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Featured Application: This paper focuses on the redevelopment of the ABAQUS finite element
software using the improved Mohr–Coulomb model, which enables the consideration of soil
anisotropy. The findings of this research provide valuable theoretical guidance for on-site con-
struction design, helping to prevent potential hazards arising from incomplete considerations
during construction.

Abstract: It is an economical way to use the pile-supported embankment for the construction of the
embankment over soft soil. The combined use of piles and reinforcement effectively reduces the
differential settlement of the embankment surface. However, the previous analysis of embankment
stress and settlement did not take into account the anisotropy in the embankment filler. In this paper,
the UMAT subroutine is developed by using the material subroutine interface in ABAQUS 2016
finite element software. The anisotropy of soil cohesion and friction angle has been incorporated
into the Mohr–Coulomb yield criterion so that it can consider the anisotropy of soil. The accuracy of
the anisotropic yield criterion in this paper is verified by an ABAQUS source program and related
engineering examples. It is found that the anisotropy value of soil cohesion is inversely proportional
to the stress ratio on the pile–soil interface while being directly proportional to the tensile stress
applied to the geogrid. The results show that the anisotropy of the friction angle decreases with
the soil arching effect but increases by 23.1% with the tensile stress on the geogrid. The position of
the settlement plane remains relatively constant at 2.3 m as the friction angle anisotropy coefficient
increases. These research results provide valuable theoretical guidance for on-site construction design.

Keywords: pile-supported embankment; Mohr–Coulomb model; UMAT subroutine; stress
distribution; settlement deformation

1. Introduction

Soil anisotropy refers to the difference in strength of soil in different principal stress
directions. It is worth noting that geological materials such as natural rocks and soils
usually exhibit anisotropy under the interaction of evolving particle composition and
environmental factors [1,2]. Several studies have indicated that [3–10], the friction angle
of soil is closely related to the direction of principal stress, and the strength values of soil
in different loading directions are obviously different. The cohesion of the soil is also
strongly dependent on the angle between the direction of the major principal stress and the
direction of the soil deposition, showing significant anisotropy. Therefore, anisotropy is
a basic and inherent characteristic of geotechnical materials [11], which should be taken
into consideration in the design and analysis of geotechnical engineering. However, the
existing ideal elastic-plastic model is not sufficient to describe the anisotropy of geotechni-
cal materials. In many commercial software programs (FLAC3D 6.0 [12], ABAQUS [13],
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MeshFree 2023 [14–20], etc.), theoretical models are also only designed for isotropic materi-
als. Therefore, it is necessary to conduct extensive research on the anisotropic mechanical
behavior of soil. Some scholars have simulated the stress distribution of soil through deep
learning, artificial neural networks, and artificial intelligence algorithms [21–29]. Li and
Goh [30] used an improved constitutive model to characterize the anisotropic behavior
of strength and stiffness of cohesive soil resulting from the rotation of the principal stress
directions in order to calculate the safety factor of an undrained clay slope. Tian and
Yao [31] established an anisotropic unified hardening (UH) model under the framework
of elastoplastic theory for simulating the response of soils under principal stress rotation.
By introducing an anisotropic transformation stress method, Tian and Yao [32] extended
the isotropic failure criterion to the anisotropic failure criterion. Yao and Tian [33] es-
tablished a failure criterion and constitutive model appropriate for anisotropic soils by
modifying the stress components in different directions. Chen [34] experimentally analyzed
the development and disappearance of stress-induced anisotropy in normally consolidated
clay, anisotropically consolidated clay, and overconsolidated clay under different stress
history conditions. However, the previous studies were focused on stability evaluations
of slopes [35–37]. In traffic geotechnical engineering, the anisotropy of the filler is usu-
ally not considered in the existing research on the settlement and stress analysis of the
embankment filler, but the anisotropy has a significant effect on the strength and deforma-
tion of the filler [38]. Some researchers have found that failing to consider the anisotropy
of geotechnical materials may result in unsafe designs [39–41]. Therefore, it is of great
engineering significance to consider the anisotropy of embankment fill in the design of
traffic geotechnical engineering. However, there are relatively few studies in this direction.
This paper aims to incorporate the calculation formulas for anisotropic cohesion and fric-
tion angle into a Mohr–Coulomb material subroutine. This will facilitate the convenient
representation of anisotropic changes in cohesion and friction angle. Furthermore, the
three-dimensional model of pile-supported embankments is established by using the finite
element software ABAQUS, and the influence of anisotropy on the distributions of stress
and settlement deformations of embankments is analyzed. Finally, through the comparison
of engineering examples, the accuracy and applicability of the model presented in this
paper are verified. The research results can provide theoretical guidance for the analysis of
embankment stability.

2. Description of the Model

The Mohr–Coulomb yield criterion is one of the most widely used yield criterions in
the geotechnical engineering field. In order to realize the application of the anisotropic
Mohr–Coulomb model in calculation and analysis, it is necessary to write it into a specific
format of material subroutine UMAT [42–45]. ABAQUS provides a Fortran program
interface for users to customize material properties. Users can use material models that
are consistent with actual projects without being limited by the ABAQUS material library.
In this chapter, the Mohr–Coulomb model in the ABAQUS material library is written
into UMAT according to a specific format, which can be used as a carrier to consider the
anisotropy of cohesion and internal friction angle.

