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Abstract: Off-axis parabolic mirrors have extensive applications in X-ray optics, with the precision
of their curvature directly impacting grazing-incidence focusing performance. Notably, the off-
axis parabolic surface has non-rotating and non-symmetrical characteristics. Ultra-precision raster
grinding utilizing a diamond wheel is a common method. Crucially, establishing an optimal wheel
path stands as the key to ensuring surface accuracy during off-axis paraboloid grinding. In this study,
according to the double curvature property of an off-axis parabolic surface, two different wheel paths
were compared: one tracing the meridian direction (parabolic generatrix) and the other following
the arc vector direction (arc). The results showed that the wheel path in raster grinding stepping
along the arc vector direction can obtain a smaller scallop height and higher surface accuracy. The
surface accuracy of one step along the arc vector direction is 9.6 µm, and that of the other step along
the meridian direction is 32.6 µm. A model of the scallop height was established based on the relative
relationship between adjacent wheel paths, and the error is within 5%. According to the correlation
between scallop height and shape error, we conducted an analysis of the spatial distribution of shape
errors under varying wheel paths. The wheel path that steps along the arc vector is more suitable for
raster grinding of the off-axis paraboloid. The above study can provide theoretical guidance for the
wheel path planning of off-axis parabolic mirrors with high surface accuracy.

Keywords: X-ray optics; off-axis parabolic; raster grinding; scallop height; surface accuracy

1. Introduction

With the rapid development of X-ray optics, off-axis parabolic surfaces have been
widely used in grazing-incidence optical systems, such as X-ray telescopes [1–3] and
synchrotron radiation mirrors [4,5]. Monocrystalline silicon is regarded as an ideal material
for X-ray mirrors with its excellent mechanical and thermal properties. However, it is
difficult to machine due to its high hardness and brittleness [6–8]. Diamond turning, fly-
cutting, and milling are the primary manufacturing technologies for generating free-form
surfaces. But they are not sufficiently effective in machining free-form optics on hard and
brittle materials [9]. Ultra-precision grinding has been demonstrated to have outstanding
capability in machining difficult-to-cut materials [10]. To obtain better imaging quality
of the mirror, it is particularly important to ensure the surface accuracy of the off-axis
parabolic surface in grinding processing [11,12]. The wheel path is an important factor
affecting the accuracy of the grinding surface shape. Selecting the appropriate wheel path
planning methods can result in higher surface shape accuracy [13,14]. Therefore, this
paper studies the wheel path planning methods in the off-axis paraboloid grinding of
monocrystalline silicon.

Some scholars have conducted research on the curved surface grinding of hard and
brittle materials. Yin et al. [15] presented a theoretical and experimental investigation on
3D surface generation in single-point diamond tuning using a slow tool servo. The form
0error of the off-axis paraboloid caused by a tool centering error was analyzed and verified

Appl. Sci. 2023, 13, 11096. https://doi.org/10.3390/app131911096 https://www.mdpi.com/journal/applsci

https://doi.org/10.3390/app131911096
https://doi.org/10.3390/app131911096
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://doi.org/10.3390/app131911096
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app131911096?type=check_update&version=1


Appl. Sci. 2023, 13, 11096 2 of 18

via a cutting experiment. Wang et al. [16] used the freeform generation technique of a
slow tool servo with a diamond grinding wheel (STS-DGW) previously proposed by us to
manufacture free-form optics made of hard and brittle materials, established a theoretical
model of the scallop height during biconical free-form grinding, and studied the effects of
curvature changes on scallop height. Chen et al. [17] carried out grinding of a monocrystal
silicon rotary aspheric surface in parallel and cross paths, and analyzed the influence of
grinding wheel machining attitude and different wear states of the grinding wheel on
the surface quality and surface shape accuracy of the machined surface in two modes.
Wang et al. [18] studied the ultra-precision grinding of non-rotating asymmetric biconical
free-form optics with a raster grinding path. Surface roughness down to Ra 8.4 nm was
successfully achieved on the monocrystalline silicon biconical free-form optics surface via
ultra-precision grinding with a vertical raster grinding path.

