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Abstract: Mechanical systems that consist of a four-wheeled or two-wheeled robot with Mecanum
wheels and a two-wheeled trailer with conventional wheels are considered. The kinematic character-
istics of the mechanical systems under consideration of holonomic and non-holonomic constraints
are presented and compared. From this, it is shown that the structure of the kinematic constraint
equations for mobile systems with a trailer does not apply to Chaplygin’s dynamic equations. If the
mechanical system is not Chaplygin’s system, then the dynamic equations cannot be integrated
separately from the equations of kinematic constraints. This is the difference between the kinematic
constraint equations for the robot-trailer system and the constraint equations for a single robot with
Mecanum wheels. Examples of numerical calculations using the equations of kinematic constraints
are given.

Keywords: kinematic constraints; Mecanum wheels; non-holonomic constraints; mobile robots

1. Introduction

For over a hundred years, engineers have been developing wheels that allow moving
not only in the plane of a wheel but also in the direction perpendicular to this plane. Such
developments originated from an invention by J. Grabowiecki, which was patented in the
USA in 1919 [1].

Robots with Mecanum wheels are being intensively studied because the design of such
wheels allows the robots to maneuver in a highly constrained environment, e.g., in ware-
houses [2-6]. Mobile robots with Mecanum wheel can move in any direction and perform
both translations and rotations. A Mecanum wheel has the rollers arranged uniformly along
the circumference of the wheel in such a way that the axes of rotation of the rollers form
the same angle with the wheel’s plane; per definition, this angle equals 45°. Many different
studies and research groups are dealing with the kinematics and dynamics of robots with
Mecanum wheels. A robot with Mecanum wheels and the possibility of height and width
adaptation is discussed in [7,8]. The kinematic constraints for systems with such wheels are
considered in [9-16], for instance. If the contact of the wheel with the underlying surface
occurs at a point and the wheel is rolling without slip, the respective kinematic constraints
are non-holonomic. The system with non-holonomic constraints should be treated with
appropriate non-holonomic mechanical techniques [17-19]. Lagrange’s equations of the
second kind apply only to mechanical systems with holonomic constraints and thus cannot
be applied to robots with Mecanum wheels as mistakenly published in [20]. The kinematics
and dynamics of a mobile platform with four Mecanum wheels are addressed in detail
in [21-24]. These studies present different techniques for solving the kinematic constraint
equations and establish relations among them. The structure of the constraint equations
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for a four-wheeled robot with Mecanum wheels allows using Chaplygin’s equations as
the governing dynamic equations. These equations allow solving the dynamic equations
separately from the constraint equations, which significantly simplifies the problem [25].

In our paper, we consider the kinematic constraint equations for systems that consist
of a two-wheeled or four-wheeled robot with Mecanum wheels and a two-wheeled trailer
with conventional wheels. The structure of the kinematic equations for the robot-trailer
system is essentially different from the structure of the kinematic equations for a single
robot, which should be taken into account when deriving the dynamic equations.

2. Kinematic Constraint Equations

A robot-trailer system consists of a four- or two-wheeled robot with Mecanum wheels
and a two-wheeled trailer with conventional wheels located on one axis. All wheels of the
robot-trailer system have permanent contact with the surface.

The center of mass C is on the longitudinal axis of the robot’s body so that the track
width is 2 [¢. The quantity p denotes the distance from the center of mass C to the rear and
front axes so that the wheelbase is 2 p. The coordinates of the center of mass C are described
in the geodetic reference coordinate system XOY by means of xc, yc. The robot’s azimuth
angle ¢ is defined by the inclination of the robot’s longitudinal axis with the axis OX.

The center of mass of the trailer’s body S is again symmetric to the track width 2Is.
The coordinates xg, ys of the trailer’s center of mass are given in the reference system XOY.
The angle between the trailer’s longitudinal axis and the fixed axis OX is x.

Each wheel of the robot and the trailer has a radius of R¢ and Rg, respectively. The
angles of rotation of the wheels are ¢; (i =1,...,4 or i = 1,2) for the Mecanum robot and
8; (i = 1,2) for the trailer, Figures 1 and 2.

