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Abstract: A new parameter estimation method for a UAV braking system with unknown friction
parameters is suggested. The unknown part containing friction is separated from the coupling system.
The law of parameter updating is driven by the estimation error extracted by the auxiliary filter.
A controller is developed to guarantee the convergence of the parameter estimation and tracking
errors simultaneously. Furthermore, a designed performance index function enables the system
to track the desired slip rate optimally. The optimal value of the performance function is updated
by a single critic neural network (NN) to obtain comprehensive optimization of the control energy
consumption, dynamic tracking error, and filtering error during braking. In addition, the unknown
bounded interference and neural network approximation errors are compensated by robust integral
terms. Simulation results are presented to confirm the effectiveness of the proposed control scheme.

Keywords: adaptive optimal control; single critic neural network; parameter estimation; UAV braking
system

1. Introduction

With the rapid development of unmanned aerial vehicles (UAVs), the safety and effi-
ciency of braking systems have drawn significant attention. Due to the coupling mechanism
of vertical and longitudinal torques, the highly nonlinear aircraft dynamics model, and
time-varying friction, it is challenging to establish an accurate mathematical model [1].
The most common control strategy for brake systems is slip rate control, which obtains
the maximum tire-road friction by regulating the slip rate. Several methods have been
proposed, such as dynamic surface control [2], adaptive control [3], and extreme value
search control [4]. These methods focus on adjusting the slip rate in real time to track the
expected slip rate but only partially consider an excellent dynamic performance and the
system’s robustness. The ideal brake control should ensure that the brake operating point
is always in the stable region. A rule-based control strategy has been studied in [5,6] to
avoid the brake operating point being in an unstable region, which requires high model
accuracy and has a complex controller structure. In [6], an adaptive radial basis function
(RBF) neural network (NN) is used to predict the upper bound of the system’s complex
external interference to improve the brake control’s robustness. The RBFNN and error
backpropagation NN were used, respectively, to approximate the nonlinear interference
of reduction gear deformation and switched reluctance motor in an Electro Mechanical
Actuator (EMA) [7,8]. However, these models need to be trained offline in advance.

The friction coefficient affecting the binding force between the tire and runway in brake
systems is influenced by external environments and various factors, making it challenging
to measure directly or calculate accurately. Previous studies [9,10] proposed a fitting
function between aircraft speed and slip rate. Still, this method requires a large amount of
data for offline fitting and may not reflect the complex and changeable runway environment
in real time and reduce control accuracy. Ref. [11] proposed the estimation of aircraft
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speed and ground-tire joint force based on the Kalman filter, but this requires additional
sensors or algorithmic complexity, leading to practical difficulties. In addition, uncertain
nonlinear systems with unmodeled dynamics can also be approximated by neural networks
(NNs) [12-14] and fuzzy logic systems (FLSs) [15-17]. In these methods, the unknown
friction is considered part of the nonlinearity of the unknown system and approximated
by NN or FLS. Ref. [18] proposes an adaptive feedforward NN control scheme to deal
with the pandybat friction effect, assuming that the friction model parameters are known.
Moreover, traditional adaptive control design often adopts methods such as gradient
[19], least squares [20], and the modified parameter estimation method [21]. However,
none of the mentioned achieve convergence of the estimated parameters and tracking
errors simultaneously. A new parameter estimation method [22] is proposed to ensure
the convergence of parameters. In the controller design, the adaptive rate based on the
parameter estimation method ensures that the unknown parameter converges to the true
value and the tracking error converges to zero.

Moreover, as the balance criterion of resource control and control effect plays an
increasingly important role in the design process, optimal control has attracted wide
attention [23-27]. At present, the optimal control theory related to the design of the
controller has been a significant research result. It can meet the tracking tasks or control
objectives, while minimizing some performance indicators. In the classical optimal control
method, the derived Riccati or Hamilton-Jacobi-Bellman (HJB) equation is usually solved
offline iteratively [28]. In recent years, adaptive dynamic programming (ADP) has been
proven to be a feasible method to solve the optimal control solution online [29]. In the
classical critic-actor-based ADP framework [30], the complex ADP structure of multiple
NN approximators increases the computational burden in the implementation. Thus, a
simple and effective ADP structure based on a single critic NN is proposed in [31,32], in
which the convergence of critic NN weight can be retained so that control actions can be
calculated directly through the weight of a critic NN. Due to the fact that the approximate
error of the NN cannot be compensated for, the steady-state error can only be guaranteed
to converge to a small set near zero. A new error sign robust integral (RISE) control is
developed in [33] to compensate for bounded uncertainties and perturbations. The key
feature of the RISE method is that asymptotic stability can be proved by using an integral
of the sign of the error feedback term. In addition, compared with the traditional Sliding
Mode Control (SMC) method [34], this scheme generates continuous control signals, thus
avoiding the requirement of infinitely fast control switching.

