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Abstract: The aim of this study was to analyze the force and deformation law of an artificial frozen
wall. Thus, the frost heave coefficient was introduced to describe the frost heave characteristics, and
the frozen wall was regarded as a heterogeneous material whose material properties changed in a
parabolic pattern with the radius. The elastoplastic stress and displacement formulas of a non-uniform
frozen wall considering frost heave characteristics were derived according to different strength criteria.
Consequently, the derived formulas were used to calculate and analyze the mechanical characteristics
of the artificial frozen wall. The results showed that the radial stress of the frozen wall changed
linearly, whereas the circumferential stress change followed a parabolic pattern after considering the
non-uniform characteristics. Moreover, the displacement of the outer edge of the frozen wall was
always greater than that of the inner edge, and the displacement of the inner edge changed with the
increasing temperature, significantly greater than that of the outer edge. When the frozen wall was in
the elastic state, its displacement caused by frost heave was constant. When the frozen wall entered
the elastic–plastic state, the displacement of its inner edge caused by frost heave increased with the
increase in the radius of the plastic zone, whereas the displacement of the outer edge caused by frost
heave decreased with the increase in the radius of the plastic zone.

Keywords: artificial ground freezing method; nonuniform frozen wall; frost heave; elastoplastic
analysis; analytical solution

1. Introduction

The AGF (artificial ground freezing method) has been widely used in underground
engineering construction in water-rich strata because the resultant frozen wall has a good
isolation effect on the groundwater [1–4], the principle of AGF is shown in Figure 1. In
the construction of shaft freezing method, the depth of the frozen wall depends on the
buried depth of mineral resources. For example, the freezing depth of Polby potash salt
mine in the UK reached 930 m, and the freezing depth of the auxiliary shaft of Hutaoyu
coal mine in China’s Gansu Province reached 950 m [5]. The frozen soil undergoes frost
heaving during the formation freezing, which is caused by the migration of unfrozen water
and the expansion of frozen soil. The deformation of stratum is the main cause of the
damage of an underground building structure [6–8], and the frost heaving is a major cause
of the fracture of freezing pipes and the deformation of surrounding strata of underground
buildings [9,10].

Currently, research on frost heave of stratum has been mainly focused on two aspects:
the frost heave of frozen surrounding rock of tunnels in cold areas and the frost heave
caused by the freezing of artificial formations. In the theoretical calculation of the frost heave
force of tunnels in cold regions, Zhang et al. [11–13] used the unified strength theory as the
basis for determining tunnels, considering the comprehensive influence of the intermediate
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principal stress and transverse isotropic frost heave on the strength of the surrounding rock.
They established the unified plastic analytical solution of the stress and displacement of
tunnels in cold areas. Xia et al. [14,15] found an analytical solution of the frost heave force
of tunnels in cold areas. In this solution, the anisotropic frost heave coefficient k describes
the transverse isotropic frost heave of the surrounding rock. The rationality of the solution
was verified by comparing its results with field data. Feng [16] established a model for
determining the elasticity and plasticity of the surrounding rock of tunnels in cold zones.
Liu [17] divided the frozen surrounding rock into partitions according to support strength
and support time, established a calculation model that considers the influence of frost heave,
and examined the stress and deformation of tunnel lining and surrounding rock in cold
areas through engineering cases. Zhang [18] established a three-dimensional temperature
field model based on the test results of the temperature field of a tunnel in a cold region,
obtaining the variation rule of the freezing depth of surrounding rock using Stephen’s
formula. In addition, the author established a new frost heave model based on the freezing
depth of surrounding rock, combined with the frost heave model of a freeze–thaw zone
and the frost heave model of regolith. Jiang et al. [19] established an elastic–plastic damage
mechanics calculation model, considering the characteristics of the uneven frost heave of
surrounding rock, verifying the theoretical solutions and analyzing the parameters.
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Figure 1. Schematic diagram of AGF.

Unlike the frozen surrounding rock of a tunnel in a cold zone, the artificial frozen
wall is generated by freezing pipes. The heat conduction distance of freezing pipes and
the direction of the temperature gradient influence the temperature within the frozen
wall, which changes with the distance from the freezing pipes. Consequently, the internal
strength of the frozen wall is non-uniform. The difference between the frozen surrounding
rock of a tunnel and an artificial frozen wall is shown in Figure 2. If a frozen wall is
treated as a homogeneous material to determine its mechanical properties, errors would
be encountered in the calculation. Hu [20,21] derived a stress model for the frozen wall of
single-row and double-row pipes using the M–C yield criterion. Wang et al. proposed a
stress calculation formula for the heterogeneous frozen wall of three-row pipes [22] and
derived a model for the directional-seepage-induced stress of the heterogeneous frozen
wall by considering the influence of groundwater on the temperature distribution [23]. As a
frozen wall does not exist in isolation in the soil, the unfrozen soil interacts with the frozen
wall. Thus, soil excavation within the frozen wall influences the mechanical state of the
wall. Yang et al. deduced the elastic–plastic stress solution of a frozen wall by considering
the interaction of the wall with surrounding rock [24]. Wang developed a stress formula
for the heterogeneous frozen wall, and the formula considers the unloading action and
interaction with the unfrozen body [25].
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Currently, research on the theoretical calculation of the frost heave force of frozen
surrounding rock of a tunnel in a cold area is relatively mature. Similarly, research on
the mechanical mechanism of a heterogeneous frozen wall has advanced to appreciable
levels. However, no relevant results have been obtained on the elastoplastic mechanical
properties of a non-uniform frozen wall considering frost heave. The artificial frozen wall
is different from frozen surrounding rock. The surrounding rock of a tunnel in a cold area
is affected by unidirectional temperature gradient, which means it can be considered as
a homogeneous material. However, the artificial frozen wall is formed using a freezing
pipe; the temperature near the freezing pipe is low, whereas the temperature near the
freezing front is high, resulting in the variation of the material properties of the frozen wall
with the distance from the freezing pipe. In this case, the frost heave calculation theory of
homogeneous frozen surrounding rock in a cold-region tunnel would not yield accurate
calculation results of the stress and displacement of an artificial frozen wall. Therefore, the
aim of this study is to introduce a frost heaving coefficient to describe the frost heaving
characteristics of a frozen wall. The frozen wall is regarded as a functionally graded material
whose material properties change parabolically with radius. The calculation formulas of
the elastoplastic stress and displacement of a non-uniform frozen wall are derived using
different strength criteria and considering frost heaving characteristics. This study is
expected to provide a more accurate theoretical method for analyzing the mechanical
properties of an artificial frozen wall.