To improve grinding accuracy and processing efficiency, many scholars have optimized
and analyzed the wheel path based on the principle of scallop height generation. In
the ultra-precision and high-efficiency grinding of large-diameter aspheric lenses, Zhou
et al. [19] optimized and adjusted the raster step pitch under the premise of controlling the
surface waviness after grinding, which improved the material removal efficiency in complex
surface grinding. Radzevich et al. [20] studied the wheel-path generation method for the
multi-axis NC machining of sculptured surfaces, proposed a time-minimal wheel-path,
and discussed local and global wheel-path generation, eliminating the influence of scallop
height on machining accuracy. Xi et al. [21] proposed a nonuniform rational basis spline
(NURBS) interpolation method based on grinding wheel path planning. The characteristic
parameters of the NURBS machining program were used to calculate the accuracy of curve
interpolation path planning, and the grinding wheel path control points were optimized
to effectively improve the grinding accuracy and efficiency. Huang et al. [22] reduced the
influence of the geometric error of a grinding wheel on the accuracy of the aspheric profile
by setting the initial grinding cycle. A new compensation approach was also developed to
achieve wheel path optimization by modifying the NC wheel path for the next grinding
cycle, with the grinding profile measured using a Talysurf profiler. Chen et al. [23] built a
theoretical scallop height model, and proposed a method to control the generation of an
equal-scallop-height wheel path, which led to the uniform distribution of the scallop height
of the freeform surface.

The scallop height has an important influence on the surface roughness and surface
morphology after surface grinding. Therefore, Deng et al. [24] studied a mathematical
model of the scallop height in rotary surface grinding. According to the corresponding
relationship between the scallop height and the surface roughness, combined with the
microscopic observation of the surface morphology, the influence of process parameters on
the surface roughness and surface morphology upon precision grinding of a silicon nitride
ceramic rotary surface workpiece was described. Wang et al. [18] carried out ultra-precision
grinding of non-rotational asymmetric biconical free-form optical elements using different
raster wheel paths. The effects of grinding strategy, wheel path, and scallop height on the
grinding contour accuracy and surface quality of biconical free-form optical devices were
discussed. Yan et al. [8] proposed a new method to calculate the surface scallop height of
nano-ziro2 ceramics during ultra-precision grinding. This method can obtain a surface
scallop height that conforms to the three-dimensional roughness sampling characteristics,
and realize the prediction of the three-dimensional roughness following ultra-precision
grinding. Yu et al. [25] proposed a multi-scale model that uses different wheel paths for
grinding and predicts the surface topography of micro-aspheric-cylindrical structural array
(MACSA) mold ground.

In summary, the method of controlling the wheel path to complete the entire process
of free-form surface processing is widely used. And the grinding process of the off-axis
parabolic surface of monocrystalline silicon can be planned and optimized based on the
principle of scallop height generation. The off-axis parabolic surface is a non-rotating
asymmetric surface, and is more suitable for raster path grinding. And the off-axis parabolic
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surface has the geometric characteristics of double curvature (the curvature in the meridian
direction is different from that in the arc vector direction), and a raster path that can be
divided into two wheel paths: stepping along the meridian direction and stepping along
the arc vector direction [26]. There are few studies on the influence of different wheel paths
on the surface shape error of a workpiece.

Therefore, two different wheel paths of off-axis paraboloid grinding are compared in
this paper. The scallop height, surface roughness, and surface shape error distribution of
the machined surface are measured. Based on the scallop height model and the mapping
relationship between the scallop height and the surface shape error, the calculation of the
scallop height value and the analysis of the distribution of the surface error are realized.
The influence of different raster paths on the scallop height and shape error is explained,
and the wheel path suitable for off-axis paraboloid grinding is optimized.

2. Materials and Research Methods
2.1. Experimental Details

The off-axis paraboloid is a part of the rotationally symmetric paraboloid, which is
a parabola along the meridian direction and an arc in the vertical meridian direction. In
essence, it belongs to the quadric rotational aspheric surface. The general expression of the
quadric rotational surface in the optical system is as follows [27]:

x =
c
(
z2 + y2)

1 +
√

1− c2(k + 1)(z2 + y2)
(1)

c is the vertex curvature of the aspheric surface; k is an aspherical eccentricity function
(parabola k = −1).

