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Abstract: Latin Hypercube Design (LHD) is widely used in computer simulation to solve large-scale,
complex, nonlinear problems. The high-dimensional LHD (HLHD) problem is one of the crucial
issues and has been a large concern in the long run. This paper proposes an improved Hybrid Particle
Swarm Optimization (IHPSO) algorithm to find the near-optimal HLHD by increasing the particle
evolution speed and strengthening the local search. In the proposed algorithm, firstly, the diversity of
the population is ensured through comprehensive learning. Secondly, the Minimum Point Distance
(MPD) method is adopted to solve the oscillation problem of the PSO algorithm. Thirdly, the Ranked
Ordered Value (ROV) rule is used to realize the discretization of the PSO algorithm. Finally, local and
global searches are executed to find the near-optimal HLHD. The comparisons show the superiority
of the proposed method compared with the existing algorithms in obtaining the near-optimal HLHD.

Keywords: adaptive particle swarm optimization; high-dimensional Latin hypercube design; space-filling
quality; design points

1. Introduction

Computer models in the real world usually have the characteristics of complex model-
ing, large-scale parameters, and nonlinear response surfaces [1–3], which makes it time-
consuming to obtain high-precision experimental results. Therefore, reducing the number
of experiments is significant in improving Design of Experiments efficiency (DOE) [4,5].
A good DOE should include two properties: the design’s unfolding [6] and good space-
filling [7].

Latin Hypercube Design (LHD) is a widely used unfolding method [8,9]. Still, this
method can only be guaranteed to unfold in one-dimensional projections. Moreover, it
cannot guarantee an effectively filled input parameter space. Various criteria for measuring
the quality of space filling are provided in the literature, for example, the maximum distance
criterion [6,10], the Audze–Eglais (AE) criterion [11–13], the ϕp criterion [6,14–17], central
L2 difference [18], and the entropy criterion [15]. To efficiently find the optimal LHD,
some authors have proposed algorithms that can improve the quality of LHD space filling.
Liefvendahl and Stocki [12] proposed an algorithm called Columnwise Pairwise (CP),
which is a simple local search algorithm. The algorithm obtains a better LHD by swapping
two elements on the same column in the LHD matrix. The algorithm performs well on
small-scale problems but cannot handle large-scale optimization problems. Morris and
Mitchell [14] proposed a simulated annealing search algorithm and pointed out that some
optimal LHDs have symmetric structures. One stochastic local search method, proposed by
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Jin [16], is named the Enhanced Stochastic Evolution (ESE) algorithm. The contribution of
this work is to obtain better solutions through the cooperation of the inner and outer loops.
The optimization problem also has limitations, and it is usually challenging to obtain the
optimal solution. Doerr [19] and Rainville [20] used a genetic algorithm (GA) to generate
low-discrepancy sequences with a high degree of concordance, which was limited in local
search ability and easily trapped in locally optimal solutions. Bates et al. [21] proposed a
population algorithm based on a GA, using a permutation genetic algorithm (PermGA)
combined with local search and global search to construct the optimal LHD. The algorithm
can achieve better results in the optimization of medium-scale problems. However, due to
the limitations of the local search algorithm, it is not easy to find and achieve the optimal
solution for the large-scale problem. In addition, some other optimized LHD algorithms
include Iterative Local Search (ILS) [6], Sequential Local Enumeration (SLE) [22], Sliced
Latin Hypercube Design (SLHD) [23], Simulation-based Sequencing Optimization for
Annealing (SOBSA) [24], and Inflation, Expansion, and Stacking (IES) algorithms [25].

