearing or submerged mode.
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The next step is to calculate the seepage field at the cut-off wall. In pressure-bearing
mode, the thickness of the relatively highly permeable layer at this point is Tq = (T0/2 +
T/2) and the permeable part of the wall is calculated as follows:

Q1 = (Hd−HR)2πRKw
ξa

ξa =
d

T0/2+T/2

}
(16)

The calculations for the leached part of the wall base are as follows:

Q2 = (Hd−HR)2πRK1
ξb

ξb = d
D + 2

π

(
T1
D ln T1+D

T1−D + ln T1
2−D2

D2

)  (17)

in submerged mode, the relative high permeability layer thickness is Tq = (Hd − z0 + T).
The total flow rate at the pit cut-off wall can be found by adding the flow rate of

the permeability of the wall and the seepage bypass at the bottom of the wall. ξs is the
resistance coefficient of the permeability and the seepage bypass, i.e., the following:

Hd − HR = Q
2πR ξs

ξs =
ξaξb

Kwξb+K1ξa

}
(18)

Finally, the seepage field on the inner side of the cut-off wall can be determined as
follows: in Equation (7), let ϕ = HR − hw, q = Q/KT, and ξ2 is the internal seepage
resistance coefficient, then the seepage on the inner side of the pit cut-off wall is calculated
as follows:

HR − hw = Q
K ξ2

ξ2 = 1
2πTQ

n
∑

i=1
Qi ln

(
z−zwi

z−R2/zwi

R
|zwi |

)  (19)

Equations (14), (18) and (19) can be added together to give:

H0 − hw = Q
(

ξ1

K0
+

ξ2

K
+

ξs

2πR

)
(20)

The above equation can be solved to obtain the total flow rate Q, which can be
calculated to obtain the distribution of the seepage field in the pit of the multi-well system
under the condition of IDPR anti-floating.

2.5. Processes to Simplify Calculations

Based on the previous discussion, the simplified calculation can be summarized into
the following steps.

1. Determine the parameters: first, determine whether the seepage calculation mode of
the outside of the cut-off wall is pressure-bearing or submerged; second, determine
the seepage parameters of the site, such as the area of influence of the seepage field
R0, the height of the edge of the area of influence H0, the thickness of the gravelly
sand layer T0, the thickness of the powdery clay layer T1, the depth of the relief wells
and the thickness of the water-reducing layer T, the thickness of the cut-off wall in
the pit d, the permeability coefficients of the highly permeable layer and the water-
reducing layer K, the permeability coefficient of the weakly permeable layer K1, the
permeability coefficient of the highly permeable layer K2, the permeability coefficient
of the cut-off wall Kw, the thickness of the weakly permeable layer at the bottom of
the cut-off wall D, and the shape of the pit, etc. Finally, the location of the relief wells,
the diameter of the wells rw, and the height of the wellhead hw are adjusted.

2. Simplify an arbitrarily shaped pit to an ellipse according to its area and map it to a
unit circle. First, according to the shape of the target pit, which is equivalent to the
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ellipse that it most closely resembles, the target pit is transformed to a unit circle by
conformal mapping.

3. Internal seepage field calculation. After obtaining the equivalent coordinates of the
pit through conformal transformation, assuming the water head height on the inner
side of the cut-off wall and the wellhead elevation, let ϕ = HR − hw.Together with the
transformed equivalent coordinates, substitute them into Equation (6) for calculating
the potential function of the internal seepage field in the circular pit with a curtain.
This will yield a system of equations Ax = B, where A is an n× n matrix representing
wellbore information, and B is a 1× n matrix representing the difference in water
head. Solve this system of equations to obtain the 1× n matrix x, which represents
the discharge flow rate of each well under the assumed water head conditions, i.e.,
the ratio of discharge flow rates between wells. Finally, the distribution of the seepage
field inside the target pit’s curtain under the assumed water head can be obtained by
the superposition principle.

4. Serial solution of seepage fields on the inner and outer sides. The elliptical pit
is transformed into an equivalent circular pit based on the equal area, obtaining
the equivalent radius Rd of the pit. By using the resistance coefficient method, the
assumed water head in step 2 is related to the actual water head at the site. The
resistance coefficient formulas for internal seepage Equation (19), external seepage
Equation (14), and seepage and bypass resistance at the cut-off wall Equation (18)
are connected in series using the resistance coefficient method formula Equation (20).
Finally, the distribution of actual water head heights at the site, as well as the total
flow rate and the actual discharge of each well, are solved.