X

Figure 1. Four-wheeled robot and two-wheeled trailer system (top view).

The robot and trailer are connected by two rods. The rods are orthogonal to the wheel
axles and are fixed in the middle of the robot and trailer bodies. The rods are interconnected
at point Q by a joint so that they can rotate freely relative to one another. The distances
between the connection point of the rods Q and the centers of mass of the robot, as well as
the trailer, are bc and bg, respectively.

The body-fixed coordinate system ¢7( is introduced, which has its origin at the center
of mass C of the Mecanum robot. The axis C¢ is the longitudinal axis pointing forward, Cr
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is the lateral axis, and C denotes the vertical axis pointing upward. Consequently, Vcz and
Vcy denote the body-fixed longitudinal and lateral velocities, respectively.

X
Figure 2. Two- wheeled robot-trailer system (top view).

The body-fixed velocity components Vs and V¢, can be described by the geodetic
velocity components x¢ and yc by

Vee = Xccosyp +ycsing,

1
Vey = —Xcsing + yccosip, M

and vice versa by

Xc = ch cosyP — VC'? siny,

. 2)
yc = VCC Sim lP + VC’Y CcOos lP .

2.1. Constraint Equations for a Mecanum Wheel

Compared to a classical wheel, a Mecanum wheel additionally features rollers fixed
on its tread area, i.e., the outer rim. Each roller has the same angle ¢ (as a rule 45°) that is
formed by the rollers’ axes and the wheel’s plane and may rotate freely about its axis. To
model the Mecanum wheel, a thin disk with radius R as depicted in Figure 3 is introduced.
It is assumed that the dimensions of the densely attached rollers are much smaller than the
diameter of the disk. The velocity Vp is observed at the point of contact P of the disk with
the surface.

The wheel moves without slip, which implies that Vp is orthogonal to the roller’s axis
7 (unit vector, see Figure 3) so that:

Vp-y=0. ®3)

The velocity of the wheel’s center Vi is

Vp =Vg+w Xrg 4)
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where w denotes the wheel’s angular velocity, rx = ﬁ, and | rx |= R. The angle ¢
describes the rotation of the wheel perpendicular to the wheel’s plane and through the
wheel’s center. Equation (3) is now represented as follows:

(Vk=R¢t)-v=0, ©)

where T is the unit vector that is tangential to the wheel’s circumference at the point of
contact P. Rearranging expression (5) yields

Vk-v=R¢cosé. (6)

Figure 3. Model of Mecanum wheel.

The velocity V¢ of the center of mass of the Mecanum robot and the wheel’s velocity
Vi fulfill the kinematic property

Vk=Vc+Qxrc, (7)

where C? = rc. The vector Q) describes the angular velocity of the rigid body of the
Mecanum robot. Based on expression (6), the condition for rolling without slip along the
roller’s axis can be written as

(Ve+Q xre)-v=R¢cosd. (8)

As 7 is the unit vector pointing along the roller’s axis, the constraint (8) can be
summarized as follows:

Ve y+(rexvy) - Q=R¢gcosé. 9)

2.2. Constraint Equations of Four-Wheeled Robot with Mecanum Wheels

Assuming that § = 71/4, the constraint Equation (9) become:

Vee = Vey — (0 +1c) = Reg,

Vee + Voy + (0 +Ic)p = Regz, 10)

Vee + Vey — (0 +1c) = Regs,

Ve = Vey + (0 +1c)$ = Regs.

Combing the four Equation (10), yields the equivalent form:
Rc . .
Vee = 7c (¢1+¢2),

(11)

Rc . .
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and
;. Rc o
lp_z(p_,’_lc) ((PZ 903)/ (12)
P1+¢2= @3+ @4.

Taking into account expressions (2), we can represent the Equation (11) as follows:

R R . .
Xc = \T;cos(lpf ) @1 + TC(COSEU(PZ*SH‘E[J‘%%

(13)

e

Je = %gnw— )91+ (sin g 2 + cosy ).