2.1. Flow Rule

As shown in Figure 1, when the stress state of point A is on the yield surface, the stress
updated at point B exceeds the yield surface, and it needs to be iterated back to the yield
surface by an appropriate algorithm [46].

According to the orthogonal flow rule of plasticity theory, the plastic strain rate can be
expressed as

.
εp =

.
λ

∂G
∂σ

=
.
λb (1)

In the formula, G represents the plastic potential function,
.
λ represents the plastic flow

factor, and b is the first-order partial derivative of the potential function to the stress.
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Therefore, in the constitutive integration algorithm, the first derivative of the yield
function and the plastic potential function to the stress are required. Therefore, it is
necessary to derive the two separately.
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Figure 1. Iteration diagram of the backward Euler algorithm.

2.2. Anisotropic Plasticity Theory

ABAQUS uses the plastic potential function expression proposed by Menetrey and
Willam [47]. It is hyperbolic on the meridian plane and elliptical on the π plane. As shown
in Figure 2, the plastic potential surface is completely smooth, avoiding the singularity of
the numerical integration at the corner of the Mohr–Coulomb yield function (Equation (2)).
The Mohr–Coulomb correlation yield function is proposed in Appendix A to derive the
vector a.

G =

√
(εc|0 tan Ψ )2 + (Rmwq)2 − p tan Ψ = 0 (2)
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In Equation (2), ε represents the meridian eccentricity, which governs the resemblance
between the hyperbolic shape of the plastic potential function on the meridian plane and its
asymptote. The dilatancy angle, denoted by ψ, and the initial cohesion c|0 are also defined.
The value of c|0 signifies the cohesion prior to any plastic deformation, and in the absence
of hardening or softening, it remains constant. The triple symmetric elliptic form of the
plastic potential function on the partial plane is denoted by Rmw(θ, e) and can be expressed
using Equations (3) and (4).

Rmw(θ, e) =
4(1− e2) cos2 θ + (2e− 1)2

2(1− e2) cos θ + (2e− 1)
√

4(1− e2) cos2 θ + 5e2 − 4e
Rmc(

π

3
, ϕ) (3)

Rmc(
π

3
, ϕ) =

3− sin ϕ

6 cos ϕ
(4)
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In Equation (4), ϕ represents the friction angle of the soil, while e refers to the eccen-
tricity on the π plane. The eccentricity e governs the shape of the plastic potential surface
within the range of θ = 0 to π/3 on the π plane, as depicted in (Equation (5)).

e =
3− sin ϕ

3 + sin ϕ
(5)

Let the vector b denote the derivative of the plastic potential function G to the stress
(Equation (6)).

b =
∂G
∂σ

= C1
∂p
∂σ

+ C2
∂q
∂σ

+ C3
∂θ

∂σ
(6)

where
C1 =

∂G
∂p

, C2 =
∂G
∂q

, C3 =
∂G
∂θ

Specifically expressed as
C1 = − tan Ψ (7)

C2 =
q.R2

mw√
(εc|0 tan Ψ )2 + (Rmwq)2

(8)

C3 =
q2.Rmw√

(εc|0 tan Ψ )2 + (Rmwq)2
.
∂Rmw

∂θ
(9)

Since the expression of Rmw(θ, e) is more complex, for the convenience of derivation, a
total of five temporary variables are recorded:

TEMP1 = 4(1− e2) cos2 θ + (2e− 1)2 (10)

TEMP2 = 2(1− e2) cos θ (11)

TEMP3 = 4(1− e2) cos2 θ + 5e2 − 4e (12)

TEMP4 = 2(1− e2) cos θ + (2e− 1)
√

4(1− e2) cos2 θ + 5e2 − 4e (13)

TEMP5 =
∂TEMP4

∂θ
= −TEMP2

[
tan θ +

2(2e− 1)√
TEMP3

· sin θ

]
(14)

The following is available:

∂Rmw

∂θ
= −Rmc(

π

3
, ϕ) · 4(1− e2) sin 2θ · TEMP4 + TEMP1 · TEMP5

(TEMP4)2 (15)

The partial derivatives of p, q, and θ to stress are consistent with the expressions in the
yield function.

The expression of vector b is

b =
∂G
∂σ

=
1
3

tan ψ



1
1
1
0
0
0

+
3Rmw(Rmw + ∂Rmw

∂θ
1

tan 3θ )

2
√
(εc|0 tan ψ)2 + (Rmwq)2



σx − σm
σy − σm
σz − σm

2τxy
2τxz
2τyz

+
−9Rmw

∂Rmw
∂θ

2q sin 3θ

√
(εc|0 tan ψ)2 + (Rmwq)2



(σy − σm)(σz − σm)− τ2
yz +

q2

9

(σz − σm)(σx − σm)− τ2
xz +

q2

9

(σx − σm)(σy − σm)− τ2
xy +

q2

9
2
[
τxzτyz − (σz − σm)τxy

]
2
[
τyzτxy − (σy − σm)τxz

]
2
[
τxyτxz − (σx − σm)τyz

]


(16)



Appl. Sci. 2023, 13, 12064 5 of 24

It can be simplified as

b =
tan ψ

3
[1 1 1 0 0 0]T + E2 I − E3 J (17)