In summary, the application process of this simplified calculation in the design of
IDPR anti-floating is shown in Figure 5. See Appendix A for details of calculation codes.
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3. Algorithm Validation
3.1. Arithmetic Parameters for Simplified Calculations

The normal operating program is divided into pressure-bearing and submerged modes
with fixed parameters as shown in Table 1. Other parameters for the pressure-bearing
and submerged modes are given in Tables 2 and 3. The 20 relief wells in different shapes
of elliptical pits were arranged by three different methods: single-circle homogeneous,
double-circle homogeneous, and non-homogeneous, while the distribution of the wells is
shown in Figure 6.

Table 1. Normal working condition fixed value parameters.

R0 (m) n hw (m) H0 (m) D (m) K (cm/s) K0 (cm/s) K1 (cm/s) Kw (cm/s)

400.00 20 0.00 6.00 2.50 5× 10−2 5× 10−2 5× 10−4 5× 10−5

Table 2. Pressure-bearing model program parameters.

a (m) b (m) T0 (m) T1 (m) Distribution rw (m) T (m) d (m)

90 70 2.00 5.00 A 0.50 0.60 0.80
100 60 3.00 4.00 B 1.00 1.00 1.60
120 50 4.00 3.00 C - - -

Table 3. Submerged model program parameters.

a (m) b (m) T0 (m) T1 (m) z0 (m) Distribution rw (m) T (m) T2 (m) d (m)

90 70 2.50 7.50 7.50 A 0.50 0.50 3.50 0.80
100 60 3.00 7.00 7.00 B 1.00 0.80 3.20 1.60
120 50 3.50 6.50 6.50 C - - - -
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distribution method; (d) Pit 2 using the A-well distribution method; (e) Pit 2 using the B-well
distribution method; (f) Pit 2 using the C-well distribution method; (g) Pit 3 using the A-well
distribution method; (h) Pit 3 using the B-well distribution method; (i) Pit 3 using the C-well
distribution method.

3.2. Flow Verification

The simplified calculation method and the finite element method were used to calcu-
late the scheme groups in the pressure-bearing mode and the submerged mode, respectively.
The simplified calculated total flow Qs of elliptical pits and the total flow Q f of ellipti-
cal pits calculated by finite element numerical simulation under different parameters
were obtained, and the results of comparison and distribution of the two, with a total of
432 calculation cases.

The distribution of simplified calculation errors for the pressure-bearing mode under
different parameter conditions is shown in Figure 7. The majority of the cases in the
pressure-bearing mode exhibit errors within 10%, with only a small portion exceeding this
threshold. In these cases, the simplified calculation results are generally lower than the
finite element calculation results. This is because the circumference of an ellipse is greater
than that of a circle with the same area. After the shape transformation, the total length
of the cut-off wall in the pit is reduced. Consequently, the seepage around the bottom of
the cut-off wall and the permeable flow through the wall are also reduced. As a result, the
simplified calculation tends to yield lower results compared to the finite element calculation.
However, overall, the accuracy of the simplified calculation for the multi-well system’s
seepage field in an elliptical pit under normal operating conditions in the pressure-bearing
mode is generally high and meets engineering requirements.

The calculation results for the submerged mode are shown in Figure 8. The majority
of the cases exhibit errors within 10%, with only a very small portion exceeding 15%.
This indicates that under the condition of IDPR, the simplified calculation results for
the seepage field of an elliptical pit in the submerged mode under normal operating
conditions are highly accurate. Moreover, most of the simplified calculation examples with
errors exceeding 10% tend to overestimate the results. This suggests that the simplified
calculation results are relatively conservative compared to the finite element calculation,
thereby meeting both engineering and safety requirements.
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Figure 8. Comparison of flow results in submerged mode (m3/d).

