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Abstract: In public places, pedestrian panic behaviors have received increasing attention due to their
dangerous impact on normal pedestrian flow. To address this issue, this study considered crowd
panic behaviors as two-dimensional Gaussian disturbances quantitatively triggered by accidents
and analyzed the stability of the pedestrian crowd based on Lyapunov criterion. First, this study
established a two-dimensional static model for the disturbance pressure in a crowd. Then, a dy-
namic disturbance–propagation model (DPM) of crowd panic behaviors was proposed based on the
conservation law of fluid dynamics. The anisotropy of the disturbance pressure propagation was
proven with theoretical derivations and simulation experiments, which kept consistent with ground
truth. Further, a stability criterion was proposed for pedestrian crowd flow under disturbances based
on Lyapunov theory. To validate the proposed DPM, we simulated a disturbance scenario in the
waiting hall of Shanghai Hongqiao Railway Station. Subsequently, the visual disturbance propagation
dynamics and crowd state evolution due to a panic behavior disturbance in a pedestrian crowd
were investigated; Finally, the experimental results demonstrated that disturbance pressures and
pedestrian density fluctuated and diffused with the panic behavior outbreak point as the disturbance
center, showing heterogeneous characteristics. This study shows how we can locate the high-risk
areas affected by pedestrian panic behaviors in advance, and further help control crowd flow to keep
a pedestrian crowd safe in public buildings.

Keywords: pedestrian crowd flow; panic behavior; dynamic disturbance; disturbance propagation
dynamics; Lyapunov stability

1. Introduction

The scientific management of crowd-gathering scenarios is a significant issue regard-
ing public safety. Using physics, transportation, and mathematical tools to describe the
characteristics of a crowd flow, crowd flow dynamics has been a well-known academic
hotspot for several decades. It comprises the processes of establishing a mathematical
model of a crowd flow and then carrying out numerical simulations and solving them.

There were some similarities between crowd flows and continuous fluids. Since
Swiss mathematician and mechanics scientist Euler proposed a classical assumption for
fluid continuity [1], the irregular thermal motion of molecules in a fluid were simplified
as the regular motion of the molecules; i.e., the fluid was considered as a continuous
medium. Then, fluids were mainly studied based on a macro-mechanical motion theory of
a continuous medium.

In general, a crowd flow consists of pedestrians, with physical gaps between them.
From a micro point of view, crowd flows are not continuously distributed, but if the
distance between pedestrians and the surrounding environment is defined as a pedestrian
area, it is feasible to assume a crowd flow as a continuous pedestrian fluid. Therefore,
like the continuum hypothesis in fluid dynamics, the macroscopic quantities of crowd
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flows are the velocities, densities, and flows, which also conform to the physical laws of
mass conservation, momentum conservation, and energy conservation. Henderson first
proposed a macroscopic model for pedestrian flow [2,3]..

It was shown that the distribution functions for crowd densities and velocities were
consistent with the results from the Maxwell–Boltzmann theory, except for significant
deviations near the frequency mode of each distribution [3]. Henderson further proposed
a hydrodynamic model of a pedestrian crowd, in which a particle collision was used to
describe the interactions between macroscopic pedestrian groups [3]. Hughes considered
pedestrian flow as a continuous fluid medium and used fluid dynamics equations to de-
scribe the relationships between the speed, density, and flow rate of pedestrians. According
to references [4,5], a typical macro dynamic model for the field of crowd flows is established
in the form of Equation (1).

∂ρ

∂t
+

∂(ρvh)

∂x
+

∂(ρvl)

∂y
= 0 (1)

where vh represents the horizontal velocity, and vl represents the lateral velocity.
Most studies on macro crowd flow used this crowd flow model in Equation (1) as

their primary theory base. This model assumed that the behaviors of the crowds were
homogeneous, i.e., that crowds make approximately the same responses under the same
stimulus; however, this was not sufficiently realistic in practice.

In real pedestrian-gathering scenarios, the panic behavior characteristics of crowd
flows were relatively complex. Due to the subjective initiatives of the crowds and external
environments, once internal panic disturbances due to emergencies such as pedestrian
falls, stampedes, shootings, terrorist attacks, explosions, and fires occur, the stop-and-go
phenomena of crowds can cause a chaotic phenomenon of the sudden acceleration and
deceleration of pedestrians. In this context, more complex crowd trampling and other
accidents often easily occur [5].

It was significant to keep a pedestrian crowd stable considering that a large-scale
crowd (including more than 2000 pedestrians) system consisted of a large number of
autonomous individual pedestrians, movement rules, and the scene environment [6]. As
a continuous flow, a large-scale crowd flow also had three typical system states: stability,
critical stability, and instability.

Large-scale crowd trample disasters were typical phenomena of crowd instability
owing to internal disturbances. Most of the existing literature about crowd stability is
based on traffic flow theory and lacks systematic consideration. The panic characteristics of
pedestrian self-organization behaviors and crowd-merging flow layouts make crowd flows
more complex, while few studies have been conducted on the propagation characteristics
of sudden panic disturbances in crowd flows, which motivate us to study this issue further.

The main contributions of this study are the following: (1) we propose a dynamic
disturbance model of crowd panic behaviors, considering the anisotropy of crowd move-
ments based on the conservation law of fluid dynamics; (2) the anisotropy property of
the disturbance propagation is proven with theoretical derivations and simulation experi-
ments; (3) a crowd stability criterion is put forward under internal disturbances based on
Lyapunov theory.

