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Abstract: Most granular flow in nature and industrial processing has the property of polydispersity,
whereas we are always restricted to using the monodisperse drag force model in simulations since
the drag force model with polydispersity is difficult to establish. Ignoring polydispersity often results
in obvious deviations between simulation and experimental outcomes. Generally, it is very hard for
us to describe the characteristics of polydispersity in drag force by using a function with analytic
expression. Recently, the artificial neural network (ANN) model provides us the advantages of
estimating these kinds of outcomes with better accuracy. In this work, the ANN is adopted to model
the drag force in polydisperse granular flows. In order to construct a reasonable ANN algorithm for
modeling the polydisperse drag force, the structures of ANN are elaborately designed. As training
for the ANN drag model, a direct numerical simulation method is proposed, based on the lattice
Boltzmann method (LBM), to generate the training data, and an adaptive data filtering algorithm,
termed as the optimal contribution rate algorithm (OCRA), is introduced to effectively improve the
training efficiency and avoid the over-fitting problems. The results support that the polydispersity
of the system can be well scaled by the ANN drag model in a relatively wide range of particle
concentrations, and the predicted results coincide well with the experimental ones. Moreover, the
ANN drag model is not only effective for polydisperse systems, but compatible with monodisperse
systems, which is impossible using traditional drag models.

Keywords: polydisperse; drag model; granular flows; artificial neural network; machine learning

1. Introduction

Most granular flows encountered in daily life and industrial processing have polydis-
perse characteristics [1–7], for instance, drug production, coal gasification, haze control,
and sandstorm prevention [8,9]. The polydisperse gas–solid system, compared with the
monodisperse counterpart, usually contains particles with different sizes and demonstrates
heterogeneous characteristics [10–12]. Generally, the drag force of polydisperse systems,
which is very important to the discrete element method (DEM) simulations [13–17], is
substantially different from that of the monodisperse systems [18–20]. The polydispersity
has been recognized as one of the most important factors that greatly affects the fluidization
state of the granular system [21]. Accordingly, the drag force model for the monodisperse
system is no longer applicable for polydisperse systems [22,23].

In recent years, there have been many important studies on the drag force models of
polydisperse granular systems. In 2005, van der Hoef et al. [24] extended the monodisperse
drag force model of Hill et al. [25] to polydisperse granular systems by introducing a
corrected volume fraction, a diameter fraction, and the Sauter mean diameter. In 2006,
Benyahia et al. [26] extended the applicability for the Hill et al. formula [25] in a wider range
of the Reynolds number. In 2007, Beetstra et al. [27] indicated that the linear dependence
on the Reynolds number in the Ergun drag force model [28] is insufficient, and revised the
model subsequently by using the direct simulation data that were obtained by the lattice
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Boltzmann method (LBM). Subsequently, the drag model of polydisperse granular flow
with Gaussian and log-normal distribution was constructed by Sarkar et al. in 2009 [29].
However, the above models are only applicable to some high and moderate void fraction
flow systems. For low void fraction and moderate-to-high Reynolds number flow systems,
these models have not been thoroughly verified yet.

To improve the applicability of the drag force models in the polydisperse granular
systems, Holloway and Sundaresan [30] and Yin et al. [31] made further corrections based
on the work of van der Hoef et al. [24] and Beetstra et al. [27]. Compared with Yin et al.’s
work [31], Cello et al. [14] gave a more concise and unified model by using the data
from [24,31]. It has been verified that these improvements can give good predictions for
bi-disperse granular systems, but it is not confirmed that these models are applicable to
polydisperse granular systems mixed with three or more kinds of granules [15]. For more
general cases, Rong et al. considered the particle size distribution in their model, where
the data were obtained by using LBM simulations [32]. In 2019, Qin et al. [22] derived a
polydisperse energy-minimization multiscale (EMMS) drag model by dividing the systems
into three particle phases and considering each phase separately.

Although a lot of important progress has been achieved in modeling the drag force
for polydisperse granular flows, there are still some drawbacks that need to be addressed
and improved. Firstly, the samples used in building the drag models are few and mainly
derived from bi-disperse granular systems. Secondly, most drag models are only applicable
to dilute phase systems with a large void fraction. Thirdly, these polydisperse drag models
are in general not compatible with monodisperse systems. In view of these drawbacks, this
paper establishes a new drag model for polydisperse granular flows by using a supervised
machine learning approach. More samples will be used in the proposed model, so that it
can be applied to dense phase systems and be compatible with monodisperse systems.

So far, much attention has been paid to the supervised machine learning approach
in modeling the granular drag force. Jiang et al. [33] scaled the drag force applied in a
filtered two-fluid model (TFM) by using the slip velocity predicted by an artificial neural
network (ANN). Only the datasets obtained from the simulation of the bubbling fluidized
beds containing bubble-dominated meso-scale structures were employed in training the
network; therefore, the resulting model may not be suitable for flows in other regimes.
He and Tafti [34] used ANN to build the drag force model for polydisperse spherical
granules; besides a solid fraction and Reynolds number, the relative neighboring granule
locations are also considered as new inputs in the ANN to improve the predicted capability
of the model. Yet, the model’s applicable range is only in a low-intermediate Reynolds
number and low solid fraction in a polydisperse granular system. Further, Zhu et al. [35]
compared the performance of two different machine learning models, ANN and eXtreme
gradient boosting (Xgboost), in predicting the drag force between interphases in a filtered
sub-grid model (SGM). They found that the Xgboost model is more suitable for fewer
training samples, while the ANN is more suitable for adequate training samples. In 2020,
Zhang et al. [36] applied the convolutional neural network (CNN) to predict the drag
force in a filtered TFM. They found the information (e.g., Reynolds stress and solid phase
stress) from the neighboring coarse grids is of great significance in improving the accuracy.
Luo et al. [37] modeled the drag force in deep bubbling beds by using ANN with the
data obtained from the immerse boundary method. Besides the Reynolds number and
solid volume fraction, two new inputs, the velocity fluctuation and position fluctuation of
granules, were introduced to the ANN to improve the accuracy of the model. Compared to
Tang’s drag model [38], their model can give better predictions for monodisperse granular
systems. In 2022, Ashwin et al. [39] used CNN to study three types of ellipsoidal granules;
the training data are obtained from particle resolved simulations (PRSs), but the solid
fraction of the drag model is 0.1–0.3, and the applicable range of the model is limited
in bubbling fluidized beds. In 2023, Hwang et al. [40] used deep learning techniques
to study the drag force of polydisperse irregular-shaped granules in particle-laden flow;
the applicable range of the model was expanded to an intermediate Reynolds number



Appl. Sci. 2023, 13, 8086 3 of 27

incompressible flow compared to their previous work [41]. Whereas their drag model still
mainly focused on dilute polydisperse flows, the applicability in a dense monodisperse
granular flow has not been verified yet. Beyond that, there are still other works associated
with the drag force based on ANN [42–44].