In addition to the above optimization algorithms, iterative heuristic algorithms are
designed to optimize different types of problems in various fields because of their easy
implementation and ability to optimize complex issues effectively. Particle Swarm Opti-
mization (PSO) [26–29] is one famous algorithm proposed by Eberhart and Kennedy in
1995. The idea of this algorithm comes from a simplified model of bird flocks’ food-seeking
behavior [26]. The respective positions are updated through information exchange between
individual birds, combining the current best position with the individual’s history to find
the optimal value in the range. Due to its simplicity and high efficiency, it is widely used
in various fields in the real world [30–34]. PSO can solve high-dimensional optimization
problems with multiple optimal solutions, optimized and applied to the HLHD problem.
Chen et al. [35] proposed a LaPSO to optimize LHD by reducing the Hamming distance
to obtain the optimal LHD. Mahdi Aziz et al. [36] proposed the Adaptive Memetic Parti-
cle Swarm (AMPSO) algorithm, which excels in solving large-scale LHD problems. The
efficiency of finding the optimal LHD combined with the PSO can still be improved. The
above works are novel and can serve as a valuable reference. However, there are still some
problems that need to be addressed in applying PSO to LHD optimization:

(1) Since the PSO algorithm’s evolution method is not suitable for discrete issues in
LHD, subsequent discretization operations are required when using the solution obtained
by PSO.

(2) PSO is highly dependent on the dynamic equation of its evolution. The value of
the control parameters in the equation determines the convergence speed and the pros and
cons of evolution. There may be insufficient space exploration, and the optimal solution
cannot be obtained [31].

(3) Each particle in the PSO learns its personal best particle and global best particle
simultaneously. The inappropriate selection of parameters in the dynamic equation will
make the population change less frequently during the evolution process, which may
lead to the phenomenon of “oscillation” [37,38] and the premature convergence of the
population [39]. It will reduce the search efficiency of the algorithm, be unable to fully
explore the research space, and fall into the local optimal solution [31,40].

(4) Although PSO can quickly find the optimal solution when dealing with low-
dimensional problems, optimizing high-dimensional issues makes it more prone to pre-
mature convergence [41]. In practical applications, as the dimension increases, the PSO
algorithm is more prone to boundary violation problems during the search process, which
affects the evolution effect of particles.

In this work, we proposed a high-dimensional LHD design framework based on
the improved hybrid PSO (IHPSO). First, the diversity of the population is ensured by
using comprehensive learning. Second, the oscillation problem of the PSO is solved by the
minimum point distance (MPD), accelerating the calculation process. Third, the ranked
ordered value (ROV) rule is adopted to realize the discretization of the PSO. Finally, local
and global searches are executed to search for the near-optimal HLHD.
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The remainder of this paper is organized as follows: Section 2 introduces the technical
background, including the LHD definition, the PSO algorithm, and the space-filling criteria.
In Section 3, the composition of the proposed PSO algorithm for the fast construction of
optimal LHD is presented. Numerical results and discussion are shown in Section 4. Finally,
Section 5 concludes this paper and proposes an outlook for improving the performance of
the proposed algorithm.

2. Technical Background
2.1. Latin Hypercube Design

For an LHD matrix with n design points and m dimensions, each matrix column
represents a dimension. Each row is a design point. The method of constructing the LHD
matrix is shown in Equation (1) [42]:

xi,j =
H(i, j)− ε(0, 1)

n
(1)

where H(i,j) is the column function of the LHD, the value is [1, n] and does not repeat; ε(i,j)
is a uniformly distributed random independent variable of [0, 1], whose value is set as 0.5
for the convenience of calculation.

The non-space-filling and space-filling LHD are shown in Figure 1. An LHD with n
samples and m factors is built. Each factor is divided into n levels, and the arrangement of
the points makes each level precisely one point. Therefore, LHD has a one-dimensional
projected non-collapsing property [43], indicating that projected n-point onto any factor
will lead to exactly n different factors. The LHD of the n-th order m factor can be expressed
as an n × m matrix. Each row of the matrix corresponds to a design point, and each column
is a factor. The total number of LHD designs with n design points and m factors is (n!)m−1,
which increases rapidly with the increase in n or m. Although the LHD is guaranteed not
to collapse, the randomly generated LHD may not always fill the space.
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2.2. Particle Swarm Optimization and Comprehensive PSO

PSO is a population-based, heuristic method to solve high-dimensional optimization
with optimal solutions. Since the proposal of PSO [26], most of the variants in PSO have been
developed to focus on the optimization problems in different scenarios [30,33,34,38,44–48].
After PSO initializes the position of each particle, it will determine the speed of each particle
based on the self-cognition and social learning factors of each particle. The position is then
updated, and the evaluation value at this new position is assessed. In the whole process, all
particles seek the optimal value through social interaction and cooperation [35].
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The detailed updated processes of speed and position of particles are shown as:

vt+1
i = ωvt

i + c1rt
1(pBestt

i − xt
i ) + c2rt

2(gBestt − xt
i ) (2)

xt+1
i = xt

i + vt+1
i (3)

where ω is the weight of the inertia, constants c1 and c2 are acceleration coefficients, and
rt