2.3. UMAT Subroutine Call

The object of the UMAT subroutine during data transmission is the integral point of
the unit. At the beginning of the incremental step, the main program will enter the UMAT
through the UMAT interface and pass the initial value of the important variable to the
unit integral point. At the end of the UMAT call, the updated variables will return to the
main program through the interface, and the complete call process of the user material
subroutine UMAT is shown in Figure 3.
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3. Finite Element Analyses
3.1. General Description

Utilizing the finite element software ABAQUS, a three-dimensional model of a pile-
supported embankment was constructed, encompassing the four main components: soft
soil, pile structure, embankment fill, and geogrid. In order to ensure computational
efficiency, a model containing 1/4 pile is established according to the symmetry of the
model, as shown in Figure 4. The soft soil layer has a thickness of 10 m in the model, while
the embankment has a height of 6.5 m. The pile cap is square-shaped with a side length of
0.5 m and a thickness of 0.5 m. The piles have a length of 9.5 m and a width of 0.5 m, and
they are spaced at intervals of 2.5 m. A layer of geogrid with a stiffness of 3 MN/m is also
considered, at a small height of 0.1 m above the base of the embankment. The overall size
of the model is shown in Figure 4.

For the displacement boundary conditions, the displacement at the bottom and around
the model is not allowed. For the hydraulic boundary conditions, a diving level is set on the
upper surface of the clay layer to generate a hydrostatic pore water pressure distribution in
the area, which means that water is allowed to drain through the upper surface of the soft
clay. In the FE models, the 8-node solid pore pressure element (C3D8P) is used for soft clay,
and the 8-node solid element (C3D8) is used for piles and embankment fill. The geogrid is
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represented by a fully integrated first-order four-node quadrilateral membrane element
(M3D4) [48].
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3.2. Constitutive Models

In terms of this numerical model, the modified Cam-clay model is used for the soft
clay layer, the improved Mohr–Coulomb model is used for embankment filling, and the
elastic model is used for both piles and geogrids, in which the pile material is concrete.
The material parameters of each model are derived from Zhuang and Ellis (2016) [48], as
shown in Tables 1 and 2. The interface friction angle between the geogrid and embankment
adopts the hypothesis proposed by Liu and Goh [49], and the interface friction angle
between the embankment fill and geogrid is approximately equal to the friction angle of the
embankment fill. The interface friction angle between the pile and subsoil can be confirmed
by Equation (18) [50]. In order to facilitate clear delineation and consistent expression, the
center position of the pile cap is marked as point A, the center position of the four piles is
marked as point B, and the path of the geogrid from point A to point B is defined as path 1,
as shown in Figure 3.

ϕi = (0.6 ∼ 0.8)ϕ (18)

where ϕ is the friction angle of the soil. In this analysis, it is assumed that the ratio of the
interface friction angle ϕi to the soil friction angle ϕ is 0.7.

Table 1. Material parameters of pile and fill.

Material Model E (MPa) v c (kPa) ϕ (◦) Ψ (◦) γ (kN/m3)

Pile Elastic model 30,000 0.2 / / / 24
Embankment Mohr–Coulomb 25 0.2 5 30 0 17.35

Geogrid Tensile stiffness 3 MN/m, v = 0
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Table 2. Material parameters of soft soil.

Material Model λ κ v M e1 γ′ (kN/m3)

Soft soil The Cam-clay Model 0.3 0.1 0.2 0.772 1.79 7.2

3.3. Simulation Procedure

In the calculation and analysis, the simulation is divided into three stages. In the
first stage, the ground stress balance of soft soil and pile is carried out. In the second
stage, the in situ stress balance of the embankment is carried out. In this analysis step, the
same supporting force as the self-weight of the embankment is set at the bottom of the
embankment, so as to eliminate the settlement of the embankment under the self-weight.
In the third stage, the support force is gradually reduced to zero, and the embankment
deformation and stress distribution caused by soft soil compression under the action of
embankment gravity are simulated.

3.4. Calibration Results

To evaluate the computational accuracy of the UMAT implementation, a comparative
analysis was conducted with results obtained from the ABAQUS source programs. The
analysis involved using a cohesion value of 5 kPa and a friction angle of 30◦. Figure 5 depicts
the embankment settlement curve determined by both the ABAQUS source program and
UMAT. The settlement obtained from the ABAQUS source program measures 114.7 mm,
while the UMAT implementation yields a settlement of 114.3 mm. This indicates a negligible
maximum error of 1%. In addition, the calculation results of both the source program and
UMAT at the top of the embankment are consistent, both of which are 83.7 mm. By
comparing the calculation results of the ABAQUS source program and UMAT, it can
be seen that the UMAT subroutine written in this paper is in good agreement with the
calculation results of the source program, and the calculation accuracy is high. Therefore, it
is feasible to develop an anisotropic yield criterion based on the current UMAT.
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4. Soil Arching Considering the Cohesion Anisotropy
4.1. Cohesion Anisotropy

Chen and Snitbhan [51] (1974) conducted a study on the cohesion of soil slopes,
considering the variability of soil characteristics based on the principal stress direction.
They treated cohesion c as a variable that depends on the orientation of the principal
stresses. To analyze the stability of soil slopes, they employed two types of cohesion
parameters: vertical cohesion cv and horizontal cohesion ch. These parameters accounted
for the increase in cohesion linearly and unevenly with depth. This approach offers a more
comprehensive understanding of the factors influencing slope stability in geotechnical
engineering. The anisotropic cohesion ci, can be expressed as:

ci = ch + (cv − ch) cos2 i (19)

where cv, ch, represent the cohesion in the vertical direction and horizontal direction,
respectively; i represents the angle between the large principal stress and the vertical
direction, which is determined by the following formula in the two-dimensional case:

cos 2i =
σz − σx

2R
(20)