The outline of this paper is as follows: in Section 2, we investigate the related work with
a literature survey; in Section 3, we propose a dynamic disturbance model of crowd panic
behaviors; in Section 4, we analyze the stability of crowd flow considering disturbances
due to panic behaviors; in Section 5, simulation experiments conducted in the waiting hall
of Shanghai Hongqiao Railway Station to validate the proposed DPM are presented.

2. Related Work
2.1. Internal Disturbances of Drowd Panic Behaviors

In general, pedestrian panic behaviors are trigged by dangerous emergencies including
pedestrian falls, stampedes, shootings, terrorist attacks, explosions, and fires. The crowd
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will change rapidly from an orderly and stable state into a disordered and chaotic state in
the case of these emergencies. In most cases, the disturbance is caused by the physical envi-
ronment or by pedestrian panic behaviors (running under scattering) in crowd-intensive
locations. These panic behaviors, acting as the disturbance center points, probably change
a stable pedestrian crowd into a disordered state.

At present, there are relatively few systematic studies on the modeling of internal
disturbances in a crowd flow; the existing studies are scattered among fields such as biolog-
ical populations, human disasters, and traffic flows, for example, in order to investigate
the causes of crowd disasters and propose preventive measures and possible methods for
mitigating disasters, J. J. Fruin stated that turbulent waves were experienced in dozens
of crowd-intensive events each year all over the world [7]. Once a pedestrian was able to
pass the narrowing, pedestrians with the same walking direction can easily follow. Hence,
the number and “pressure” of waiting, “pushy” pedestrians on one side of the bottleneck
becomes less than on the other side [8]. Pascal and Levin [9] described the interactions of
disturbance distributions in a real biological population, which were considered temporal,
nonlinear, and random. The disturbances were affected by the crowd density. With an
increase in pedestrian density, the sensitivity to interference increased. Lu [10] regarded
a crowd as a continuous medium considering that any disturbance in the crowd would
spread in the form of waves.

J. Ma [11] studied a crowd disaster in Germany from the perspective of crowd flow
patterns. The results showed that the force generated by physical contact between pedestri-
ans led to unstable movements, and the disturbed crowd velocity characteristics fluctuated
and diffused, finally forming crowd turbulence. W. Qin [12] constructed a distributed
parameter system to describe the disturbed crowd dynamics based on the conservation law
of mass. Unit sliding mode control was used to eliminate disturbances and stabilize the
crowd dynamic system to a reference density. J. Wei [13] improved the social force model
by introducing disturbance fluctuation force, to characterize the disturbance fluctuation of
pedestrian flow caused by the disturbance during evacuation and the state of change in
pedestrian flow.

Most of the macro-crowd flow models above were established based on conservation
law. G. Grinstein [14] pointed out that a system with conservation deterministic dynamics
has noise interference and requires spatial anisotropy to describe the self-organized crit-
icality. In summary, as triggers of unstable crowd flow and stampede disasters, internal
disturbances due to pedestrian panic behaviors were random and complex. Research on
pedestrian disturbance dynamics and the disturbance propagation remains challenging but
meaningful, which motivates us to focus on the dynamic disturbance model of pedestrian
panic behaviors and Lyapunov-based crowd stability analysis.

2.2. Stability Analysis for Crowd Flow

Investigations on crowd flows began later than those on traffic flows; as such, there
are relatively few studies on crowd stability, most of which are based on theories of traffic
flow stability analysis, such as boundary control, sliding mode control, and feedback
control [15–17]. However, owing to the stochastics of crowd movement without expected
lanes in vehicle traffic, it is more complex to study crowd flow stability than only traffic flow
stability. The existing research methods of macro crowd flow stability remain in the initial
stages and can be mainly divided into four categories: methods based on statistical analysis,
methods based on computer vision, methods based on control theory, and methods based
on mathematical calculation, as shown below.

(1) Methods based on statistical analysis. These methods rely on data collection,
literature retrieval, and statistical analysis of past crowd disaster events, aiming to explore
the unstable factors of the crowds and to provide advice on crowd management. The Guide
to Safety at Sports Grounds (the “Green Guide”) in the United Kingdom established a safety
standard for pedestrian crowds based on experience analysis. It considered a crowd with a
density between 4 p/m2 and 7 p/m2 as a crowd in a critical state [18]. Jaime Santos Reyes
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and Samuel Olmos-Peña Santos and Olmos [19] analyzed the stampede in Mexico City on
20 June 2008. The management oversight risk tree technique and the FIST model have also
been proposed and can be used to analyze and extract the unstable and fatal factors in a
disaster. In 2021, Y. Feng [20] systematically reviewed 145 studies and found that although
the instability factors of pedestrian behaviors in traditional emergency situations (i.e., free
traffic accidents) have been widely studied, new high-risk situations (such as earthquakes,
terrorist attacks, and stampedes) have not received sufficient attention.

(2) Methods based on computer vision. Using optical flow theory, the movement
characteristics of a crowd can be according to abnormal behaviors. At present, a variety of
anomaly detection algorithms have been proposed for crowded scenes, such as abnormal
crowd behavior detection [21,22], human abnormal action detection [23], and traffic event
detection [24]. However, this type of abnormal event detection method is only suitable for
small-and medium-sized crowds, the scene equipment cost is large, and the calculations
are complex.