3.3. Hydraulic Pressure Distribution Verification

As shown in Figure 9, in the pressure-bearing mode, the overall head error is minimal
when the A well layout is used in the elliptical foundation pit with the smallest aspect
ratio, while the maximum overall head error occurs when the C well layout is used in
the elliptical foundation pit with the largest aspect ratio. This is because the simplified
calculations in this paper assume a constant head for the cut-off wall. If the well locations
are relatively uniform and there is a large number of wells, the head distribution of the
cut-off wall will be relatively uniform, basically consistent with the assumed uniform head.
Additionally, when the aspect ratio of the ellipse is small, the head near the cut-off wall
is more uniformly affected by the relief wells and is closer to the assumed uniform head,
resulting in a smaller overall head error in the calculations. The overall head errors in the
numerical examples are relatively small, but there are larger errors in the areas close to the
relief wells. This is because the vicinity of the relief wells is treated as a “singular region”
in the simplified calculations, leading to larger head errors. However, in the areas farther
away from the relief wells, the head errors are all within 10%, and the calculated values
are larger than the finite element results, making them relatively safe for construction and
generally suitable for engineering applications.
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Figure 9. Distribution of site head error inside the elliptical pit cut-off wall in pressure-bearing mode
(%): (a) The working condition with the minimum total head error; (b) the working condition with
the maximum total head error.

As shown in Figure 10, in the submerged mode, the scenarios and reasons for the
maximum and minimum overall head errors are the same as those in the aforementioned
pressure-bearing mode. When the head distribution of the cut-off wall is relatively uniform,
it is closer to the assumed uniform head, resulting in a smaller overall head error in the
calculations. The overall head errors in the numerical examples are relatively small, but
there are larger errors in the areas close to the relief wells. However, in the areas farther
away from the relief wells, the head errors are all within 10%, and the calculated values
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are larger than the finite element results, making them relatively safe for construction and
generally suitable for engineering applications.
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Figure 10. Distribution of site head error inside the elliptical pit cut-off wall in submerged mode (%):
(a) The working condition with the minimum total head error; (b) the working condition with the
maximum total head error.

3.4. Error Analysis of a Pit Simplified to an Ellipse

Various simplified calculation methods are used to calculate the pressure-bearing
elliptical pit. The elliptical pit model used is the same as the pressure-bearing pit in the
elliptical pit example used in the previous section with the same fixed parameters. The
elliptical pit has the half-long axis length of a, the half-short axis length of b, the thickness
of the strongly permeable layer of T0 = 2 m, the thickness of the weakly permeable layer of
T1 = 5 m, the thickness of the hydrophobic layer of T = 0.6 m, the diameter of the borehole
rw = 0.5 m, the thickness of the pit cut-off wall d = 1.6 m. The results of this pit calculated
by different shapes of simplified calculation methods are shown in Figure 10.

As can be seen from Figure 11, when the length-to-width ratio of the elliptical pit
is small in the pressure-bearing mode, the results calculated by the elliptical simplified
calculation method are close to those calculated by the circular simplified calculation
method and the finite element calculation results with high accuracy. As the aspect ratio of
the elliptical pit further increases, the error of the circular simplified calculation method
gradually increases, while the elliptical simplified calculation method can maintain a
small error.

Similar conclusions were reached for the submerged mode as for the pressure-bearing
mode. That is, when the pit is closer to a circle, both simplified calculation methods are
more accurate, but as the elliptical aspect ratio increases, the elliptical simplified calculation
method is more accurate than the circular simplified calculation method.
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Figure 11. Comparison of results of elliptical pits with different aspect ratios calculated using different
simplified methods in the pressure-bearing mode: (a) Elliptical pit with a = 90 m, b = 70 m; (b) elliptical
pit with a = 100 m, b = 60 m; (c) elliptical pit with a = 120 m, b = 50 m; (d) elliptical pit with a = 160 m,
b = 40 m.

4. IDPR Anti-Floating Design and Case Application
4.1. Control Parameters for Anti-Floating Design

In the design of the IDPR anti-floating system, the head value of the bottom plate
should be controlled by the following formula in order to ensure the safety of the struc-
ture [36]:

Hmax·κ ≤ Hc =
G + Ft

Aγw
(21)

Among them, Hmax represents the maximum head beneath the bottom plate. The
safety coefficient κ is typically equal to or greater than 1. Hc denotes the anti-floating
control level. G accounts for the self-weight of the structure.Ft represents the buoyancy
resistance provided by passive anti-floating measures such as anchors. A corresponds to
the area of the structural bottom. γw signifies the gravitational weight of the groundwater.