R =
1
2

√
(σx − σz)

2 + 4τ2
xz (21)

where σx, σz, and τxz represent horizontal stress, vertical stress, and shear stress, respectively.
In the context of three-dimensional geotechnical analysis, the soil is considered to

exhibit transverse isotropy [52]. The principal stress direction angles within the xz plane
are ascertained by σx, σz, and τxz, while those in the yz plane are ascertained by σy, σz,
and τyz. These calculations yield the corresponding directional angles for both planes.
Consequently, the larger angle values from them were adopted to compute the cohesive
forces at the location of the integration point.

If the anisotropy coefficient k is defined as k = ch/cv, Equation (19) can be expressed as:

ci = cv

(
k + (1− k) cos2 i

)
(22)

To consider the anisotropy of cohesion, the Mohr–Coulomb yield function replaces
the constant c with ci, resulting in the Mohr–Coulomb yield criterion (Equation (23)).

F = Rmcq− p tan ϕ− ci = 0 (23)

4.2. Cohesion Parameter Analysis

To analyze the influence of the anisotropy degree of cohesion on the stress distribution
and settlement of embankments, we selected a cohesion value of cv = 5 kPa and defined
different anisotropy coefficients to quantify the degree of anisotropy. The friction angle
was assumed to be isotropic at 30◦. Based on the analysis results from Reference [53], we
considered anisotropic coefficients of cohesion as 0.7, 0.5, and 0.3. The ci values under
different anisotropic coefficients k of cohesive force were calculated using Equation (23).
Figure 6 illustrates the variation of ci with the direction angle i of the major principal stress.
When i = 0◦, ci reaches its maximum value cv; when i = 90◦, ci takes the minimum value ch.
For values of i between 0◦ and 90◦, ci shows a nonlinear decreasing trend. Please refer to
Table 3 for the model plan of the study on anisotropic cohesion.
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Table 3. Anisotropic cohesion research model plan.

Anisotropic Coefficient of Cohesion k ϕ (◦)
c (kPa)

cv ch

1 30 5 5
0.7 30 5 3.5
0.5 30 5 2.5
0.3 30 5 1.5

4.3. The Stress Distribution in Embankments Is Influenced by the Anisotropy of Cohesive Force

In order to study the influence of cohesion anisotropy on the stress distribution in
embankments, the distribution of major principal stress and the change of pile–soil stress
ratio under different degrees of cohesion anisotropy are analyzed, respectively. Figure 7
shows the vector diagram of the major principal stress of the embankment with different
anisotropy coefficients k. It can be seen from the figure that the direction of the major
principal stress at the center of the two piles is close to the horizontal direction in the
range of 0–1.5 m. At the same height in the embankment, from the center of the two
piles to the upper position of the pile top, the major principal stress gradually deflects
from the horizontal direction to the vertical direction and points to the pile top. As the
anisotropy coefficient decreases, the major principal stress above the pile top decreases,
indicating that the anisotropy leads to a decrease in strength, which weakens the horizontal
transmission effect of vertical stress. This is consistent with Wang and Jin’s [53] proposal
that ‘with the application of gravity load, the major principal stress gradually turns to the
vertical direction’.

In the UMAT subroutine, the cohesive force is stored by the fourteenth state variable
(SDV14). Figure 8 shows the anisotropic cohesive force distribution when the embankment
model calculation is completed. It can be seen from the figure that the cohesion changes
with the direction of the major principal stress. The closer to the center of the two piles,
the smaller the cohesion, indicating that the vertical stress at this position is no longer the
major principal stress, and the direction of the major principal stress tends to be horizontal.
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When the cohesive force cv = 5 kPa, the variation of the pile–soil stress ratio with
the differential settlement in the embankment is shown in Figure 9. It can be seen from
Figure 9 that with the increase in differential settlement, the pile–soil stress ratio gradually
increases. When the differential settlement is less than 38 mm, the pile–soil stress ratio
increases significantly. When the differential settlement is greater than 38 mm, the pile–soil
stress ratio increases marginally. On the whole, with the increase in anisotropy, the pile–soil
stress ratio decreases. It can be seen from the end point of the curve that the increase in
anisotropy not only causes the increase in settlement but also leads to the decrease in the
pile–soil stress ratio. This is consistent with Oliveira and Lemos [54] ‘anisotropic MIT-E3
elastoplastic constitutive model can produce greater vertical displacement’. The pile–soil
stress corresponding to different anisotropy coefficients is shown in Figure 10. It can be seen
that the pile–soil stress ratio is inversely proportional to the degree of anisotropy. The soil
arching effect in the embankment depends on the shear stress in the soil. At this time, the
major principal stress of the soil element in the soil arching range is no longer in the vertical
direction. The stronger the anisotropy is, the more the cohesion decreases. Therefore, as
the anisotropy coefficient decreases, the pile–soil stress ratio decreases gradually. As the
anisotropy coefficient decreases from 1 to 0.3, the pile–soil stress ratio decreases from 36.1
to 28.8.
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Figure 9. Influence of the pile–soil stress ratio on differential settlement of the embankment.
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4.4. The Tensile Stiffness of Geogrid Is Affected by the Anisotropy of Cohesion