1 and rt
2 are two uniformly distributed random numbers generated independently in the

range of [0, 1]. In Equation (2), pBestt
i is the best adaptive position of the i-th particle found

thus far, and gBestt
i is currently the best overall position. c1 represents self-cognition factors,

and c2 represents social learning factors. c1 and c2 decide the learning degree in which they
balance the individual and global best position, searching for the optimal particle.

The search environment of LHD is complex, and a large number of the local optimal
solutions are assembled in it. Searching the LHD by the PSO can easily cause particles to
be attracted to the gBest zone and fall into the local optimal solution. The current particles
may find the corresponding regions of the optimal solution in some dimensions, but they
may have poor fitness due to poor performance in other dimensions. This paper proposed
an improved hybrid method to use the different dimensions of learning different particles
to improve the searching ability of PSO.

For each dimension of each particle, a random number is generated. If it is greater than
the set learning probability Pi, the pBest of the corresponding dimension will be learned.
Otherwise, the pBest of other particles will be further learned. The method of selecting other
particles is to randomly select two particles from the population and choose the current
dimension of the particle with better applicability for learning. The speed update equation
of the comprehensive learning strategy is shown in Equation (4):

vd
i = ω× vd

i + c× randd
i × (pBestd

f i(d) − xd
i ) (4)

and the flow of the comprehensive learning strategy is shown in Figure 2.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 4 of 16 
 

been developed to focus on the optimization problems in different scenarios 

[30,33,34,38,44–48]. After PSO initializes the position of each particle, it will determine the 

speed of each particle based on the self-cognition and social learning factors of each par-

ticle. The position is then updated, and the evaluation value at this new position is as-

sessed. In the whole process, all particles seek the optimal value through social interaction 

and cooperation [35]. 

The detailed updated processes of speed and position of particles are shown as: 

1

1 1 2 2( ) ( )t t t t t t t t

i i i i iv v c r pBest x c r gBest x+ = + − + −
 

(2) 

1 1t t t

i i ix x v+ += +
 

(3) 

where ω is the weight of the inertia, constants 𝑐1 and 𝑐2 are acceleration coefficients, and 

𝑟1
𝑡 and 𝑟2

𝑡 are two uniformly distributed random numbers generated independently in the 

range of [0, 1]. In Equation (2), 𝑝𝐵𝑒𝑠𝑡𝑖
𝑡   is the best adaptive position of the i-th particle 

found thus far, and 𝑔𝐵𝑒𝑠𝑡𝑖
𝑡 is currently the best overall position. 𝑐1 represents self-cogni-

tion factors, and 𝑐2 represents social learning factors. 𝑐1 and 𝑐2 decide the learning degree 

in which they balance the individual and global best position, searching for the optimal 

particle. 

The search environment of LHD is complex, and a large number of the local optimal 

solutions are assembled in it. Searching the LHD by the PSO can easily cause particles to 

be attracted to the gBest zone and fall into the local optimal solution. The current particles 

may find the corresponding regions of the optimal solution in some dimensions, but they 

may have poor fitness due to poor performance in other dimensions. This paper proposed 

an improved hybrid method to use the different dimensions of learning different particles 

to improve the searching ability of PSO. 

For each dimension of each particle, a random number is generated. If it is greater 

than the set learning probability Pi, the pBest of the corresponding dimension will be 

learned. Otherwise, the pBest of other particles will be further learned. The method of se-

lecting other particles is to randomly select two particles from the population and choose 

the current dimension of the particle with better applicability for learning. The speed up-

date equation of the comprehensive learning strategy is shown in Equation (4): 

( )( )d d d d d

i i i fi d iv v c rand pBest x=  +   −
 

(4) 

and the flow of the comprehensive learning strategy is shown in Figure 2. 

