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Abstract: In this paper, the fault-tolerant control problem of hypersonic vehicle (HSV) in the presence
of unexpected centroid migration, actuator failure and external interference is studied in depth.
First, the proposed dynamics for HSV with the aforementioned unexpected factors are modeled to
demonstrate the peculiar nature of the subject under study. The adverse effects of accidental centroid
migration are mainly reflected in the following aspects: (1) the change of inertia matrix of the system,
(2) the uncertainty of the system and (3) the eccentric moment, which are coupled and unknown.
Subsequently, to account for the effect of unexpected centroid shifts, a sliding-mode observer and an
adaptive estimator are designed to obtain unknowns useful for subsequent FTC controller designs.
Later, we derived an innovative adaptive FTC scheme by employing the observer in conjunction with
a specific adaptive controller consisting of a sixth-order dynamic compensator, which can guarantee
the achievement of the control objective without resorting to the exact knowledge of the inertial
matrix. Moreover, the analysis of boundedness with respect to the entire signal in this closed system
is performed by means of the Lyapunov stability theory. Ultimately, simulation results show that the
proposed FTC strategy is efficient and powerful.

Keywords: hypersonic vehicle; high-order sliding mode observer; unexpected centroid shift; fault-tolerant
control; adaptive control

1. Introduction

As a deeply coupled nonlinear aircraft, hypersonic vehicles have the advantages of
fast speed, strong maneuverability and good penetration. It has important applications in
both military and civil fields, attracting many scholars to study its modeling and controller
design [1,2]. The super high speed flight and corresponding complex flight airspace make
HSV prone to failure, such as actuator fault, sensor fault, etc. Thus, fault-tolerant control
(FTC) systems are central to ensuring HSV safety and achieving its goals.

In a fault event on an aircraft, a significant portion of the aircraft’s aerodynamic lift
surface may become detached when it is damaged [3], resulting in an unexpected shift of
the aircraft’s center of mass. It is well known that the position of the center of gravity of an
aircraft is crucial to the calculation of its control moment [4]. Due to changes in the system,
inertia matrix, eccentricity torque and system uncertainty, any unexpected center of gravity
movement may put the aircraft in a non-nominal flight state, thus challenging the existing
control system to maintain its control performance [3]. A similar situation may arise from
fuel consumption, moving mass control [5] as well as the liquid fuel sloshing [6], etc. To
ensure the safe flight of the aircraft, adaptive FTC schemes have been developed even in
the presence of unexpected centroid shifts, actuator faults and external disturbances.

For variants of aircraft centroids, some previous works deliver the following. An
aircraft with unexpected centroid shift is modeled in [7], which is derived from the aircraft
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body coordinate system, which is not convenient to analyze the influence of centroid
migration on HSV flow Angle (Angle of attack and Angle of slip). In addition, a hybrid
direct–indirect adaptive control method based on neural network is proposed to deal
with the damage-induced centroid migration [7,8]. However, irreversible phenomena may
appear in the estimated inertia matrix, leading to singularities in the existing FTC controller
resting on the inverse of an inertia matrix. In addition, a linearized aircraft model with
centroid shift due to damage is proposed in [9]. Nevertheless, the linearization of the multi-
model reference adaptive control makes the system free from the coupling problem caused
by centroid migration, leading to a degradation of the control performance. Based on the
above studies, the influence of the centroid shift on the HSV motion is mainly reflected
in three aspects: (1) the change of inertia matrix of the system, (2) the uncertainty of the
system and (3) the eccentric moment, especially in the situation where the inertia matrix
appears irreversible. In order to handle the challenge of inertia matrix, RBFNN is adopted
in [8] to estimate the inverse of the inertia matrix in order to ensure the normal operation of
the controller. To solve this problem, Taylor expansion of the inverse matrix of the inertial
matrix is used in [10], but it comes with corresponding Taylor expansion errors and a large
number of online computational parameters of the neural network. In addition, Ref. [11]
addresses the variation of an inertial matrix by assuming that the minimum and maximum
bounds of its eigenvalues are known; however, the mentioned bounds are difficult to
measure. With the development of data driven methods [12], a model-free control scheme
is developed to handle this challenge, but the training data of the inertial matrix of HSV
with centroid-shift is difficult to obtain. Additionally, an observer-based FTC strategy [13],
fuzzy approximation [14] and iterative learning [15] are developed to handle this challenge.
In summary, how to identify an HSV inertial matrix with uncertainty online and ensure its
function in the FTC controller remains elusive.

In the past few decades, the fault-tolerant control of actuators, sensors, control surfaces
or other failure systems has been extensively studied, and a large number of FTC control
strategies have appeared in the literature. For example, predictive control [1], backstep-
ping control [16], adaptive control [3], fuzzy control [17], control [18] based on neural
network, etc. In [16], a second-order system of actuators is established to describe actuator
failure (LOE) and stuck faults, which provides a basis for subsequent fault diagnosis and
identification (FDI) design.Then, fault-tolerant control strategies resting on FDI and back-
stepping control are developed to achieve the control objective; however, such accurate
actuator models are difficult to establish. In [17], the Takagi–Sugeno (T–S) fuzzy model is
applied to describe the attitude dynamics of a near-space vehicle in the case of actuator
failure. Then, the adaptive fault-tolerant tracking control is implemented by using the
estimated actuator faults, but there is no suitable fuzzy rule to describe the faulty aircraft.
In addition, an adaptive output feedback fault-tolerant controller is designed in [19] to
handle parameter uncertainties, actuator failures and external disturbances in HSV attitude
systems. Therefore, such a large number of adaptive learning parameters can create a heavy
online computational load. In addition, based on the strong robustness of sliding mode
control and its modified control strategies are more applied in fault-tolerant HSV [20,21]. A
new adaptive nonlinear generalized predictive controller is proposed for the longitudinal
dynamics of hypersonic vehicles with unknown parameters and constraints [1], showing a
good control effect. Nonlinear generalized predictive control [22] shows the good dynamic
performance and hugely decreases the computation burden compared with the usual
model predictive control. Nonetheless, since inertial matrix variations are not taken into
account, they may end up delivering unacceptable performance for HSV attitude control
in the face of an unexpected centroid shift. In [23,24], a six-order dynamic compensation
control law without considering the inertia of HSV is proposed, which provides a modern
treatment method for the change of inertia matrix. However, systematic and eccentric
moment uncertainties are not taken into account.
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In conclusion, it is significant and important to study the FTC scheme of a hypersonic
vehicle affected by unexpected centrocentric migration, actuator failure and system input
saturation. The main contributions are as follows:

• The topic of pose system modeling of rigid HSV with unexpected centroid shifts and
actuator faults is explored in detail. In contrast to the common practice in the FTC lit-
erature for actuator failures, the challenge of the proposed FTC design manifests itself
in the simultaneous variation of the system inertia matrix, the moment of eccentricity
and the strong system uncertainty.

• Due to the above-mentioned coupling and unknown adverse effects, a higher-order
sliding mode observer in slow-loop and the adaptive estimators are designed by the
nature of eccentric moments and system uncertainties and the actuator faults instead
of merging them into one item to improve the control performance of the system.

• The algorithm uses an adaptive observer and estimator, combined with adaptive
feedback control, and can achieve attitude tracking without knowing the inertia
matrix J, despite the existence of system inertia matrix, eccentric moment and actuator
failures. In addition, the developed FTC scheme has fixed control structure and few
design parameters, which is an effective method to solve similar problems.

In this paper, we focus on fault-tolerant control of HSV in the presence of unexpected
centroids, actuator faults and external disturbances. The paper is organized in the following
subsections: Section 2 is devoted to the modeling of HSV with unexpected centroid shifts
and the analysis of their properties, nd some details with respect to the process of modeling
are delivered in Appendices A and B. Section 3 introduces an adaptive fault-tolerant control
strategy, which does not require an accurate understanding of the inertial matrix, followed
by Section 4, where numerical simulations are performed to assess the effectiveness of the
designed FTC algorithm. Finally, the conclusions are provided in Section 5.