Therefore, the considered system has four constraint equations: two non-holonomic
(non-integrable) (13) and two holonomic constraints (12).

2.3. Constraint Equations of Two-Wheeled Trailer (Robot) with Conventional Wheels

The condition of moving without the slip of a conventional wheel means that the
body-fixed lateral velocity V¢, is zero, Figure 3. Using expressions (4) and (7) yields:

Ve +Q Xrg=—wXrg. (14)
The constraint Equation (14) can be represent as follows:
Vg —Isx = Rsbr,

Vse +1Isx = Rsbz, (15)
Vsy =0

where 6] and 6, are the angles of rotation of the wheels.
Taking into account (1), we obtain

X5COSX+yssinX—15XIR591,
Xscosx +yssiny +Isx = Rgb,. (16)
—Xgsinx +ygcosx = 0.

Solving Equation (16) for xg, ¥, and X yields:

R . .
Xs = 75(91+92)C05X,
. Rs S
ys = 75(91—|—92)smx, (17)
Rs,. .
= S0, —6y).
X 215(2 1)

For the robot we have:
fe = SE(g1+g2) cos,
Jo = S (1 + g sing, 18)
p= %(4’2 —¢1)-

This system has three constraint equations: the first two constraints are non-holonomic
(non-integrable) and the last constraint is holonomic.
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2.4. Constraint Equations of Two-Wheeled Robot with Mecanum Wheels
For the two-wheeled Mecanum robot with § = 77/4 and with Equation (9), we obtain

Vee — Vey —Ic = Re ¢1,

) , (19)
Vee + Vey +1lcp = Re ¢2.-
We find
Re . .
Vee = 7C (¢1+ ¢2),
Re . . ; 20)
Voy = - (92— 1) +lcy.
Using (2), we obtain
fo = Secos(p- )+ JSeos (4 §) ga + lesingy, ”

. Rc . A Rc . T .
yc—ﬁsm(lp 4)fpl+ﬁsm(¢+4)¢z lccosyyp.

Such systems have two non-holonomic constraints.

2.5. Coupling Condition

The connection between the robot and the trailer can be represented as (compare

Figures 1 and 2):
0C = 0%+ 50+ QC. (22)

The connection between the robot and the trailer can be represented as:

Xc = xg + bgcosx + bccosy,

. . (23)
Yc = ys + bgsiny + besiny.

Both conditions are holonomic.

3. Kinematics of a Robot-Trailer System

The kinematic conditions for robot-trailer systems contain the following variables:
xc, yo, ¥, i, Xs, ys, X, 61, and 6,. Thus, we have twelve (i = 1,...,4) or ten (i = 1,2)
variables (generalized coordinates) that are related to the constraint equations. The number
of independent variables (the number of degrees of freedom) depends on the configuration
of the robot-trailer system.

We introduce the angle « of rotation of the rods relative to each other as shown in
Figures 1 and 2:

x=x—1. (24)
3.1. Constraint Equations of a Four-Wheeled Robot with Mecanum Wheels and a Trailer with
Conventional Wheels

Combing Equations (12), (13), (17), and (23), we obtain a system of nine equations,
including twelve generalized coordinates xc, yc, ¥, 91, 92, ¢3, ¢4, X5, Ys, &, 61, and 6,:

. R T, . R ) . .
Xc = \Técos(lp—z)(pl + TC(COSIIJQDQ—SH’II[Jq)g),

R Re

. Ke o U . . . @)
yc = \—@sm(lp—z)(pl + 5 (sin ¢ + cos P ¢3),
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20p+1c) 2T P (26)
s =¢1+¢2 — ¢3.
i = — 52(\@ sin (a« + 77/4)¢1 + (sinzx+ becosa +bs C;ial+ bs)(Pz — (cosrx+ becosa 1 bs C;ialj bs) '3) , (27)
g = RC(\/ECOS(OH— ) g1 + (Cosoc—bCSin“)(pz—i-sina(l—i— be )q’))cos(l[]—i—oc)
T2 1 p+lc p+lc/ ' 28)
vs = R2C<\/§ cos(oc%—%)cjn + (coszx— b;j_lrllca)qbz—i-sina(l—i—piclc>qb3> sin (¢ +«a),
0, = Re ﬁ(cos(oc+7r/4) + l—s1n(v¢+7r/4 )(m—k( lsbc — 5 Ycosa+t (= — be )sinoc)cpz—i-
2Rs bs bs(p +1Ic) bs p+lc
((a+ smtx—ll?i(l—f—piclc)costx)(P3>,
(29)
. Rc I Isbe s be . .
0 = Rs (\@(cos( o+ 7/4) by S sin (a + 71/4) )(m—k( P+lc))cosoc (bs + p+lc)51noc>q)z+
( smtx—l— (1+ be )cosrx)(p3 ,
bs p+lc

The system of kinematic constraints (25)-(29) is a nonlinear system of first-order
differential equations with nine equations and twelve unknowns. As can be seen, the
mechanical system of a four-wheeled Mecanum robot coupled with a trailer featuring
conventional wheels has three degrees of freedom.

Non-holonomic constraints require different methods for deriving the dynamic equa-
tions of the mechanical system. Chaplygin’s equations which were used to describe the
motion of a single robot in [23] are not applicable to the robot-trailer system discussed in
our article. It follows from Equation (27) that it is not possible to provide the right-hand
side as a function of only independent coordinates since the coefficients of the right-hand
side depend on the generalized coordinate «.

3.2. Constraint Equations of the Two-Wheeled Robot with Mecanum Wheels and Trailer with
Conventional Wheels

For the two-wheeled Mecanum robot coupled to a trailer with conventional wheels,
we obtain a system of kinematic constraints from Equations (21), (17) and (23) with ten
generalized coordinates xc, yc, ¥, 91, @2, X3, ys, &, 61, and 65:

xC:&cos(lp )q)l—kR—cos(lP-i- )(P2+lcsm¢’¢’
V2 V2 (30)

jo = &sin(lp——)q'n + &sin(llH-f)qbz — lccosy .

et ity
l ;
Q= — bf\C@ (sin (2 + 70/4) @1 + sin (s = 7/4)¢2) — (1 + W)w (31)
X5 = (I{(;(cos(tx + 71/4)¢1 + cos(a — 71/4)4?z> — (Ic +bc) sina lP) cos(y +a),

(32)

s = <(cos(¢x + 71/4)¢1 + cos(a — 7 /4) ¢ ) — (lc + bc) sina l[J> sin(yp +a),



Appl. Sci. 2023, 13, 7449

8 of 15

6 =

0, =

01

RR\C@((COS (o +7/4) + ll)—isin(oc+n/4)><p1+(cos (o —t/4) + é—isin(oc— n/4))(p2> +
S
lc—|-bc lc . .
R . (E cosa — smrx)tp,
RRSE<<COS (o +7/4) — é—ssin(a+n/4)>¢1+<cos (o —m/4) — lljssin(vc—n/él))gbz) -
S S S
ZC;—SbC : (é—cs cosa + sinzx)gb.

(33)

The system of kinematic constraints (30)-(33) is characterized by seven equations with
ten variables. The overall system has three degrees of freedom as is also the case for the
four-wheeled Mecanum robot. Again, Chaplygin’s equations cannot be applied as the right

side of Equation (31) depends on the variable «.

3.3. Constraint Equations of the Two-Wheeled Robot and Trailer with Conventional Wheels

In order to compare the kinematic capabilities of the Mecanum-based robot-trailer
system, a pure setup with conventional wheels is considered as well. The conventional
wheel setup consists of a two-wheeled robot and a trailer, both with conventional wheels.
Taking into account Equations (17), (18) and (23), we obtain a system with kinematic
constraints described by ten generalized coordinates xc, yc, ¥, @1, @2, x5, ys, «, 61, and 65:

R
tc = o (¢1+g2) cosy,
. Rc, . .
Yo = TC(§01+§02)SIHII’/
. Rc )
Y = ﬁ((l’z—q’l)/

bc

i = ((l—i— — cosa — Z—Csinoc)(pl - (1+ cosoc—f—lcsinzx)(pz) ,

bc
s

bS bS b bS

(cosa + };—C sina) gy + (cosa — };—C sina) (p2> cos(p +a),
c c

Ys = R2C<(cosoc+ ZZ)—CSin(x)(p] + (cosa — ll)Csina)(m) sin(y + a),
c C

bc

R Ish b l ) . Ish l . .
ZRCS(<(1— ﬁ) cosa + (£+i) smoc)qm + ((1+£) cosa — (- — i) smoc>(p2> ,

Icbs Ic

(00 Sy s (S pane)o s (0~ e - 1+ 5]

Icbs Ic

(34)

(35)

(36)

(37)

(38)

The system of kinematic constraints (34)—(38) has eight equations and ten variables
and the mechanical system of the two-wheeled robot and the trailer with two conventional
wheels has only two degrees of freedom. The mechanical system is again not a Chaplygin

system due to Equation (36).

A mechanical system with linear non-holonomic constraints is a Chaplygin system
if the expression of dependent generalized velocities contains only independent coordi-
nates [17]. For all the robot-trailer models considered in this article, this condition is not

satisfied as the generalized velocity & depends on the generalized coordinate «.
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4. Examples for the Motion Behavior of a Robot with Mecanum Wheels and a Trailer
with Conventional Wheels

The kinematic characteristics of the robot motion are determined by solving the
corresponding system of equations of kinematic constraints.

Let us illustrate this with the example of a system consisting of a robot with two
Mecanum wheels and a trailer with two conventional wheels. The system has three degrees
of freedom.

Let the robot move forward along the axis OX at a constant velocity (see Figure 2). Let
us set the following conditions for the motion of the robot:

¢ =m/4, Xc = const, yc = 0. (39)

Then, from the expressions we find

¢1 =const = w, ¢ =0, &= — bf\C@Sin(“+n/4)’
X = RC70‘)(1 —sin2a), 6 = Rew (COS((X+ /4) + l—ssin(och 7'(/4)) (40)
2\/5 ’ Rs\/i bS ’
Rcw Rcw

cos2a, 6

(Cos(och m/4) — l—ssin(och 7'(/4)) .

S =5 Rev2 bs

Integrating the equation for «, we obtain

Rew ) 7T
a(t) =2 arctan| C exp | — t - —. 41
0 (com(-3%0)) - 5 @)
Here, the constant C is determined from the initial condition.
The constant is zero C = 0, if x(0) = 0, a(0) = x(0) — ¢(0) = — 71/4 at initializa-
tion. This means that a(t) = — 71/4 during the entire time of the motion.

Note that for any initial condition for the considered motion, the following limita-
tions hold:

. o o _ Rcw . B
tll)n;“(t) = T3 tlggloxs(t) = W, }l)n;oys(t) =0, w)

. A BT 5 . Rcw
tlLrgloﬁl(t) = thﬁrglo%(t) = Reva

For simulation, the parameters of the robot-trailer system are defined as follows:

lc =015m, I =010m, b, = 010m, bg = 0.12m,
Rc = 005m, Rg =0.03m, w = 10rad/s.

The angle x is initialized with x(0) = 37t/4 so thata(0) = x(0) — ¥(0) = m/2.

Taking into account expression (41), we obtain C = tan(37/8) = v2+1.

Figure 4 presents the dependency of the angle « on time f for these initial conditions.

Figure 5 shows the time-domain results of the trailer’s velocity components xg and .

The time-domain results of the trailer’s coordinates xg and yg are presented in Figure 6.
The robot’s coordinates x¢c and y¢ are initialized at xc(0) = yc(0) = 0.
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Figure 4. The angle a vs. time £.
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Figure 5. The velocities Xg and ys of the trailer’s body vs. time f.
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Figure 6. The coordinates xg and yg of the trailer’s body vs. time .
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Figure 7 shows the angular velocities §; and 6, of the wheels of the trailer versus time.
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[rad/s] / /

w/

-15 ¢

Figure 7. The angular velocities 61 and 6, vs. time t.