2. Basic Assumptions and Frozen Soil Parameters
2.1. Basic Assumptions

1. Unfrozen soil is a homogeneous and an isotropic elastic medium [20–25]. The frozen
wall is a heterogeneous material whose material properties vary with the wall ra-
dius [20–23];

2. The frost heave coefficient remains unchanged during freezing, and the frost heave
rates of tangential and radial lines are unequal and remain unchanged during the
freezing [14,15];

3. The Poisson’s ratio µ and internal friction angle ϕ remain unchanged before and after
freezing [20–23];

4. After entering the plastic state, the wall volume becomes incompressible [20–25];
5. The mechanical characteristics of the frozen wall are simplified as an axisymmetric

plane strain problem [20–25].

2.2. Nonuniform Frost Heave Characteristics of Frozen Wall

An obvious temperature gradient exists between a freezing pipe and the surrounding
soil during an artificial freezing process. The unfrozen water migrates to the freezing
front along the temperature gradient, resulting in uneven frost heaving. The frost heave
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deformation along the direction of the temperature gradient α‖ is greater than that of the
vertical temperature gradient α⊥.

The inhomogeneous frost heave coefficient k of soil is defined as

k = α‖/α⊥. (1)

k > 1 represents the nonuniform frost heave characteristics of the frozen wall. The
frost heave rate of the radial line of the frozen wall αr = α‖, and the circumferential frost
heave rate αθ = α⊥. As the axis direction of the frozen wall is perpendicular to the direction
of the frozen soil, the linear frost heave rate along the axis is approximately equal to the
circumferential linear frost heave rate. Thus, the volume frost heave rate of the frozen soil
can be expressed as follows [11,14]:

αv = αr + αz + αθ = αr + 2αθ . (2)

The relationship between αv and k, αr, and αθ satisfies the following equations [11,14]:

αr =
kαv

k + 2
, (3)

αθ =
αv

k + 2
. (4)

2.3. Equivalent Temperature Field of Frozen Wall

A linear relationship exists between the material properties of frozen soil and temper-
ature [20], and the quadratic function curve reflects the temperature of the middle section
of the adjacent freezing pipe within the range of freezing temperature commonly used in
engineering practice [20]. Therefore, the elastic modulus and cohesion can be expressed in
the following form:

E(r) = ar2 + br + c r ∈ [r1, r2], (5)

c(r) = mr2 + nr + l r ∈ [r1, r2], (6)

where a, b, c and m, l, n are the parameters related to the temperature distribution curve.

2.4. Strength Criteria for Frozen Soil

The strength criterion of frozen soil can be uniformly expressed as [24]

σθ = Mσr + Bc. (7)

The values of M and B are presented in Table 1.

Table 1. Expressions of M and B.

Strength Criteria M B

Mohr–Coulomb criteria 1 + sin ϕ

1 − sin ϕ

− 2 cos ϕ

1 − sin ϕ

Druker–Prager criteria 1 + 3α

1 − 3α

− 2κ

1 − 3α

Tresca criteria 1 + 2
√

3α

1 − 2
√

3α

− 4
√

3κ

3
(

1 − 2
√

3α
)

Twin shear unified failure criterion 2(1 + b)(1 + sin ϕ)− (1 − sin ϕ)b
(1 − sin ϕ)(b + 2)

−2(1 + b)
(b + 2)

2 cos ϕ

1 − sin ϕ

where α =
sin ϕ

√
3
√

3 + sin2 ϕ
κ = −

√
3 cos ϕ√

3 + sin2 ϕ
.
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3. Analytical Solution of Stress and Displacement of Frozen Wall

The research flowchart of this study is depicted in Figure 3.
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3.1. Mechanical Calculation Model of Frozen Wall

The mechanical model is depicted in Figure 4. In this model, P0 is the formation
pressure borne by the unfrozen body at infinity, P1 is the external load exerted by the
unfrozen body, and Pρ is the interaction force at the junction of the plastic zone and the
elastic zone. The inner and outer diameters of the frozen wall are denoted by R1 and R2,
respectively, and the radius of any point on the section of the frozen wall is denoted by R.
To facilitate the formula derivation, the relative radius r = R/R1 is used to represent any
point in the frozen wall section.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 6 of 20 
 

bearing capacity, the frozen wall enters the elastoplastic state. The mechanical model in 
this state is depicted in Figure 4b. Here, the mechanical model mainly comprises three 
parts: plastic zone ( 1[ , ]r r rρ∈ ), elastic zone ( 2[ , ]r r rρ∈ ), and unfrozen soil ( 2[ , )r r r∞∈ ). 