2. Problem Formulation
2.1. Nonlinear Attitude Model of HSV with Unexpected Centroid Shift

In order to study the effect of an unexpected centroid shift on the motion of the HSV’s
attitude system, a detailed study with respect to HSV attitude dynamics with unexpected
centroid shift is presented, where the centroid shift refers to the phenomenon that HSV’s
original centroid (Ob) moves to the current position (O′b), as shown in Figure 1. Based on
previous studies [7,9,25], the effect of the unexpected centroid shift can be transmitted in
the following two affine subsystems: (1) attitude angle system and (2) attitude angular
rate system.

bO¢

xD
yD

zD

y
z

r

bO

rudder

 

Center of mass

Aileron, elevator

Aileron, elevator

Figure 1. Three-dimensional view of the displacement of the center of mass, Ob → O′b.
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2.1.1. Attitude Angles Affine Nonlinear Equations of HSV with Centroid Shift

According to [8,25], the attitude angle subsystem of HSV with unexpected centroid
shift can be developed as:

α̇ = q− (p cos α + r sin α) tan β + (c31∆x + c32∆y + c33∆z)
/
(mV cos β)

+ (−L + mg cos γ cos µ
/
(mV cos β) (1)

β̇ = p sin α− r cos α + (Y + mg cos γ sin µ)
/

mV + (c21∆x + c22∆y + c23∆z)
/

mV (2)

µ̇ = sec β(p cos α + r sin α)− tan β(−L + mg cos γ cos µ)
/

mV

+ tan γ
{
−(σ1σ2 + σ̇3)ρ̄

p
x + (σ2

1 + σ2
3 )ρ̄

p
y − (σ2σ3 − σ̇1)ρ̄

p
z

}/
V

− tan β(c31∆x + c32∆y + c33∆z)
/

mV + tan γ(Y cos µ + L sin µ)
/

mV (3)

where V is the velocity vector of the system and γ represents the flight path angle. α, β
and µ are the attack angle, sideslip angle and roll angle, respectively, and ω = [p, q, r]T

stands for the attitude angular rate vector that consists of rolling rate (p), pitching rate (q)
and yawing rate (r). L and Y are the lift and side force of HSV. As for the influences of
unexpected centroid shift, ρ̄ = [∆x, ∆y, ∆z]T denotes the variation of the center-of-mass
location (O′b) with respect to the original centroid (Ob, as shown in Figure 1). Moreover,
Ci,j, i, j = 1, 2, 3 are intermediate variables, shown in (A1), and σ1, σ2 and σ3 are the angular
velocities in view of flight-path coordinate frame with respect to the earth-surface inertial
coordinate frame, provided in (A2). ρ̄

p
x , ρ̄

p
y and ρ̄

p
z are the functions of ∆x, ∆y and ∆z,

standing for the influence of centroid shift on the system of HSV, seen in (A3). Finally, m is
the mass of HSV.

In what follows, in order to facilitate the subsequent theoretical analysis, based
on (1)–(3), the affine attitude angle subsystem of HSV is obtained as

Ω̇ = fs + ∆ fs + gs(I − F)ωc + ds (4)

where Ω = [α, β, µ]T is defined to describe the attitude angle vector. fs = [ fα fβ fµ]T

denotes the system matrix, and ∆ fs = [∆ fα ∆ fβ ∆ fµ]T represents the uncertainty of fs. In
addition, ωc is the tracking index vector of attitude angular rate based on attitude angle
tracking error. F stands for the fault factor of the slow-loop controller and the details are
seen in (5), which represents a kind of signal gain fault [16]. Ds = ∆ fs + gsFωc + ds denotes
the influence of centroid shift, external disturbance and virtual controller gain fault of
slow-loop of HSV, satisfying that Ds is bounded. The details are described as follows:

fα = (−L + mg cos γ cos µ)
/
(mV cos β), fβ = (Y + mg cos γ sin µ)

/
mV

fµ = (Y cos µ + L sin µ)tan γ
/

mVp − (−L + mg cos γ cos µ) tan β
/

mVp

∆ fα = (c31∆x + c32∆y + c33∆z)
/
(mV cos β), ∆ fβ = (c21∆x + c22∆y + c23∆z)

/
mV

∆ fµ = tan γ
{
−(σ1σ2 + σ̇3)ρ̄

p
x + (σ2

1 + σ2
3 )ρ̄

p
y − (σ2σ3 − σ̇1)ρ̄

p
z

}/
Vp

− (c31∆x + c32∆y + c33∆z) tan β
/

mVp

gs =

 − tan β cos α 1 − tan β sin α
sin α 0 − cos α

sec β cos α 0 sec β sin α

, Fi(t− T) =
{

Fi(t− T) = 0,
Fi(t− T) = 1,

t ≤ T
t ≥ T

(5)

T denotes the time of the fault, which occurs at some unknown time. Fi is the signal gain
fault of the slow-loop controller, satisfying 0 < Fi < 1. When Fi = 0, the output of ωc is in
normal condition; while at Fi = 1, the output of ωc is entirely ineffective.
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2.1.2. Attitude Angular Rates Affine Nonlinear Equations of HSV with Centroid Shift

In standard aircraft modeling, the mass distribution of an aircraft is assumed to be
symmetric with respect to the x–z plane, such that the cross products of the inertial forces
Jxy and Jyz are zero [26]. However, with the unexpected centroid shift (Ob moving to the
original location O′b, as shown in Figure 1), Jxy and Jyz become nonzero leading to the
following moment equations for HSV [7,9,25]:

Jxx ṗ− Jxy q̇− Jxz ṙ + Jxy pr− Jxz pq + (Jzz − Jyy)qr + (r2 − q2)Jyz + m((pVA − qUA + ẆA)∆y

+ (pWA − rUA − V̇A)∆z) = L + mg cos θ cos φ∆y−mg cos θ sin φ∆z

−Jxy ṗ + Jyy q̇− Jyz ṙ + Jyz pq− Jxyqr + (Jxx − Jzz)pr + (p2 − r2)Jxz + m((qUA − pVA − ẆA)∆x

+ (qWA − rVA + U̇A)∆z) = M−mg cos θ cos φ∆x−mg sin θ∆z

−Jxz ṗ− Jyz q̇ + Jzz ṙ + Jxzqr− Jyz pr + (Jyy − Jxx)pq + (q2 − p2)Jxy + m((rUA − pWA + V̇A)∆x

+ (rVA − qWA − U̇A)∆y) = N + mg cos θ sin φ∆x + mg sin θ∆y (6)

where Jxx, Jyy and Jzz represent the moments of inertia. Jxy, Jxz and Jyz are the products
of inertia of HSV. In addition, [UA VA WA]

T and [U̇A V̇A ẆA]
T are the states of HSV with

respect to the aircraft body frame, as shown in (A4). For the convenience of theoretical
analysis, vA = [UA VA WA]

T is introduced as the velocity vector of HSV.
Then, through a close inspection of (6), the affine attitude angular rate subsystem of

HSV can be reshaped as

ω̇ = −J−1ω× Jω− J−1(mρ̄× v̇A + mω× (ρ̄× vA) + mvA × (ω× ρ̄)− ρ̄×W)

+ J−1(τ + ∆τ) + J−1d f

= −J−1ω× Jω + J−1τ − J−1 f (ρ̄) + J−1d f + J−1∆τ (7)

where J = J∗ + ∆J represents the inertial matrix of HSV, where J∗ stands for the inertial
matrix without centroid shift and ∆J is the uncertainties of inertial matrix due to centroid
shift, and the details are explained later. d f is the external disturbance. Furthermore,
W = [− sin θ cos θ sin φ cos θ cos φ]T is the gravitational force vector.