The above studies took full advantage of ANN in self-learning and high compatibility
during modeling of the drag force. Compared with the classical mathematical analysis
approaches, the ANN can learn complex nonlinear relationships from the datasets sponta-
neously. It has the advantages of flexible structure, simple algorithm, self-learning ability,
and good compatibility [45]. The strong predictive capabilities of ANN in modeling the
drag force have been well demonstrated in the present studies. However, the models
given by these studies still have three imperfections. First, these polydisperse models are
applicable in the relatively dilute low-intermediate Reynolds number flow systems; they
can scarcely be adopted in a relatively dense granular system. Second, these polydisperse
drag models are hardly compatible with a monodisperse granular system since the training
samples were mainly from the direct simulations of polydisperse granular systems. Third,
the polydisperse drag model suffers from low computational efficiency and over-fitting
problems because of the huge training sample set; these studies rarely focus on the training
strategy to improve the computational efficiency and avoid over-fitting problems. So,
the primary objective of this paper is to extend the applicability of the ANN drag model
and improve its computational efficiency. The original contribution of this paper can be
drawn in three points. To start with, the drag model with wide applicability in a solid
fraction is proposed by using ANN techniques. Next, the proposed ANN drag model
is not only applicable in a polydisperse granular system, but has good prediction accu-
racy in a monodisperse granular system. Finally, a new adaptive data filtering algorithm
based on the conception of a contribution rate to improve the training efficiency and avoid
over-fitting problems is proposed, so that the redundant samples and singular samples are
automatically eliminated from the training set.

The paper is organized as follows. In Section 2, we introduce the numerical method
for generating the dataset and how to split it. In Section 3, the structure and parameters
of the ANN for the polydisperse drag model are discussed, and an efficient and accurate
algorithm that has the adaptive characteristics for training the ANN drag model is pro-
posed. Subsequently, in Section 4, the developed model is compared with the Beestra et al.
(BVK) [27], Cello et al. [21], and Holloway and Sundaresan (HS) formula [30] to demon-
strate the validity, feasibility, and practicability of the model. Finally, some concluding
remarks are given in Section 5.

2. Numerical Method for Dataset Generation
2.1. Numerical Method

LBM, as a mesoscopic method, can be considered as a numerical method indepen-
dent of continuous kinetic theory. Compared with traditional macroscopic numerical
methods, LBM has the advantages of easy coding implementation [46], good parallelism,
easily handled geometrically complicated boundaries, and accurately describing the macro-
scopic motion phenomenon between gas–solid two phases at the microscopic level [46,47].
Therefore, LBM is suitable for the polydisperse system of granular flow by considering its
computational accuracy and efficiency of large complex fluid systems.

So far, LBM is widely adopted as a solver to describe the characteristics of granular flow
in which rigid granules are immersed in the continuum Newtonian fluid. In this context,
we start with the Navier–Stokes equation, which is described by the lattice Boltzmann
equation [48] as:

fα(x + eαδt, t + δt)− fα(x, t) = − 1
τ

[
fα(x, t)− f eq

α (x, t)
]
, α = 0, 1, . . . , n− 1 (1)

where fα(x, t) is the distribution function with discrete velocity eα at a position x and a time
t, δt is the time step size, n is the total number of discrete velocities, and τ is the relaxation
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time. f eq
α is the equilibrium distribution function, which depends on the density ρ, velocity

u, and temperature T of the fluid. f eq
α [48] can be described as:

f eq
α = ωαρ

(
1 +

eα · u
c2

s
+

(eα · u)2

2c4
s
− u2

2c2
s

)
, α = 0, 1, . . . , n− 1 (2)

where ωα is the model-dependent weight coefficient, cs = RT (R is the gas constant) is the
lattice sound velocity. The fluid density ρ and velocity u can be derived as the zero-th and
first order moments of fα, respectively, as:

ρ =
n−1

∑
i=0

fα, (3)

ρu =
n−1

∑
i=0

ei fi, (4)

The fluid pressure is defined directly as p = c2
s ρ. Through the Chapman–Enskog

expansion, the Navier–Stokes equations can be obtained with the viscosity [49] given by:

υ = ρc2
s

(
τ − 1

2

)
δt. (5)

According to the definition of the Reynolds number Re = ρUL/υ, the relaxation time
τ [50] is calculated by:

τ =
UL

c2
s δtRe

+
1
2

, (6)

where U and L are the characteristic velocity and length, respectively.
To obtain the drag force of a polydisperse system of granular flow, the structure of a

polydisperse granular cluster in the flow field was randomly generated. Regarding the
boundary condition, our model was referred to the LBM model of Chen et al. [51]. The
inlet boundary condition of the fluid field was set to the constant velocity, which was
U = 0.1 m/s. At the outlet boundary, a stress-free condition was set, and the periodic
boundary conditions were applied to the other two directions. For these settings, as shown
in Figure 1, the flows horizontally from left to right with a steady state were gradually
achieved, which means the flow field reaches the equilibrium state at each moment.
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u
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Figure 1. The sketch of polydisperse system of granular flow.

Considering our previous study [23], a 300× 100× 100 grid was employed, and a
single-relaxation-time collision operator in conjunction with a D3Q19 lattice was adopted
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for the accuracy and stability of the model. In order to improve the computational efficiency
of a polydisperse system, a parallel algorithm (MPI+LBM) was used to implement the
numerical simulation in the flow field. An in-house C++ LBM solver developed by our
research group was used, and the parameters of direct numerical simulation (DNS) [52] are
listed in Table 1.

Table 1. The DNS parameters.

Parameters Value

Domain size 0.15 m× 0.15 m× 0.45 m
Grid size ∆x 0.0015 m

Time step size δt 0.0015 s
Characteristic velocity U 0.1 m/s
Characteristic length L 0.15 m

Smallest granular diameter d0 4∆x
Granular diameters d0, 2d0, 3d0, 4d0, 5d0

Percentage of different size granules 0.096, 0.221, 0.372, 0.212, 0.099
Gas density

(
kg/m3

)
1.28

Number of granules 450

Given the advantages of a simple calculation process, ease of programming, and good
prediction accuracy in particle-suspended flow, the momentum exchange method [53] is
adopted to calculate the drag force. Specifically, the drag force that acts on the solid surface
is obtained by calculating the momentum exchange on each boundary link between each
two opposing directions of the neighboring nodes as:

Fd = ∑
i 6=0

[
ei fi(x f , t)− ei fi(x f + eiδt, t)

]
, (7)

where x f , x f + eiδt are the fluid node and its neighboring solid node, respectively, and
ei = −ei.