Motivated by the above discussions, the aim of this article is to develop a new adaptive
law to ensure convergence of estimation parameters and tracking errors in UAV braking
systems. A performance index function of error and input is established for the braking
system, considering the balance criterion of control resources and control effect, and the
optimal solution is updated online with ADP. Moreover, the improved adaptive optimal
control strategy includes robust feedback items. Their purpose is to compensate bounded
disturbance, modeling uncertainty, and NN estimation error, minimizing the cost function
while tracking slip rate, reducing the use of control resources, and improving control
performance. Comparative simulations are given to validate the effectiveness.

The contributions of this paper are as follows.

(1) A parameter-updating law driven by parameter estimation error is designed for
UAV braking systems with unknown parameters. The contradiction between system
robustness and parameter convergence is solved, and the tracking error and estimation
error converge simultaneously.

(2) The performance index function about the error and input of the UAV braking system
is established. The adaptive dynamic programming based on a single critic NN is
adopted to solve the function so that the control energy consumption, dynamic track-
ing error, and filtering error in the braking process are optimized comprehensively.
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2. Dynamic Model
Braking Dynamics of UAV

The dynamics model of the UAV braking system generally includes the body dy-
namics model, braking wheel dynamics model, tire-runway friction, and brake actuator.
Brake control design should be based on a reasonable and simplified mathematical model.
According to [35], consider the system formulated as

1 /R? n(l—/\)) BwRw 1—AFx = KyR
=——|—+—")Fzu+ - = + Py,
Uy (]w zk Uy Jw Ox Mp Uy Jw A
Py = cpLowm /27T + A,
, 1 Lo By Kt
= - 2Py — —it+N. 1
Wm J2A ]wm+]l+z 1

where A1 and A; are unknown bounded disturbances. The above parameters are described
in Table 1. The slip rate in the system is defined as

A= vy — Rw o)
Ox
Table 1. Parameters of UAV and EMA.
Name Description Value

my Weight of the UAV 5000 kg

Uy Longitudinal velocity -
Wiy Wheel speed -

Fx Aerodynamic drag -

n Number of brake wheels 2

Fy The binding force -

Cp Brake disc stiffness coefficient 5.0 x 10° N/m
Lo Ball screw travel 0.008 m

F, Main wheel support force -

U Coefficient of static friction -

Kt Motor torque constant 0.4 Nm/A
B, Viscous damping coefficient 0.02 Nm/rad
Jw Moment of wheel 0.95 kg - m?
R Effective radius of main wheel 0.3m

] Motor moment of inertia 6.38 x 10* kg - m?
K, Braking torgue and pressure 3.7 % 104

conversion coefficient

By Friction coefficient of axle 0.01 Nm/rad
P The pressure acting on the )

A brake disc

The slip rate represents the ratio of the sliding motion of the wheel to the runway;
thus, 0 < A < 1. The braking process depends on the binding force between the brake
wheel and the ground, which is defined as

F, = pk ®)

It is affected by many factors and cannot be directly measured or accurately calculated.

We define the state of the system as [x1, X5, x3] = [A, P4, wn]’, and then the system

is described as

X1 = f(x1) + Kixz
Xo = K2X3 + N
X3 = Kzu — Kyxp — Ksxz + 4

4)
y=A
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where u =i, Ky = %, Ky = %, Kz = %, Ky .: %‘}m, and K5 = % are positive constants.
Rewrite the derivative of f(x1) in (4) as f(x1) = @ ¥ (x;), where @ is the unknown
parameter vector, and ¥ (x7) is the known regressor vector.