1

f1 = rand1 * pop

f2 = rand2 * pop

d = 0

rand > Pi

Fit[pbest(f1)] >

Fit[pbest(f2)]

f = f1 f = f2

d > D

End

Update velocity

d = d+ 1 f = f

N

Y

Y

N

Y

N

 

Figure 2. Comprehensive particle learning strategy flowchart.

2.3. φp Criterion

The commonly used index to measure the space-filling quality of experimental design
is φp, which is the widespread criterion in the literature of optimal LHD [6,14–17,35]. The
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criterion points out that the better the space-filling of the design, the smaller the calculated
φp value. The function equation of φp is:

φp = [
n

∑
i=1

n

∑
j=i+1

d−p
ij ]

1
p

(5)

where p is a positive integer and n is the number of points. dij represents the distance
between points. xi, xj, and dij can be expressed as:

dij = [
m

∑
k=1

∣∣∣xik − xjk

∣∣∣t]1/t (6)

where xik and xjk represent the k-th component of point i and point j, respectively. In
general, set p = 50 and t = 1 [16]. In this paper, the φp criterion is used to evaluate the
optimization performance of the LHD.

3. Proposed Method

The PSO can rapidly find the optimal solution when dealing with optimization prob-
lems with lower dimensions. However, it is prone to appear premature convergence when
faced with higher dimension problems. It falls into the predicament of the local optimal
solution [31,40].

In this section, we proposed an optimization framework based on the following procedures:
(1) The ROV rule is firstly used [49] to transform continuous space into discrete space

in the PSO evolution.
(2) The MPD is adopted to solve the oscillation problem.
(3) Four local search strategies are used to make the global best particle gBest go to a

better position.
(4) An improved hybrid method is adopted based on the PSO to preserve the diversity

of the population and solve the problem of premature convergence.
(5) The boundary reflection strategy is adopted to address the problem of exceeding

the boundary in the evolution of high-dimensional particle swarms.
The pseudo-codewords of the IHPSO algorithm are shown in Algorithm 1.

Algorithm 1. Pseudo-codewords of proposed IHPSO algorithm

1: Initialize particle position and velocity
2: Evaluate the function value of different particles
3: Initialize the pBest
4: Initialize the gBest data
5: while t < MI (Maximum Iterations)
6: if (flag < m)
7: Use Equation (1) for speed update
8: else
9: Use Equation (2) for speed update
10: Update the position of each particle
11: Discretize particle position data using ROV rules
12: Update the personal best particle pBest
13: Optimize gBest using the local search algorithm; if it is not better than gBest, randomly

replace a current particle
14: Update the global optimal particle gBest
15: t = t + 1
16: end
17: return gBest
18: end
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3.1. Ranked Ordered Value Rule

The continuous solutions must be converted into discrete solutions to make the PSO
algorithm suitable for optimizing discrete problems. To this end, the ROV rule with random
key representation [49] is used to convert the continuous space of the particle position in
the PSO into an arrangement of design points. ROV sorts and transforms the position of
the updated particles and assigns the minimum value in the updated position dimension
to the minimum value set in the LHD. Separate each column of the updated matrix in
a similar manner. Convert the i-th largest value of the matrix to the i-th largest discrete
value set in the LHD; an example of the conversion is shown in Figure 3. It shows an LHD
particle after the position is updated, and the corresponding form of the particle is Y after
the transformation. In Y, each row represents a design point, and each column represents
the position of the design point in each dimension. Obtain an LHD particle by executing
the ROV rule on each column.
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Figure 3. Use the ROV rule to convert the position value of particle X to the arrangement of design
point Y.

3.2. Minimum Point Distance Method

According to Equation (2), each particle in PSO will learn its personal best particle
pBest and global best particle gBest at the same time. When the personal best particle pBest
and the global best particle gBest are in opposite directions from the current position xi and
the positions of pBest and gBest may be quite different, one particle may linger between
pBest and gBest, which will cause “oscillation” [37,38] and reduce the search efficiency of
the algorithm.