After the simplified calculation of the pit, it is judged whether the maximum head of
the bottom plate Hmax meets the design requirements by using the above formula, if not,
it must be redesigned. If it meets the requirements, the calculation results are used of the
total water flow from the pit Q and the water from a single well Qi to design the pump
power, head and drainage pipe, and the maximum head of the site Hmax is used to check
the reinforcement of the bottom plate and the width of the cracks, etc.

4.2. Verification of Actual Engineering Case

Taking the engineering case in literature [12] as an example, the project is located
in the underground car park of a hospital in Huadu District, Guangzhou City, and the
distribution of the relief wells is shown in Figure 12, where J1~J8 are the relief wells, S1~S9
are the pressure measuring tubes of the base plate, and W1~W5 are the peripheral water
level observation holes.



Appl. Sci. 2023, 13, 12647 15 of 20Appl. Sci. 2023, 13, x FOR PEER REVIEW 16 of 22 
 

 

 

Figure 12. Schematic diagram of the location of the relief wells in the garage. “Reproduced with 

permission from Zhu D. et al. [12], Application of interception and drainage anti-floating system in 

treatment of uplift accidents; published by Chinese Journal of Geotechnical Engineering, 2018”. 

According to the statistics, the final parameters for each seepage calculation for this 

case are as follows: influence zone of seepage field R0 = 300 m; the head height at the edge 

of the impact area is assumed to be H01 = 9.5 m under normal working conditions; H02 = 

9.5 m under extreme rainfall conditions; the diameter of the relief well is rw = 1 m; and the 

well head height is hw = 0.05 m; thickness of gravelly sand layer T0 = 11 m; thickness of 

powdery clay layer T1 = 18 m; depth of relief well and thickness of hydrophobic layer T = 

1.7 m; thickness of cut-off wall d = 0.77 m ; permeability coefficient of highly permeable 

and hydrophobic layer K = 2.2 × 10−1 cm/s; permeability coefficient of weakly permeable 

layer K1 = 2 × 10−4 cm/s; permeability coefficient of highly permeable layer K2 = 2.2 × 10−1 

cm/s; permeability coefficient of pit cut-off wall Kw = 5 × 10−1 cm/s; thickness of the weakly 

permeable layer at the bottom of the pit waterproof curtain D = 16 m; number of wells n = 8. 

The total flow rate of the site is 1606 m3/d in the final calculation, the total flow rate 

of the site is 1622 m3/d in the finite element calculation, and the average value of the meas-

ured total flow rate is 1563 m3/d. The distribution of the seepage field inside the pit curtain 

under the different calculation methods is shown in Figure 13, from which it can be seen 

that the simplified calculation is accurate and can be safely used in the project with high 

reliability and practicality. 

Figure 12. Schematic diagram of the location of the relief wells in the garage. “Reproduced with
permission from Zhu D. et al. [12], Application of interception and drainage anti-floating system in
treatment of uplift accidents; published by Chinese Journal of Geotechnical Engineering, 2018”.

According to the statistics, the final parameters for each seepage calculation for this
case are as follows: influence zone of seepage field R0 = 300 m; the head height at the
edge of the impact area is assumed to be H01 = 9.5 m under normal working conditions;
H02 = 9.5 m under extreme rainfall conditions; the diameter of the relief well is rw = 1 m; and
the well head height is hw = 0.05 m; thickness of gravelly sand layer T0 = 11 m; thickness
of powdery clay layer T1 = 18 m; depth of relief well and thickness of hydrophobic layer
T = 1.7 m; thickness of cut-off wall d = 0.77 m; permeability coefficient of highly permeable
and hydrophobic layer K = 2.2 × 10−1 cm/s; permeability coefficient of weakly permeable
layer K1 = 2× 10−4 cm/s; permeability coefficient of highly permeable layer K2 = 2.2× 10−1

cm/s; permeability coefficient of pit cut-off wall Kw = 5 × 10−1 cm/s; thickness of the
weakly permeable layer at the bottom of the pit waterproof curtain D = 16 m; number of
wells n = 8.