2.2. Analysis of the Influence of the Centroid Shift on HSV Motion

Before proceeding further, a relative analysis is presented to explain the challenges
of this paper. According to previous research about the influence of centroid shift [3,25]
and a close inspection of (4) and (7), it can be concluded in the following three aspects:
(1) variation of inertial matrix; (2) eccentric moment; and (3) system uncertainty, and the
details are delivered as follows:

2.2.1. Variation of Inertial Matrix

As for the ∆J ∈ R3×3, it represents an uncertain portion of J due to the centroid shift
(from Ob to O′b, as shown in Figure 1). Details are given as follows:

J = J∗ + ∆J =

 Jxx 0 −Jxz
0 Jyy 0
−Jxz 0 Jzz

+

 ∆Jxx −Jxy 0
−Jxy ∆Jyy −Jyz

0 −Jyz ∆Jzz

 (8)

where the details of ∆J are shown as (A5). It is worth pointing out that changes in the
inertia matrix of the system (J∗ + ∆J), due to the potential irreversibility of (J∗ + ∆J), will
pose challenges to the controller that depends on the inverse matrix of the inertia matrix of
the system. Such as in sliding mode control [16], robust adaptive control [27], and so on,
resulting in the singularity of the controller or giving rise to the underactuated characteristic
of the system. Existing controllers struggle to function properly.
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2.2.2. Eccentric Moment

The eccentricity ∆τ due to the accidental centroid shift is derived as follows

∆τ =

 0 −Za Ya
Za 0 −Xa
−Ya Xa 0

 ∆x
∆y
∆z

 = Θ×ρ̄ (9)

where Xa, Ya and Za are the three components of the system control input vector τ along
the aircraft body frame Obxyz, as illustrated in Figure 1. The skew symmetric matrix Θ× is
composed of Xa, Ya and Za and the relative details are displayed as [28]

Xa = −D−mg sin γ, Ya = Y + mg cos γ sin µ, Za = −L + mg cos γ cos µ (10)

where D, Y and L are the drag, side force and lift, respectively, which are shown as (A8) and (A9).

2.2.3. The Uncertainty of the System

In contrast to the usual decoupling of system uncertainty from the normal case, by
multiplying (J∗ + ∆J)−1 to both sides of (7), it is obvious that the system uncertainty caused
by ∆J is difficult to decouple from −(J∗ + ∆J)−1ω×(J∗ + ∆J)ω.

In addition, the remaining part of uncertainty is remarked as [7,8]

f (ρ̄) = mρ̄× v̇A + mω× (ρ̄× vA) + mvA × (ω× ρ̄)− ρ̄×W (11)

where ρ̄ = [∆x, ∆y, ∆z]T represents the offset vector of the center-of-mass. Furthermore,
when [∆x, ∆y, ∆z]T 6= 0, Jxy and Jyz are non-zero, which means that (J∗ + ∆J) evolves from
the decoupling matrix J∗ to the coupling matrix J∗, resulting in a strong coupling between
the longitudinal and transverse dynamics of the HSV.

2.3. Actuator Faults

In this work, to describe actuator faults, the control inputs of the system (7) are further
modified as [29]

τi = λi(1− ρi)uτi + ρiūτi (12)

where uτi indicates the designed controller.

ρi

(
t− t f

)
=

{
ρi(t− t f ) = 0,
ρi(t− t f ) = 1,

t ≤ t f
t ≥ t f

Therefore, when t > t f , multiple critical and common fault modes can appear as

1. Stuck or lock in place (LIP) fault: ρi = 1, τi = ūτi(t f ) is a constant, and τi denotes the
disturbance moment;

2. Loss of effectiveness (LOE) fault: ρi = 0, τi = λiuτi(t), 0 < λi < 1, with λi being a
positive constant.

2.4. Control Objective

The purpose of this paper is to propose an adaptive compensation-fault-tolerant con-
trol scheme that enables the output signal Ω to follow the reference signal Ωc without
resorting to the exact information of inertia matrix and despite the occurrence of eccentric
moments, uncertain system parameters, actuator failures and external disturbances. In ad-
dition, signals in a closed-loop system are bounded. To do this, the following assumptions
are required.

Assumption 1. Before and after the occurrence of the unexpected centroid shift, the aerodynamic
configuration of the HSV remains the same, that is, there is no variation in the aerodynamic parameters.
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Assumption 2. The inverse of the inertial matrix (J∗ + ∆J) exists.

Assumption 3. The complex disturbance Ds satisfies ‖Ds‖ ≤ κs, where κs is an unknown positive
real constant. Besides, the uncertainty of quick-loop system f (ρ̄) meets ‖ f (ρ̄)‖ ≤ κ f , where κ f
is an unknown constant, satisfying κ f > 0. The eccentric disturbance moment of HSV satisfies
‖∆τ‖ ≤ κτ , where κτ is the unknown positive real constant. In addition, the disturbance of
quick-loop d f is also bounded.

Assumption 4. The desired tracking command signals Ωr, ωc and their time-derivative Ω̇r, ω̇c is
continuous and bounded.

Remark 1. Under Assumption 2, the inertia matrix (J∗ + ∆J) is an invertible matrix, which plays
a crucial role in controller; however, the inverse function of (J∗ + ∆ Ĵ) may not exist because ∆ Ĵ is
estimated by the estimator. For this challenge, a special negative feedback control is developed in this
work without resorting to the exact knowledge of (J∗ + ∆ Ĵ)−1. In addition, based on an auxiliary
integrator [30] or necessary gain [31], they can be another way to deal with this problem.

Before the fault-tolerant controller design, a necessary lemma is delivered as follows.

Lemma 1 ([32]). The higher-order sliding mode differentiator is defined as

ż0 = υ0 = −κ0|z0 − f (t)|(n/(n+1))sgn(z0 − f (t)) + z1
...
żi = υi = −κi|zi − υi−1|(n−i/(n−i+1))sgn(zi − υi−1) + zi+1
...
żn−1 = υn−1 = −κn−1|zn−1 − υn−2|1/2sgn(zn−1 − υn−2) + zn
żn = −κnsgn(zn − υn−1)

(13)

where zi and υi are the states of higher-order sliding mode differentiator (13) and κi is the design
parameter. Assisted by the proper parameters, z0 = f (t) and zi = υi = f (i)(t), i = 1, . . . , n
are true with no input noise after the finite time tσ of the transient process. In addition, the
corresponding solution of this dynamic system is Lyapunov stable, i.e., namely finite time stability.

3. Fault-Tolerant Control Design for the Attitude System of HSV

As shown in Figure 2, the fault tolerant control framework with unexpected centroid
migration is divided into two prats: slow-Loop control strategy and slow-Loop control
strategy. In slow-loop of HSV, the control strategy is consisted of nonlinear generalized
predictive control scheme and a high-order sliding mode observer. In fast-loop of HSV,
an adaptive feedback fault-tolerant controller that does not need the exact knowledge of
(J∗ + ∆J)−1 is proposed. The details are shown as follows.

p,q,r

HSV

Control 

alloca-

tion

Fast-loop 

controller
0CM Cd W

w

Partial loss of 

effectives

Adaptive 

estimator

w

, ,x y zD D D

w

Boundary 

layer 

adaptive law 

cw

, ,a b m

cW
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loop 
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W

Boundary 

layer 

adaptive law 
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SMDO
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Figure 2. Frame of fault-tolerant controller for HSV with centroid shift.
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3.1. Fault-Tolerant Control Design for Slow-Loop of HSV

To achieve control target, the tracking error vector (es) of quiet-loop is defined as

es = Ω−Ωr = [eα, eβ, eµ]
T = [α− αr, β− βr, µ− µr]

T (14)

where Ωr = [αr, βr, µr]T represents the expected index.