For training the ANN, the particle Reynolds number Rep [20] is calculated by

Rep =
ρg(1− εs)

∣∣∣uslip

∣∣∣dp

µg
, (8)

where
uslip =

vg − vs

εs
, (9)

with vg is the gas instantaneous velocity in the position of an individual granule, vs is the
solid velocity; in the simulation, the solid velocity vs was set to zero. εs is the solid volume
fraction. < d > is the Sauter mean diameter [54], which is defined as:

< d >=

k
∑

i=1
ni · di

3

k
∑

i=1
ni · di

2
. (10)

The solid volume fraction [20] is the ratio of the volume of the granular cluster Vgc to
the grid volume occupied by the granular cluster Vgrid and can be represented as:

εs =
Vgc

Vgrid
, (11)

and the void fraction εg as:
εg = 1− εs. (12)
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Table 2 presents the average drag force of the granules calculated by the LBM model
when the void fraction εg = 0.5. Moreover, the scaling of the dimensionless average drag
coefficient is the drag force acting on a single granule in the flow field under Rep = 1. The
diameter of a single granule is 12∆x. After comparison, the simulation results are consistent
with the published literature [19].

Table 2. Dimensionless drag of granules calculated by 3D LBM when εg = 0.5.

Rep

<Fd> d

d0 2d0 3d0 4d0 5d0

50 7.4623 8.9217 9.8205 11.1579 15.1842
100 12.1946 13.8517 15.2701 19.0199 25.1405
150 18.3905 19.6428 21.1027 24.8102 32.1296
200 23.1627 24.3689 26.6731 28.1813 37.3127
250 25.5916 27.2172 30.7183 32.7251 41.1835
300 27.6817 29.2193 33.1578 35.1320 43.2103
400 29.5493 30.1016 35.1074 37.5618 44.1952
500 30.3746 31.1812 36.6821 38.1749 45.2736

2.2. Dataset Splitting

In the 3-dimensional (3D) LBM model, 450 granules were randomly generated per
simulation, and approximately 430 simulations were conducted. Then, 80% of the total
243,260 training data with Re = 0.01 to 1100 is obtained in the simulation. The information
for each granule after simulation will be grouped in a set

{
εs, uslip,< d >, Rep, Fd

}
. Overall,

17% of the total training data is acquired from Ref. [24] for a monodisperse system with
Re ∈ [10, 1100], and the other 3% is obtained from Ref. [25] for a monodisperse system with
Re ∈ [0.01, 10].

The dataset is composed of the samples for the monodisperse system and polydisperse
system of granules. The void fraction range of the granular system is [0.35, 0.95]. To ensure
a large diversity of shapes, 5 sizes of granules (see Table 1) are randomly distributed in
Re ∈ [0.01, 1100] and εg ∈ [0.35, 0.95], then the dataset is systematically divided into 3
subsets: 70% of samples for the training set, 15% of samples for the validation set, and 15%
of samples for the testing set. If the ANN model appears to have over-fitting problems
during the prediction step, a filtering algorithm will be adopted to avoid it.

The training dataset is used for training the ANN model, the validation dataset is for
fine-tuning the hyperparameters of the model, [55] and the testing dataset is for evaluating
the trained model performance. It should be noted that there are no intersections among
the three datasets, which ensures that the testing dataset will reflect the generalization
performance of the model on invisible data.

3. ANN Drag Model and Training Strategy
3.1. The Construction of ANN

A proper design of the ANN structure can greatly improve the computing efficiency
and prediction accuracy of the neural network. In order to obtain a reasonable ANN frame
for modeling the drag force, the learning algorithm, activation function, hidden layers, and
input variables of ANN will be discussed based on the TensorFlow to build the patterning
drag model.

As the 243,260 training samples are the local drag forces for each individual granule,
it is worth noting that with the changes of sampling location and time, the local drag
force will be changed obviously. Moreover, the mesoscale heterogeneity, particle motion
characteristics, fluid–solid density ratio, and other factors may affect the simulation results
substantially. Thus, it is necessary to preprocess local drag force data by statistical averaging
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methods, hoping to eliminate the influence of statistical fluctuation that is caused by
incomplete consideration of influencing factors.

The local drag forces were grouped in the 2-dimensional interval [Rep,i, Rep,i+1] ×
[εs,j, εs,j+1] (i = 1, 2, · · ·, 1100, j = 1, 2, · · ·, 60), with an interval size of δRep = 1 and δεs = 0.01.
The average local drag forces < Fd,DNS > [56] were calculated in each interval by:

< Fd,DNS >=
1

MN

M

∑
p=1

N

∑
q=1

(Fd,loc)p,q, (13)

where MN represents the number of data in the interval [Rep,i, Rep,i+1] × [εs,j, εs,j+1]
(i = 1, 2, · · ·, 1100, j = 1, 2, · · ·, 60), with an interval size of δRep = 1 and δεs = 0.01.
After local drag force averaging, 66,000 samples are left.

Due to the particle Reynolds number Rep, the solid volume fraction εs and slip velocity
uslip, which are used to characterize the movement characteristics of particles, have clear
physical meaning and an explicit relationship with drag force [19]. Thus, the above variables
will be chosen as the inputs of the ANN drag model. Moreover, the Sauter mean diameter
< d > is selected as the input, considering the description of the polydisperse characteristics
in the ANN drag model. The input–output variables relationship of the ANN is illustrated
in Figure 2.
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3.1.1. The Learning Algorithm of ANN Drag Model

Since the gradient descent with momentum (GDM) algorithm and the Levenberg–
Marquardt (LM) algorithm are the commonly used learning algorithms in ANN [45], we
decided to compare their performance on the convergence of ANN. Two termination rules,
“rule A”, which gives the maximum number of iterations, and “rule B”, which is the
given error tolerance, are adopted simultaneously. To reduce the impact of the random
initialization of weights, we conducted three independent experiments and recorded the
mathematical expectation of the Spearman correlation coefficient [57] between the outputs
and the expected outputs in Table 3. It can be found that LM has more accurate prediction
results in terms of convergence and applicability compared to the GDM algorithm. How-
ever, GDM has advantages of computational efficiency in simulations. Considering the
principle of precision priority in designing the ANN, the LM algorithm will be adopted as
the learning algorithm of ANN.
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Table 3. Spearman correlation coefficient and CPU time for two training algorithms.

Exp. Training Algorithm GDM LM

1
Termination rule A B

Correlation coefficient 0.7851 0.9366
CPU time (s) 192.9 217.1

2
Termination rule A B

Correlation coefficient 0.8179 0.9253
CPU time (s) 215.5 246.2

3
Termination rule A B

Correlation coefficient 0.8223 0.9321
CPU time (s) 187.3 205.3

E(X)
Termination rule A B

Correlation coefficient 0.8084 0.9313
CPU time (s) 198.6 222.9

3.1.2. The Activation Function

Different activation functions have various ranges of influence on the prediction
accuracy of the ANN; thus, it is necessary to discuss the performance of commonly used
activation functions, including Sigmoid, Tanh, Leaky-LU, and Gauss. The predicted results
of ANN with a single hidden layer under three independent experiments are illustrated in
Table 4.

Table 4. Comparison of activation functions of 1 hidden layer with 15 neurons.