(3) Methods based on control theory. A group interaction matrix has been used to
qualitatively predict group behaviors, and the stability of the system was analyzed to
determine whether the system structure was reasonable. In general, if a system has high
stability, it is reasonable, and if the system has low stability, it is necessary to adjust the
system structure to reduce the conflict(s) in the evacuation process. W. Qin [25] established
a cold dynamics model based on a conservation law, and the relationship between density
and speed was expressed using a diffusion model. The feedback linearization method
of a partial differential equation was used to design a feedback controller for controlling
crowd stability so that pedestrians could evacuate in a certain direction and at a fixed
speed. S. A. Wadoo [26] designed nonlinear feedback controllers for providing convection,
diffusion, and convection/diffusion control, and discussed the control stability using partial
differential equations. Based on a study of fluid dynamics and traffic flow, W. Qin [27]
designed a time-limited controller for solving the finite time-tracking problem, and for
making the density converge to a given steady-state density.

(4) Methods based on mathematical deduction. In one example of these methods,
based on fluid dynamics and traffic flow theory, a conservation equation for macro crowd
flow dynamics is established, and the stability of a crowd flow is analyzed using the
system stability judgment theory. Q. Wang [6] studied the stability of a crowd system
based on the determination method of the M-matrix and the Perron Frobenius theorem.
S. Mukherjee [28] proposed a crowd dynamics modeling method based on the Lagrange
method, which considered various forces exerted by the crowd members, constructed
an appropriate Lyapunov energy function, and proved the stability of the established
motion system. In modern mathematical models describing group systems, the Lyapunov
method is the primary and most effective method for analyzing the stability of a complex
system, whether linear or nonlinear. Most of the research on group systems is based on the
Lyapunov method, i.e., analyzing and judging the stability of the system [29].

Among the four methods above, the following points can be made: (1) in statistical
analysis-based methods, most of the achievements comprise qualitative crowd management
guidance conclusions; (2) computer vision-based methods are generally only suitable
for small and medium-sized crowd flow scenes, owing to the high cost of monitoring
equipment and complex calculations; and (3) for approaches based on control theory, it
is necessary to construct a controller to control the external scene, such as exit numbers
and indicator signs, to achieve crowd stability control; moreover, without considering the
evolution of internal disturbances, the influence of internal disturbances on the stability of
crowds cannot be explained in depth; in contrast, (4) a mathematical derivation method is
a systematic approach, which is based on a macro crowd flow model and generally uses
the Lyapunov stability determination method to quantitatively analyze crowd flows; it can
deeply explore the characteristics of disturbance propagation dynamics and the evolution
characteristics of crowd flow stability in crowd flow scenes.
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3. Dynamic Disturbance Model of Crowd Panic Behaviors

In fact, a point in the crowd movement area will be disturbed when sudden changes in
some physical environment or sudden changes in pedestrian behavior occur. These cause
the crowd flow to gradually change from a stable and orderly state to a chaotic unstable
state, and these key points are referred to as perturbation points. According to the formation
principle of a crowd-disturbing point, such points can be divided into mutation-disturbing
points and release-disturbing points [30,31]. Among them, a mutation-disturbing point is a
sudden abnormal behavior inside a crowd of pedestrians; it mainly manifests as abnormal
postures, expressions, and voices.

Abnormal postures are the most conductive and harmful and include pedestrian speed
mutations, pedestrian U-turns, pedestrian falls, disease assistance, group fights, and violent
terrorist attacks. These types of abnormalities can easily cause massive disturbing forces in
the crowd, thereby disturbing an originally stable crowd flow. A release disturbance point
corresponds to external disturbance factors such as insufficient numbers of entrances and
exits in crowded places, insufficient numbers of passageways, or evacuation passageways
and stairs in inappropriate places, leading to limited crowd flow movements. Release
disturbances are generally discussed before the establishment of the scenarios. For public
places already in use, sudden pedestrian abnormal behavior disturbances are worthier
of attention. Moreover, based on statistics, mutant crowd disturbances are more likely to
lead to serious crowd accidents. The disturbances discussed in this paper are mutation
disturbance points, that is, they represent disturbance forces suddenly generated in a crowd.

3.1. Dynamic Model of Internal Crowd Disturbance

In time domains, the dynamic behavior of a sudden internal disturbance of a crowd
is similar to a sudden white noise disturbance in the crowd movement. Its randomness
cannot be completely expressed by deterministic variables but can be expressed by a
stochastic process. However, the numerical solutions of stochastic equations and the
inherent mathematical complexity of stochastic calculus are challenging problems. Based
on a probability density function, a Langevin equation can be used to describe the turbulent
velocity of fluid particles, which is modeled as Brownian motion. Initially, this equation
was applied to homogeneous and isotropic turbulence. The Brownian motion model was
widely used in internal random disturbance modeling.

If the random process B(t), t ∈ [0, ∞) with value R satisfies the following properties:
(1) The orbit t→ B(t) is almost necessarily continuous:

B(0) = 0 a.s; (2)

(2) For any 0 < t1 < · · · < tn and Borel set A1, · · · , An ⊂ R

P{B(t1) ∈ A1, · · · , B(tn) ∈ An}
=
∫

A1
· · ·
∫

An
p(t1, 0, x1)p(t2 − t1, x1, x2) · · ·p(tn − tn−1, xn−1, xn)dx1 · · · dxn

(3)

where if p(t, x, y) = 1√
2πt

e−
(x−y)2

2t , then B(t), t ∈ [0, ∞) is called the standard Brownian
motion. The standard Brownian motion satisfies a Gaussian distribution. For the sake of
simplicity, this study only considers the disturbances of single pedestrian behaviors, so the
probability distribution of the random disturbance intensity can be expressed by a single
Gaussian function. Figure 1a shows the two-dimensional Gaussian distributions of four
groups of different expectation values (mu) and standard deviations (sigma). Figure 1b
shows the standard three-dimensional Gaussian distribution when the expectation value is
0 and the standard deviation is 5.
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Figure 1. Standard Gaussian distribution.