Now, let us consider an example of a system consisting of a robot with four Mecanum
wheels and a trailer with two conventional wheels (see Figure 1). The system has three
degrees of freedom too.

When studying the dynamics of the robot-trailer system, it is necessary to define the
torques applied to the robot wheels. When analyzing the kinematic relations, the angular
velocities of the wheels are given. The angular velocities of the wheels are related by the
second expression (12).

Wy = W] +wy —ws, w; = @; i=1,...,4). (43)

At given angular velocities of the robot wheels, the remaining motion parameters are
determined by integrating the system of equations of kinematic constraints (25)—(29).
Let the angular velocities of the wheels be constant and equal:

wq = brad/s w, = 10rad/s w3 = 15rad/s.

The remaining quantities included in the equations of kinematic constraints will be
given as follows:

Ilc =015m, p =015m, Is =010m, b, = 025m,
bs = 012m, Rc = 0.05m, Rg = 0.03m.

Figures 8-10 plot the computational result of integrating the system of differential
Equations (25)—(29) for the following initial conditions:

xc(0) =0, yc(0) =0, $(0) = /4, a(0) = /2,
x5(0) = xc(O) bs cos (w(O) (0)) = becos (¥(0)),,
ys(0) = yc(0) — bssin (a(0) +9(0)) — besin (p(0)) -

Figure 8 shows the dependencies between the robot’s body rotation angle ¢ and angle
& vs. time t.

In Figure 9, the dependencies between the coordinates of the center of mass of the
robot xc, yc and the body of the trailer xg, ys vs. time ¢ are shown.

The dependencies of angular velocities 61 , 8, of trailers wheel’s vs. time  are presented
in a Figure 10.
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Figure 8. The angles i and « on vs. time ¢.
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Figure 9. The coordinates x ,yc of the robot and xg, ys of the trailer’s bodies vs. time ¢.
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By setting any of the three generalized coordinates from the system of equations of
non-holonomic kinematic constraints (25)-(29) as functions of time, the rest can be found.
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20\ é]

01.62
[rad/s]

Figure 10. The angular velocities 6; and 6, vs. time .

5. Conclusions and Future Work

The utilization of Mecanum wheels in a robot-trailer system provides additional
kinematic possibilities as compared with similar systems that use conventional wheels only.
The equations of kinematic constraints for a four-wheeled robot with Mecanum wheels and
a two-wheeled trailer with conventional wheels are a system of nine equations with twelve
generalized coordinates and feature three degrees of freedom. The mechanical system
that involves a two-wheeled robot with Mecanum wheels and a two-wheeled trailer with
conventional wheels also has three degrees of freedom but requires only seven equations
with ten generalized coordinates. If a two-wheeled robot and a two-wheeled trailer with
both conventional wheels are considered, the system of constraint equations consists of
eight equations with ten generalized coordinates but the number of degrees of freedom
reduces to two. When deriving the dynamic equations, one should be aware that the
equations of non-holonomic constraints do not necessarily apply to Chaplygin systems,
which allows us to integrate these equations separately from the constraint equations. In
this case, one can use, the Voronets system of equations of motion [26], for example. The
derivation of the equations of motion will be the subject of matter for further investigations.
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Abbreviations

Xc,Yci Xs,Ys coordinates of the centers of mass of the robot and the trailer, respectively

Y, X head angles of the robot and the trailer, respectively
21,2l track widths of the robot and the trailer, respectively
2p the wheelbase of the four-wheeled robot
Rc, Rg radii of the wheels of the robot and the trailer, respectively
be, bs distances between the connection point of the rods and the centers of mass
of the robot and the trailer, respectively
o angle between the roller axis and the Mecanum wheel plane
@i, 0 angles of rotation of the wheels of the robot and the trailer, respectively
o angle of rotation of the rods relative to each other
Ve, Vs vectors of the velocities of the centers of mass of the robot
(§) vector of the angular velocity of a rigid body
w vector of the wheel’s angular velocity
T unit vector tangent to the wheel
0% unit vector of the roller axis
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