Geogrid is an important part of effectively distributing the internal stress of embank-
ment structures in geotechnical engineering. In order to study the influence of cohesion
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anisotropy on the mechanical properties of geogrid, it is necessary to analyze its tensile
stress behavior. Figure 11 shows the tensile stress curve of geogrid along path 1. It can be
seen from the diagram that the main growth of tensile stress along path 1 occurs in the
area corresponding to the pile cap, and the peak stress appears at the edge of the pile cap.
This has a good correspondence with the research results of Jones [55] and Halvordson [56].
It is mainly due to the formation of a rigid support point at the connection between the
geogrid and the pile at the edge of the pile cap. Near this support point, the load will be
transmitted to the pile body through the geogrid, leading to an increase in stress. As the
anisotropy coefficient k decreases from 1 to 0.3, the maximum tensile stress along path 1
increases significantly by 15.5%, from 56.1 MPa to 64.8 MPa. Therefore, in the design and
application of geogrids, it is necessary to fully consider the anisotropy of soil cohesion.
The mechanical properties of the soil are fully investigated and tested to ensure that the
mechanical properties of the geogrid meet the engineering requirements.
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4.5. Embankment Settlement Is Affected by the Anisotropy of Cohesion

Figure 12 shows the influence of different degrees of anisotropy of cohesion on the
vertical settlement of the embankment. A represents the position of the pile top, and B
represents the center position of four piles. It can be seen that the stronger the anisotropy
of cohesion, the larger the settlement of the embankment. The minimum settlement of
the embankment is the contact position between the bottom of the embankment and the
pile cap, and the maximum settlement is the center position of the four piles at the bottom
of the embankment. It can be seen from the figure that the settlement value is consistent
within a certain height to the top surface of the embankment. From the same level to
the top of the pile, the settlement gradually decreases. From the same level to the center
of the four piles at the bottom of the embankment, the settlement gradually increases.
When the anisotropy coefficient is different, the position of the equal settlement surface
is about 2.3 m, so the change of cohesion caused by the anisotropy coefficient has little
effect on the position of the equal settlement surface. The variation in settlement with
changes in the anisotropy coefficient is shown in Figure 13. Combined with Figure 12, it
can be seen that when the anisotropy coefficient decreases from 1 to 0.3, the maximum
settlement increases from 114.7 mm to 134.2 mm, an increase of 17.0%. The settlement
of the top surface of the embankment increases from 83.7 mm to 93.8 mm, an increase of
12.1%, indicating that the anisotropy of the cohesive force has a significant impact on the
settlement of the embankment.
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5. Soil Arching Considering Friction Angle Anisotropy

Under the action of self-weight, the long axis of the soil particles tends to be parallel to
the sedimentary surface. Therefore, under the action of horizontal shear stress, the sliding
surface is easier to form, and the shear strength is lower. Under the action of vertical shear
stress, the soil particles are prone to dislocation and rearrangement, the sliding surface is
more difficult to produce, and the shear strength is higher. The experimental research of
relevant scholars [57] shows that the friction angle of soil is closely related to the direction of
principal stress, and the strength of soil in different loading directions is obviously different.
Therefore, an accurate understanding of friction angle anisotropy is helpful to accurately
evaluate the shear strength and bearing capacity of soil and predict the risk of landslides
and instability in embankment engineering.

In order to analyze the influence of the anisotropy of the internal friction angle on the
stress distribution and deformation development of the embankment, this chapter will use
the Mohr–Coulomb material subroutine UMAT in the analysis of the three-dimensional
pile-supported embankment model and embed the Section 5.1 of the anisotropic internal
friction angle calculation formula in the yield function of the subroutine to realize the
dynamic change of the anisotropy of the internal friction angle in the numerical calculation
and analysis.
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5.1. Friction Angle Anisotropy

Based on the Mohr–Coulomb yield criterion, in the finite element calculation, the
value of the friction angle at each integral point is regarded as a function of the shear stress
direction, and it is developed into a yield criterion that can consider the anisotropy of the
friction angle. For the calculation of the friction angle, the calculation formula proposed
by Schweiger [58,59] is derived from the fabric tensor A proposed by Pietruszczak and
Mroz [60] from the microscopic point of view. For orthotropic materials, A can be expressed
by Equation (24):

Aij = a1e(1)i e(1)j + a2e(2)i e(2)j + a3e(3)i e(3)j (24)

where a1, a2 and a3 are eigenvalues of tensors. By introducing the unit vector n, the scalar
value α of tensor A in different directions in the orthogonal coordinate systems e(1), e(2),
and e(3) can be obtained. As shown in Formula (25), any material parameter value in the n
direction can be considered according to Formula (25).