When a crowd moves forward in a crowded state, it will produce a certain “pressure”
among the crowd. In this study, the crowd is regarded as fluid, and a crowd flow model
is established based on fluid dynamics. Therefore, the pressure among a crowd can be
established according to the characteristics of fluid dynamics, as shown in Equation (4)
as follows:

P = ργ, 0.1 < γ < 1.2 (4)

Here, γ is a pressure factor. In the case of sudden abnormal situations occurring
in crowds, such as pedestrian falls and terrorist attacks, a disturbing force will be pro-
duced and disturb the balanced crowd flow; this can be directly assumed as the change
in “pressure” among the crowd. To construct the dynamic model of a disturbance caused
by an abnormal behavior in a pedestrian crowd, we assumed that the disturbance burst
point is (a, b), then the crowd pressure at this point is the largest, and the crowd pres-
sure around it decays exponentially in the form of e, with same character of a Gaussian
distribution in Figure 1. This result showed a single disturbance without damping from
the neighboring pedestrians. Therefore, under the influence of random disturbances in
the crowd, an equivalent pressure Pξ(x, y, t) at anytwo− dimensionalpoint(x, y) can be
defined as follows:

Pξ(x, y, t) = ργ·ξp·
1√
2πt

e−
(x−a)2+(y−b)2

2t (5)

Here, ρ is the pedestrian density, γ is the power of density, ξp is the pressure intensity
coefficient of the random disturbance, (a, b) is the position of the disturbance center, and
t is the duration of a disturbance burst. Therefore, the equivalent pressure is a compre-
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hensive and dimensionless definition considering the pedestrian density, scenario-based
pressure intensity, disturbance propagation time, and two-dimensional layout of observed
measurement points.

3.2. Dynamic Disturbance Model of Crowd Panic Behaviors

The Hughes crowd flow model, as shown in Equation (1), is widely used in the study
of crowd macro flows. However, the crowd behavior represented by the Hughes model
is homogeneous; that is, it assumes that pedestrians make the same responses under the
same stimuli. In reality, as affected by individual subjective consciousness, pedestrian
movements exhibit evident acceleration inconsistencies. For example, the rear crowd
can directly observe the movement changes of the front crowd, and then change their
movement characteristics. However, the front crowd cannot see the rear crowd, so the
front crowd is hardly disturbed by the rear crowd, reflecting the anisotropy of crowd
disturbance propagation. Therefore, in addition to the hyperbolic conservation equation
shown in Equation (1), another equation is needed to reflect the anisotropy of crowd
disturbance propagation.

Pedestrian acceleration, velocity, and density, as the three basic motion variables, have
complex nonlinear couplings, but meet the basic momentum conservation. Therefore, many
scholars in fluid mechanics have proposed second equation models based on momentum
conservation. Aw and Rascle used a convection derivative to replace the spatial derivative
of “pressure” in a second-order model, and developed the Aw–Rascle prediction (AR)
model, thereby improving the non-physical characteristics pointed out by Daganzo [32].
The AR model is a typical anisotropic traffic flow model.

In this study, based on the AR model and the proposed crowd disturbance pressure
as shown in Equation (5), a propagation dynamic model for the internal disturbance of a
crowd is established, as shown in Equations (6)–(8).

∂ρ

∂t
+

∂(ρvh)

∂x
+

∂(ρvl)

∂y
= 0 (6)

∂
(
vh + Pξh

)
∂t

+ vh
∂
(
vh + Pξh

)
∂x

=
1
τ
(Veh − vh) (7)

∂
(
vl + Pξl

)
∂t

+ vh
∂
(
vl + Pξl

)
∂x

=
1
τ
(Vel − vl) (8)

where Veh, Vel represent the horizontal and lateral equilibrium velocities, respectively; these
are represented by the steady-state relationship between velocity and density (fundamental
diagrams). τ is a relaxation factor. Pξh, Pξl are the horizontal and lateral crowd disturbance
pressures, as shown in Equations (9) and (10).

Pξh = ργ·ξp·
1√
2πt

e−
(x−a)2

2t (9)

Pξl = ργ·ξp·
1√
2πt

e−
(y−b)2

2t (10)

3.3. Proof of Anisotropy of Dynamic Disturbance Model

As mentioned above, the anisotropy of pedestrians determines that the propagation
of internal disturbances in crowd movement is anisotropic. The proof of the anisotropy of
the model is given below.

The propagation dynamic model of an internal disturbance of a crowd can be expressed
in a conservation form as shown in Equation (11).

∂tU + ∂x( fx(U)) + ∂y
(

fy(U)
)
= g(U) (11)
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here, the conserved vector, U =

 ρ
ρ
(
vh + Pξh

)
ρ
(
vl + Pξl

)
, fx(U) =

 ρvh
ρvh
(
vh + Pξh

)
0

, fy(U) =

 ρvl
0

ρvl
(
vl + Pξl

)
, and g(U) =

 0
1
τ (Veh − vh)
1
τ (Vel − vl)

.