3.1.1. Baseline Controller under Nominal Condition

In this work, the nonlinear generalized predictive control, one kind of optimal control
is utilized to achieve the control target of the low-loop of HSV due to its excellent dynamic
performance [22]. Initially, the receding horizon performance metric was introduced as

J =
∫ T

0
êT

s (t + h̄)ês(t + h̄)dh̄
/

2 (15)

where T is the predictive period and ês represents the predictive tracking error that is
defined as

ês(t + h̄) = ŷ(t + h̄)− ŷr(t + h̄) (16)

where ŷ(t + h̄) is the predictive output, and ŷr(t + h̄) stands for the reference output.

• Obtaining future behaviors. To this aim, by resorting to the Taylor series expansion,
the future behavior of ŷ(t + h̄) can be predicted by

ŷ(t + h̄)=Γ(h̄)Ȳ(t) (17)

where Γ(h̄)=
[
1, ¯̄h, · · · , ¯̄hρ+r

(ρ+r)!

]
∈ Rm×m(ρ+r+1), h̄ = diag{h̄, · · · , h̄} ∈ Rm×m, Ȳ = [ŷ,

˙̂y, · · · , ŷ[ρ+r]]T , as shown in (A6), where ρ is the relative degree corresponding to
the system output, and r is the control order [22]. Then, the index signal yr is also
predicted by

ŷr(t + h̄)=Γ(h̄)Ȳr(t) (18)

where Ȳr = [ŷr, ˙̂yr, · · · , ŷ[ρ+r]
r ]T , seen in (A6). From this, the tracking error associated

with the predicted behavior is derived as

ê(t + h̄) = Γ(Ȳ− Ȳr) (19)

Moreover, by some algebraic manipulations and rearrangements of the resulting
formulas, the prediction error in the performance index (15) is rewritten as

J =
1
2
(Ȳ(t)− Ȳr(t))T

∫ T

0
ΓT(h̄)Γ(h̄)dh̄(Ȳ(t)− Ȳr(t)) (20)

For analysis purpose, Γ̄ is defined as Γ̄ =
∫ T

0 ΓT(h̄)Γ(h̄)dh̄ and its matrix blocks are
split by

Γ̄ =

[
Γ̄ρρ Γ̄ρr
Γ̄ρr Γ̄rr

]
(21)
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• Minimizing performance index. In order to minimize the performance index (20)
through the proper û(z), the optimal û(z) is solved by the following partial differ-
ential equation.

∂J
∂ûz

∣∣∣∣
uz=u∗z

= 0 (22)

According to (20)–(22), it is further calculated as

(
∂H̃(ûz)

∂ûz
)T [Γ̄T

ρr Γ̄rr]M + (
∂H̃(ûz)

∂ûz
)T Γ̄rr H̃(ûz) = 0 (23)

where M = [h(x)− yr(t), L fs h(x)− ẏr(t), · · · , Lρ+r
fs

h(x)− yρ+r
r (t)]T ∈ Rm(ρ+r+1), and

the details of ∂H̃(ûz)
∂ûz

are seen in (A7).

Based on the assumption that Lgs Lρ−1
fs

h(x) and ∂H̃(ûz)
∂ûz

are reversible, it is obtained that

H̃(ûz) = −[Γ̄−1
rr ΓT

ρr Im(r+1)×m(r+1)]M (24)

By invoking (A6), the front m rows of (24) can be described as follows

Lgs Lρ−1
fs

h(x)ûz(t) + KMρ + Lρ
fs

h(x)− y[ρ]r + Lρ−1
fs

h(x)Ds = 0 (25)

where K represents the front m rows of Γ−1
rr ΓT

ρr.

Mρ = [(h(x)− yr(t))T , (L fs h(x)− ẏr(t))T , · · · , (Lρ−1
fs

h(x)− yρ−1
r (t))T ]T ∈ Rmρ.

Eventually, the optimal control law ûz(t) can be obtained as [33]

ûz(t) = −(Lgs Lρ−1
fs

h(x))−1(Lρ
fs

h(x) + KMρ − y[ρ]r + Lρ−1
fs

Ds) (26)

Remark 2. The actual control input uz(t), is obtained by the initial value of the optimal control
input ûz(t + h̄), 0 ≤ h̄ ≤ T. Namely, uz(t + h̄) = ûz(t + h̄) when h̄ = 0 [22].

Thereafter, a closed inspection of (4) reveals that relative degree ρ = 1, and thus, by
keeping (4) and (26) in mind and setting control order r = 0, the final baseline controller
under nominal condition can be readily designed as

u(t) = −(gs)
−1( fs + Kes − Ω̇r + Ds) (27)

where the unknown complex disturbance Ds of (4) can give rise to the huge challenges
for the control performance of the designed controller (27). To deal with such problems,
fault-tolerant controllers with the help of observers are utilized in this work, the details of
which are communicated in the following sections.

3.1.2. Fault-Tolerant Controller Design under Unexpected Centroid Shift and System Fault

For the adverse effects caused by complex disturbance Ds, as shown in (4), a top-order
sliding mode observer is designed in this work to obtain unknown knowledge serving for
the basic controller to realize the fault-tolerant control targets.
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• High-order sliding mode observer design. To estimate the complex perturbation Ds,
a top-order sliding mode observer is designed as follows [21]

σ0 = Ω− z, ż = fs + gsω + D̂s, σ1 = σ0 + θσ̇0 + ζσ̇
p
q

0

˙̂Ds = (θ +
p
q

ζdiag(σ̇
p
q−1

0 ))−1(σ̇0 + l1σ1 + l2sgn(σ1)) + φ̂sgn(σ1)

˙̂φ = ϑ(
3

∑
i=1

(θi +
p
q

ζidiag(σ̇
p
q−1

0i ))|σ1i|), i = 1, 2, 3 (28)

where σ0 and σ1 are the designed sliding mode surfaces based on the terminal sliding
mode trick, and z denote the state of the designed observer. θ and ζ are the designed
system matrix, satisfying θ = diag{θ1, θ2, θ3}, θi > 0 and ζ = diag{ζ1, ζ2, ζ3}, ζi > 0.
In addition, p and q are odd positive integers, satisfying 0 < p < 2q. Furthermore, l1
and l2 are also the designed positive constants to regulate the estimation effect of Ds.
Finally, φ̂ is the estimation of the adaptive parameter φ.
Before analyzing the stability of the disturbance estimate error σ0, combined with (4)
and (28), the derivative of σ0 is deduced as

σ̇0 = Ω̇− ż = Ds − D̂s, σ̈0 = Ḋs − ˙̂Ds (29)

Furthermore, by keeping the exponential reaching law σ̇1 = −l1σ1 − l2sgn(σ1) and
(29) in mind, σ̇1 can be obtained as

σ̇1 = −l1σ1 − l2sgn(σ1) + (θ +
p
q

ζdiag(σ̇
p
q−1

0 ))(Ḋs − φ̂sgn(σ1)) (30)

In what follows, the stability of the designed observer is analyzed through the follow-
ing Lyapunov function

Vσ = σT
1 σ1

/
2 + φ̃2

/
2ϑ (31)

where ϑ is a designed parameter, satisfying ϑ > 0, and we define that φ̃ = φ− φ̂.
Evaluating the time derivative of Vσ along (28) and (30) leads to

V̇σ = σT
1 σ̇1 − φ̃ ˙̂φ

/
ϑ

≤ −l1σT
1 σ1 − l2

3

∑
i=1

∣∣∣σT
1i

∣∣∣+ 3

∑
i=1

(θi +
p
q

ζidiag(σ̇
p
q−1

0i ))(φi|σ1i| − φ̂i|σ1i|)− φ̃ ˙̂φ
/

ϑ

(32)

where i = 1, 2, 3. Furthermore, invoking ˙̂φ = ϑ(
3
∑

i=1
(θi +

p
q ζidiag(σ̇

p
q−1

0i ))
∣∣σ1i

∣∣), (32) can

be further deduced as

V̇1 ≤ −l1σT
1 σ1 − l2

3

∑
i=1

∣∣∣σT
1i

∣∣∣ (33)

The differential term σ̇0 in the designed higher-order sliding-mode observer is not
directly obtained by using the derivative method. Moreover, according to Lemma 1,
applying a higher-order sliding mode differentiator yields the corresponding deriva-
tive. Then, the states z converge to σ0 in finite time tσ.
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1. According to (31), if σ1i 6= 0, i = 1, 2, 3 at time tσ, the states will arrive at the
sliding mode σ1i = 0 in finite time t1i, namely

t1i =
1
l1
[ln(|σ1i(tσ)|+

l2
l1
)− ln(

l2
l1
)] (34)

Examining (34), it is straightforward to show that the sliding mode σ1 = 0 can be
reached within the finite time ta1 = max(t11, t12, t13).