  

(a) (b) 

Figure 4. Mechanical calculation model of frozen wall. (a) Elastic model. (b) Elastoplastic model  

3.2. Calculation of Elastic Stress of Frozen Wall 
When the frozen wall is in an elastic state, the calculation model shown in Figure 4a 

is used, and the boundary conditions of the model are as follows: 

( )
( )
( )
( )

1

21

0
s

2

0e
r
e
r
s
r
e
r r

r r
r rP
r rP
r rU U

σ
σ
σ ∞

= =
 ==
 ==
 ==

 (8) 

3.2.1. Unfrozen Area 
The unfrozen soil is regarded as a uniform and elastic medium. Therefore, the for-

mulas for calculating the elastic stress and displacement of the surrounding unfrozen soil 
are as follows [12,13]: 

2 2 2 2 2 2
2 1 0 0 2 1 2 2

r 0 12 2 2 2 2 2 2
2 2

1s r r P P r P r P r rP P
r r r r r r r

σ ∞ ∞

∞ ∞

 − −= + = − + − −  
 (9) 

2 2 2 2 2 2
2 0 1 0 2 1 2 2

0 12 2 2 2 2 2 2
2 2

1s r r P P r P r P r rP P
r r r r r r rθσ ∞ ∞

∞ ∞

 − −= + = + − − −  
 (10) 

( ) 2
3 0 1 2

3

1 ( )s P P r
U

E r
μ+ −

=  (11) 

where 3E  and 3μ  are the elastic modulus and Poisson’s ratio of unfrozen soil, respec-
tively, and the superscript s represents the unfrozen zone. The field measurement results 
show that the material properties of frozen soil and the surrounding unfrozen soil are the 
same; to simplify the calculation, let 3 2( )E E r=  and 3 2μ μ= . 

  

Figure 4. Mechanical calculation model of frozen wall. (a) Elastic model. (b) Elastoplastic model.



Appl. Sci. 2023, 13, 1038 6 of 18

At the inner diameter: R1/R1 = 1
At the elastic–plastic boundary: Rρ/R1 = rρ

At the outer diameter: R2/R1 = r2
At infinity: R∞/R1 = r∞
When the external load is small, the frozen wall is in an elastic state. The mechanical

model in this state is depicted in Figure 4a and comprises two parts: frozen wall r ∈ [r1, r2]
and unfrozen soil r ∈ [r2, r∞). When the external load is greater than its elastic ultimate
bearing capacity, the frozen wall enters the elastoplastic state. The mechanical model in this
state is depicted in Figure 4b. Here, the mechanical model mainly comprises three parts:
plastic zone (r ∈ [r1, rρ]), elastic zone (r ∈ [rρ, r2]), and unfrozen soil (r ∈ [r2, r∞)).

3.2. Calculation of Elastic Stress of Frozen Wall

When the frozen wall is in an elastic state, the calculation model shown in Figure 4a is
used, and the boundary conditions of the model are as follows:

σe
r = 0

σe
r = P1

σs
r = P0

Ue
r = Us

r

(r = r1)
(r = r2)
(r = r∞)
(r = r2)

(8)

3.2.1. Unfrozen Area

The unfrozen soil is regarded as a uniform and elastic medium. Therefore, the formulas
for calculating the elastic stress and displacement of the surrounding unfrozen soil are as
follows [12,13]:

σs
r =

r2
2r2

∞

r2
∞ − r2

2

P1 − P0

r2 +
r2

∞P0 − r2
2P1

r2
∞ − r2

2
=

(
1−

r2
2

r2

)
P0 +

r2
2

r2 P1 (9)

σs
θ =

r2
2r2

∞

r2
∞ − r2

2

P0 − P1

r2 +
r2

∞P0 − r2
2P1

r2
∞ − r2

2
=

(
1 +

r2
2

r2

)
P0 −

r2
2

r2 P1 (10)

Us =
(1 + µ3)(P0 − P1)r2

2
E3r

(11)

where E3 and µ3 are the elastic modulus and Poisson’s ratio of unfrozen soil, respectively,
and the superscript s represents the unfrozen zone. The field measurement results show
that the material properties of frozen soil and the surrounding unfrozen soil are the same;
to simplify the calculation, let E3 = E(r2) and µ3 = µ2.