The MPD method is proposed to avoid the oscillation problem of LHD particles. By
rearranging the rows of the personal best particle pBest of the LHD particles, the distance
between the rows of the LHD particle and the global best particle gBest is minimized. The
Euclidean distance is used to calculate the distance between points, and the calculation
equation is:

dij = [
m

∑
k=1

(xik − xjk)
2]1/2 (7)

By calculating the row spacing between each row of the personal best particle pBest and
each row of the global best particle gBest, the rows of the current particles are rearranged,
and then the particle speed and position are updated. The specific operation is shown in
Figure 4. In this way, the personal best particle pBest and the global best particle gBest can
be in the same direction as the current particle, reducing the “oscillation” problem caused
by the learning strategy.



Appl. Sci. 2023, 13, 7066 7 of 15

Appl. Sci. 2023, 13, x FOR PEER REVIEW 7 of 16 
 

gBest can be in the same direction as the current particle, reducing the “oscillation” prob-

lem caused by the learning strategy. 

 

Figure 4. Schematic diagram of the line transformation between the global best position (left) and 

the personal best position (right) (The row spacing between the first row on the left and the right is 

7.0, 3.0, 3.741, 3.606, 6.633, and 5.831, so the data in the first row and the second row need to be 

exchanged). 

3.3. Local Search Algorithm for gBest 

The global best particle gBest is different from other particles, and there is no example 

to refer to evolution. This paper uses four local search strategies to improve local search 

capabilities. 

Inversion: Randomly select a specific area of one column in the matrix and invert the 

data in the area. 

Clipping: Randomly select a specific area of one column in the matrix, randomly se-

lect a position in the area, and exchange the data in the area at and above the position with 

the data in the area below the position. 

Center symmetry: Randomly select a certain section of a column in the matrix and 

convert the symmetrical area with the center into data symmetrical to the data section of 

the position. 

Exchange: randomly select two positions in the matrix to exchange. 

After improving the global best particle by the local search algorithm, the original 

global best particle will be replaced only when the value of ϕp is less than the current 

gBest. Otherwise, a new position will be used to replace a particle in the population ran-

domly. 

A schematic diagram of the four local search strategies is shown in Figure 5. 

 

Figure 4. Schematic diagram of the line transformation between the global best position (left) and
the personal best position (right) (The row spacing between the first row on the left and the right
is 7.0, 3.0, 3.741, 3.606, 6.633, and 5.831, so the data in the first row and the second row need to
be exchanged).

3.3. Local Search Algorithm for gBest

The global best particle gBest is different from other particles, and there is no exam-
ple to refer to evolution. This paper uses four local search strategies to improve local
search capabilities.

Inversion: Randomly select a specific area of one column in the matrix and invert the
data in the area.

Clipping: Randomly select a specific area of one column in the matrix, randomly select
a position in the area, and exchange the data in the area at and above the position with the
data in the area below the position.

Center symmetry: Randomly select a certain section of a column in the matrix and
convert the symmetrical area with the center into data symmetrical to the data section of
the position.

Exchange: randomly select two positions in the matrix to exchange.
After improving the global best particle by the local search algorithm, the original

global best particle will be replaced only when the value of φp is less than the current gBest.
Otherwise, a new position will be used to replace a particle in the population randomly.

A schematic diagram of the four local search strategies is shown in Figure 5.
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3.4. Boundary Processing Scheme

In the PSO algorithm, the particles exceeding the boundary during the movement
process will significantly be increased [50,51]. An appropriate boundary processing scheme
will improve the optimization capabilities of PSO when optimizing high-dimensional
problems. This article solves the boundary problem by using the boundary reflection
processing scheme. A schematic diagram of the boundary reflection scheme is shown in
Figure 6.
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4. Numerical Results and Discussion

In this section, parameter research and numerical comparison of the proposed algo-
rithm will be carried out. After scaling the LHD to [0, 1]k, calculate the φp value. We set the
population size to 50 and iterate 1000 times. All the results are the average after multiple
independent runs.

4.1. Evolutionary Strategy

The evolutionary strategy with the MPD method is tested. In the dimension of
14 × 60, running 30 times independently with and without this algorithm, the average
value obtained is shown in Figure 7. Numerical results highlight the performance of the
proposed evolutionary algorithm. The particles will evolve slowly when this algorithm
is not used, indicating that the proposed method can slightly suppress the oscillation
phenomenon and speed up the evolution of particles. However, the difference is not
significant, so the improvement is limited.