2. When the sliding mode σ1 = 0 is arrived, the convergence time of the system is
up to the terminal sliding mode equation

σ1=σ0 + θσ̇0 + ζσ̇
p/q
0 = 0 (35)

where σ0i = 0 denotes a terminal attractor of the system of (35). According to [21],
the convergence time t0i from tσ + ta1 when σ0i(tσi + ta1i) 6= 0 to tσ + ta1 + t0i
when σ0i(tσ + ta1 + t0i) = 0 satisfies

t0i ≤ (ζi)
q/p p

p− q
|σ0i(tσ + ta1)|

1− q
p (36)

In a similar way, from the time point tσ + ta1 when σ0(tσi + ta1i) 6= 0 move to
the time point tσ + ta1 + ta0 when σ0(tσi + ta1i) = 0, the convergence time ta0 is
obtained as ta0 = max(t01, · · · , t03).

From this, we can obtain that the estimated value D̂s be approximated by an external
perturbation Ds in finite time tσ = max(ta0, ta1). Combined with Assumption 3, we
can conclude that the disturbance estimation error is bounded and can be defined as∥∥Ds − D̂s

∥∥ < λ, where λ is a positive unknown constant.
• Fault-tolerant controller design of slow-loop. Recall that Assumption 3, together

with the estimate of complex disturbance D̂s from observer (28) and the baseline
controller (27), the final control law and adaptive law are synthesized as

u(t) = −(gs)
−1( fs + Kes − Ω̇c + D̂s + λ̂)

˙̂λ = −τseT
s Ps (37)

where (gs)−1D̂s is applied to suppress uncertainties due to unexpected centroid shifts,
external perturbations, etc. As for the adaptive term λ, it is applied to handle the
estimation error of Ds, where λ̂ represents the estimation of λ.

To analyze the stability of the observer and the resulting closed-loop system, the
following theorem summarizes the main results of this subsection.

Theorem 1. Consider the slow-loop model of HSV describer by (4), with unexpected centroid shift,
system fault and disturbance, satisfying Assumptions 1–4, under the designed controller (37) and
the observer (28), the slow-loop system of HSV can track expected signals and the whole signals in
closed-loop system are bounded.

Proof. Consider the following Lyapunov function

Vs =
1
2

eT
s Pses +

1
2τs

λ̃Tλ̃ + Vσ (38)

where Ps is a positive definite symmetric matrix, and Vσ = σT
1 σ1

/
2 + φ̃2/2ϑ is applied to

analyze the estimate error of Ds.
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Take the derivative of (38) and we have

V̇s =
1
2

ėT
s Pses +

1
2

eT
s Ps ės +

1
τs

λ̃T ˙̃λ + V̇σ

=
1
2

eT
s (−KT Ps − PsK)es + eT

s Ps(Ds − D̂s)− eT
s Psλ̂ +

1
τs

λ̃T ˙̂λ + V̇σ

≤ −1
2

eT
s Qes + eT

s Ps(λ− λ̂) +
1
τs

λ̃T ˙̂λ + V̇σ ≤ −
1
2

eT
s Qes − l1σT

1 σ1 − l2
3

∑
i=1

∣∣∣σT
1i

∣∣∣ (39)

Based on the convergence analysis of Vσ, as shown in (31)–(36), combined with (39),
we have that

V̇s ≤ −aj

3

∑
i=1

e2
si (40)

Therefore, due to the positive definition of Vs, V̇s is negative semi-definite, which
means Vs is an increasing function of time; that is, the tracking error es, λ̃, σ1 and φ̃ are
all bounded. Next, the parameter projection algorithm is applied to modify the adaptive
updating laws in both observer and controller to guarantee the boundedness of the designed
adaptive parameters D̂s, λ̂, Φ̂. Furthermore, due to ės = −Kes + Ds − D̂s − λ̂, combined
with Assumptions 3 and 4, we can infer that ės is also bounded. Subsequently, based on the
Barbalat lemma and the bounded ės and definition of Vs, it can be obtained that lim

t−∞
es = 0 to

imply that the slow-loop system of HSV can track expected signals. In this way, Theorem 1
is proved and the argument projection is delivered as follows.

3.2. Fault-Tolerant Control Design for Fast Loop of HSV

In this part, for the challenges caused by unexpected centroid shift, as shown in (8)–(12),
the fault-tolerant controller of the quick-loop is deduced from the three aspects: (1) uncer-
tainties of inertial matrix (J); (2) system uncertainties and eccentric moments; (3) system
input saturation.

3.2.1. Fault-Tolerant Controller without Exact Knowledge of Inertial Matrix under
Nominal Condition

As for the crucial role of the inertial matrix J on the controller design, once it is
unexpectedly moved, as variation (∆J) can present great challenges to controllers that rely
on the inverse matrix of the system’s inertial matrix due to the potential irreversibility of
(J∗ + ∆J), as shown in (8), such as sliding mode control [13], robust adaptive control [27],
etc. In order to cope with this question, an adaptive feedback fault-tolerant controller that
does not need the exact knowledge of (J∗ + ∆J)−1 is developed in this work to handle
this question.

Before the fault-tolerant controller design, the angular velocity error ω̃ is introduced as

ω̃ = ω−ωc (41)

where ωc is the desired angular velocity. Furthermore, combined with Assumption 4
and (7), taking the derivative of ω̃ yields [23]

˙̃ω = −J−1(ω̃ + ωc)
× J(ω̃ + ωc) + J−1τ − ω̇c − J−1 f (ρ̄) + J−1d f + J−1∆τ (42)

Considering (41) and (42), by assuming that system uncertainty f (ρ̄), external dis-
turbance d f and eccentric moment ∆τ are all known, the nominal controller τ without
the knowledge of J is developed to achieve that ω̃ is bounded and the other signals are
bounded. The details are conveyed in the following three steps.
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• Step 1, a linear operator L : R3 → R3×6 acting on a = [a1, a2, a3]
T is introduced by

L(a) =

 a1 0 0 0 a3 a2
0 a2 0 a3 0 a1
0 0 a3 a2 a1 0

 (43)

Then, based on (8), an intermediate vector Ξ = [Jxx, Jyy, Jzz,−Jyz,−Jxz,−Jxy]T is intro-
duced to obtain the following transformation.

Ja = L(a)Ξ (44)

• Step 2, based on (44), the derivative of ω̃ seen in (42) can be rewritten as

˙̃ω = −J−1F(ω̃, ωc, ω̇c)Ξ + J−1τ − J−1 f (ρ̄) + J−1d f + J−1∆τ (45)

where F : R3 × R3 × R3 → R3×6 is defined by

F(ω̃, ωc, ω̇c) = (ω̃ + ωc)
×L(ω̃ + ωc) + L(ω̇c) (46)

• Step 3, combined with Assumption 2, an adaptive feedback control law and its adap-
tive law are synthesized as

τ = −Kω̃ + F(ω̃, ωc, ω̇c)Ξ̂ + f (ρ̄)− d f − ∆τ, ˙̂Ξ = Q(−FT(ω̃, ωc, ω̇c)ω̃− kΞ̂Ξ̂) (47)

where Q ∈ R6×6 is a designed as positive definite symmetric matric, and kΞ̂ represents
the designed parameter, satisfying kΞ̂ > 0.