Let x14 be the expected slip rate set, and define the tracking error e; as
e1 = X1 — X4 )
Assumption 1. The perturbation A1, A, and its derivatives Ay, Ay, and Ay, Ay are bounded.

Assumption 2. Linear velocity vy, angular velocity of the wheel w, brake pressure P4, motor speed
Wy, and armature current i can be measured.

The problems to be solved in this paper are as follows:

¢ Online estimation of unknown parameters of UAV braking system to ensure convergence.

¢ Whent > 0, tracking errors converge quickly and steady-state tracking errors remain
within a small range.

¢ The system control input and filtering error meet the performance function.

3. Adaptive Optimal Control Design with Guaranteed Parameter Estimation

This section proposes an adaptive optimal control based on the parameter estimation
error for the system (4). We will introduce a new adaptive law driven by the estimation error
to estimate unknown parameters and an optimal control item for minimizing performance
function. The control structure is shown in Figure 1.

Estimation error
extraction

A

———- Adaptive law

A

+ ,( gg ) PN > Uav brake
Controller > >
system
7Y l

| Performance index l

function

Evaluation network
solution

Figure 1. Structure of the control system.

3.1. Filter Design

The traditional adaptive control derives the adaptive law through the gradient algo-
rithm and least square method to minimize tracking error, but the robustness is poor. Based
on the previous research, an auxiliary filter is used to extract the parameter estimation error
and drive parameter updating to obtain a better-estimated response [36].

To facilitate the design of the adaptive law, the first equation in (4) is considered:

i = 0OTY¥(x1) + F(x) (6)

where © is the unknown parameter vector, ¥(x1) is a known nonlinear function matrix,
and F(x7) is a known nonlinear. The filtered variables x and ¥, F¢ of the dynamics x;
and ¥, F are defined as [22]
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a)'('f +Xr= Xl,Xf(O) =0
aFf—i-Ff:F,Ff(O) =0 )
where 9 is a filter constant. Then it is obtained from (6) and (7) that
) () — Xp(8)
kr(t) = =5
e ()0
%1 () — xp(t
ff —Fp=0"¥(x)) ®)
The matrix G and vector Q are defined as
G = —IG+Y¥f¥},G(0) =0
: ()~ (t )
Q= -1Q+¥;[ MY — k],Q(0) =0
where | > 0 is a design parameter. The solution of (9) is derived as
G= f(t) e_l(t_’)‘I’f(r)‘P}(r)dr 10)
ey (B~ ¢ (
Q= [hetp(r) [0S0 — ) ar
Then, another auxiliary variable H is defined as
H=GOT-Q (11)

where the estimation of the unknown parameter © is o. Substituting (8) into (10), one has

H=GoOT —co’ = —goT (12)
where ® = @ — O is defined as the estimation error.
3.2. Adaptive Control with Finite-Time Parameter Estimation
For the position tracking control, we define filter tracking error variables as
ep = ¢é1 + kieg (13)
11 = é +koep (14)
where ki and k; are positive constants, and rq is the auxiliary filter error.
From (4), (5), (6), (13), (14), one has
1= OT¥(x1) + KiKyxz + Aq () — ¥1g + kaéy + kaea (15)

x3 will be regarded as virtual input, the design virtual control rate is a5, and we define the

input error e3 as

€3 = X3 — &

(16)

In order to reduce the impact of noise in measurement, the expected trajectory x1, is
used to replace x1, so 1 can be rewritten by using the expected trajectory as

11 = KiKoag + @Y (x14) + S1 + Aq(t) — %14 (17)
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where the auxiliary function Sy is
S1 = kiéy + koey +OTF (x1) —OT ¥ (x14) + K1 Kaes (18)
The design virtual control rate is
0y = ! (—@T‘F(x ) —ki(ep — kier) —kpep + & —|—y) (19)
2= XK, 1d 1(e2 — K€y 202 T X14 1 [
where y; is the feedback item of RISE and
t
i1 = —kaea(t) + kaea(0) = [ [ksikaea(©) + By sgn(ea(e) o (20)
The time derivative of y is
fn = —kary — Bi(e2) (21)

where kg is a positive feedback gain, 1 is a positive constant, and sgn(e) is a function

of signum. The extracted estimation error is added to the traditional adaptive law. This

method makes the error of parameter estimation and system control converge eventually.
The parameter-updating law of © is