In this test, the off-axis parabolic equation (Equation (2)) to be processed was selected,
as shown in Figure 1: 

x = 0.286
(
z2 + y2)/2

5688 ≤ x ≤ 5770
−25 ≤ y ≤ 25

(2)
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Figure 1. Schematic of off-axis parabolic surface.

The method of controlling the wheel path to complete the entire free-form surface
processing is widely used. The concept of the locus shaping technique comes from turning
processing [28]. The tool tip moves along the generatrix of the rotary workpiece. At the
same time, the workpiece rotates around the spindle. The shape of the workpiece is realized
by the tool tip depicting the dense path curve on the workpiece. There are two raster paths
in the ultra-precision grinding of the off-axis parabolic surface: one is to step along the
meridian direction, and the other is to step along the arc vector direction [29,30]. as shown
in Figure 2. Firstly, rough grinding was carried out to realize the rapid removal of materials,
and then, finish grinding was carried out to ensure the surface accuracy of the machined
surface. The size of the workpiece used was 80 mm in length, 50 mm in width, and 50 mm
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in thickness. The grinding wheel was a diamond cup wheel. The inner surface of the
off-axis parabolic surface was a concave surface. To avoid machining interference, the
wheel was tilted at a certain angle during the grinding process, so that the position of
the tool contact point was located on the end face boundary contour of the wheel [31].
The experimental machine was a five-axis milling vertical machining center (KMC600S
UMT, KEDE Numerical Control Co., Ltd., Shanghai, China). The control resolution of the
X-axis/Y-axis/Z-axis was 0.0001 mm, and the C-axis was 0.0001◦. The positioning accuracy
of the X-axis/Y-axis was 0.008 mm/0.005 mm, and the repeated positioning accuracy of the
X-axis/Y-axis was 0.005 mm/0.003 mm. The processing parameters are shown in Table 1.
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Table 1. Grinding process parameters.

Parameters Rough Finish

Mesh number #200 #500
Wheel rotation n (r/min) 8000 8000

Feed rate v (mm/min) 500 300
Wheel diameter D (mm) 15 15
Wheel inclination α (◦) 20 20

Step pitch l (mm) 4 0.5

2.2. Detection Method

The existence of the wheel step made it inevitable that there would be an unprocessed
area between the adjacent wheel paths, and the scallop height had an effect on the surface
accuracy of the machined surface. Therefore, the scallop height profile and surface shape
after the test were detected. Because of the larger amount of step in the rough grinding, the
scallop height as larger. This was more convenient for the detection of scallop height.

Contact profilometry (Talysurf CLI2000, Taylor Hobson Ltd., Leicester, UK) was used
to detect the selected position of the surface after rough grinding (two center lines of the
off-axis parabolic surface), as shown in Figure 3. The probe detects the wavy contour of
the surface along the step direction, and measures the distance from the adjacent peak to
the trough of the scallop height contour in the vertical direction, that is, the true scallop
height value [32]. An optical interference profiler (NewView 9000, ZYGO Corporation, CT,
Middlefield, USA) was used to detect the surface topography and measure the roughness
of the off-axis parabolic surface after rough grinding and finish grinding. The surface
accuracy of the machined surface was guaranteed via finish grinding, so the off-axis
parabolic surface after finishing was detected. A three-coordinate measuring machine
(PRISMO, ZEISS, Berlin, Germany) was used to realize the contact measurement of the
surface accuracy [33,34]. By controlling the probe to scan the entire machining surface, the
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three-dimensional coordinate point cloud data of the actual machining surface was obtained.
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3. Result
3.1. Scallop Height

The scallop height profile of the off-axis parabolic surface after rough grinding was
measured, as shown in Figure 4. The measured value of the scallop height along the
meridian direction is about 0.0964 mm, and the measured value of the scallop height along
the arc vector direction is about 0.0933 mm. It was found that the scallop height of the
raster path along the arc vector direction is smaller than that of the raster path along the
meridian direction.