The total flow rate of the site is 1606 m3/d in the final calculation, the total flow rate
of the site is 1622 m3/d in the finite element calculation, and the average value of the
measured total flow rate is 1563 m3/d. The distribution of the seepage field inside the pit
curtain under the different calculation methods is shown in Figure 13, from which it can be
seen that the simplified calculation is accurate and can be safely used in the project with
high reliability and practicality.
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field obtained from simplified calculations; (b) seepage field obtained from finite element calculations.

5. Conclusions

Combined with the conformal mapping, a simplified calculation method was proposed
for the multi-well system of an elliptical pit under the condition of IDPR anti-floating. This
solves the problem whereby the existing calculation method focuses on the circular pit
under the condition of uniformly distributed wells; the principle of calculation is clear
and easy to understand, and the process is simple. The results of the calculations were
compared with those of the finite element calculations to validate the reasonableness of the
simplified calculation method. The following conclusions were drawn:

1. For the elliptical pit, it is transformed into a unit circle by conformal mapping, and
after obtaining the equivalent coordinates after the transformation, the seepage field
of the pit is solved by combining with the resistance coefficient method, so as to obtain
the simplified calculation method for the multi-well system of the elliptical pit.

2. By comparing the results of the simplified calculation method with the seepage field
distribution obtained from finite element calculations, as well as the total flow rate
and head, it is observed that the seepage field distribution inside the pit is nearly
identical. This demonstrates the high accuracy of the simplified calculation method
for the multi-well system of elliptical pits under IDPR conditions. Furthermore, the
simplified calculation method was successfully applied to real-world engineering
cases. By comparing the results of the simplified calculation with both the finite
element calculations and the actual measured data, the reasonableness and practicality
of the simplified calculation method were further validated.

3. This simplified calculation method is suitable for sites with relatively uniform soil
thickness and permeability, such as sites with artificial hydrophobic layers, but its ac-
curacy needs to be further improved for sites with large variations in soil distribution.
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Calculation codes written in python.
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Appendix A 

Calculation codes wri�en in python. 

1. # Load the libraries needed for the calculation  

2. import numpy as np  

3. import pandas as pd  

4. import math  

5. from scipy import special as special  

6. import sympy  

7. from sympy import sin, cos, asin  

8. from scipy.optimize import fsolve  

9.  

10. # Reading data and parameter organization settings  

11. path = ‘data.xlsx’  

12. data = pd.read_excel(path, sheet_name = ‘ellipse’, header = 0)  

13. df = pd.DataFrame(data)  

14. A = np.array(df.values)  

15.  

16. a = A[0, 3] # Long side of pit 

17. b = A[1, 3] # Short side of pit 

18. c = np.sqrt(a**2 − b**2) 

19. r = 1 # Equivalent radius of the pit (i.e., unit circle) 

20. n = int(A[0, 4]) # Number of wells 

21. rw = 1 # diameter of the well 

22. q = ((a − b)/(a + b)) ** 2 # Elliptic q-parameters 

23.  

24. def cwfun_all(z, zw): # Single-well solution formula (original formula) 

25. solve0 = ((z − zw)/(z − ((r**2)/zw.conjugate()))) * r/np.abs(zw) 

26. solve1 = np.log(solve0)/(2 * math.pi) 

27. return solve1 

28.  

29. def cwfun(z, zw): # Single-well solution formula (real part only) 

30. solve0 = (np.abs(z − zw)/np.abs(z − ((r**2)/zw.conjugate()))) * r/np.abs(zw) 

31. solve1 = np.log(solve0)/(2 * math.pi) 

32. return solve1 

33.  

34. def m_1(q_m): # Calculate the elliptic parameter m 

35. n_m = sympy.Symbol(‘n_m’) 

36. theta_a = q_m ** (n_m * (n_m + 1)) 

37. theta_b = q_m ** (n_m ** 2) 

38. theta2 = 2 * (q_m ** (1/4)) * (sympy.summation(theta_a, (n_m, 0, 10))) 
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39. theta3 = 1 + 2 * (sympy.summation(theta_b, (n_m, 1, 10))) 

40. s0 = (theta2/theta3) ** 4 

41. return s0 

42.  

43. qm = sympy.Symbol(‘qm’) 

44. m1 = sympy.lambdify(qm, m_1(qm), modules = ‘numpy’) # Convert sympy’s for-

mat to a format usable by numpy. 

45. m = m1(q) 

46. s1 = special.ellipk(m) 

47.  