Therefore, the eigenvalues in the horizontal and lateral directions of Equations (6)–(8)
are shown in Equation (12). {

λh1 = vh −
.

Pξh ≤ λh2 = vh

λl1 = vl −
.

Pξl ≤ λl2 = vl
(12)

It is evident that the characteristic velocity of the propagation dynamic model of the
internal disturbance of the crowd is less than or equal to the macroscopic fluid velocity vh, vl .
Daganzo indicated that a continuum model with a characteristic velocity greater than the
macroscopic fluid velocity is not heterogeneous. Moreover, it is difficult to demonstrate the
nonphysical effects of vehicle flows in some cases. Crowd flows based on hydrodynamics
have the same properties. The characteristic velocity of the model proposed in this study is
not greater than the macroscopic fluid velocity; therefore, the model is anisotropic.

4. Stability Analysis of Crowd Flow Considering Internal Disturbances
4.1. Lyapunov-Based Crowd Stability Analysis

The definition of crowd stability based on Lyapunov is as follows. Assume that the equilib-
rium flow of the macro crowd flow model is qe(x, y, t) = [ρe(x, y, t), vhe(x, t), vle(y, t)]T . The
disturbance flow is qξ(x, y, t). If the spatial gradient of the disturbance flow is bounded,
then the propagation of the crowd flows is stable under the disturbance of qξ(x, y, t),

i.e.,
∥∥∥∥ ∂qξ

∂x
(x, y, t)

∥∥∥∥ < ∞ and
∥∥∥∥ ∂qξ

∂y
(x, y, t)

∥∥∥∥ < ∞ at t > 0, (x, y) ∈ M. M is the whole re-

gion of the crowd movement scenario. In addition, when limt→∞

∥∥∥∥ ∂qξ

∂x
(x, y, t)

∥∥∥∥ = 0 and

limt→∞

∥∥∥∥ ∂qξ

∂y
(x, y, t)

∥∥∥∥ = 0, the propagation of the equilibrium flow qe(x, y, t) is asymptoti-

cally stable.
Based on the above definition of crowd stability, this study uses the wavefront theory in

fluid dynamics to express the crowd disturbance propagation, as shown in Figure 2 [33]. The
equilibrium state of the crowd flow qe(x, y, t) = [ρe(x, y, t), vhe(x, t), vle(y, t)]T is disturbed
suddenly at position x0. The wavefront propagation curve of crowd flow is shown in
Figure 2.
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If the crowd flow system is stable, then the initial disturbance will not increase in the
process of its propagation, and will gradually disappear; that is, the wavefront curve of the
disturbance flow is bounded. However, if the crowd flow system is unstable, the disturbed
flow wave may increase in the propagation process and eventually form a shock wave or
bottleneck in the crowd flow scenario.

4.2. Stability Analysis of Crowd Flow with Internal Disturbance

Based on the wavefront theory, the nonlinear dynamic model of crowd disturbance
propagation, that is, Equations (6)–(8), are linearized, and then the stability of crowd flow
is analyzed based on Lyapunov.

It is assumed that internal disturbances occur in the equilibrium state (ρ0, vh0, vl0). The
initial solutions of Equations (6)–(8) are ρ0 = ρe and vh0 = Veh(ρe), vl0 = Vel(ρe). First, the
solutions of the equations near the wavefront are expanded by the power series, as follows:

ξ = (x, y)− (X, Y)(t) (13)

Here, (X, Y)(t) is the location of the wavefront at time t. Because the wavefront is
the boundary of the disturbance influence range under the crowd equilibrium state, the
eigenvalue method remains valid near the wavefront. Thus, the derivatives of X(t) and
Y (t) can be obtained using the eigenvalues, as follows:

.
X(t) = vhc1,2(ρ0, vh0) = vh0 + λh1,2 (14)

.
Y(t) = vl c1,2(ρ0, vl0) = vl0 + λl1,2 (15)

According to Equation (13), we can obtain the power series expansions of ρ(x, y, t),
vh(x, t), and vl(y, t) as follows:

ρ(x, y, t) = ρ0 + ξρ1(t) +
1
2

ξ2ρ2(t) + · · · (16)

vh(x, t) = vh
0 + ξvh

1(t) +
1
2

ξ2vh
2(t) + · · · (17)

vl(y, t) = vl
0 + ξvl

1(t) +
1
2

ξ2vl
2(t) + · · · (18)

where ρi(t) =
∂iρ

∂xi

∣∣∣
(X(t)− ,Y(t)− ,t)

, vh
i(t) = ∂ivh

∂xi

∣∣∣
(X(t)− ,t)

, vl
i(t) = ∂ivl

∂yi

∣∣∣
(Y(t)− ,t)

, i = 1, 2, 3, . . ..

Therefore, the partial derivatives of ρ(x, y, t), vh(x, t), and vl(y, t) are as follows:

∂ρ(x, y, t)
∂t

= −
( .

X(t) +
.

Y(t)
)

ρ1(t) + ξ
.

ρ1(t) + ξ
(
−

.
X(t)−

.
Y(t)

)
ρ2(t) +

1
2

ξ2 .
ρ2(t) + · · · (19)

∂ρ(x, y, t)
∂(x, y)

= ρ1(t) + ξρ2(t) +
1
2

ξ2ρ3(t) + · · · (20)

∂vh(x, t)
∂t

= −
.