Exp. Activation Function Sigmoid Leaky-LU Tanh Gauss

1
Number of iterations 369 43 295 132

Correlation coefficient 0.9946 0.9519 0.9961 0.9849

2
Number of iterations 286 49 312 682

Correlation coefficient 0.9953 0.9282 0.9952 0.9416

3
Number of iterations 332 51 299 413

Correlation coefficient 0.9952 0.9207 0.9968 0.9412

E(X)
Number of iterations 329 48 302 409

Correlation coefficient 0.9950 0.9336 0.9960 0.9559

There is an obvious difference in computational accuracy among the four activation
functions. Specifically, the Leaky-LU function demonstrates the lowest prediction accuracy
compared to the Tanh function and the Sigmoid function. The prediction results of the
Gauss function for the three independent experiments show significant differences. Con-
sidering the characteristics of the Gauss activation function, this may be caused by its local
response property [45]. Therefore, it is suggested to avoid using it to build the polydisperse
drag force model. Moreover, the Sigmoid and Tanh activation functions have a similar pre-
diction accuracy, and both belong to the so-called “S-function”. Because the Tanh function
shows a symmetry property with the origin point in the Cartesian coordinate system, it
will be beneficial to be utilized for preserving the original properties of the parameters [45].
Consequently, it is more reasonable to use the Tanh function as the activation function in
modeling the drag force.

3.1.3. The Structure of Hidden Layers

The structure of the hidden layers is an important factor that influences the ANN
performance. Montavon et al. [45] have proved that a one-hidden-layer back-propagation
(BP) neural network can realize arbitrary nonlinear mapping. Thus, we will first discuss
the influence of the number of hidden layers on the convergence speed and accuracy of the
neural network with a multi-hidden-layer structure, as shown in Figure 2.
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The independent experimental results of an ANN with one, two, three, and four
hidden layers are given in Table 5. It is found that the calculation time and number of
iterations increase as the number of hidden layers increases. Accordingly, considering the
prediction accuracy and efficiency of ANN, the single hidden layer is preferred in modeling
the drag force.

Table 5. Comparison of the number of hidden layers for ANN’s experimental results.

Exp. Number of Hidden Layers 1 2 3 4

1
Number of iterations 93 121 135 232

Correlation coefficient 0.9699 0.9603 0.9110 0.6673
CPU time (s) 195.7 219.2 269.1 306.3

2
Number of iterations 95 129 133 193

Correlation coefficient 0.9716 0.9515 0.9035 0.7018
CPU time (s) 172.5 213.3 255.6 272.3

3
Number of iterations 88 135 157 229

Correlation coefficient 0.9798 0.9709 0.9512 0.6365
CPU time (s) 173.9 217.1 273.2 315.2

E(X)
Number of iterations 92 128 142 218

Correlation coefficient 0.9738 0.9609 0.9219 0.6685
CPU time (s) 180.7 216.5 266.0 297.9

Next, we will discuss the influence of the structure and the number of neurons in the
single hidden layer of the ANN on the convergence speed, correlation coefficient, and CPU
time. We took the average results of three independent experiments and recorded them
in Table 6. It can be found that considering the influence of the number of neurons on
the correlation coefficient and CPU time, a single-hidden-layer BP neural network with 15
neurons is suggested to be implemented for the current study. Moreover, the impacts of
input and output correlations for ANN are illustrated in Appendix A.

Table 6. Comparison of the number of neurons in single hidden layer.

Number of neurons 7 8 9 10

Number of iterations 94 91 105 119
Correlation coefficient 0.9337 0.9415 0.9593 0.9621

CPU time (s) 141.2 155.2 172.2 184.6

Number of neurons 11 12 13 14

Number of iterations 112 123 126 102
Correlation coefficient 0.9733 0.9736 0.9824 0.9861

CPU time (s) 203.3 219.3 231.5 234.6

Number of neurons 15 16 17 18

Number of iterations 101 135 143 166
Correlation coefficient 0.9956 0.9953 0.9951 0.9950

CPU time (s) 243.1 272.7 342.1 473.6

Finally, the conclusion can be drawn that the Levenberg–Marquardt (LM) algorithm
is recommended as the learning method, and a single hidden layer with a 15-neurons
back-propagation (BP) neural network attached to the Tanh activation function is suggested
during the construction of the polydisperse granular drag force model.

3.2. The Optimal Contribution Rate Algorithm (OCRA)

The ability of ANN to explore the correlation between variables is not limitless [45],
and the predicted results depend significantly on the correlation between inputs and
outputs. When the input samples corresponding to the output variable are incomplete and
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the relationship between them is not clear, it will bring great challenges to the ANN. Thus,
an additional preprocessing method may be required when the correlation between the
inputs and outputs is found to be ambiguous.

In the applications of the ANN-machine learning model, various fitting problems are
encountered due to diverse functional realizations. In order to complete the prediction of
some complex nonlinear relationships, a huge training sample set is required to construct
a precise ANN prediction model. However, the huge training sample set will bring a
significant reduction in the training and computing efficiency of the ANN. The reason is
that according to the characteristics of the ANN-machine learning model, it is prone to
result in repeated and inefficient training for ANN by using the linearly correlated training
samples (i.e., inefficient training samples). Meanwhile, the training samples with the
property of mutual independence (i.e., efficient training samples) are more preferable [45].
Considering that the huge training sample set for the complex nonlinear relationships
contains the efficient and inefficient training samples, it is necessary to design an algorithm
that can identify the different types of training samples and search for the most efficient
one for training. For this purpose, we will propose an adaptive data filtering algorithm,
i.e., the OCRA. The implementation of the algorithm can be divided into two steps. The
first step is to analyze the contribution rate of the training samples inspired by the idea
of the kernel principal component analysis (KPCA) [58]. The second step is to search for
an optimal training sample set adaptively with the best contribution rate according to the
certain tolerance of the training error.

3.2.1. Contribution Rate Analysis Algorithm

We assume that the input samples in the training model of ANN are represented by:

X = (x1, x2, · · ·, xn) =


x11 x12 · · · x1n
x21 x22 · · · x2n
· · · · · · · · · · · ·
xn1 xn2 · · · xnn

, (14)

where xj denotes the j-th input sample

xj = (x1,j, x2,j, · · ·, xn,j)
T, (15)

where xi,j represents the i-th index of the j-th input sample. The process of obtaining the
data contribution rate and the cumulative contribution rate of training samples is divided
into four steps:

(I) Considering the logarithmic characteristics of drag distribution in the polydisperse
gas–solid system (see Table 2) and the following contribution rate analysis, in which
the input data are required by principal component analysis to maintain a standard-
ized and linear property [58,59], we propose a kernel function to process the input
samples as follows:

X′ ij = exp
{Xij −Mi

Si

}
. (16)

In the above formula, X′ ij is the j-th sample of the i-th index after that the original
matrix Xij was standardized and linearized. Mi is the statistical average of the i-th
sample, and Si is the standard deviation of the i-th sample.