3.2.2. Frozen Wall

When the frozen wall was in the elastic plane strain state, the following basic equations
are satisfied:

Equation of equilibrium [24]:

dσr

dr
+

σr − σθ

r
= 0 (12)

Geometric equation [24]: {
εr = dur/dr
εθ = ur/r

(13)
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Considering the condition of non-uniform frost heaving, the physical equation under
plane strain in the elastic region is:

εe
r =

1−µ2
2

E(r) σr − µ2(1+µ2)
E(r) σθ + (αr + µ2αθ)

εe
θ = 1−µ2

2

E(r) σθ −
µ2(1+µ2)

E(r) σr + (αθ + µ2αr)
(14)

Introducing the stress function ϕ, σr and σθ are represented by ϕ:{
σr = ϕ/r
σθ =

•
ϕ

(15)

Combining (12)–(15) yields the following formula:

r2 ϕ′′ + r
(

1− E′(r)
E(r)

r
)

ϕ′ +

(
E′(r)
E(r)

r− 1
)

ϕ =
r(αr − αθ)E(r)

1 + µ2
(16)

As mentioned in Section 2.3, the elastic modulus changes with the relative radius r,
and the expression of the elastic modulus E(r) is substituted into Equation (16) to obtain

r2 ϕ′′ − r
ar2 − c

ar2 + br + c
ϕ′ +

ar2 − c
ar2 + br + c

ϕ =
(k− 1)αv(ar2 + br + c)r

(k + 2)(1 + µ2)
(17)

Equation (17) is a second-order differential equation with variable coefficients, and the
general solution is

ϕ = rC0

(
a ln r− b

1
r
− c

2
1
r2

)
+ B0r + rA0(ar2 + 2br + 2c ln r− c) (18)

where A0 = αv(k − 1)
4(k + 2)(µ2 + 1) .

By substituting the boundary condition in Equation (8) into Equation (18), the follow-
ing is obtained:

C0 =
−P1 − A0(a

(
r2

1 − r2
2
)
+ 2b(r1 − r2) + 2c ln(r1/r2))

a ln(r1/r2) + b
(

1
r2
− 1

r1

)
+ c

2

(
1
r2

2
− 1

r2
1

) (19)

B0 = −A0(ar2
1 + 2br1 + 2c ln r1 − c)− C0

(
a ln r1 − b

1
r1
− c

2
1
r2

1

)
(20)

σe
r = A0 A2(A5−A3)+(P1+A0 A1)(A4−A6)

A2

σe
θ = A0 A2(A8−A3)+(P1+A0 A1)(A4−A7)

A2

r ∈ [r1, r2] (21)

where A1 = a
(
r2

1 − r2
2
)
+ 2b(r1 − r2) + 2c ln(r1/r2), A2 = a ln(r1/r2) + b

(
1
r2
− 1

r1

)
+ c

2

(
1
r2

2
− 1

r2
1

)
,

A3 = ar2
1 + 2br1 + 2c ln r1 − c, A4 = a ln r1 − b 1

r1
− c

2
1

r1
2 , A5 = ar2 + 2br + 2c ln r − c,

A6 = a ln r− b
r −

c
2

1
r2 , A7 = a ln r + c

2
1
r2 + a, A8 = 3ar2 + 4br + 2c ln r + c.

By substituting Equation (21) into physical Equation (14) and geometric Equation (13),
the analytical solution of the elastic displacement of the heterogeneous frozen wall consid-
ering frost heave characteristics is obtained:

Ue =
r · (1− µ2

2)

E(r)
· σe

θ −
r · µ2(1 + µ2)

E(r)
· σe

r +
(1 + µ2k)αv · r

k + 2
(22)
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By substituting Equations (11) and (22) into the fourth expression in Equation (8) of
interface displacement continuity, the expression of P1 is obtained.

3.2.3. Determination of Elastoplastic State of Frozen Wall

The radial and circumferential stress of the frozen wall are obtained by substituting P1
into Equation (21). The maximum elastic external load occurs at the inner diameter of the
frozen wall. Let r = r1 and substitute the stress into strength Equation (7) for judgment: if
σe

θ(r=r1 )
< Mσe

r(r=r1)
+ N, the frozen wall is in the elastic state shown in Figure 4a; otherwise,

it is in the elastic–plastic state shown in Figure 4b.

3.3. Mechanical Calculation Model of Frozen Wall

The mechanical model of the frozen wall in the elastic–plastic state is illustrated
in Figure 4b. The model can be divided into the plastic zone (r ∈ [r1, rρ]), elastic zone
(r ∈ [rρ, r2]), and unfrozen zone (r ∈ [r2, r∞)), where r = rρ is the interface between the
plastic zone of the frozen wall and the elastic zone, and r = r2 is the interface between the
elastic zone of the frozen wall and the unfrozen soil. In this case, the stress displacement
boundary conditions are as follows:

σ
p
r = 0

σp
r = Pρ

σe
r = Pρ

σe
r = P1

σs
r = P0

Ue
r = Us

r
Uρ

r = Ue
r

(r = r1)(
r = rρ

)(
r = rρ

)
(r = r2)
(r = r∞)
(r = r2)(
r = rρ

)
. (23)

3.3.1. Plastic Zone of the Frozen Wall

The stress balance equation in the plastic zone of the frozen wall is expressed as follows:

dσ
p
r

dr
+

σ
p
r − σ

p
θ

r
= 0. (24)

By substituting Equation (7) into Equation (24), the following formula can be obtained:

dσ
p
r

dr
+

(1−M)σ
p
r

r
− Bc(r)

r
= 0. (25)

By solving the first-order constant coefficient differential Equation (25), the general
solution of radial stress in the plastic zone of the frozen wall can be expressed as follows:

σ
p
r = B1lr2 + B2mr + B3n + C1 · rM−1, (26)

where B1 = B
3−M , B2 = B

2−M , and B3 = B
1−M .