O =TI (¥Yyr1 — M) (22)
with .
GTH
M=cH+0o—— (23)
| Hl

where ¥ is the regressor and I > 0, ¢ > 0 are the learning gains. Since r; is not to directly
implement online learning, inspired by [37], we write (22) in the following form:

T
O(t) = 0(0) + U/Ot (H(T) + w>dr+ F‘i’d(f)ez(r)]g -T

/Ot [‘?d(:‘z(’f) — kZTd(fz(T)]dT (24)

As follows from (24), the variables rcan be replaced by é; + kep, where the Newton—
Leibniz formula is used to calculate é;. Therefore, the parameters ® can be calculated
according to (24). The auxiliary filtering signal is designed as

1y = é3 + kses (25)

The error variable r, combined with (4), (16), and (25) can be rewritten by using the
desired trajectory x,; and x3; as

r2 = —Kyxoq — Ksxsg + Kgu + Sy + Ap(t) — iz (26)
where the auxiliary function S, is
Sz = —Ky(x2 — x34) — Ks(x3 — x34) + k3es (27)

The brake control effect is also affected by brake performance. Thus, torque and energy
consumption need to be considered in the brake control system, to realize efficient and
stable control of the aircraft brake. According to (26), the controller is

1 .
u = E(K4x2d + Ksxzg + do + po + o) (28)
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where u, is the auxiliary optimal controller for the given secondary performance index of
the system and y; is the feedback item of RISE with

Hy = —kspes(t) + kspes (0 [ksakses () + Basgn(es(o))]|do (29)

o\*

The time derivative of yj is
fla = —ksara — Basgn(es) (30)
where kg, B> are normal numbers.

3.3. Optimal Control Auxiliary Item Design
Considering the optimal synthesis of control energy consumption, dynamic tracking
error, and filtering error, we design the performance index functions for the following
dynamic error closed-loop system of the system, which can be obtained from (4) and
(16) such that
¢ = d3 — &y = Kgu — Kyxp — Ksxz + Ao (t) — o = Kau — Kyx — Ks(e3 + a2)
+A(t) — i (31)

By substituting controller (28) into (31), the dynamic equation of filtering error is
é3 = —Ksez +uy + A3 (32)

where Az denotes the lumped disturbances and compensation error. The cost function for
the system (32) is designed as

[ee]

J*(e3) = muin/ {egQ63 +ulTRu? }dT (33)
o Jt

According to Bellman’s optimality principle [38], the solution of the optimal cost
function is the solution of the HJB equation:

min (egT Qes + ufTRuz + VJ* (e3)(—Ksez + u:;)) =0 (34)

And the optimal control solution can be obtained as

* 1 — *
Uy = —5RIV]"(e3) (35)
where VJ*(x) = 9J*(x)/dx, and it is a necessary condition for solving the optimal control,

which is approximated by NN:
VI*(x) = Wia(es) +e (36)

where WTand @(x) are the optimal weight and activation function of the evaluation NN,
and &,(x) represents the approximate error that converges to zero after proper training
under continuous excitation. In practice, the ideal NN weights W are unknown, combined
with (36) and (37); thus, we have the actual optimal control as

=
|
A
=
H
S}
=
|
>
=
H
()
=

(37)

In order to make the weight estimation W of the NN converge quickly to the ideal
value, the control mode of parameter updating is driven by the extraction estimation error
in (13)—(21). This mode avoids using an executive NN, which significantly reduces the
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expressed as

amount of training computation, speeds up the weight convergence, and improves the
estimation accuracy. In order to determine the critical NN weight, the HJB equation can be

e3TQeg + u;‘TRug + WTcD(x)[fK5ea + o] +enp =0

(38)
where ep;p is a bounded error caused by the approximation error of critic NN, model
linearization error, and system uncertainty. Suppose p = o(x)[—Kses + u,]; we obtain

n=-Wo—eyp

(39)
where 7 = el Qes + ujTRu; is a utility function. We define regression matrix A and
regression vector B. One has

A=—1A+ppT,A(0) =0
B = —IB+pn,B(0) =0

(40)
where the regression parameter / is the normal number. The auxiliary vector & based on A
and B is introduced as

[1]

= AW/ +B
According to (19)—(21), we obtain

(41)

E=AW-AW+0v=—AW +v (42)
where W = W — W is the estimation error. We have v = fot e~ l(t=1)
update rule is

ey (T)pT (V) for
lv]| < eyp- W is the weight error, which is related to the auxiliary vector Z. The designed

W= Y(@(x)r, — E)
where Y is learning gain, and the calculation of W is the same as (24).