(II) To explore the independence between training samples, we need to construct the
covariance matrix of the standardized sample set [57] as:

R = cov(x’
i, x’

j) =


r11 r12 · · · r1n
r21 r22 · · · r2n
· · · · · · · · · · · ·
rm1 rm2 · · · rmn

. (17)
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(III) Perform similarity transformations on the covariance matrix R and calculate the
eigenvalues of the covariance matrix to demonstrate the property of independence
for each training sample [60]

P−1RP = Λ, (18)

where

Λ =


λ1

λ2
. . .

λn

 (19)

is a diagonal matrix with the eigenvalues λ1, λ2, · · ·, λn of matrix R.
(IV) Finally, the contribution rate and the cumulative contribution rate of the training

sample and training sample set will be calculated by

Cr =
λk

n
∑

k=1
λk

, (20)

Crc =
n

∑
k=1

λk
n
∑

k=1
λk

. (21)

Through the above four steps, we can obtain the contribution rate and the cumulative
contribution rate of the training sample and training sample set.

3.2.2. Adaptive Searching of Optimal Contribution Rate

In the previous section, we have introduced the concept of the contribution rate of the
training samples. To effectively improve the training efficiency in the certain error tolerance,
it needs to analyze the training sample set and use the most valuable information to train
the ANN. Meanwhile, some samples with a low contribution rate need to be excluded from
the training. In view of these, an adaptive searching method of the optimal contribution
rate for the training dataset needs to be designed; it is hoped to maximize the computational
efficiency of the ANN within the given error tolerance of the system.

To establish the adaptive searching algorithm of the optimal contribution rate in the
training dataset, the basic idea of the bisection algorithm for solving nonlinear equations is
employed. The algorithm can be divided into four steps:

(I) First, set the error tolerance of the system as:

(0, K · EMSE,total)

Since the mean square error (MSE) has the approximate growing trend with the
mean absolute error (MAE) and mean relative error (MRE) in the data fitting, and can
better demonstrate the degree of errors dispersion of the predicted results, the MSE is
adopted as the standard of error. K denotes the coefficient of error, and EMSE,total , EMAE,total ,
and EMRE,total denote the MSE, MAE, and MRE of the system [57], respectively. Their
mathematical expressions are given as follows:

EMSE =
1
n

n

∑
i=1

(yi − ŷi)
2, (22)

EMAE =
1
n

n

∑
i=1
|yi − ŷi|, (23)

EMRE =
1
n

n

∑
i=1

∣∣∣∣yi − ŷi
yi

∣∣∣∣, (24)
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(II) The contribution rate interval [0, 100] is divided into 2 equivalent intervals:
[0, 50] and [50, 100]. If the EMSE at the midpoint 50 meets the given error tolerance
(0, K · EMSE,total), the left interval [0, 50] will be selected; otherwise, the right interval
[50, 100] will be selected.

(III) It will determine whether the difference between the right end of the interval and
the left end of the interval meets the accuracy of the solution. If the accuracy of the solution
is met, go to step (IV); otherwise, it will return to step (II) to divide the interval again until
the accuracy of the solution is met.

(IV) Output the midpoint of the interval that meets the accuracy.
In Figure 3, Ilow denotes the left end of the contribution rate interval, Ihigh denotes the

right end of the contribution rate interval, Imid denotes the midpoint of the contribution
rate interval, K denotes the coefficient of error, EMSE,total denotes the MSE of the system,
and EMSE,mid denotes the MSE of the midpoint in the contribution rate interval. One of the
main advantages of the OCRA is the adaptability. This algorithm can identify the training
sample set with the optimal contribution rate, where the given error tolerance of the system
is met automatically.
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The verification that the system can identify the optimal contribution sample set
automatically via the above-mentioned four steps will be demonstrated in the next section.

4. The Polydisperse Drag Model
4.1. Drag Model without OCRA

The learning process of the ANN can be regarded as the process of finding the op-
timal solution in the given error tolerance of the system. The better compatibility and
self-learning capabilities of ANN, which are different from traditional regression methods,
are promising to obtain the implicit connections and relationships among variables under
different granular sizes. Because the difference of granular size will bring obvious hetero-
geneity in the granular flow, the drag force model of a polydisperse system has complex
and implicit nonlinear characteristics. Generally, it has great advantages for the application
of ANN to establish the polydisperse drag model.

Since a small training sample set will produce large deviations for ANN training, it
is not reasonable to use a small training sample set in the training process. Meanwhile,
the training sample set should not be set too large either, considering the computational
efficiency and over-fitting problems. In order to find a reasonable training sample set,
we start with 990 samples and increase samples with the interval size of δRep = 100
and δεs = 0.15 to search for the optimal number of training samples in each interval
[Rep,k, Rep,k+1]× [εs,l , εs,l+1] (k = 1, 2, · · ·, 11, l = 1, 2, · · ·, 4). The specific searching process
and results are illustrated in Appendix B.

After preprocessing the training sample set, a single hidden layer with a 15-neuron BP
neural network is used to fit the training data. The LM algorithm and Tanh function are
used as the learning method and activation function, respectively, in addition to the input
and output variables, which are shown in Figure 2. Since the prediction results are similar,
we only show the drag force of granules of different sizes when εg = 0.35.

Figure 4 presents the neural network; in general, it can accurately describe the drag
force of the polydisperse granular system. Yet, it can still be shown that there is an accuracy
difference in the prediction of different-sized granules. From the prediction results, ANN
has good prediction accuracy for larger-sized granules (see in Figure 4c,d), but it produces
certain deviations for smaller granules, and these deviations will become more obvious
in a larger Reynolds number flow system. The main reason is perhaps that the motion
of smaller granules is prone to be influenced by larger granules in polydisperse granular
flow, and it will lead to irregular features for a smaller granule’s motion that will bring
drastic fluctuations in the granular drag force. Furthermore, some smaller granules that are
distributed with larger ones will result in heterogeneous distributions. This distribution
will cause drastic complex nonlinear relationships in the drag force distribution. Thus, the
complicated non-smooth functional relationship between drag force and other variables
will appear. On the other hand, the ANN model can achieve more accurate predictions
for smooth and flat functional relationships, whereas when ANN encounters the input
and output fitting samples with complicated non-smooth functional relationships, it may
produce a certain deviation, and this deviation becomes larger as the complex functional
relationship becomes stronger. Thus, there will be certain deviations in the prediction of
the drag force for smaller granules. Toward these deviations, it is difficult to eliminate them
by only considering commonly used inputs in computation, including the mathematical
expectations and variance of granular diameters. Thus, it is worth conducting more in-
depth studies in searching for the more efficient inputs of ANN in future work.
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4.2. Adaptive Advantages of OCRA

To verify that the OCRA can find the most valuable training samples adaptively under
the given number of samples, we first randomly select 1000, 1300, and 1600 samples without
OCRA for ANN training. These samples are named random training samples, and then
1000 training samples by using the OCRA, which are named adaptive training samples, are
employed to train the ANN. The conditions of the numerical experiment are the same as in
Section 4.1. The prediction accuracy and CPU time of different training samples in ANN
prediction for εg = 0.35 are demonstrated in Figure 5 and Table 7.