X(t)vh
1(t) + ξ

.
vh

1(t) + ξ
[
−

.
X(t)

]
vh

2(t) +
1
2

ξ2
.

vh
2(t) + · · · (21)

∂vh(x, t)
∂x

= vh
1(t) + ξvh

2(t) +
1
2

ξ2vh
3(t) + · · · (22)

∂vl(y, t)
∂t

= −
.

Y(t)vl
1(t) + ξ

.
vl

1(t) + ξ
[
−

.
Y(t)

]
vl

2(t) +
1
2

ξ2
.

vl
2(t) + · · · (23)

∂vl(y, t)
∂y

= vl
1(t) + ξvl

2(t) +
1
2

ξ2vl
3(t) + · · · (24)
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Similarly, the partial derivatives of the pressure term P and equilibrium velocities
Veh(ρ, vh), Vel(ρ, vl) are obtained as follows:

∂Pξh

∂x
= (P ξh

)0

x
+ ξ (P ξh

)1

x
+

1
2

ξ2 (P ξh

)2

x
+ · · · (25)

∂Pξl

∂y
= (P ξl

)0

y
+ ξ (P ξl

)1

y
+

1
2

ξ2 (P ξl

)2

y
+ · · · (26)

∂Pξ(h,l)

∂ρ
= (P ξ(h,l)

)0

ρ
+ ξ

∂ (P ξ(h,l)

)0

ρ

∂ρ
ρ1(t) + · · · (27)

Veh(ρ, v) = Veh
0 + ξ

[
(Veh)

0
ρρ1(t) + (Veh)

0
vh

vh
1(t)

]
+ · · · (28)

Vel(ρ, u) = Vel
0 + ξ

[
(Vel)

0
ρρ1(t) + (Vel)

0
vl

vl
1(t)

]
+ · · · (29)

here, Veh
0 = Veh(ρ0), Vel

0 = Vel(ρ0), (Veh)
0
ρ := ∂Veh

∂ρ

∣∣∣
(ρ0,vh0)

, (Veh)
0
vh

:= ∂Veh
∂vh

∣∣∣
(ρ0,vh0)

, (Vel)
0
ρ :=

∂Vel
∂ρ

∣∣∣
(ρ0,vh0)

, (Vel)
0
vl

:= ∂Vel
∂vl

∣∣∣
(ρ0,vl0)

,
(

Pξh
)i

x :=
∂i Pξh

∂x

∣∣∣∣
(X(t)− ,t)

,
(

Pξl
)i

y :=
∂Pξl
∂y

∣∣∣
(Y(t)− ,t)

, and(
Pξ(h,l)

)0

ρ
:=

∂Pξ(h,l)
∂ρ

∣∣∣
ρ0

, i = 1, 2, 3, . . ..

By substituting Equations (16)–(29) into Equations (6)–(8) and retaining the previous
two terms ξ0 and ξ1, we can obtain the following formulas:

uh
0ρ1 + ρ0vh

1 = 0 (30)

.
ρ1 + 2ρ1vh

1 + uh
0ρ2 + ρ0vh

2 = 0 (31)

vh
1 +

(
(P ξh

)0

ρ
+(P ξh

)0

x

)
+ ρ1 = 0 (32)

uh
0vh

2 + uh
0
(
(P ξh

)0

ρ
+(P ξh

)0

x

)
ρ2 +

.
vh

1 +
(
vh

1)2
+

(
(P ξh

)0

ρ
+(P ξh

)0

x

)
.

ρ1 + uh
0

∂ (P ξh)
0
ρ

∂ρ∂x (ρ1)
2

+

(
(P ξh

)0

ρ
+(P ξh

)0

x

)
ρ1vh

1 +
vh

1−(Veh)
0
ρρ1(t)

τ = 0
(33)

In the above equations, uh
0 = λh1,2. Substituting Equation (30) into Equation (32)

yields the following:

uh
0 −

(
(P ξh

)0

ρ
+(P ξh

)0

x

)
ρ0 = 0 (34)

We can see that the coefficients of ρ2 and vh
2 are linearly independent, and can

be estimated by Equations (31) and (33). It can be concluded from Equation (30) that

ρ1 = −ρ0vh
1

uh
0 , which is substituted into Equations (31) and (33) to obtain the Bernoulli

equation, as follows:
.

vh
1 + αvh

1 + β
(

vh
1
)2

= 0 (35)

here, α = 1
2τ

(
1−

√
−2
(
(P ξh

)0

ρ
+(P ξh

)0

x

)
.

Vhτ

)
and β = 2 +

∂ (P ξh)
0
ρ

∂ρ∂x ρ0(
(P ξh)

0
ρ
+(P ξh)

0
x

) = γ + 1 >

0.
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Assuming that vh
1(t) = ∂v(x,t)

∂x

∣∣∣
(X(t)− ,t)

in Figure 2, vh
1(t) is the slope of the wavefront

at position P. The solution of the Bernoulli equation is vh
1(t) = α

β
e−αt(

1+ α
βvh

1(0)

)
−e−αt

. Therefore,

the Bernoulli equation can show the evolution of the wavefront slope. In the case of
a disturbance, generally, the crowd density increases sharply and the crowd velocity
decreases sharply, vh

1(t) < 0, and β > 0, α > 0, so the stable range is vh
1(0) ∈

[
− α

β , 0
]
.

Then, we can determine the followings:

1
2τ

(
1−

√
−2
(
(P ξh

)0

ρ
+(P ξh

)0

x

)
.

Vhτ

)
> 0 (36)

−
.