3.2. Surface Roughness

The average surface roughness (Ra) of the off-axis parabolic surface after rough grind-
ing and finish grinding was detected, as shown in Figure 5. After rough grinding, the
surface roughness following step machining along the meridian direction is 1.234 µm, and
the surface roughness following step machining along the arc vector direction is 1.661 µm.
After finishing, the surface roughness following step machining along the meridian direc-
tion is 0.550 µm, and the surface roughness following step machining along the arc vector
direction is 0.475 µm. For both rough grinding and finish grinding, there are large peaks on
both sides of the wheel path.



Appl. Sci. 2023, 13, 11096 6 of 18

Appl. Sci. 2023, 13, x FOR PEER REVIEW 6 of 21 
 

meridian direction is about 0.0964 mm, and the measured value of the scallop height along 
the arc vector direction is about 0.0933 mm. It was found that the scallop height of the 
raster path along the arc vector direction is smaller than that of the raster path along the 
meridian direction. 

 
Figure 4. The actual contour of scallop height: (a) step along the meridian direction; (b) step along 
the arc vector direction. 

3.2. Surface Roughness 
The average surface roughness (Ra) of the off-axis parabolic surface after rough 

grinding and finish grinding was detected, as shown in Figure 5. After rough grinding, 
the surface roughness following step machining along the meridian direction is 1.234 µm, 
and the surface roughness following step machining along the arc vector direction is 1.661 
µm. After finishing, the surface roughness following step machining along the meridian 
direction is 0.550 µm, and the surface roughness following step machining along the arc 
vector direction is 0.475 µm. For both rough grinding and finish grinding, there are large 
peaks on both sides of the wheel path. 

Figure 4. The actual contour of scallop height: (a) step along the meridian direction; (b) step along
the arc vector direction.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 7 of 21 
 

  

  

  

Figure 5. Surface roughness after grinding: (a) rough grinding surface morphology: step along the 
meridian direction; (b) rough grinding surface morphology: step along the arc vector direction; (c) 
finish grinding surface morphology: step along the meridian direction; (d) finish grinding surface 
morphology: step along the meridian direction. 

3.3. Surface Shape Error 
The surface shape of the off-axis parabolic surface after finish grinding was measured 

using a three-coordinate measuring machine. The results are shown in Figure 6. There is 
an error between the measured surface shape and the theoretical profile surface shape, 
and it is found that as the x value increases, the measured surface shape changes from 
above the theoretical profile to below the theoretical profile, and the surface shape is dif-
ferent. 

  

Figure 5. Surface roughness after grinding: (a) rough grinding surface morphology: step along
the meridian direction; (b) rough grinding surface morphology: step along the arc vector direction;
(c) finish grinding surface morphology: step along the meridian direction; (d) finish grinding surface
morphology: step along the meridian direction.
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3.3. Surface Shape Error

The surface shape of the off-axis parabolic surface after finish grinding was measured
using a three-coordinate measuring machine. The results are shown in Figure 6. There is
an error between the measured surface shape and the theoretical profile surface shape, and
it is found that as the x value increases, the measured surface shape changes from above
the theoretical profile to below the theoretical profile, and the surface shape is different.
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4. Discussion

According to the results of the grinding test, it is found that the scallop height value
and the surface error distribution on the off-axis parabolic surface after the grinding of the
two raster paths are different. To study the influence of the two paths on the scallop height
and the surface error distribution, in this paper, a scallop height model and a prediction
model of the surface error distribution were established.

4.1. Modeling Scallop Height of Off-Axis Parabolic Surface

The influences of the selection of wheel path and of process parameters such as
grinding wheel radius, processing step pitch, and workpiece curvature on the scallop
height are also greater. Therefore, it was of great significance to build a scallop height
model and analyze the influence of wheel path and process parameters on the scallop
height in off-axis paraboloid grinding.

When stepping along the arc vector direction, the radius of curvature at each point of
the workpiece on the stepping arc is equal, so the radius of curvature of the cutter contacts
points and the radius of curvature of the small arc segment between the adjacent cutter
contacts are both R along the wheel path direction.