α = An · n = Aijnini (25)

The normalized partial tensor of vector A is

Ωij =
Aij − 1

3 δij Akk
1
3 Akk

(26)

For isotropic materials:

Ω =

 −Ωv/2 0 0
0 Ωv 0

0 0 −Ωv/2

 (27)

where Ωv = 2(a2−a1)
a2+2a1

. By combining Formulas (25) and (26), and assuming that the
anisotropy coefficient of the difference between vertical and horizontal strength is Ar
(anisotropy ratio), the calculation formula for strength parameters in the n direction can be
obtained, as shown in Formula (28):

α = α0

{
1− Ar − 1

Ar + 2

[
1− 3(nv)

2
]}

(28)

where Ar =
αv
αh

= 1+Ωv
1−Ωv/2 , α0 = 1

3 Aii, nv denotes the vertical component of the unit vector
n. Therefore, the anisotropic internal friction angle can be calculated using Equation (29):

ϕ′ = arctan
[

tan ϕ0

{
1− Ar − 1

Ar + 2

[
1− 3(nv)

2
]}]

(29)

where Ar = tan ϕv
tan ϕh

, tan ϕ0 = tan ϕv+2 tan ϕh
3 , ϕ0 represents the average value of the friction

angle in each direction; ϕv and ϕh are the friction angles when the shear stress direction is
vertical and horizontal, respectively.

In the calculation of the model, the strength of the soil is the largest when the vertical
shear is considered, and the strength is the smallest when the horizontal shear is considered.
Therefore, the nv value is determined by the angle between the shear stress and the vertical
direction at different stress states, and ϕ′ is brought into the Mohr–Coulomb yield function.
The Mohr–Coulomb yield criterion considering the anisotropy of the internal friction angle
can be obtained:

F = Rmcq− p tan ϕ′ − c = 0 (30)

When calculating and analyzing, it is necessary to input the internal friction angle
anisotropy coefficient (Ar) value in the user-defined material parameter window. For
specific projects, it should be accurately obtained through multiple sets of tests.



Appl. Sci. 2023, 13, 12064 15 of 24

5.2. Friction Angle Parameter Analysis

In order to study the influence of the anisotropy degree of friction angle on the stress
distribution and settlement in embankment, the anisotropy degree of friction angle is
defined by setting different anisotropy coefficients for the condition that the friction angle
ϕ of cohesionless soil measured by triaxial test is 30◦. According to the measured values of
ϕv and ϕh in Reference [52], it can be seen that the anisotropy coefficient (Ar) of the friction
angle is less than 1.5. Therefore, this paper only studies the influence of the anisotropy of
friction angle on embankment structure in this range. Figure 14 is the variation curve of
the friction angle with the direction of shear stress θ when the anisotropy coefficients of
different friction angles are calculated according to Equation (29). When the shear stress
direction is vertical, the shear strength of the soil is fully exerted, and the friction angle takes
the maximum value ϕv; when the shear stress direction is horizontal, the shear strength of
the soil is the smallest, and the friction angle takes the minimum value ϕh. When the value
of θ is 45-ϕv/2, the friction angle is 30◦. The friction angle anisotropy research model plan
is shown in Table 4. In the finite element analysis, the cohesion cannot be set to zero, so it is
taken as 0.1 kPa.
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Table 4. Anisotropy of the friction angle research model plan.

Anisotropic Coefficient of
Friction Angle (Ar)

Force of Cohesion
(kPa)

Friction Angle (◦)

ϕv ϕh

1 0.1 30 30
1.09 0.1 30.5 28.4
1.19 0.1 31 26.8
1.32 0.1 31.5 24.9
1.48 0.1 32 22.9

In the UMAT program, the friction angle is stored by the fifteenth state variable
(SDV15). Figure 15 shows the distribution of the friction angle anisotropy coefficient when
the model calculation is completed. Consistent with the anisotropic distribution of cohesion,
the pile top position and the area outside the influence range of soil arching are not affected.
The friction angle near the center of the two piles decreases, but the minimum value is not
at the center of the two piles, indicating that the shear stress at the center of the two piles is
not horizontal.
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5.3. The Stress Distribution of Embankment Is Affected by the Anisotropy of Friction Angle

In order to understand the influence of anisotropic friction angle on the internal
stress distribution of embankments, the change of the pile–soil stress ratio under different
anisotropy degrees of friction angle is comprehensively analyzed. Figure 16 is the variation
curve of the pile–soil stress ratio with differential settlement. It can be seen from Figure 16
that as the friction angle anisotropy coefficient increases, the pile–soil stress ratio gradually
decreases and the differential settlement gradually increases. It shows that the part of the
load transferred to the top of the pile through the shear stress is reduced. Therefore, the
anisotropy of the friction angle significantly affects the degree of the soil arching effect.
When the anisotropy is enhanced, the soil arching effect is weakened.
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5.4. The Tensile Stiffness of Geogrid Is Affected by the Anisotropy of Friction Angle

Figure 17 illustrates the tensile stress curve along path 1 for the geogrid. The geogrid
experiences a gradual increase in tensile stress as the anisotropy coefficient rises. Notably,
the upward trend in tensile stress along path 1 is primarily concentrated within the range of
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the pile cap, with the highest value observed at the corner of the pile cap. With an increase
in the anisotropy coefficient (Ar) from 1 to 1.48, the maximum tensile stress along path 1
rises by 27.8%, from 72.9 MPa to 93.2 MPa.
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5.5. Embankment Settlement Is Affected by Friction Angle Anisotropy