Vh <
1

2
(
(P ξh

)0

ρ
+(P ξh

)0

x

)
τ

(37)

here, “-” indicates the direction, and τ is the relaxation factor. Let ac(x, t) = 1
2
(
(P ξh)

0
ρ
+(P ξh)

0
x

)
τ

.

ac(x, t) is the critical acceleration function, and is related to the disturbance pressure in the
crowd. Substituting Pξh into ac(x, t) yields the following:

ac(x, t) = 1/
[

2τξp

(
ργ|a− x| 1√

2πt3
e−

(x−a)2
2t + γργ−1 1√

2πt
e−

(x−a)2
2t

)]
(38)

Therefore, the stability criterion of the horizontal crowd flow can be obtained as follows:

∥∥ .
vh
∥∥ < 1/

[
2τξp

(
ργ|a− x| 1√

2πt3
e−

(x−a)2
2t + γργ−1 1√

2πt
e−

(x−a)2
2t

)]
(39)

Similarly, the stability criterion of the lateral crowd flow can be obtained as follows:

∥∥ .
vl
∥∥ < 1/

[
2τξp

(
ργ|b− y| 1√

2πt3
e−

(y−b)2
2t + γργ−1 1√

2πt
e−

(y−b)2
2t

)]
(40)

5. Experiments and Discussion
5.1. Numerical Simulation for Dynamic Model of Disturbance Propagation in a Crowd

To reveal the characteristics of internal disturbance propagation in a crowd and verify
the anisotropy of the proposed dynamic model, numerical examples were implemented.
Using the numerical analysis method of crowd flow described in reference [34] and the
MATLAB R2022a simulation tool, a simulation scenario with internal disturbance propaga-
tion in a crowd was simulated.

The simulation scenario was a 30 m × 30 m square area with a 10 m-wide exit at the
top and a 5 m × 5 m square obstacle at the bottom left of the scene. In the lower half of the
square space, pedestrians were waiting to be evacuated. The maximum crowd equilibrium
state was ρ0 = 7 p/m2, γ = 1. The pressure between the crowd in the equilibrium state was
Pe = ρ0. The initial disturbance pressure intensity Pξ(20, 5, 0) = 10.00 was generated by a
sudden disturbance at position P(20,5).

The simulation stopped when the pressure of observation point P reached the maxi-
mum value of 7, indicating with a yellow color, at the step = 150. The specific characteristics
of the propagation of the disturbance pressure are shown in Figure 3. The contour color
indicates the intensity of the disturbance pressure and point P in Figure 3 indicates the burst
point of the disturbance pressure in the crowd. We can see from Figure 3 that the sudden
disturbance pressure of the crowd fluctuates and spreads with the crowd movements.
Moreover, the pressure gradient of the crowd near the obstacle is large.
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Figure 3. Internal disturbance pressure propagation of crowd around I-table (information table as a
block in a waiting hall). Note: pressure is a dimensionless parameter defined in Equation (5).

In reality, the pressure propagation of a crowd flow is anisotropic. Using the same
numerical analysis method, a crowd flow based on the Hughes model was constructed.
The crowd density distribution in the scenario when the simulation step was equal to 150
is shown in Figure 4, where the contour color indicates the crowd density. Comparing
Figures 3 and 4, the simulation results of the proposed dynamic model for disturbance prop-
agation in the crowd indicate that the upstream crowd is greatly affected by the disturbance
of the downstream population, reflecting the anisotropy of the pressure propagation.
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5.2. Discussion on the Critical Stability Function

The critical stability function of the crowd stability criterion proposed in this study
is inversely proportional to the crowd density; that is, the larger the crowd density, the
smaller the critical stability value of the crowd. In other words, to maintain the stability of
the crowd, the denser the crowd, the stricter the required control of pedestrian acceleration,
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which is consistent with reality. It is worth noting that the value of the critical stability
function in the criterion should vary with the duration of the disturbance and distance
from the disturbance center [35,36].

First, the influence of the disturbance duration on the stability of the crowd flow is dis-
cussed. According to the reference [37], assuming that the pedestrian walking acceleration
range is 0 m/s2–1.5 m/s2, then Equation (39) takes x = a, τξp = 75, ρ0 = 3 p/m2.

The relationship between the critical stability function and duration of the disturbance
is shown by the blue line in Figure 5. Assuming that the maximum allowable acceleration
of the studied scenario is 1.5m/s2, the relationship between the probability of crowd flow
instability and the disturbance duration is obtained, as shown by the red line in Figure 5. It
can be seen from Figure 5 that the critical stability function value increases with time, and
the instability probability decreases. When the simulation time is 6.87 min, the instability
probability is 80%. This shows that the disturbance energy decays and the risk probability
of the unstable crowd flow decreases with time.
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Similarly, taking Equation (39) as an example, the influence of the distance from the
disturbance center on the critical stability function value and instability probability of the
crowd flow is discussed. If τξp = 75, ρ0 = 3p/m2, it can be seen from Figure 5 that the
attenuation time of the disturbance is approximately 20 min. Therefore, in Equation (39),
t = 20 min, and the abscissa of the disturbance center a = 0m. The relationship between the
distance from the disturbance center and the critical stability function is shown by the blue
line in Figure 6. Similarly, assuming that the maximum allowable acceleration of the studied
scenario is 1.5m/s2, the relationship between the distance from the disturbance center and
the probability of crowd flow instability is obtained, as shown by the red line in Figure 6.
As shown in Figure 6, with the expansion of displacement, the disturbance energy at a
certain point fluctuates and spreads, affecting the stability of the surrounding crowd flow.
Without considering the influence of the crowd flow direction, the instability probability of
the crowd with the disturbance outbreak point as the center whose radius length is between
1.55–8.57 m is greater than 80%. This indicates that in the safety management of crowd
flows, an area of approximately 10 m around the disturbance center needs to be specifically
guided and controlled.
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5.3. Experiment and Simulation