(43)
4. Stability and Convergence Analysis
To analyze the stability of the closed-loop system, we obtain #; by (28) and (22) as
7 = @T‘Yd + Nl +Nj +s1 —e2 (44)
where
- . . GTH .
Ny = -TIY;¥Yyr1 +1TY¥,0( H+ 77 +S51+e (45)
The auxiliary function Ny is
Ngi = Ay (46)
Let A = —%R‘l. Substituting control law (35) and (43) into (26), the closed-loop
system can be written as
12 = Sa+ Ma(t) + pz + Ac(x)WT (47)
The time derivative of r; is
fa = AWG(x) + Ny + Ny + i — 3 (48)
where
N, = Sy +e3 — AYo(x)o(x)ro + AYo(x) (—AW +0) (49)
The auxiliary function Ny, is

Ndz = AQ + &

(50)
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Lemma 1 ([2]). Define the following two auxiliary functions for the convenience of analysis:

Li(t) = —r1[A1 — Bysgn(e)] (51)

Ly(t) = —r2[As — Basgn(es)] (52)

where Bq,B2 meet the following conditions:
1
Pr=0it 0 (53)
2

Br>0s+ %@ (54)

where {1, {2, {3, and {4 are positive constants, and the following defined functions Py (t), P(t) are
always positive:
Py(t) = Ly (55)
Py(t) = Ly (56)
Select a Lyapunov function candidate as
1
2

1
2

1
2

1 1~ ~ 1. -
Er% + P+ P+ Eer—leT + ~WTKyW (57)

1
VL:*6%+ e%Jr e§+ r%Jr 5

2

Let us define a vector

&(t) = [z% o), \/Pz<t>,éT<t>,WT<t>] 59)

where
2 () = [er(t), ea(t), ea(t), 11 (8), r2(1)] (59)
The Lyapunov function satisfies the inequality
Ui(§) < VL(§) < U2(8) (60)

The continuous, positive definite functions Uy (&) and Uy (&) are defined as

Ui (§) = Mllgll, Uz(8) = A2l (61)

where A1 Ay are positive constants. We substitute (5), (13), (16), (22,) (43), (44), (48), (55), and (56)
into the derivative of V1. It follows that

Vi = e1é1 -+ exéy + €363 + 11y - rofa + Ly + Ly + 6019 + AWYIW

= —kle% — k2€% — k3e§ — kslr% — kszi’% +e1ex + 7’1N1 + 1N,

. PlH, S
O\ ypyr1 —oHy —0 i — WAAW + WAv (62)
1

Using the Young's inequality, one has

P(2)2

4kg

i < p(llz)lzll|r1] < ksalri | +
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P(2)2

- 2
2l < p(llz|)llzl 2] < Kealral? + 552

(63)

where p is the function of ||z||, and it may have a constant term, a first term, a second term, or a
higher term.

W TAWS + WiTo < —Y||Wr| 2 (64)

It is shown that the proposed NN weight estimation method can make the error converge to
zero exponentially, and the convergence is determined by continuous excitation and learning rate.
Substitute (64), (65), (66) into (63) to obtain

2 2 2 2
N L N O
VL, < —Azz" + akey + iy S U(y) (65)

where Az = min{kl — %,kz — %,k3,k51,k52, —Y} is a positive constant, and U(y) = cz?isa

continuous positive function over a set defined as

2= {y(ly <o (2v2aks) } (66)

Therefore, inequalities (67) and (68) can be used to prove Vi, € Lo above E, which further im-
plies that e1, ez, e3Py, Pa, 11,72 € Leo in 5. é1,6,63 € Lo in E can be proven through z" (t) € Leo.
Meanuwhile, the fact that X; and X; are bounded implies that x1,%1 € Leo, given that 11,1 € Leo
in & A similar analysis to that given in [39] can prove that ji1, fig € Le in B Then, we can also
verify that 71,72 € Leo. The U(E) is uniformly continuous in E due to é1,é3,63,71,72 € Leo in
E. Hence, we can verify that U (&) — 0 by an analysis similar to that shown in [36]. Then, from
the definition of r,z1,zp, we can obtain that e; — 0 for t — oo, and the proof of convergence of
parameter estimation error can be seen [1].