As shown in Figure 5, the training error of ANN at Rep ∈ [0.008, 1100] decreases
obviously when the number of training samples increases from 1000 to 1300. However,
when the training samples increase from 1300 to 1600, the prediction error of the ANN
drag model decreases a little. It can be concluded that the effective samples account for a
large proportion in the training samples from 1000 to 1300, so it makes the training error of
ANN decrease rapidly. However, in the training samples from 1300 to 1600, the ineffective
samples, which are redundant and singular samples, account for the mainstream; these
samples have no obvious effect on the improvement of the training accuracy and even
reduce the training accuracy of the ANN. The results demonstrate that a large original
training sample set will inevitably have some redundant and singular samples, and these
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“unusual samples” will cause repeat training and even over-fitting problems of the ANN in
a certain prediction zone. It still can be inferred from Figure 5 that the prediction accuracy
of 1000 samples by using the OCRA is close to that of 1300 random samples, which is
much higher than the accuracy of 1000 random samples. Yet, the CPU consumed time
for ANN training by 1000 adaptive samples, as shown in Table 7, is 21% less than that of
1300 random training samples. The conclusion can be drawn that the OCRA can find the
most valuable training samples for the improvement of training efficiency in the ANN drag
model. Simultaneously, a certain number of low-contribution-rate training samples are
excluded by this adaptive algorithm. As a matter of fact, the computational efficiency of
the ANN drag model can be improved obviously. In general, the OCRA is an effective tool
to exclude the redundant and singular samples in ANN training.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 16 of 29 
 

 
Figure 5. Different training samples in ANN prediction. 

Table 7. CPU time for different number of training samples. 

Training Samples 1000  1300 1600 1000 Adaptive 
CPU Time (s) 207.5  291.3  662.6  230.1  

As shown in Figure 5, the training error of ANN at [0.008,1100]∈pRe  decreases 
obviously when the number of training samples increases from 1000 to 1300. However, 
when the training samples increase from 1300 to 1600, the prediction error of the ANN 
drag model decreases a little. It can be concluded that the effective samples account for a 
large proportion in the training samples from 1000 to 1300, so it makes the training error 
of ANN decrease rapidly. However, in the training samples from 1300 to 1600, the inef-
fective samples, which are redundant and singular samples, account for the mainstream; 
these samples have no obvious effect on the improvement of the training accuracy and 
even reduce the training accuracy of the ANN. The results demonstrate that a large origi-
nal training sample set will inevitably have some redundant and singular samples, and 
these “unusual samples” will cause repeat training and even over-fitting problems of the 
ANN in a certain prediction zone. It still can be inferred from Figure 5 that the prediction 
accuracy of 1000 samples by using the OCRA is close to that of 1300 random samples, 
which is much higher than the accuracy of 1000 random samples. Yet, the CPU consumed 
time for ANN training by 1000 adaptive samples, as shown in Table 7, is 21% less than 
that of 1300 random training samples. The conclusion can be drawn that the OCRA can 
find the most valuable training samples for the improvement of training efficiency in the 
ANN drag model. Simultaneously, a certain number of low-contribution-rate training 
samples are excluded by this adaptive algorithm. As a matter of fact, the computational 
efficiency of the ANN drag model can be improved obviously. In general, the OCRA is an 
effective tool to exclude the redundant and singular samples in ANN training. 

Figure 5. Different training samples in ANN prediction.

Table 7. CPU time for different number of training samples.

Training Samples 1000 1300 1600 1000 Adaptive

CPU Time (s) 207.5 291.3 662.6 230.1

4.3. Drag Model with OCRA

So far, we have established an ANN drag model of a polydisperse granular system in
Section 4.1. In order to verify the feasibility of OCRA in the ANN drag model, the ANN
drag model with OCRA will be established, and its predicted results will be analyzed in
this section.

First, the prediction accuracy of ANN with the OCRA needs to be explored. We use
1290 random training samples and 1000 adaptive training samples to train the ANN and
ANN with OCRA, respectively. Then, the two drag models will be employed to predict the
dimensionless drag force of a polydisperse granular system. The experimental conditions
are the same as in Section 4.1, and the weight matrices and biases from the input layer to
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the hidden layer and the hidden layer to the output layer of the trained neural network are
illustrated in Appendix C.

After comparisons of the predicted results in a different void fraction of the granular
system, the results demonstrated that in a relatively dilute granular system, the ANN with
OCRA outperforms the ANN in the situation with a wide range of granular sizes. The
representative predicted results of the granular system, which are εg = 0.7, are demon-
strated in Figure 6. In a relatively dense granular system, ANN with OCRA and ANN
have a similar prediction accuracy in general (see Table 8); both have their own advantages.
Figure 7 shows the drag force predictions of the granular system when εg = 0.35.

Table 8. The MRE of two models in predicting different size of granules.

Model

EMRE d
d=2d0 d=3d0 d=4d0 d=5d0

ANN 0.1937 0.2349 0.1551 0.0894

ANN with
OCRA 0.2035 0.2170 0.1475 0.1194
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As shown in Figure 7, when ANN and ANN with OCRA predict the drag force of
medium-sized granules in εg = 0.35, the overall prediction capability of the two drag
models are approximately the same. Specifically, considering the granule size of d = 3d0,
the prediction accuracy of ANN with OCRA is slightly better than ANN. For the granule
size of d = 4d0, ANN with OCRA and ANN have a similar prediction accuracy in general.
However, in smaller and larger granules (d = 2d0, d = 5d0) ANN gives better results
than the ANN with OCRA drag model. Generally, the prediction accuracy of ANN with
OCRA is better than ANN in the polydisperse granular system. The results show that,
although a certain portion of samples is excluded in the ANN with OCRA model, the
prediction accuracy still increases. It can be inferred that OCRA plays an active role in
preventing over-fitting problems and repeated ineffective training for the ANN drag model.
Meanwhile, compared to the DNS results, ANN with OCRA has more prediction deviations
than ANN for the granular size d = 2d0 and d = 5d0 generally (see Figure 7). The reason
may be that, due to the filtering of OCRA, the information loss of larger and smaller
granules in the training process will produce a certain prediction deviation. However, the
loss of information for medium-sized granules in the ANN with OCRA training does not
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significantly affect the predicted results, which is probably because the large number of
granules will lead to the information loss of medium-sized granules easily compensated
for by other similar medium-sized granules. On the other hand, the smaller and larger
granules have difficulty achieving this compensation because of their smaller amount, and
this phenomenon will become worse in denser granular systems that are dominated by the
heterogeneous configuration of a granular cluster. Nevertheless, considering that such a
large part of the flow in nature is relatively dilute flow, ANN with OCRA can be a suitable
tool to capture the characteristics of flow in nature.