When stepping along the meridian direction, it is assumed that the coordinates of the
cutter contact points corresponding to the adjacent grinding wheel paths are P1(x1, y1) and
P2(x2, y2), respectively. Because the radius of curvature of each point on the parabola is not
equal, the radius of curvature of the two cutter contacts points and the small arc between
the two points on the parabola are not equal. However, in the grinding process, the step
pitch between the adjacent grinding wheel path is usually very small. In the step direction,
the curvature radius of the bottom point of the scallop height is close to that of the wheel
contact point (R1 ≈ R). To simplify the calculation, the radius of curvature R of the current
wheel contact is used to replace the radius of curvature of the bottom point of the scallop
height. On this basis, a generalized model of the scallop height of the two wheel paths
was established.

Figure 7 shows the calculation of the scallop height of the two adjacent wheel paths in
the aspheric grinding. P1 and P2 are the two adjacent grinding points on the work surface,
R is the radius of curvature of the bottom point of the scallop height on the workpiece,
O is the center of the curvature radius of the workpiece, r is the wheel radius, D1 is the
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wheel center, D2 is the center of the wheel after the workpiece has gone around once, and
l is the adjacent wheel center distance. The blue solid circle is the position of the wheel
during current grinding, and the blue dotted line is the position of the wheel in the previous
grinding path.

The expression of the scallop height h is calculated as follows:

h = R−OE− EF (3)

According to the Pythagorean theorem,

OE = (R− r) cos(l/2R) (4)

EF =

√
r2 − (R− r)2 sin2(l/2R) (5)

To bring Equations (4) and (5) into Equation (3), the following equation can be used:

h = R−
√

r2 − (R− r)2 sin2(l/2R)− (R− r) cos(l/2R) (6)

Based on the scallop height value calculated by the scallop height model and combined
with the wheel attitude (fixed angle α in the feed direction of the wheel), the value H of the
scallop height in the vertical direction when the wheel is tilted can be obtained.

H = h sin α = [R−
√

r2 − (R− r)2 sin2(l/2R)− (R− r) cos(l/2R)] sin α (7)

According to the established scallop height model, it can be seen that the workpiece
curvature, grinding wheel radius, and step pitch all affect the scallop height. Therefore,
combined with the scallop height model, they provide a theoretical basis for the selection
of wheel path and the determination of process parameters.
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4.2. Analysis of the Factors Affecting the Scallop Height of the Grinding Surface
4.2.1. Effect of Grinding Wheel Radius on Scallop Height

The scallop height h is a function of the wheel radius r, and the partial derivative of
the wheel radius r occurs on both sides of Equation (6):
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∂h
∂r

= − 2r + 2 sin2(l/2R)(R− r)√
r2 − (R− r)2 sin2(l/2R)

+ cos(l/2R) (8)

According to Equation (8):
∂h
∂r

< 0 (9)

The scallop height h is negatively correlated with the radius r of the grinding wheel.
Simulation calculation is shown in Figure 8. It can be seen that the larger the grinding
wheel radius r, the smaller the scallop height.

In the grinding process, to obtain a lower scallop height, a larger grinding wheel radius
should be selected as far as possible for processing. To avoid local interference, Equation
(10)’s condition should be satisfied. The increase in the radius of the grinding wheel
gradually reduces the effect of reducing the scallop height and increases the manufacturing
cost, the shape accuracy of the grinding wheel is more difficult to guarantee, and the
wheeling requirements are higher.

r ≤ Rmin (10)
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Figure 8. Effect of grinding wheel radius r on scallop height.