In large-scale crowd-gathering places with high crowd densities, unconventional
internal disturbances will quickly spread and ferment, which can easily cause large-scale
crowd stampedes. Shanghai Hongqiao Railway Station is an integral part of the Shanghai
Hongqiao comprehensive transportation hub and one of the largest railway passenger
transport hubs in East Asia. The waiting hall of Shanghai Hongqiao Railway Station,
as shown in Figure 7, was considered as a case scenario. Based on the hybrid crowd
aggregation risk assessment model proposed by our research team [36], we demarcated
the high-risk area of the waiting hall as shown in Figure 8. We can see that the crowd
aggregation risk for the four major intersections and eight major exits is high.
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Figure 7. Waiting hall of Shanghai Hongqiao Railway Station. Note: captured by Tongji University CIMS
group on 30 April 2023. Note: point A is the center of panic disturbance, B is the observer position.

Sudden internal disturbances in high-risk areas were more likely to cause crowd
disasters. Among simulation experiments, point A where the crowd converged first
reached the peak density, which was the peak risk. Therefore, we focused on the A-centered
area (shown as the Information table in Figures 3 and 4). Therefore, this study selected the



Appl. Sci. 2023, 13, 11762 15 of 19

representative high-risk area intersection A in Figure 8 as the scenario for the case study of
the internal disturbance propagation in a crowd and Lyapunov-based crowd stability.
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Figure 8. Distribution of crowd aggregation risk discretion based on the hybrid crowd aggregation
risk assessment model. Note: point A is the center of panic disturbance, B is the observer position.

Actual scenario data were obtained from the waiting hall of Shanghai Hongqiao
Railway Station. The simulated scenario was a 40 × 40 m rectangular area. It was assumed
that the internal disturbance position was (11,11) and that a sudden disturbance occurred
when the simulation step was step = 310, i.e., time t = 3.09 min. Special restrictions on the
directions of crowd movements were not mentioned in the following experiments. The
experiment data were synthesized as follows.

Experiment 1: The initial density of the crowd was set as ρ = 1p/m2, and the distur-
bance pressure Pξ = 1.5; the propagation of the disturbance pressure and the probability
distribution of the crowd flow instability are shown in Figure 9. The Z-axis represents the
crowd pressure, and the graph color represents the probability of crowd instability.
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Experiment 2: The initial density of the crowd was still ρ = 1p/m2 and the disturbance
pressure increased to Pξ = 2.5. The propagation of the disturbance pressure and probability
distribution of the crowd flow instability are shown in Figure 10.
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Experiment 3: The initial density of the crowd was increased to ρ = 2p/m2, and the
disturbance pressure was still Pξ = 2.5. The propagation of disturbance pressure and
probability distribution of the crowd flow instability are shown in Figure 11.
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Based on the three experiments above, we can find that the propagation of the crowd
disturbance pressure and changes in crowd stability are based on wave theory, consistent
with the indications in the references [10,36,37], i.e., that any disturbance in the crowd will
propagate in the form of a wave. Therefore, the panic disturbance pressure in a crowd
would be enlarged, then the pedestrian flow direction would be consistent with the current
panic disturbance pressure, and vice versa. Comparing Experiment 1 with Experiment 2,
it can be seen that when the disturbance pressure is larger, the propagation fluctuation of
the crowd disturbance pressure is larger, and the area with a high probability of crowd
instability is larger. Experiments 2 and 3 show that when the crowd density is larger, the
area with a high probability of crowd instability is larger under the same disturbance.
Moreover, from the areas marked by the red boxes in Figures 10 and 11, it can be seen that
the three-dimensional curve of the pressure propagation is evidently not smooth, reflecting
the anisotropy of disturbance propagation. When the sudden disturbance pressure is
large, in the areas with relatively small pressure, the probability of crowd instability is also
large. This indicates that crowd stability is a complex problem worthy of further study in
the future.

6. Conclusions and Future Work

In this study, a dynamic disturbance model of crowd panic behaviors based on fluid
dynamics was proposed to quantitatively investigate the disturbance dynamics of pedes-
trian panic behaviors. Further, the anisotropy property of this model was proven to keep
consistent with the ground truth of real pedestrian movement.

In addition, based on the Lyapunov stability theory, a criterion of crowd stability for
sudden internal disturbances was proposed; Experimental results in Hongqiao railway
station showed that the equivalent pressure was related to the pedestrian density, duration
of the disturbance, and distance from the center of the disturbance. In the Lyapunov-based
crowd stability analysis, two main conclusions have been drawn:

(1) The dynamic propagation of panic disturbance pressure in a crowd was mainly
affected by the density, direction of flow, and obstacles, indicating the heterogeneous
characteristics of the propagation.

(2) Regardless of the limitations on crowd movement directions, the dynamic dis-
turbance of crowd behaviors changed in crowd stability, revealing the characteristics of
wave diffusion.

Further work on model calibration based on measured data with more complex
scenarios is suggested to be conducted, which can support more pedestrian flow control in
public places.
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