According to the stress boundary conditions expressed in Equation (23), Equation (26)
can be re-expressed as follows:

C1 = (−B1lr2
1 − B2mr1 − B3n) · r1−M

1 . (27)

Therefore, the radial stress in the plastic zone of the frozen wall is expressed as

σ
p
r = B1lr2 + B2mr + B3n− (B1lr2

1 + B2mr1 + B3n) ·
(

r
r1

)M−1
. (28)
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According to the strength criterion of frozen soil expressed in Equation (7), the circum-
ferential stress of the plastic zone can be obtained:

σ
p
θ = Mσ

p
r + Bc(r) r ∈

[
r1, rρ

]
. (29)

The volume of the frozen wall is incompressible when it is in the plastic state, and the
average strain is 0 [20–25]:

εm =
εr + εθ + εz

3
= 0. (30)

In the axisymmetric plane strain problem, Equation (30) can be simplified as

εr + εθ = 0. (31)

By substituting the geometric Equation (13) into Equation (31), the following formula
is obtained:

dur

dr
+

ur

r
= 0. (32)

By solving the first-order homogeneous differential Equation (32) with variable coeffi-
cients, the general displacement solution of the plastic zone is obtained:

ur =
C2

r
. (33)

According to the stress boundary conditions expressed in Equation (23), the following
expression is obtained:

C2 =
r2

ρ(1− µ2
2)((M− µ2

1−µ2
)Pρ + B · c(rρ))

ar2
ρ + brρ + c

+ (αθ + µ2αr)r2
ρ. (34)

By substituting Equation (34) into Equation (33), the analytical solution of the plastic
location shift can be obtained:

Uρ =
r2

ρ(1− µ2
2)((M− µ2

1−µ2
)Pρ + B · c(rρ))

r(ar2
ρ + brρ + c)

+
(αθ + µ2αr)r2

ρ

r
. (35)

3.3.2. Elastic Region of the Frozen Wall

By substituting σe
r(r=rρ)

= Pρ and σe
r(r=r2)

= P1 in Equation (23) into Equation (18)
and then into Equation (15), the analytical solution of stress under the elastoplastic state
is obtained:

σe
r =

A0H2(A5 − H3) +
(

Pρ − P1 − A0H1
)
(A6 − H4)

H2

σe
θ =

A0H2(A8 − H3) +
(

Pρ − P1 − A0H1
)
(A7 − H4)

H2

, r ∈
[
rρ, r2

]
, (36)

where H1 = a
(

r2
ρ − r2

2

)
+ 2b

(
rρ − r2

)
+ 2c ln rρ

r2
; H2 = a ln rρ

r2
+ b
(

1
r2
− 1

rρ

)
+ c

2

(
1
r2

2
− 1

r2
ρ

)
;

H3 = ar2
2 + 2br2 + 2c ln r2 − c; H4 = a ln r2 − b 1

r2
− c

2
1

r2
2 ; A5 = ar2 + 2br + 2c ln r − c;

A6 = a ln r− b
r −

c
2

1
r2 ; A7 = a ln r + c

2
1
r2 + a; and A8 = 3ar2 + 4br + 2c ln r + c.

By substituting Equation (36) into geometric Equation (13) and physical Equation (14),
the displacement solution of the elastic region is obtained:

Ue =
(1− µ2) · r

E(r)

(
σe

θ −
µ2

1− µ2
· σe

r

)
+

(1 + µ2k)αv

k + 2
· r. (37)
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According to the above formula, when rρ = r1 and rρ = r2, P1−max is the elastic
ultimate load and plastic ultimate load, respectively.

3.3.3. Unfrozen Zone

In the elastic–plastic state of the frozen wall, the expressions of stress and displacement
of the unfrozen soil are as follows [12,13]:

σs
r =

(
1−

r2
2

r2

)
P0 +

r2
2

r2 P1, (38)

σs
θ =

(
1 +

r2
2

r2

)
P0 −

r2
2

r2 P1, (39)

Us =
(1 + µ3)(P0 − P1)r2

2
E3r

, (40)

where E3 and µ3 are the elastic modulus and Poisson’s ratio of unfrozen soil, respectively.

3.3.4. Radius of the Plastic Zone of the Frozen Wall

By combining Equations (23), (25), (28), (37) and (40), the following calculation formu-
las for P1 and Pρ are obtained:

Pρ = B1lr2
ρ + B2mrρ + B3n− (B1lr2

1 + B2mr1 + B3n)
(

rρ

r1

)M−1
. (41)

At the elastic–plastic junction, the stress in the elastic zone of the frozen wall meets
the strength criterion of frozen soil:

σe
r(rρ)

= Mσe
θ(rρ)

+ N(rρ). (42)

By combining Equations (23), (36) and (42), the implicit equation of the radius of the
plastic zone is obtained:

P1 =
P0H2(1 + µ3)r2

2 + (αθ + µ2αr)H2E3r2
2

(1 + µ3)(1− µ2)(2H2r2
2 − ar2

2 − br2 − c)
−

(Pρ − A0H1 + 2A0H2r2
2)(ar2

2 + br2 + c)H2r2
2

H2(2H2r2
2 − ar2

2 − br2 − c)r2
2

, (43)

(1−M)H2r2
ρ − ar2

ρ − brρ − c
H2r2

ρ
Pρ −

(2A0H2r2
ρ − P2 − A0H1)(ar2

ρ + brρ + c)
H2r2

ρ
= B(lr2

ρ + mrρ + n). (44)

4. Mechanical Model of Frozen Wall

The inner and outer radii of the frozen wall of the new wind shaft considered in
this study were 4 m and 10 m, respectively. The temperature at the freezing front was
−3 ◦C. The thermal and physical parameters of the frozen soil are presented in Table 2.
The coefficient of frost heave k was obtained by testing. Referring to the existing research
results [11–15], k was set as 2.

Table 2. Thermophysical parameters of the frozen soil.

Elastic Modulus/MPa Cohesive Force/MPa Angle of Internal Friction Poisson Ratio

−11.3T + 51.7 −0.26T + 1.17 10 0.35

The main external load of the frozen wall comes from formation pressure. Therefore,
with the increase of the depth, the external load keeps increasing, and the stress state of the
frozen wall changes accordingly. The stress distribution law of the frozen wall obtained
by calculations at different depths is illustrated in Figure 5. According to the calculation
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results, the external load acting on the shaft wall increased continuously with an increase
in depth; thus, the radial stress and circumferential stress on the section of the frozen wall
also increased. As the non-uniform characteristics of frozen wall were considered in the
derivation of the calculation formula, the calculated circumferential stress approximately
mimicked a parabolic variation. The maximum circumferential stress appeared near r = 1.5.
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In the process of the increase of the external load, the stress state of the frozen wall will
go through three stages, namely, the elastic stage, the elastic–plastic stage, and the plastic
stage. When the external load is small, the whole frozen wall is in the elastic state. When the
external load increases to a certain critical value, the frozen wall enters the elastic–plastic
state. The critical load from the elastic state into the plastic state is called the elastic limit
load. When the frozen wall is in the elastic–plastic state, the frozen wall is divided into the
plastic zone and the elastic zone from the inner edge to the outer edge. When the external
load of the frozen wall increases further, the plastic zone expands gradually. When the
whole frozen wall enters the plastic state, the corresponding external load is the plastic
ultimate load. The stress state plays an important role in determining the stability of the
frozen wall. The stress distribution of the frozen wall varies greatly under different stress
states. Figure 6 illustrates the stress distribution of the frozen wall in the elastic limit
state (p = 5.90 MPa), elastic–plastic state (p = 11.14 MPa), and plastic state (p = 16.39 MPa)
according to the Mohr–Coulomb strength criterion. By comparison, the radial stress of the
frozen wall increased with the increasing relative radius under different stress states, but
the change law of circumferential stress was different. In the elastic limit state, elastoplastic
state, and plastic limit state, the maximum circumferential stress of the frozen wall appeared
at r = 1.5, the elastoplastic junction, and r = 2.0, respectively.

There are various yield criteria applicable to frozen soil. Currently, the commonly
used ones are Mohr–Coulomb strength criteria, Druker–Prager strength criteria, Tresca
strength criteria, and Twin shear unified failure criterion. Scholars usually choose one of
these criteria as the basis for the calculation of mechanical properties of frozen wall [11–23].
In order to compare the difference of calculation results based on different criteria, the
mechanical characteristics of frozen wall were calculated and analyzed with different yield
criteria based on the same engineering condition in this study. Using different strength
criteria, we calculated the elastic and plastic ultimate bearing capacity of the frozen wall
at different average temperatures, as shown in Figures 7 and 8. The calculation results
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show that the bearing capacity of the frozen wall increased with a decrease in the average
temperature. The calculation results of the frozen wall bearing capacity varied with criteria.
The calculation results based on the Mohr–Coulomb criterion were close to those based on
the Druker–Prager criterion, and the calculation results based on the twin shear strength
criterion were greater than those based on other criteria. When the average temperature of
the frozen wall was−12 ◦C, the elastic ultimate bearing capacity calculated according to the
twin shear strength criterion, Tresca strength criterion, Mohr–Coulomb strength criterion,
and Druker–Prager strength criterion was 5.35, 4.78, 4.06, and 4.03 MPa, respectively; the
plastic bearing capacity was 15.79, 13.64, 11.11, and 11.03 MPa, respectively. When the
average temperature of the frozen wall was −20 ◦C, the ultimate elastic bearing capacity
calculated according to the twin shear strength criterion, Tresca strength criterion, Mohr–
Coulomb strength criterion, and Druker–Prager strength criterion was 7.77, 6.94, 5.90, and
5.86 MPa, respectively; the plastic ultimate bearing capacity was 23.28, 20.14, 16.39, and
16.27 MPa, respectively.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 13 of 20 
 

1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4

0

5

10

15

20

25

30

35

40

C

St
re

ss
/M

Pa

The relative radius of the frozen wall r

  p=5.90MPa
  p=16.39MPa
  p=11.14Mpa

R

 
Figure 6. Stress distribution of the frozen wall under different stress states. R represents the radial 
stress while C represents the circumferential stress. 