4.2.2. Effect of Step Pitch on Scallop Height

The scallop height h is a function of the step pitch l, and the partial derivative of the
step pitch l occurs on both sides of Equation (6):

∂h
∂l

=
(R− r)2 sin(l/2R) cos(l/2R)

R
√

r2 − (R− r)2 sin2(l/2R)
+

(R− r)
2R

sin(l/2R) (11)

According to Equation (11):
∂h
∂l

> 0 (12)

The scallop height h is positively correlated with the step pitch l. The simulation
calculation is shown in Figure 9. It can be seen that the larger the step pitch, the greater the
scallop height. Therefore, in the grinding process, to obtain a lower scallop height, a smaller
step pitch should be selected as far as possible when the processing efficiency allows.
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4.2.3. Effect of Workpiece Curvature Radius on Scallop Height

The scallop height h is a function of the workpiece curvature R, and the partial
derivative of the workpiece curvature R occurs on both sides of Equation (6):

∂h
∂R

=
l2(R− r)

2R2 (1− R− r
R

) (13)

According to Equation (13):
∂h
∂R

> 0 (14)

The scallop height h is positively correlated with the workpiece curvature R. The
simulation calculation is shown in Figure 10. It can be seen that the greater the curvature R
of the workpiece, the greater the scallop height. The dashed line is the asymptote. Therefore,
in the grinding process, to obtain a lower scallop height, the processing step is selected in
the direction of the small radius of curvature of the workpiece.
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The characteristics of the parabolic surface are that the curvature in the meridian
direction is different from that in the arc vector direction. The radius R1 of curvature in the
meridian direction can be described by the following equation on the parabolic generatrix.
The radius R2 of curvature in the arc vector direction is the same as the off-axis amount of
the point.
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The parabolic generatrix (XOZ plane):

z2 =
2
c
· x (15)

The radius of curvature in the meridian direction R1:

R1 =

∣∣∣∣∣∣∣∣
[
1 + (z′)2

] 3
2

z′′

∣∣∣∣∣∣∣∣ =
√

c4z6 + 3c2z4 + 3z2 +
1
c2 (16)

The radius of curvature in the arc vector direction R2:

R2 = |z| (17)

Comparing the radius of curvature in the meridian direction and the arc vector direc-
tion of the off-axis parabolic surface yields the following:

R1

R2
=

√
c4z4 + 3c2z2 + 3 +

1
c2z2 > 1 (18)

The radius of curvature of the same point in the off-axis parabolic surface in the
meridian direction is always greater than the radius of curvature in the arc vector direction.

According to the scallop height model, the scallop height at the two center lines
of the off-axis parabolic surface was calculated. The calculated results were compared
with the experimental results, as shown in Figure 11. The measured scallop height along
the meridian direction is about 0.0964 mm, and the theoretical scallop height is about
0.0928 mm. The measured scallop height along the arc vector direction is about 0.0933 mm,
and the theoretical scallop height is about 0.0892 mm. The error between the simulation
value and the actual value is less than 5%. The accuracy of the scallop height model
is verified.

Combined with Equation (18), the curvature radius of the off-axis parabola in the
meridian direction is always greater than that in the arc vector direction, and combined
with Equation (14), it can be seen that the larger the curvature radius of the workpiece,
the larger the scallop height. Therefore, the scallop height of the raster path along the arc
vector direction is smaller than that of the raster path along the meridian direction.
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4.3. The Correlation between Scallop Height and Surface Roughness

The surface defects and scallop height of optical elements would cause the sagittal
height of the optical surface to deviate from the theoretical shape of the optical design. These
deviations are reflected in the different spatial frequencies in spatial distribution. Scholars
divide the frequency band error into three parts: the Figure, Mid-Spatial Frequency (MSF),
and High Spatial Frequency (HSF) [25,35]. The scallop height is defined as the unremoved
area between adjacent grinding wheel paths. Because the wheel path is periodic, the
scallop height usually shows a periodic waviness error, which belongs to the category of
Mid-Spatial Frequency errors. Surface roughness is the unevenness of small peaks and
valleys in the microscopic area of the workpiece surface, which belongs to the category of
High Spatial Frequency errors [36,37]. Therefore, the scallop height and surface roughness
belong to two different spatial frequency errors of the grinding surface of optical parts, and
there is no direct relationship between them.