4.2. Comprehensive Learning Strategy

In this section, we examine the role of comprehensive learning strategies. The refresh
interval m is set to 7, the learning probability Pi is 0.05 + 0.45× gen/max_gen, and the
inertia factor is 0.2 + 0.2× gen/max_gen. The algorithm works best, among which gen
is the current number of iterations and max_gen is the maximum number of iterations.
In the 14 × 60 dimension, each refresh interval runs 30 times independently, and the
average value obtained is shown in Figure 8. Since the numerical result is as small as
possible, we can find that setting the refresh interval to 7 is the most consistent with the
proposed algorithm.
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4.3. Comparison Results

Several state-of-the-art methods are compared with our proposed method in this
section, including Comprehensive Learning PSO (CLPSO) [52,53], Adaptive Memetic
PSO (AMPSO) [36], traditional PSO [26,28], Enhanced Stochastic Evolutionary Algorithm
(ESE) [16], Genetic Algorithm (GA) [12], and LaPSO [35]; other algorithms perform perfor-
mance comparison, after scaling LHD to [0, 1]k, and calculate the value of φp.

Tables 1 and 2 show 20 sets of the value of φp with dimensions m = 2, 6, 10, 14,
18 and n = 20, 40, 60, 80. The best results are shown in bold. Meanwhile, we selected
five dimensions of 2 × 60, 6 × 60, 10 × 60, 14 × 60, and 18 × 60 to draw the population
evolution diagram, shown in Figure 9. Furthermore, a box plot of 18 × 60 between the
proposed algorithm and the compared algorithm was drawn, as shown in Figure 10.
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Table 1. Comparison of the IHPSO algorithm with CLPSO, AMPSO, PSO, ESE, GA, and LaPSO.

Dimension Algorithm Measure n = 20 n = 40 n = 60 n = 80

m = 2

CLPSO
Mean 4.27695 8.03165 11.7084 15.1155

Std 0.268134 0.314826 0.694002 1.082523

AMPSO
Mean 4.082846 6.430663 8.770171 11.02583

Std 0.082087 0.338895 0.419517 0.576738

PSO
Mean 4.055958 6.051447 8.306216 17.43493

Std 8.88 × 10−16 0.315769 1.198285 1.608196

ESE
Mean 5.070727 9.852305 14.73661 19.39307

Std 0.042239 0.558617 0.912121 1.359123

GA
Mean 4.062401 5.852419 7.473188 8.786267

Std 0.112058 0.149028 0.340156 0.418199

LaPSO
Mean 4.118622 6.628554 8.190774 11.61435

Std 0.087171 0.339539 0.39903 0.261372

IHPSO
Mean 3.981064 5.825657 7.370558 8.743883

Std 0.188432 0.123855 0.27801 0.316564

m = 6

CLPSO
Mean 0.755957 0.999181 1.182143 1.325422

Std 0.013096 0.014428 0.018933 0.020479

AMPSO
Mean 0.690927 0.882016 1.015902 1.118163

Std 0.009545 0.014175 0.010908 0.018196

PSO
Mean 0.695391 0.964931 1.154155 1.300088

Std 0.011854 0.019534 0.023778 0.034823

ESE
Mean 0.843597 1.130684 1.338438 1.505415

Std 0.010928 0.020177 0.021391 0.022172

GA
Mean 0.659701 0.798081 0.895581 0.971953

Std 0.008956 0.007465 0.007773 0.005263

LaPSO
Mean 0.667212 0.828105 0.936295 1.027103

Std 0.009503 0.009213 0.010532 0.010696

IHPSO
Mean 0.666972 0.806242 0.906449 0.984813

Std 0.009571 0.009701 0.014546 0.020373

m = 10

CLPSO
Mean 0.400005 0.490980 0.550981 0.595821

Std 0.004002 0.004836 0.004982 0.005118

AMPSO
Mean 0.372430 0.444516 0.492998 0.528137

Std 0.003088 0.00411 0.00387 0.004777

PSO
Mean 0.370697 0.473244 0.537667 0.584522

Std 0.005284 0.007759 0.009553 0.010786

ESE
Mean 0.434070 0.539433 0.605248 0.653991

Std 0.004917 0.005437 0.007293 0.00531

GA
Mean 0.355487 0.416147 0.45421 0.484463

Std 0.002606 0.002666 0.00242 0.002496

LaPSO
Mean 0.357563 0.419152 0.459798 0.491216

Std 0.002862 0.003152 0.003987 0.003844

IHPSO
Mean 0.355233 0.409927 0.447199 0.475609

Std 0.002995 0.002826 0.004459 0.004361

Table 2. Comparison of the proposed IHPSO with CLPSO, AMPSO, PSO, ESE, GA, and LaPSO.