Next, it is needed to explore the efficiency improvement of the OCRA in establishing
the ANN drag model. We use the training error of 1290 samples as the standard error
EMSE,1290 (MSE of 1290 samples) to find the training set of the optimal contribution rate of
the system with the given error tolerance, i.e.,(0, 1.8 ∗ EMSE,1290), and the OCRA is used in
searching the most valuable samples. The specific searching processes are recorded below
in Table 9.

Table 9. The searching process of OCRA.

Training Samples Contribution Rate Step EMSE EMAE CPU Time (s)

1290 (100%) 1 0 0.2955 0.6879 278.5 (100%)
1092 (85%) 0.9375 4th 0.4725 0.7891 223.3 (80%)
1067 (83%) 0.921875 6th 0.5301 0.7918 215.9 (78%)
1052 (82%) 0.9140625 7th 0.5317 0.8105 212.7 (76%)
1041 (81%) 0.90625 5th 0.5428 0.8279 209.7 (75%)
989 (77%) 0.875 3rd 0.6328 0.9317 201.7 (72%)
798 (62%) 0.75 2nd 1.7835 1.0116 172.7 (62%)
549 (43%) 0.50 1st 3.5919 2.6342 157.7 (57%)

Table 9 shows the OCRA has found the optimal contribution rate of the system in
the given error tolerance (0, 1.8 ∗ EMSE,1290), which is found to be 0.9140625, and the
optimal training set has 1052 samples through 7 steps to find these samples. The optimal
contribution sample set, which only accounts for 82% of the original data volume, provides
a 91.4% contribution, and the system’s computing efficiency is obviously improved. It still
can be concluded that using the OCRA to train the ANN drag model can effectively reduce
the amount of training samples without significantly increasing the system errors, and the
computational efficiency of the ANN drag model will be improved.

4.4. Drag Model Validation

To verify the validity of the ANN with OCRA drag model in the polydisperse system, we
compare the prediction results of ANN that used OCRA with the well-known BVK formula [27],
Cello et al. formula [21], and HS formula [30] in polydisperse and monodisperse systems. The
empirical formula and prediction results are shown in Table 10 and Figures 8 and 9.
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As shown in Figure 8a,b, when we explore the drag force prediction of εg = 0.35 in the
polydisperse system, the ANN with OCRA model achieves the best predicted accuracy for
medium-sized granules (d = 3d0) compared to the Cello et al. and HS formulas. The BVK
formula suffers the lowest accuracy of all four drag models. For the larger-sized granules
(d = 4d0), Cello et al.’s formula shows the best performance among the 4 drag models;
especially, these advantages will become more obvious when Rep ∈ [300, 550]. On the other
hand, the ANN with OCRA has the lowest predicted accuracy compared to the HS and
BVK drag models. However, when the 4 drag models were considered in a polydisperse
diluted granular system (εg = 0.7), the accuracy of the ANN with OCRA drag model is
better than the drag model by HS, Cello et al., and BVK in general. In addition, when
we explore the drag prediction of these models in a monodisperse granular system (see
Figure 9 and Table 11), the accuracy of ANN with OCRA is better than the BVK and HS
drag models in terms of medium-sized granules (d = 3d0) with void fractions εg = 0.5 and
εg = 0.85; the Cello et al. drag model has the lowest predicted accuracy. Similar results are
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shown in the granules (d = 4d0) of a monodisperse granular system; ANN with OCRA has
the best prediction accuracy, followed by the HS drag model, and the BVK and Cello et al.
drag models have the lowest prediction accuracy for granules (d = 4d0) in εg = 0.5 and
εg = 0.85, respectively.
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Figure 9. Predictions of different drag models in monodisperse system [21,27,30].

The simulation results demonstrate that ANN with OCRA has both advantages and
disadvantages in different physical conditions. For the advantages, to start with, the
ANN with OCRA drag model has obvious advantages in predicting the drag force of
medium-sized granules in the polydisperse granular system compared to the other three
analytic drag formulas. Next, ANN with OCRA performs well in predicting the larger-
sized granules in a relatively dilute polydisperse granular system. Finally, the performance
of ANN with OCRA is generally satisfied with the predicting results in a monodisperse
granular system. For the disadvantages, ANN with OCRA does not achieve the ideal
predicted results in the relatively dense granular system for larger granules. Taking into
account this, it is advised to adopt Cello et al.’s drag model for prediction. Therefore,
it can be concluded that the ANN with OCRA drag model is good at the prediction of
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polydisperse granules with a relatively wide concentration and has better compatibility
in a monodisperse granular system. There may be three reasons that we have inferred.
First, due to the analytic formula, which the other three formulas hold, having a fixed
structure, a fixed functional structure has difficulty accurately describing the characteristics
of two different flow systems indeed. Second, the ANN has the advantages of self-learning
ability and adequate compatibility. The drag force model based on ANN might be easier for
switching accurately between monodisperse and polydisperse systems. Third, the OCRA
can remove some redundant and singular samples in the training sample set, which can
reduce the probability of over-fitting problems in the ANN sample fitting. Therefore, under
the accepted tolerance of system errors, the ANN with OCRA drag model has a wide
range of applicability in the polydisperse granular system and can also be compatible with
monodisperse systems. All in all, considering the performance of each drag model, the
ANN with OCRA is suggested to be applied in the prediction of a relatively dilute granular
system and a dense granular system for medium-sized granules; Cello et al.’s drag model
is suggested to be adopted in the relatively dense granular system for larger granules. The
HS drag model is more applicable in a monodisperse granular system.

Table 10. Empirical drag formulas for comparison.

Authors Formulas

Beetstra, van der Hoef,
Kuipers (BVK) [27]

Fi =
(
(1−Φ)yi + Φy2

i + 0.064(1−Φ)y3
i
)
· F(Φ,< Re >) ,

yi =
di

<d>

Cello et al. [21]

Fd,i = βi f 3πµDiu,

βi = yi +
(1−ε)

ε

(
1−ε−0.27

1−0.27

)
(y2

i−yi)
∑
k

xkyk

f = K1 + K2ε4 + K3(1− ε4)

K0 = 1−ε
1+3ε ; K1 =

1+128K0+715K2
0

ε2(1+49.5K0)

K2 = 1+0.130Re+6.66·10−4Re2

1+3.42·10−2Re+6.92·10−6Re2 − 1

K3 =

(
2Re

2

1+Re

)(
−410ε+9.20·107Re·K20

0
6600ε+4.92·10−4·Re−4.30·104·ε2

1900ε2−6.60·10−2·Re
−1.31·10−4·Re2

+7.38·104·ε3

)
Holloway & Sundaresan

(HS) [30]

F∗Di−fixed =
(

1
1−φ

)
+
(

F∗D−fixed −
1

1−φ

)(
ayi + (1− a)y2

i
)

F∗D−fixed =

(
10φ

(1+φ)2 + (1− φ)2(1 + 1.5
√

φ)

)
(1 + χBVK)

Table 11. MRE of each drag model in Figure 9.