4.4. The Correlation between Scallop Height and Surface Shape Error

The unremoved area of the scallop height affects the accuracy of the grinding sur-face.
The larger the scallop height, the larger the surface error. Figure 12 shows the spatial
correspondence between the scallop height and the surface shape error, the yellow line
represents the projection of the line connecting the scallop height vertex and the bottom
point on the XOZ plane and the YOZ plane respectively, thus forming the angle α and
β with the coordinate axis, and the black dashed line represents the line parallel to the
coordinate axis. The surface shape error is the difference between the actual profile and
the theoretical profile in the vertical direction in a cross-section of the parallel stepping
direction. The surface error values of each point on the entire off-axis parabolic surface are
different. Therefore, in order to express the surface accuracy of the entire off-axis parabolic
sur-face, the surface error values of each point are integrated to obtain the distribution law
of the surface error of the off-axis parabolic surface.
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The solution process of the surface shape error stepping along the meridian direction:
When stepping along the meridian direction, the feed direction is in the arc vector

direction, and the same wheel path is on the arc with the same radius of curvature, so the
scallop height is equal in the feed direction. After determining the coordinates of the wheel
contact point (xc, yc, zc), the radius of curvature R of the point in the stepping direction can
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be obtained. By substituting the built scallop height model, the scallop height value h can
be solved.

The step pitch between adjacent grinding wheel paths is very small, so the curvature
of the curve changes little. It is considered that the distance between the wheel contact
point and the bottom point of the generated scallop height is l/2, and the xd coordinate
value of the bottom point of the scallop height generated by the wheel path is obtained:

∫ xd

xc

√
1 + (

∂A(x, z)
∂x

)
2
dx = l/2 (19)

Through the bottom point x coordinate of the scallop height, the normal vector slope
K of the point on the meridian step direction curve is solved:

K = − ∂x
∂A(x, z)

(20)

The inclination angle β of the normal vector is solved by the slope of the normal vector:

β = arctanK (21)

The x coordinate of the top point of the scallop height generated by the wheel contact is:

xt = xd + H cos β (22)

The grinding wheel is continuously fed. Therefore, it is considered that the y coordinate
of the scallop height’s bottom point generated by the wheel path is continuous in the Y
direction of the surface, and its relationship with the y coordinate of the scallop height
vertex is:

yt = yd − h cos α (23)

The solution of the z coordinate of the top point of the scallop height is:

zt = zd + h sin α (24)

The solution process of the surface shape error stepping along the arc vector direction:
When stepping along the arc vector direction, the stepping direction is in the arc vector

direction, so the scallop height values formed between the adjacent guide rails are equal on
the arc with the same radius of curvature. After determining the coordinates of the wheel
contact point (xc, yc, zc), the radius of curvature R of the arc on which the point is located
can be obtained, and the scallop height value h generated between the wheel paths can
be determined.

The distance between the bottom point of the scallop height generated along the
sagittal direction and the wheel contact point is l/2, and the yd coordinate value of the
bottom point of the scallop height generated by the wheel path is obtained:

∫ yd

yc

√
1 + (

∂B(y, z)
∂y

)
2
dy = l/2 (25)

Through the bottom point y coordinate of the scallop height, the normal vector slope
K of the point on the meridian step direction curve is solved:

K = − ∂y
∂B(y, z)

(26)

The solution of the inclination angle of the normal vector is shown in Equation (21),
the y coordinate of the top point of the scallop height generated by the wheel contact is:
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yt = yd + H cos β (27)

The grinding wheel is continuously fed. Therefore, it is considered that the x coordinate
of the scallop height’s bottom point generated by the wheel path is continuous in the X
direction of the surface, and its relationship with the x coordinate of the scallop height
vertex is:

xt = xd + h cos α (28)

The solution of the scallop height vertex z coordinate zt is shown in Equation (24).
The calculation of the scallop height vertex coordinates generated by the two paths is

completed by Equations (19) to (28), and the obtained coordinates are substituted into the
theoretical surface equation (Equation (2)). The theoretical z coordinates can be obtained
from the following formula.

z = F(xt, yt) (29)

The solution of the surface shape error:

σ = zt − z (30)