3.2.2. Adaptive Fault-Tolerant Controller without Exact Knowledge of Inertial Matrix

Due to the unknown effects of system uncertainty f (ρ̄), external disturbance d f and
eccentric moment ∆τ deriving from unexpected centroid shifts, actuator failures and
external disturbances have a huge impact on the control performance of the designed
controller (47). In order to overcome this obstacle, based on the characteristics of system
uncertainty (11), eccentric moment (9) and LOE fault of actuator (12), the following adaptive
laws are designed as

• System uncertainty. By means of the Jacobi identity of the cross product, a× (b× c) +
b× (c× a) + c× (a× b) = 0, where a, b are the vectors. In view of (11), we have

f (ρ̄) = mρ̄× v̇A + mω× (ρ̄× vA) + mvA × (ω× ρ̄)− ρ̄×W

= mρ̄× v̇A −mρ̄× (vA ×ω)− ρ̄×W = mρ̄×Φ (48)

where Φ = v̇A − vA ×ω− W
m , remarked as Φ = [φ1 φ2 φ3]

T . From this it follows that

−ρ̄×Φ =

 φ2∆z− φ3∆y
φ3∆x− φ1∆z
φ1∆y− φ2∆x

 =

 0 −φ3 φ2
φ3 0 −φ1
−φ2 φ1 0

 ∆x
∆y
∆z

 = Φ×ρ̄ (49)

Subsequently, its adaptation law was developed as

˙̂θ1 = Ψ1(Φ×
T

ω̃− kθ̂1
θ̂1) (50)

where θ̂1 is a designed adaptive variable to estimate the unexpected effects of system
uncertainties caused by centroid shift. Further, Ψ1 ∈ R3×3 represents a designed
positive definite symmetric parameter matrix, and kθ̂1

stands for a constant coefficient,
satisfying kθ̂1

> 0.
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• Eccentric moment. For clarity, the effect of the eccentricity moment is rewritten
as follows.

∆τ =

 0 −Za Ya
Za 0 −Xa
−Ya Xa 0

 ∆x
∆y
∆z

 = Θ×ρ̄ (51)

and the corresponding adaptation law is developed as

˙̂θ2 = Ψ2(Θ×
T

ω̃− kθ̂2
θ̂2) (52)

where θ̂2 is also an adaptive state to obtain the effect of the eccentricity moment.
Ψ2 ∈ R3×3 represents a design with positive definite symmetric coefficient matrix,
and kθ̂2

is also a positive parameter.
• LOE fault of actuator and external disturbance. For actuator faults and external

perturbations ds, the complex perturbation D f is defined as

D f = d f − λuτ (53)

where λ stands for the failure factor of the actuator fault, as shown in (12). Furthermore,
combined with Assumption 3, the bounds of D f are introduced as κd, satisfying∥∥∥D f

∥∥∥ ≤ κd, where κd > 0. Furthermore, an adaptive estimator is introduced as

˙̂κd = P(ω̃T tanh(ω̃
/

ς1)− kκd κ̂d) (54)

where κ̂d is also utilized to estimate the influence of disturbance and LOE fault of
actuator. kκd and ς1 are both positive constants.

In conclusion, combined with (50), (52) and (54), the nominal fault-tolerant controller
of quick-loop (47) can be further developed as

˙̂Ξ = Q(−FT(ω̃, ν, ν̇)ω̃− kΞ̂Ξ̂), ˙̂θ1 = Ψ1(Φ×
T

ω̃− kθ̂1
θ̂1),

˙̂θ2 = Ψ2(Θ×
T

ω̃− kθ̂2
θ̂2), κ̇d = P(ω̃T tanh(ω̃

/
ς1)− kκd κ̂d)

uτ = −Kω̃ + F(ω̃, ν, ν̇)Ξ̂−Φ× θ̂1 − κ̂d tanh(ω̃
/

ς1)−Θ× θ̂2 (55)

Eventually, based on the Lyapunov stability theorem, a theoretical analysis is per-
formed to summarize the main results of this section and guarantee the stability of the
closed-loop control system.

Theorem 2. Considering the quick-loop dynamics of a hypersonic vehicle (7) suffered from the
variation of inertial matrix (8), eccentric moment (9), system uncertainty (11), actuator failures
(12) and external disturbances, d f , adaptive feedback controls (55) without resorting to the exact
knowledge of inertial matrix J by means of the adaptive laws (50), (52) and (54) developed to ensure
that the quick-loop system of HSV can track expected signals, converging to a tiny compact set of
the origin, and all the closed signals are bounded.

Proof. First, let us choose a positive definite Lyapunov function candidate as

Vf =
1
2

ω̃T Jω̃ +
1
2

Ξ̃TQ−1Ξ̃ +
1
2

θT
1 Ψ−1

1 θ̃1 +
1
2

θT
2 Ψ−1

2 θ̃2 +
1
2

κ̃T
d P−1κ̃d (56)

where the estimate errors of Ξ̃, θ̃1, θ̃2 and κ̃d are defined as Ξ̃ = Ξ − Ξ̂, θ̃1 = θ1 − θ̂1,
θ̃2 = θ2 − θ̂2, κ̃d = κd − κ̂d.
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Then, invoking Assumption 2 and (55), differentiating (56) gives

V̇f = ω̃T J(−J−1(ω̃ + ν)× J(ω̃ + ν)− ν̇ + J−1uτ + J−1Φ×ρ̄ + J−1D f + J−1Θ×ρ̄)

+ Ξ̃TQ−1 ˙̃Ξ + θ̃1
TΨ−1

1
˙̃θ1 + θ̃2

TΨ−1
2

˙̃θ2 + κ̃d
T P−1 ˙̃κd

= ω̃T J(−J−1F(ω̃, ν, ν̇)Ξ + J−1Φ×ρ̄ + J−1Θ×ρ̄ + J−1D f + J−1(−Kω̃− κ̂d tanh(ω̃
/

ς1)

+ F(ω̃, ν, ν̇)Ξ̂−Φ× θ̂1 −Θ× θ̂2) + Ξ̃TQ−1 ˙̃Ξ + θ̃1
TΨ−1

1
˙̃θ1 + θ̃2

TΨ−1
2

˙̃θ2 + κ̃d
T P−1 ˙̃κd (57)

where ω̃T(D f − κ̂d tanh( ω̃
ς1
)) ≤ 3κdνς1 + κ̃dω̃T tanh( ω̃

ς1
), ν = 0.2785 [34].

To continue, submitting the adaptive laws (50), (52) and (54) into (57) can further give

V̇f ≤ −ω̃TKω̃− ω̃T F(ω̃, ν, ν̇)Ξ̃ + ω̃TΦ× ˜̄ρ + ω̃TΘ× ˜̄ρ + ω̃T κ̃d − Ξ̃TQ−1 ˙̂Ξ

− θ̃1
TΨ−1

1
˙̂θ1 − θ̃2

TΨ−1
2

˙̂θ2 − κ̃d
T P−1 ˙̂κd

≤ −ω̃TKω̃ + Ξ̃TkΞ̂Ξ̂ + θ̃T
1 kθ̂1

θ̂1 + θ̃T
2 kθ̂2

θ̂2 + κ̃T
d kκ̂d κ̂d + 3κdνς1 (58)