In investigating the impact of the anisotropy degree pertaining to the friction angle on
embankment settlement, it is imperative to analyze the computational outcomes concerning
the vertical displacement of embankments exhibiting distinct anisotropy coefficients allied
with their respective friction angles (Ar). Figure 18 illustrates the vertical settlement curve
of the embankment with varying anisotropy coefficients of the friction angle (Ar), in
accordance with the aforementioned discussion. Position A represents the location above
the pile top, while position B represents the central position of the four piles. It is evident
that the embankment settlement increases significantly with an increasing anisotropy
coefficient. The settlement curve tends to stabilize at the position of the iso-settling surface.
The position of the iso-settling surface undergoes minimal change, approximately 2.3 m,
with an increasing anisotropy coefficient of the friction angle.
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As depicted in Figure 19, an increase in the anisotropy coefficient from 1 to 1.48 leads
to a corresponding increase in the maximum embankment settlement from 151.6 mm
to 191.2 mm, representing a 26.1% increase. Additionally, the settlement at the top of
the embankment increases by 21.2% from 103.9 mm to 125.9 mm. These observations
highlight the substantial influence of the anisotropy of the friction angle on the settlement
of the embankment.
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6. Engineering Example Verification and Related Design Description
6.1. Engineering Example Verification

In order to further verify the accuracy of the anisotropic yield criterion in this paper,
the existing engineering examples [61] are selected. The finite element model consistent
with the example is established by ABAQUS, and the analysis steps corresponding to the
field are set up. The anisotropic Mohr–Coulomb yield criterion is applied to the embank-
ment, and the numerical results under isotropic and anisotropic conditions are compared
with the measured results to analyze the influence of anisotropy on the mechanical prop-
erties of the embankment structure. The results show that the settlement of embankment
increases gradually with the increase in anisotropy coefficient of embankment. The max-
imum settlement of the embankment under isotropic conditions is 93.4 mm. When the
anisotropy coefficient (Ar) is 1.1 and 1.2, the settlement increases to 95.7 mm and 103.3 mm,
respectively, with an increase of 2.5% and 10.6%. The measured and simulated values of
the maximum settlement in the center of the embankment in Reference [61] are 104 mm
and 92.5 mm, respectively. Therefore, when the anisotropy coefficient (Ar) = 1.2, the model
calculation results are in good agreement with the field-measured values. It shows that the
embankment fill has a certain degree of anisotropy and also further verifies the rationality
and applicability of the numerical calculation method in this paper.

6.2. Anisotropic Soil Construction Design

It is assumed that in the vertical direction of the embankment (along the elevation
direction), the shear strength of the soil is larger, while in the transverse direction of the
embankment (along the width direction of the embankment), the shear strength of the soil
is smaller. In this case, for the embankment design, the following measures can be taken:

(1) Filler direction: determine the layout direction of the filler layer to make full use of
the high shear strength of the soil in the direction perpendicular to the embankment.
The preferred direction of the filler can be selected to be consistent with the longi-
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tudinal direction of the vertical embankment to improve the overall stability of the
embankment.

(2) Filler type and thickness: Considering the low shear strength of the soil in the trans-
verse direction of the embankment, high-strength filler material can be selected or the
thickness of the filler layer can be increased to improve the bearing capacity of the
embankment in the transverse direction.

(3) Foundation treatment: According to the research results of soil anisotropy, appropriate
foundation treatment measures can be considered, such as reducing pile spacing or in-
creasing multi-layer geogrid, so as to further improve the stability of the embankment
in different directions.

7. Conclusions

In this study, the significance of anisotropic behavior in embankment fill materials
was addressed. An anisotropic calculation formula incorporating strength parameters was
proposed, and a modified Mohr–Coulomb criterion was introduced. To investigate the
influence of anisotropy on the stress and settlement of embankments, a customized user-
defined subroutine (UMAT) was developed. The key findings and research contributions
of this study were summarized as follows:

(1) The Mohr–Coulomb yield criterion incorporates anisotropic considerations for co-
hesion, treating cohesion as a function of the direction of the principal stress. This
approach enables dynamic updates of cohesion with changes in the direction of major
principal stress in the code. When examining the effects of anisotropy on pile–soil
stress ratios with a cohesive strength of 5 kPa, it was observed that as the anisotropy
of cohesion intensifies and the anisotropy coefficient diminishes from 1 to 0.3, the
ratio decreases from 36.1 to 28.8. Additionally, there is a notable 12.1% increase in set-
tlement at the top of the embankment, highlighting the impact of cohesion anisotropy
on geotechnical structural performance.

(2) This paper presents an advancement of the Mohr–Coulomb criterion by incorporating
a variable function that represents the dependence of friction angles on the direction of
shear stress. This extension allows for the consideration of friction angle anisotropy in
the material subroutine, enhancing the accuracy and adaptability of the yield criterion.
Through an investigation of cases with a fixed friction angle of 30◦, it was observed
that as the coefficient of friction angle anisotropy increased from 1 to 1.48, resulting
in heightened anisotropy, the pile–soil stress ratio experienced a significant decrease,
dropping from 23.7 to 17.4. Additionally, the friction angle anisotropy exhibited a
correspondence with an increased settlement at the pinnacle of the embankment, with
the settlement of the top surface of the embankment increasing by 21.2%.