48. def es_cir1(zw): # SCT transformation of coordinates 

49. n_q = sympy.Symbol(‘n_q’) 

50. u = (2 * s1/np.pi) * asin(zw/((a**2-b**2)**0.5)) 

51. z0 = (np.pi * u)/(2 * s1) 

52. s21 = ((−1) ** n_q) * (q ** ((n_q + (1/2))**2)) * sin((2 * n_q + 1) * z0) 

53. s22 = ((−1) ** n_q) * (q ** (n_q * n_q)) * cos(2 * n_q * z0) 

54. s2 = 2 * (sympy.summation(s21, (n_q, 0, 10)))/(1 + 2 * (sympy.summation(s22, (n_q, 

1, 10)))) 

55. snu = (m ** (−0.25)) * s2 

56. s3 = ((m ** 0.5) ** 0.5) * snu 

57. return s3 

58.  

59. zw0 = sympy.Symbol(‘zw0’) 

60. es_cir = sympy.lambdify(zw0, es_cir1(zw0), modules = ‘numpy’) # Convert sympy’s 

format to a format usable by numpy. 

61.  

62. # Generate the matrix and compute the solution 

63. zwp = np.zeros(n, dtype = complex) 

64. for i in range(n): 

65. zwp[i] = complex(A[i, 0], A[i, 1]) 

66.  

67. es_zwp = np.zeros(n, dtype = complex) 

68. for i in range(n): # The coordinates of the wells in the elliptical pit are converted to 

equivalent coordinates in the unit circle by the transformation formula and stored in an 

array. 

69. es_zwp[i] = es_cir(complex(A[i, 0], A[i, 1])) 

70.  

71. T = np.zeros((n, n)) # Create the n*n matrix of the ellipse, i.e., Tx = T in H 

72. for i in range(0, n): 

73. for j in range(0, n): 

74. if i == j: 

75. T[i][j] = cwfun(es_cir(zwp[i] + rw), es_zwp[j]) 

76. continue 

77. T[i][j] = cwfun(es_zwp[i], es_zwp[j]) 

78.  

79. H = np.zeros((n, 1)) # Create n*1 matrix, i.e., H,in Cx=H is omega, i.e., well point 

head value 

80. for i in range(n): 

81. H[i][0] = A[i, 2] 

82.  

83. qn = np.linalg.solve(T, H) # Solve for Ax = B 
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84. q_all = np.sum(qn, axis = 0) # Summation of flow rates from wells 

85.  

86. # Inside and outside of the cut-off wall joints to solve the problem 

87. hw = 0 

88. K = 5 * (10**(−2)) * 864 

89. H0 = 6 

90. R = (a * b) ** 0.5 

91. R0 = 400 

92. Kw = 5 * (10**(−5)) * 864 

93. K0 = 5 * (10**(−2)) * 864 

94. K1 = 5 * (10**(−4)) * 864 

95. D = 2.5 

96.  

97. def Qall(k, t): 

98. return q_all[0] * (k * t) 

99.  

100. def func(i): 

101. Q = Qall(K, T) 

102. Hd, HR = i[0], i[1] 

103. return [ 

104. ((Hd − HR) * (2 * math.pi * R * Kw)/(b/(T0/2 + T/2))) + ((Hd − 

HR)*(2*math.pi*R*K1)/(b/D + (2/math.pi)*((T1/D)*np.lib.scimath.log((T1 + D)/(T1-D)) + 

np.lib.scimath.log((T1**2 − D**2)/(D**2))))) − (Q * (HR − hw)), 

105. H0 − Hd − ((Q * (HR − hw))/K0) * (np.lib.scimath.log(R0/Rd)/(2*math.pi * T0)) 

106. ] 

107.  

108. T0T1 = 7 

109. T0_a = [4, 3, 2] 

110. b_a = [0.8, 1.6] 

111. T_a = [0.6, 1] 

112.  

113. for i in range(0, 3): 

114. T0 = T0_a[i] 

115. T1 = T0T1 − T0 

116. for j in range(0, 2): 

117. b = b_a[j] 

118. Rd = R + b 

119. for k in range(0, 2): 

120. T = T_a[k] 

121. result = fsolve(func, [0, 0]) 

122. print(Qall(K, T) * (result[1] − hw)) 
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