5. Simulations

In order to verify the effectiveness of the proposed control law, simulation tests are
carried out on the MATLAB platform with the model parameters in [35]. The reference
slip rate is set as 0.1, the initial landing velocity v(x) = 87 m/s, and the initial main wheel
angular velocity w(0) = 210 rad/s, and the initial slip rate is set as A(0) = 0.

The parameters in the controller are designed to k; = 3, kp = 25, k;; = 0.7, ks = 10,
® =1, By = 4.5, pp = 8§, and the critic NN weights converge to [-1.982, —1.553, —4.006,
—3.86, —1.210, —0.567, 0.72, —0.9234, —0.34, 0.765, 1.076, 0.365, 3.023].

The changes in the speed and distance of the UAV during braking are shown in
Figures 2 and 3. It takes 21.6 s from the start of braking to the end of the anti-skid control,
and the braking distance is 702.5 m. No significant overshoot occurs during the braking
process, and the velocity and wheel speed decrease smoothly without large fluctuations or
deep skid of the wheel.

It can be seen from Figure 4 that the controller can track the optimal slip rate of real-
time changes quickly and accurately and is always in the stable region. Figure 5 shows
that the tracking error of the optimized controller based on RISE correction converges
asymptotically to zero, meeting the high-precision requirements compared to the generic
control with the gradient algorithm.

To show the improved estimation and control performance, the method proposed in
this paper is shown in Figure 6. Compared with the conventional control algorithm shown
in Figure 7, the parameter estimation error can converge to zero and the convergence speed
is fast.
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Figure 7. Gradient descent.

The quadratic performance index function of the algorithm is designed in this paper
and the conventional algorithm is estimated by MATLAB. The performance index function
of the optimized controller is larger than that of the conventional controller, which indicates
that the RISE-modified adaptive optimal controller ensures the comprehensive quasi-
optimal of the system dynamic error and control energy consumption during the whole
braking process. The control input is shown in Figure 8.
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Figure 8. Gradient descent.

Figure 9 shows the estimated weight of the NN. It can be seen that the weights
converge to constant values. This result shows the convergence of the adaptive law and
verifies the effectiveness of the proposed learning algorithm.
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Figure 9. The control input.
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To show the improved performance of the proposed single critic NN-based ADP,
compared with a critic-actor NN-based ADP method mentioned in [31], it is clear that the
proposed single critic NN-based can achieve faster transient error convergence and smaller
steady-state tracking errors.

The simulation results show that the designed controller has a good control effect, re-
alizes the tracking of the unknown optimal slip rate, and has a robust ability. By comparing
the size of the secondary performance index, the modified optimized controller can meet
the performance index, and the system’s control input and control error are optimized
comprehensively.

6. Conclusions

This paper investigated unknown parameter estimation for the UAV brake system and
tracked the optimal slip rate at minimum cost. Parameter estimation error is extracted by
an auxiliary filter and drives a parameter-updating law incorporated into adaptive control
synthesis. Compared with traditional estimation methods, this method can simultaneously
guarantee the convergence of parameter estimation and track errors. A performance index
function of control input and filtering error was designed, considering the balance of control
resources and control effect. This paper made up for the lack of consideration of resource
control in the previous literature on UAV brake systems. Based on the ADP idea, an NN
was introduced to approximate the performance index function online, and an adaptive
law was designed to update the NN weights and optimal control online. Simulation results
prove that the proposed single critic NN-based method can achieve faster transient error
convergence and smaller steady-state tracking errors. Through theoretical and simulation
analysis, the modified controller can converge to the optimal controller, compensating for
external perturbations, modeling uncertainties, and NN estimation errors by combining
the principles of adaptive control and optimal control with the RISE robust term.
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