There are various yield criteria applicable to frozen soil. Currently, the commonly 
used ones are Mohr–Coulomb strength criteria, Druker–Prager strength criteria, Tresca 
strength criteria, and Twin shear unified failure criterion. Scholars usually choose one of 
these criteria as the basis for the calculation of mechanical properties of frozen wall [11–
23]. In order to compare the difference of calculation results based on different criteria, 
the mechanical characteristics of frozen wall were calculated and analyzed with different 
yield criteria based on the same engineering condition in this study. Using different 
strength criteria, we calculated the elastic and plastic ultimate bearing capacity of the fro-
zen wall at different average temperatures, as shown in Figures 7 and 8. The calculation 
results show that the bearing capacity of the frozen wall increased with a decrease in the 
average temperature. The calculation results of the frozen wall bearing capacity varied 
with criteria. The calculation results based on the Mohr–Coulomb criterion were close to 
those based on the Druker–Prager criterion, and the calculation results based on the twin 
shear strength criterion were greater than those based on other criteria. When the average 
temperature of the frozen wall was −12 °C, the elastic ultimate bearing capacity calculated 
according to the twin shear strength criterion, Tresca strength criterion, Mohr–Coulomb 
strength criterion, and Druker–Prager strength criterion was 5.35, 4.78, 4.06, and 4.03 MPa, 
respectively; the plastic bearing capacity was 15.79, 13.64, 11.11, and 11.03 MPa, respec-
tively. When the average temperature of the frozen wall was −20 °C, the ultimate elastic 
bearing capacity calculated according to the twin shear strength criterion, Tresca strength 
criterion, Mohr–Coulomb strength criterion, and Druker–Prager strength criterion was 
7.77, 6.94, 5.90, and 5.86 MPa, respectively; the plastic ultimate bearing capacity was 23.28, 
20.14, 16.39, and 16.27 MPa, respectively. 

Figure 6. Stress distribution of the frozen wall under different stress states. R represents the radial
stress while C represents the circumferential stress.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 14 of 20 
 

-12 -14 -16 -18 -20
0

1

2

3

4

5

6

7

8

El
as

tic
 u

lti
m

at
e 

be
ar

in
g 

ca
pa

ci
ty

/M
Pa

The average temperature of the frozen wall/℃

 Twin shear strength criterion
  Tresca strength criterion
  M-C strength criterion
  D-P strength criterion

 
Figure 7. Calculation results of the elastic ultimate bearing capacity. 

-12 -14 -16 -18 -20
0

2

4

6

8

10

12

14

16

18

20

22

24

Pl
as

tic
 u

lti
m

at
e 

be
ar

in
g 

ca
pa

ci
ty

/M
Pa

The average temperature of the frozen wall/℃

 Twin shear strength criterion
  Tresca strength criterion
  M-C strength criterion
  D-P strength criterion

 
Figure 8. Calculation results of the plastic ultimate bearing capacity. 

In the elastic limit and plastic limit states, the stress calculation results of the frozen 
wall based on different yield criteria are illustrated in Figures 9 and 10. A comparison 
shows that under the two stress states, the distribution law of the radial stress of the frozen 
wall was similar and increased with the increasing relative radius; the distribution law of 
the circumferential stress was significantly different. Although the circumferential stress 
of the frozen wall changed in an approximately parabolic shape under both conditions, 
the maximum value of the circumferential stress appeared at r = 1.5 in the elastic limit 
state and at r = 2.0 in the plastic limit state. 

Figure 7. Calculation results of the elastic ultimate bearing capacity.



Appl. Sci. 2023, 13, 1038 13 of 18

Appl. Sci. 2023, 13, x FOR PEER REVIEW 14 of 20 
 

-12 -14 -16 -18 -20
0

1

2

3

4

5

6

7

8

El
as

tic
 u

lti
m

at
e 

be
ar

in
g 

ca
pa

ci
ty

/M
Pa

The average temperature of the frozen wall/℃

 Twin shear strength criterion
  Tresca strength criterion
  M-C strength criterion
  D-P strength criterion

 
Figure 7. Calculation results of the elastic ultimate bearing capacity. 

-12 -14 -16 -18 -20
0

2

4

6

8

10

12

14

16

18

20

22

24

Pl
as

tic
 u

lti
m

at
e 

be
ar

in
g 

ca
pa

ci
ty

/M
Pa

The average temperature of the frozen wall/℃

 Twin shear strength criterion
  Tresca strength criterion
  M-C strength criterion
  D-P strength criterion

 
Figure 8. Calculation results of the plastic ultimate bearing capacity. 