Parameters
Drag Models

BVK [27] Cello et al. [21] HS [30] ANN (OCRA)

d = 3d0, εg = 0.5 0.2408 0.2917 0.2612 0.0989
d = 4d0, εg = 0.5 0.2018 0.1702 0.1617 0.0849
d = 3d0, εg = 0.85 0.4776 0.5632 0.3164 0.2235
d = 4d0, εg = 0.85 0.4264 0.4489 0.1928 0.1007

5. Conclusions

A reasonable ANN model has been successfully established for describing the drag
force in polydisperse granular flows. To accomplish this task, the 3D LBM for a polydis-
perse granular system is used to obtain diverse training data, and then the structures of
ANN, including the network layer, learning algorithm, neurons of hidden layers, activation
function, and input variables, were comprehensively discussed regarding the computa-
tional efficiency and Spearman correlation coefficient between the outputs and expected
ones. For the training of ANN, a new adaptive algorithm for a polydisperse drag model
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was proposed to improve the training efficiency and avoid the over-fitting problem, where
redundant and singular samples can be automatically eliminated from the training set. By
comparing and analyzing the simulation results, the ANN drag model has good prediction
ability in the range of εs ∈ [0.05, 0.65], Rep ∈ [0.008, 980], Uslip ∈ [0.1m/s, 0.5m/s], and
< d >∈ [4.97∆x, 16.83∆x]. Finally, there are several conclusions that we have obtained.

(a) A single-hidden-layer BP neural network with 4 input neurons and 15 hidden neurons,
with the activation function of Tanh and the network established by the LM learning
method, can effectively realize complex nonlinear mapping in a polydisperse drag
model.

(b) Using the OCRA to train the ANN drag model can effectively improve the computa-
tional efficiency of ANN, which does not significantly increase the system errors.

(c) Due to ANN having advantages of self-learning ability and good compatibility, the
drag model based on ANN can realize the good prediction of both the polydisperse
and monodisperse granular systems.

(d) The proposed kernel function based on the exponential form can process training
samples of polydisperse drag force effectively for the contribution rate analysis.

In brief, ANN has obvious advantages in the construction of the drag model of the
polydisperse granular system, considering the complex non-linear relationship between
the variables. The verified structure of the ANN drag model can effectively realize the drag
prediction both in monodisperse and polydisperse granular systems. Moreover, using the
OCRA to train the ANN drag model can obviously improve the computational efficiency
without significantly increasing the system errors. Nevertheless, the prediction accuracy
of ANN with OCRA for the larger granules in a relatively dense system still needs to be
improved; in light of these imperfections, a more novel structure and efficient training
strategy for the ANN drag model can be taken into consideration in future works.
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Appendix A

The Impact of Input and Output Correlation

To construct a nonlinear mapping between the inputs and the expected outputs by
using the ANN, it is necessary to discuss the correlation between different input and output
variables. Taking the particle Reyolds number Rep given in Formula (8) as an example, Rep
is a function of the solid volume fraction εs and the slip velocity uslip. Table A1 lists the
relationship between input and output variables of the ANN.
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Table A1. The relationship between input and output variables.

Combination Input Output

A εs, uslip, < d > Rep
B εs, vs,loc, vg,loc, < d > Rep

Table A2 shows the Spearman correlation coefficients between the outputs and the
expected outputs (results of DNS) for four independent experiments. The results show that
the combination A is much more efficient than the combination B.

Table A2. Spearman correlation coefficient in four independent experiments.

Exp. Combination A Combination B

1 0.9801 0.6793
2 0.9807 0.7009
3 0.9873 0.6935
4 0.9896 0.7128

E(X) 0.9844 0.6966

Appendix B

The Searching Process of Optimal Number of Training Samples

To find a reasonable training sample set, we start with 990 samples and increase
samples with the same step size. The EMSE,avg, EMAE,avg, EMRE,avg, and CPU time of the
trained ANN are given in Table A3 as the value of Rep ∈ [100, 200] and εg ∈ [0.35, 0.5].
EMSE,avg, EMAE,avg, and EMRE,avg denote the average MSE, MAE, and MRE of all size
granules, respectively. The CPU time is the summation of the training and prediction times
consumed by the ANN when the error limit is set by ε = 10−3.

Table A3. The error and calculation time increase with the number of samples.

Training Samples EMSE,avg EMAE,avg EMRE,avg CPU Time (s)

990 0.6369 0.9315 0.0782 203.2
1050 0.5421 0.8113 0.0509 211.3
1110 0.4659 0.7815 0.0397 227.6
1170 0.4237 0.7425 0.0335 242.2
1230 0.3542 0.7101 0.0291 261.9
1290 0.2955 0.6879 0.0091 278.5
1350 0.2925 0.6821 0.0089 315.9
1410 0.2913 0.6801 0.0086 382.6
1470 0.2901 0.6779 0.0085 497.2

As shown in Table A3, when the number of training samples increases from 990, the
training errors EMSE,avg, EMAE,avg and EMRE,avg of the system decrease gradually. When
the number of training samples approaches 1290, the reduction speed of the training
error gradually slackens, but the consumed CPU time increases rapidly. Considering the
computational efficiency of the system and similar results in other intervals, 1290 training
samples are adopted as the training dataset in each interval.
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Appendix C

Table A4. ANN simulation parameters [61].

Structure Parameters

Input variables εs, uslip, < d >, Rep
Output variables Fd

Hidden layer 1
Learning algorithm Levenberg–Marquardt
Activation function Tanh

Number of neurons in hidden layer 15
ANN mode Back propagation ANN

Weights and biases matrices when ANN training is complete.
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iw1 =



1.1135 2.6317 0.7256 0.9163
1.5346 2.5141 3.2259 0.4756
−0.9751 0.9541 0.5756 −0.7372
0.1924 0.5361 0.9763 0.1158
−2.3417 −3.6819 7.1365 2.2426
7.1527 5.1062 3.7863 −0.5251
6.2573 −4.8151 9.3517 8.8815
−3.5755 1.6152 4.6782 7.6652
3.7714 −4.4638 −2.9517 3.3613
2.4687 −4.3415 2.7653 −0.6291
3.2667 −5.8410 0.7561 3.1861
3.9183 2.2543 −0.6674 1.5251
1.9511 0.7542 2.3361 3.5567
6.2319 7.1511 9.1815 3.2563
1.9643 0.5733 0.6651 0.9533



, b1 =



2.6533
1.7418
−3.1304
0.7715
1.5318
0.5986
1.5573
2.4435
5.5124
−3.5329
5.6638
−1.6397
6.1104
2.5843
1.9628



lw2 =



1.0734
−0.4924
2.1537
5.0347
−1.1763
1.9063
4.3875
2.3273
−3.5237
1.2573
−0.3726
1.1372
3.5216
−1.6842
−1.2937



T

, b2 = −0.3216
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