(3) A numerical model consistent with the existing model test and field test is established.
By comparing the field test results with the numerical calculation results using the
anisotropic Mohr–Coulomb yield criterion, it is found that the calculation results
under anisotropic conditions are closer to the actual situation than isotropic, which
verifies the accuracy and applicability of the anisotropic numerical calculation method
in this paper.
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Nomenclature

Serial number Parameter Definition
1

.
λ plastic flow factor

2 G plastic potential function
3

.
εp plastic strain rate

4 σ stress
5 b derivative of the plastic potential function G to the stress
6 Rmc yield curve shape of the yield function on the partial plane
7 p average stress
8 ε meridian eccentricity
9 c|0 initial cohesion
10 ψ dilatancy angle

11 Rmw(θ, e)
triple symmetric elliptic form of the plastic
potential function on the partial plane

12 q deviatoric stress
13 θ Lode angle
14 e eccentricity on the π plane
15 ϕ friction angle of the soil
16 I identity matrix
17 ϕi interface friction angle
18 E elastic modulus
19 v Poisson ratio
20 c cohesion
21 γ unit weight
22 λ compression index
23 κ rebound index
24 M critical state stress ratio
25 γ′ soft soil unit weight
26 e1 intercept of the slope of the e-lnp normal consolidation curve
27 ci anisotropic cohesion
28 ch horizontal cohesion
29 cv vertical cohesion
30 i angle between the large principal stress and the vertical direction
31 σx horizontal stress
32 σz vertical stress
33 τxz shear stress
34 k anisotropy coefficient
35 n unit vector
36 nv vertical component of the unit vector n.
37 ϕ0 friction angle in each direction
38 ϕv vertical friction angle in the direction of shear stress
39 ϕh horizontal friction angle in the direction of shear stress.
40 Ar anisotropy ratio
41 r third deviatoric stress invariant
42 S deviatoric stress
43 a first derivative of the yield function with respect to stress

Appendix A

The yield function expression of the Mohr–Coulomb yield criterion in ABAQUS is
expressed by the stress invariant (Equation (A1)) [62].

F = Rmcq− p tan ϕ− c = 0 (A1)
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where
Rmc =

1√
3 cos ϕ

sin(θ +
π

3
) +

1
3

cos(θ +
π

3
) tan ϕ (A2)

Rmc defines the yield curve shape of the yield function on the partial plane;
p = − 1

3 trace(σ) is the average stress;

cos(3θ) =
(

r
q

)3
defines the angle of polarization, namely, the Lode angle. When

defined by the cosine function, the Lode angle ranges from 0 to 60◦;

r = ( 9
2 S · S : S)

1
3 defines the third deviatoric stress invariant;

q =
√

3
2 (S : S) defines the deviatoric stress;

S defines the deviatoric stress, S = σ + pI;
I defines the identity matrix.
The yield function and plastic potential function are derived using the implicit inte-

gration algorithm. We denote the first derivative of the yield function with respect to stress
as vector a (Equation (A3)).

a =
∂F
∂σ

= C1
∂p
∂σ

+ C2
∂q
∂σ

+ C3
∂θ

∂σ
(A3)

where
C1 =

∂F
∂p

, C2 =
∂F
∂q

, C3 =
∂F
∂θ

Specifically expressed as
C1 = − tan ϕ (A4)

C2 =
1√

3 cos ϕ
sin(θ +

π

3
) +

1
3

cos(θ +
π

3
) tan ϕ (A5)

C3 =

[
1√

3 cos ϕ
cos(θ +

π

3
)− 1

3
sin(θ +

π

3
) tan ϕ

]
· q (A6)

The derivative of the average principal stress p to stress is

∂p
∂σ

= −1
3
[1, 1, 1, 0, 0, 0]T (A7)

The derivative of the generalized shear stress q with respect to stress is as follows:

∂q
∂σ

=
3
2q
[
σx − σm, σy − σm, σz − σm, 2τxy, 2τxz, 2τyz

]T (A8)

The derivative of Lode angle θ to stress is expressed as

∂θ

∂σ
=

∂θ

∂q
∂q
∂σ

+
∂θ

∂r3
∂r3

∂σ
(A9)

where the derivative of the third stress invariant to the stress multiplied by 27/2 is the
derivative of r3 to the stress (Equation (A10)).

∂r3

∂σ
=

27
2



(σy − σm)(σz − σm)− τ2
yz

(σz − σm)(σx − σm)− τ2
xz

(σx − σm)(σy − σm)− τ2
xy

2
[
τxzτyz − (σz − σm)τxy

]
2
[
τyzτxy − (σy − σm)τxz

]
2
[
τxyτxz − (σx − σm)τyz

]


+

3q2

2



1
1
1
0
0
0


(A10)
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The derivatives of Lode angle θ with respect to mean principal stress p and generalized
shear stress q are

∂θ

∂q
=

1
q tan 3θ

(A11)

∂θ

∂r3 =
1

3q3 sin 3θ
(A12)

The expression of vector a is

a =
∂F
∂σ

=

(
1
3

tanϕ +
C3

2qsin3θ

)


1
1
1
0
0
0

+

(
3C2
2q

+
3C3

2q2tan3θ

)


σx − σm
σy − σm
σz − σm

2τxy
2τxz
2τyz

+
9C3

2q3sin3θ



(
σy − σm

)
(σz − σm)− τ2

yz +
q2

9

(σz − σm)(σx − σm)− τ2
x +

q2

9

(σx − σm)
(
σy − σm

)
− τ2

xy +
q2

9
2
[
τxzτyz − (σz − σm)τxy

]
2
[
τyzτxy −

(
σy − σm

)
τxz
]

2
[
τxyτxz − (σx − σm)τyz

]


(A13)
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