Subsequently, by taking the following inequalities

kΞ̂Ξ̃TΞ̂ ≤ −
kΞ̂
2

∥∥Ξ̃
∥∥2

F +
kΞ̂
2
‖Ξ‖2

F, kθ̂1
θ̃T

1 θ̂1 ≤ −
kθ̂1

2

∥∥θ̃1
∥∥2

F +
kθ̂1

2
‖θ1‖2

F

kθ̂2
θ̃T

2 θ̂2 ≤ −
kθ̂2

2

∥∥θ̃2
∥∥2

F +
kθ̂2

2
‖θ2‖2

F, kκ̂d κ̃T
d κ̂d ≤ −

kκ̂d

2
‖κ̃d‖2

F +
kκ̂d

2
‖κd‖2

F (59)

into consideration, (58) can be further deduced as

V̇f ≤ −ω̃TKω̃−
kΞ̂
2

∥∥Ξ̃
∥∥2

F −
2

∑
i=1

kθ̂i

2

∥∥θ̃i
∥∥2

F −
kκ̂d

2
‖κ̃d‖2

F +
kΞ̂
2
‖Ξ‖2

F

+
2

∑
i=1

kθ̂i

2
‖θi‖2

F +
kκ̂d

2
‖κd‖2

F + 3κdνς1 (60)

Furthermore, two indirect designed parameters are adopted as

H = { Kmin

λmax(J)
,

kΞ̂ min
λmax(Q−1)

,
kθ̂1 min

λmax(Ψ−1
1 )

,
kθ̂2 min

λmax(Ψ−1
2 )

,
kκ̂d min

λmax(p−1)
}

M =
kΞ̂
2
‖Ξ‖2

F +
2

∑
i=1

kθ̂i

2
‖θi‖2

F +
kκ̂d

2
‖κd‖2

F + 3κdνς1 (61)

Finally, (60) is reshaped as

V̇f (t) ≤ −HV(t) + M (62)

By multiplying eHt into both sides of (62) and integrating at the interval [t0, t), we have

ω̃T(t)Jω̃(t) ≤ Vf (t) ≤ Vf (t0)e−H(t−t0) +
M
H
(1− e−H(t−t0)) (63)

where t0 is the initial actuation time and t > t0.
Furthermore, by defining that Vf (t0)e−H(t−t0) + M

H (1− e−H(t−t0)) = N(t), combined
with the definition of Vf in (56), the boundedness of attitude angle rate error can be
obtained as

λmin(J)‖ω̃(t)‖2
2 ≤ ω̃T(t)Jω̃(t) ≤ N(t) (64)
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where λmin(J) is the minimum eigenvalue of inertia matrix J. Moreover, note that N(t)→
M/H as t→ ∞. As a result, |ω̃i(t)| ≤

√
N(t)

/
λmin(J), i = 1, 2, 3.

In addition, to guarantee the boundedness of the system parameters, the adaptive
update law is modified by the parameter projection algorithm. The compact sets ΠΞ̂, Πθ1 ,
Πθ2 and Πd̂ f

are defined to restrain the above adaptive laws and the details are shown as
follows [19]

ΠΞ = {Ξ̂ : Ξ ≤ Ξ̂ ≤ Ξ}, Πθ1 = {θ̂1 : θ1 ≤ θ̂1 ≤ θ1},
Πθ2 = {θ̂2 : θ2 ≤ θ̂2 ≤ θ2}, Πκd = {κ̂d : κd ≤ κ̂d ≤ κd} (65)

where Ξ, θ1, θ2, κd and Ξ, θ1, θ2, κd are the lower and upper bounds of adaptive laws. Then,

the adaptive laws of ˙̂Ξ, ˙̂θ1, ˙̂θ2 and ˙̂κd are modified as follows

˙̂Ξ = Proj(Ξ̂, Q(−FT(ω̃, ν, ν̇)ω̃− kΞ̂Ξ̂)), ˙̂θ1 = Proj(θ̂1, Ψ1(Φ×
T

ω̃− kθ̂1
θ̂1),

˙̂θ2 = Proj(θ̂2, Ψ2(Θ×
T

ω̃− kθ̂2
θ̂2)), ˙̂κd = Proj(κ̂d, P(ω̃T tanh(ω̃

/
ς1)− kκd κ̂d)) (66)

where

Pr oj(Ξ̂, ˙̂Ξ) =


0
0

Q(−FT(ω̃, ν, ν̇)ω̃− kΞ̂Ξ̂)

i f
i f

Ξ̂ = Ξ, ˙̂Ξ > 0
Ξ̂ = Ξ, ˙̂Ξ < 0

Pr oj(θ̂i,
˙̂θi) =


0
0

Ψi(Φ×
T

ω̃− kθ̂i
θ̂i)

i f
i f

θ̂i = θi,
˙̂θi > 0

θ̂i = θi,
˙̂θi < 0

Pr oj(κ̂d, ˙̂κd) =


0
0

P(ω̃T tanh(ω̃
/

ς1)− kκd κ̂d)

i f
i f

κ̂d = κd, ˙̂κd > 0
κ̂d = κd, ˙̂κd < 0 (67)

Finally, since by assumption ωc and ω̇c are bounded, it can be obtained that F(ω̃, ωc, ω̇c)
is bounded as well. Since the boundedness of Ξ̃, θ̃1, θ̃2, κ̃d is already guaranteed by the use of
the parametric projection operator, the stability of the closed-loop system is ensured and all
the signals of the HSV fast-loop are bounded.

4. Simulation

Considering that the HSV is carrying out a hypersonic re-entry flight with the speed
of 3 km/s, there is an altitude of 30 km and a mass of m = 136, 820 kg. The initial altitude
vector is Ω = [0.017, 0.026, 0.017] rad and the angular rate is ω = [0, 0, 0]Trad/s. The
reference signals are set as αc = 0.087 rad during 1 s∼ 8 s, αc = 0.02 rad during 8 s∼20 s
and αc = 0.05 rad during t > 20 s, besides, β is always 0 rad and µ is keeping 0.035 rad. In
addition, the loss of efficiency fault of the actuator was set to λ = diag{0.2, 0.17, 0.2} as the
5th second.

The external perturbations of low-loop and quick-loop systems of HSV are described as
follows ds1 = −0.005 · (sin(t) + 1)rad/s, ds2 = 0.003 · (cos(t) + 1)rad/s, ds3 = −0.002 ·
sin(t + 1)rad/s, d f 1 = 2× 105 sin(4t + 0.2)N ·m, d f 2 = 4× 105 sin(11t −0.6)N ·m, d f 3 =

4× 105 sin(5t + 0.2)N · m. The design parameters of the low-loop controller of HSV are as
follows Ks = diag{k1, k2, k3}, ki = 3

/
(2 ∗ T), i = 1, 2, 3, T = 2.4. Ps = diag{5, 5, 5}, θ =

25diag{3, 3, 3}, ζ= 16diag{2, 2, 2}, l1 = 3.5, l2 = 2, p = 5, q = 3. As for the fast-loop controller,
K f = diag{5, 6.5, 6.5}, Q = 50 ∗ diag{2.5, 2.5, 2.5, 3, 3, 6}, ψ1 = diag{2.5, 2.5, 2.5}, ψ2 =
diag{3.2, 3.2, 3.2}, P = diag{4.5, 4.5, 4.5}.

To study the effect of the centroid shift on the HSV motion and validate the effective-
ness of the designed fault-tolerant controller, simulations were performed. For analyzing
the effects of unexpected centroid shift on the longitudinal movement of HSV, compared



Appl. Sci. 2023, 13, 830 17 of 22

with the tracking effects of the FTC strategy consisted of sliding mode control combined
with nonlinear disturbance observer and the FTC controller based on RBFNN [10], the
simulation results demonstrate the effectiveness of the designed FTC strategy.

As shown in Figures 3–11, (·)nml is the expected index of HSV’s slow and fast loops.
(·)ob represents the fault-tolerant control effect of sliding mode controller (SMC) combined
with the nonlinear disturbance observer (NDO) [35] by moving the uncertainties of J∗ on
the right hands of attitude dynamics, and (·)nn represents the simulation results of a control
scheme that is composed of nonlinear generalized predictive control (NGPC) and radial
basis function neural network (RBFNN), as shown in [10]. In addition, (·)ad denotes the
control effect of the controller designed in this paper. On the basis of Figures 3–8, in case of
actuator failure only at the fifth second, attitude angles (α, β, µ) with (·)ob and (·)ad tracking
effect, (·)nn has faster convergence speed. The main reason may be the heavy line load
calculation of RBFNN and the horizontal regression principle of NGPC. Before the centroid
shift occurs, it is straightforward to verify that the above controller presents an acceptable
FTC tracking effect based on the arguments above.