In the elastic limit and plastic limit states, the stress calculation results of the frozen 
wall based on different yield criteria are illustrated in Figures 9 and 10. A comparison 
shows that under the two stress states, the distribution law of the radial stress of the frozen 
wall was similar and increased with the increasing relative radius; the distribution law of 
the circumferential stress was significantly different. Although the circumferential stress 
of the frozen wall changed in an approximately parabolic shape under both conditions, 
the maximum value of the circumferential stress appeared at r = 1.5 in the elastic limit 
state and at r = 2.0 in the plastic limit state. 
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In the elastic limit and plastic limit states, the stress calculation results of the frozen
wall based on different yield criteria are illustrated in Figures 9 and 10. A comparison
shows that under the two stress states, the distribution law of the radial stress of the frozen
wall was similar and increased with the increasing relative radius; the distribution law of
the circumferential stress was significantly different. Although the circumferential stress of
the frozen wall changed in an approximately parabolic shape under both conditions, the
maximum value of the circumferential stress appeared at r = 1.5 in the elastic limit state
and at r = 2.0 in the plastic limit state.
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The relationship between the bearing capacity of the frozen wall and the radius of
the plastic zone was determined through calculations, and the results are illustrated in
Figure 11. The results show that when the frozen wall entered the plastic state, its bearing
capacity increased with the increase in the radius of the plastic zone, but the growth rate
decreased gradually. Therefore, the larger the radius of the plastic zone was, the greater the
damage risk of the frozen wall. The calculation results varied according to yield criteria, and
the calculation results based on the Mohr–Coulomb and Druker–Prager criteria were mostly
similar; the calculation results based on the twin shear strength criterion was the largest.
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The most common manifestation of frost heave in the freezing of a shaft is the displace-
ment of the inner and outer edges of the frozen wall. The displacements of the inner and
outer edges of the frozen wall in this study were calculated at different depths, as shown
in Figure 12. As the depth increased, the external load of the frozen wall increased, and
the displacement of the outer and inner edges of the frozen wall also increased. The lower
the average temperature was, the greater the bearing capacity of the frozen wall; thus, the
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lower the average temperature was, the smaller the displacement of the frozen wall. The
displacement of the outer edge of the frozen wall was always greater than that of the inner
edge, which changed with temperature significantly more than that of the outer edge.
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When the average temperature was −20 ◦C, the relationship between the inner edge
displacement and the radius of the plastic zone calculated based on different strength
criteria was obtained, as illustrated in Figure 13. The results show that the displacement
of increased rapidly with the increase in the radius of the plastic zone. When the relative
radius r of the plastic zone reached 1.8, the calculated displacement results based on the
twin shear strength criterion, Tresca strength criterion, Mohr–Coulomb strength criterion,
and Druker–Prager strength criterion were 134.5, 118.2, 98.6, and 98.0 cm, respectively,
which all exceed the allowable displacement range of the frozen wall. When a part of the
frozen wall entered the plastic state, the displacement of the whole frozen wall increased
considerably. Therefore, the bearing capacity of the frozen wall should be improved by
increasing the thickness of the frozen wall or reducing the average temperature of the
frozen wall, which would minimize the chances of the frozen wall entering the plastic state.
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The results obtained using the heterogeneous frozen wall displacement formula de-
rived in this paper, considering frost heave characteristics, were compared with the results
of the frozen wall displacement formula without considering frost heave (converted from
Ref. [20]). Figures 14 and 15 illustrate the comparison. The results show that the displace-
ment mainly comprised two parts: the displacement generated by the frozen wall in the
elastic or elastic–plastic state under the action of external load, and the displacement caused
by soil frost heave. When the frost heave property was not considered, the calculated dis-
placement of the frozen wall was smaller. Further analysis showed that the displacement of
the inner and outer edges of the frozen wall due to frost heave remained unchanged when
the buried depth was 100–300 m. In the depth range of 500–600 m, the frozen wall entered
the elastoplastic state, and the displacement of the inner edge of the frozen wall caused by
frost heave increased with the increase in the plastic zone. Meanwhile, the displacement
of the outer edge caused by frost heave decreased with the increase in the plastic zone.
A comparison of the displacements of the inner and outer edges showed that the total
displacement of the outer edge of the frozen wall was greater than that of the inner edge at
the same burial depth. Moreover, the displacement of frost heave on the outer edge was
greater than that on the inner edge.
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5. Conclusions

1. When the non-uniform characteristics were considered, the radial stress varied lin-
early with the relative radius r, and the circumferential stress of the frozen wall varied
approximately in a parabolic shape. In this case, under the elastic limit state, the maxi-
mum value of the circumferential stress of the frozen wall appeared at r = 1.5. In the
elastoplastic state, the maximum circumferential stress appeared at the elastoplastic
junction. In the plastic limit state, the maximum circumferential stress appeared at
r = 2.0;

2. The displacement of the outer and inner edges of the frozen wall increased with the
increase in formation depth; the lower the average temperature of the frozen wall was,
the smaller the displacement value. The displacement of the outer edge of the frozen
wall was always greater than that of the inner edge, but the influence of temperature
on the inner edge was greater than that of the outer edge;

3. When the frozen wall was in the elastic state, the displacement caused by frost heave
was constant. However, when the frozen wall entered the elastic–plastic state, the
displacement of the inner edge of the frozen wall caused by frost heave increased
with the increase in the plastic zone, and the displacement of the outer edge of the
frozen wall caused by frost heave decreased with the increase in the plastic zone;

4. When the frozen wall entered the plastic state, its bearing capacity increased with
the increase in the radius of the plastic zone, but the growth rate decreased gradually.
When a part of the frozen wall entered the plastic state, the displacement of the whole
frozen wall increased considerably. Therefore, to improve the stability of the frozen
wall, its bearing capacity should be enhanced by increasing its thickness or decreasing
its average temperature, which would prevent the plastic state of the frozen wall.
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