Through the above formula, the simulation of the calculated distribution law of the off-
axis parabolic surface error was realized and compared with the experimental measurement
results. As shown in Figures 13 and 14, it is found that the distribution law of the surface
error obtained by the simulation calculation is consistent with the distribution law of the
surface error obtained in the experiment, which proves the correctness of the model.
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The scallop height distribution along the meridian direction is shown in Figure 15. The
blue part represents the scallop height, and the red points represent the vertex and bottom
point of the scallop height. The difference between the scallop height and the theoretical
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surface in the vertical direction is the surface shape error value, which is represented by
the black line in Figure 15.
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In the XOZ plane, the surface shape error can be approximated as follows:

σ = H(x)/ sin β(x) (31)

The calculation of the variation of the surface error with x:

∂σ

∂x
= (H′(x) sin β(x)− H cos β(x)β′(x))/ sin2 β(x) (32)

In the off-axis parabolic with a large off-axis amount, the scallop height changes very
little with x, H’ ≈ 0, and β is positively correlated with x:

∂σ

∂x
< 0 (33)

Therefore, in the meridian direction, with the increase in the x value, the surface shape
error gradually decreases.

In the YOZ plane, the feed path is an arc, and the wheel maintains a fixed angle. The
distance I2 between the scallop height and the tool contact point in the vertical direction
remains unchanged. As the y value increases on the arc, I1 decreases in the −Y direction
and increases in the +Y direction. The calculation of the surface error value is as follows:{

σ = I2 − I1 y < 0
σ = I2 + I1 y ≥ 0

(34)

Therefore, the surface error gradually increases as the y value increases. The scallop
height distribution along the arc vector direction is shown in Figure 16. The blue part
represents the scallop height, the red points represent the vertex and bottom point of the
scallop height, and the surface error is represented by black lines. In the YOZ plane, the
surface shape error can be approximated as follows:

σ = H(y)/ sin β(y) (35)
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Figure 16. Diagram of the spatial distribution of the scallop height stepping along the arc vector
direction: (a) YOZ plane; (b) XOZ plane.

When stepping on the same arc, the curvature radius of the workpiece is equal, so
the scallop height H(y) is equal, and β increases first, and then, decreases. Therefore, the
surface error value decreases first, and then, increases in the arc vector direction, and is
symmetrically distributed on both sides of y = 0.

In the XOZ plane, the feed path is a parabola, and the calculation of the surface error
is as follows. As x increases, the scallop height gradually increases, but the increase is very
small, as shown in Figure 10, the wheel maintains a fixed angle, so the distance between
the scallop height and the tool contact in the vertical direction I2 increases very little. I1
decreases with the increase in the x value, and the decrease is much larger than the increase
in scallop height, so the surface error decreases with the increase in the x value.

σ = I2 + I1 (36)

4.5. Future Prospects

Combined with the current research status and actual research results, the authors
of this paper believe that in terms of the factors causing surface shape errors, scallop
height, grinding wheel wear, and positioning accuracy will produce surface shape errors.
This paper only studies the influence of scallop height on surface shape accuracy, and the
remaining factors need to be further studied. In terms of measures to improve surface
accuracy, wheel path planning, grinding wheel dressing, and the in-situ compensation of
machined surface are effective means to improve surface accuracy, which will be the focus
of future research.

5. Conclusions

According to the geometric characteristics of off-axis parabolic double curvature,
two wheel paths were conducted for raster grinding; one was designed to step along the
meridian direction, and the other was designed to step along the arc vector direction. A
scallop height model and surface error simulation were established to study the influence
of different paths on the surface accuracy of the off-axis parabolic surface.

(1) The scallop height model error was within 5%. It was proven that the model was rea-
sonable and accurate in predicting the scallop height of the off-axis parabolic surface.

(2) Upon comparing the scallop height generated by the different raster paths, it was
found that the wheel path in raster grinding stepping along the arc vector direction
could obtain a smaller scallop height.
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(3) Based on the correlation between the scallop height and surface shape error, simulation
of the surface shape error distribution was carried out. The simulation results were
consistent with the experimental results, which proves the correctness of the simulation.

(4) According to the simulation and experimental results of the surface shape error
distribution, it was found that the surface error generated by the step along the arc
vector direction was less than that of the raster processing along the meridian direction.
In the actual grinding process of an off-axis parabolic surface, the wheel path along
the arc vector step is preferred for raster grinding.
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