When the unforeseeable centroid displacement occurs in the 10th second, the eccentric
movement and variation of inertial matrix combined with the LOE fault of the actuator
give rise to the fluctuation of the control surface of (·)ob compared with that of (·)nn and
(·)ad, as shown in Figures 9–11. However, this does not affect the steady flight of the HSV
considerably for the time being, as shown by the trajectories in Figures 3–8 during the 10th
and 20th seconds. Once the attitude angle index of HSV changes in the 20th second, found
in Figures 3–8, the attitude angles and attitude angular rates both exhibit the phenomenon
of rapid fluctuation in (·)ob compared with that of (·)ad. Besides, the tracking effects of
(·)nn are of high tracking accuracy, but the relative low convergence speed, for instance,
the tracking effect of αnn of Figure 3. It can be concluded that when the centroid shift and
actuator fault both occur, the usual control strategy consisted of sliding mode controller and
NDO can not work well under the variation of the inertial matrix J caused by unexpected
centroid shift, which needs a more stable system control structure (exact knowledge of J
and J−1), but the FTC strategies of (·)ad and (·)nn do not need.

Figure 3. Tracking effects of attack angle α.

Figure 4. Tracking effects of bank angle µ.
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Figure 5. Tracking effects of sideslip angle β.

Figure 6. Tracking effects of roll rate p.

Figure 7. Tracking effects of pitch rate q.

Figure 8. Tracking effects of yaw rate r.

Furthermore, due to unknown effects being integrated into one item to facilitate the
observation of NDO, the larger deflection angles of control surfaces are needed to cope with
the estimated effects through NDO, as shown in the response curves of control surfaces
(·)ob of Figures 9–11 after the 20th second. Moreover, given the heavy online computational
load of neural networks, the application of FTC controller resting on RBFNN is utilized
to handle effects (∆J, ∆τ and f (ρ̄)) one-by-one obtain excellent tracking effects, but this
FTC scheme shows a low convergence speed, shown in the tracking effects of (·)nn in
Figures 9–11. To remedy this, the FTC algorithm of this work is developed by employing
adaptive observers and estimators in conjunction with adaptive feedback control, which
has a known and fixed control structure and does not need the exact knowledge of inertial
matrix (J and J−1). Finally, the simulation results show that the proposed FTC strategy in
this work can suppress unexpected effects and maintain excellent tracking performance.
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Figure 9. Control surface deflection angles of δe.

Figure 10. Control surface deflection angles of δa.

Figure 11. Control surface deflection angles of δr.

5. Conclusions

In this paper, we develop a useful solution to the HSV problem with unexpected
centroid shifts, actuator faults and external perturbations. Resorting to a designed sixth-
order dynamic compensator, the proposed adaptive FTC scheme can achieve the attitude
tracking objective without the exact knowledge of the inertia matrix J, despite the presence
of variations in the system inertia matrix, eccentricity and actuator faults. Subsequently,
based on the properties of eccentric moments, systematic uncertainties and external pertur-
bations, the performance of the proposed FTC controller can be improved by adapting the
corresponding adaptive estimator to support the designed FTC controller using adaptive
techniques.Then, the stability of this designed FTC strategy is guaranteed by the Lyapunov
stability theorem. Finally, the simulation results show that the proposed FTC scheme is
effective for the reconfigurable HSV flight control design under the condition of the inertia
matrix and eccentricity.

In future work, we will focus on the FTC of HSV with structural failures caused by
variable centroid displacement (the structure and size of the elements of the inertial matrix
J are uncertain). Furthermore, the problem of deflection saturation of the control surface
should also be taken into consideration [24].
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Appendix A

c21 = −(q2 + r2) cos α sin β + (−pq− ṙ) cos β− (−pr + q̇) sin α sin β
c22 = (p2 + r2) cos β− (−qp + ṙ) cos α sin β− (− ṗ− qr) sin α sin β
c23 = ( ṗ− qr) cos β− (−q̇− pr) cos α sin β− (p2 + q2) sin α sin β
c31 = (−pr + q̇) cos α− (q2 + r2) sin α
c32 = (− ṗ− qr) cos α− (−qp + ṙ) sin α
c33 = (p2 + q2) cos α− (−q̇− rp) sin α

(A1)

 σ1
σ2
σ3

=
 0

dγ
dt
0

+

 cos γ 0 − sin γ
0 1 0

sin γ 0 cos γ

 0
0
dχ
dt

=
 −

dχ
dt sin γ

dγ
dt

dχ
dt cos γ

 (A2)

ρ̄
p
x = ∆x cos α cos β + ∆y sin β + ∆z sin α cos β

ρ̄
p
y = ∆x(− cos α sin β cos µ + sin α sin µ) + ∆y cos β cos µ

+ ∆z(− cos µ sin α sin β− cos α sin µ)

ρ̄
p
z = ∆x(− cos µ sin α− cos α sin β sin µ) + ∆y cos β sin µ

+ ∆z(cos α cos µ− sin α sin β sin µ) (A3)

 UA
VA
WA

 =

 V cos α cos β
V sin β

V sin α cos β

,

 U̇A
V̇A
ẆA

 = ST
α,β

 V̇
V β̇

V cos βα̇

 (A4)

ST
α,β =

 cos α cos β − cos α sin β − sin α
sin β cos β 0

sin α cos β − sin α sin β cos α

.

Jxx = J∗xx + m(∆y2 + ∆z2), Jyy = J∗yy + m(∆x2 + ∆z2)

Jzz = J∗zz + m(∆x2 + ∆y2), Jxy = m∆x∆y

Jxz = m∆x∆z, Jyz = m∆y∆z (A5)

Ȳ(t) =


ŷ[0]

ŷ[1]
...

ŷ[ρ+r]

 =


h(x)

L fs h(x)
...

Lρ+r
fs

h(x)

+


0m×1

...
0m×1
H̃(ûz)

 (A6)
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where

∂H̃(ûz)

∂ûz
=


Lgs Lρ−1

fs
h(x) 0m×m 0m×m · · · 0m×m

∗m×m Lgs Lρ−1
fs

h(x) 0m×m 0m×m

...
∗m×m

...
∗m×m

...
∗m×m

. . .
∗m×m

...
Lgs Lρ−1

fs
h(x)

 (A7)

Appendix B

L, D and Y are described as follows [33]

L = q̂S(∆CL + C∗L), D = q̂S(∆CD + C∗D), Y = q̂S(∆CY + C∗Y) (A8)

where q̂ = ρV2/2. C∗L = CL,α + CL,δeδe + CL,δaδa, CD = CD,α + CD,δeδe + CD,δaδa + CD,δrδr,
and CY = CY,ββ + CY,δeδe + CY,δaδa + CY,δrδr. δe, δa and δr are the control deflections of the
aileron, elevator and rudder, respectively.

The rolling, pitching and yawing moments are described as [28]

lA = q̂bS(C∗l + ∆Cl) + ∆lA,

mA = q̂cS(∆Cm + C∗m)− XcgZ + ∆mA

nA = q̂bS(∆Cn + C∗n)− XcgY + ∆nA (A9)

where C∗l = Cl,ββ + Cl,δeδe + Cl,δaδa + Cl,δrδr + Cl,p
p·b
2V + Cl,r

r·b
2V , Cm = Cm,a+Cm,δeδe +

Cm,δaδa + Cm,δrδr + Cm,q
q·c
2V , Cn = Cn,ββ + Cn,δeδe + Cn,δaδa + Cn,δrδr + Cn,p

p·b
2V + Cn,r

r·b
2V .

Z = −D sin α− L cos α, Xcg = 1.6469e− 10 ∗M2 − 5.5715e− 05 ∗M + 7.3672.
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