Dimension Algorithm Measure n = 20 n = 40 n = 60 n = 80

m = 14

CLPSO
Mean 0.269425 0.31932 0.350386 0.373451

Std 0.001927 0.002999 0.00284 0.00256

AMPSO
Mean 0.253795 0.294597 0.321671 0.34096

Std 0.001683 0.002171 0.001937 0.002072

PSO
Mean 0.252575 0.310313 0.343301 0.366767

Std 0.002471 0.004441 0.004086 0.004428

ESE
Mean 0.28967 0.344736 0.379043 0.403719

Std 0.002499 0.003196 0.003377 0.003723

GA
Mean 0.246427 0.282642 0.305583 0.322375

Std 0.001653 0.001479 0.001741 0.001401

LaPSO
Mean 0.244589 0.279448 0.301728 0.318759

Std 0.001495 0.001272 0.001639 0.001395

IHPSO
Mean 0.243145 0.275425 0.29421 0.31047

Std 0.001327 0.00225 0.001569 0.001791
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Table 2. Cont.

Dimension Algorithm Measure n = 20 n = 40 n = 60 n = 80

m = 18

CLPSO
Mean 0.202025 0.235049 0.254872 0.269295

Std 0.001344 0.001654 0.001584 0.001466

AMPSO
Mean 0.192168 0.219966 0.236842 0.24933

Std 0.001495 0.001027 0.001175 0.001658

PSO
Mean 0.191344 0.227283 0.250179 0.265241

Std 0.001357 0.003413 0.002731 0.003079

ESE
Mean 0.216271 0.25211 0.273186 0.28809

Std 0.001382 0.001373 0.001873 0.001753

GA
Mean 0.188378 0.213831 0.228716 0.240114

Std 0.00119 0.001074 0.000933 0.000972

LaPSO
Mean 0.185635 0.209297 0.224207 0.234901

Std 0.000784 0.00094 0.000766 0.000898

IHPSO
Mean 0.184472 0.20569 0.218815 0.230125

Std 0.000891 0.000842 0.000889 0.001343
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As shown in Tables 1 and 2, the proposed algorithm outperforms all the compared
algorithms in most cases of numerical tests. The numerical results in six dimensions are
also close to the optimal data in the compared algorithms. The proposed algorithm is
superior to the compared algorithms in high dimensions after parameter adjustment and
has greater stability. Experiments find that the initial values of c1, c2, and ω in Equation (2)
are 0.5, 2.7, and 0.25, respectively. When the global optimal particle gBest is updated, the
parameters in Equation (2) change into the initial value. With the increase in iterations, c1
gradually increases and c2 decreases. The method is to enhance the search capabilities of
particle swarms, shown as:

|ci(t + 1)− ci(t)|≤ δ, i = 1, 2 (8)

The increment or decrement between the two generations of particles should not be
too large. After testing, when the change δ is set as a random number in the interval
[0.05, 0.1], the experimental result is appropriate. The changes in c1 and c2 are limited,
where the upper limit of c1 is 1.8 and the lower limit of c2 is 1.9.

From the population evolution trend shown in Figure 9, it can be found that the
proposed algorithm has a very high evolution efficiency. The reduction rate of the ϕp value
is faster than other algorithms. There is no evolutionary stagnation, fast convergence, and
excellent numerical results. In the case of low dimensionality, the proposed algorithm
can evolve rapidly. After approximately 200 generations of evolution, its performance
is better than almost all compared algorithms. In the case of high dimensionality, after
approximately 100 generations of evolution, its performance can be better than all the
compared algorithms. The numerical results of the proposed algorithm perform better in
all dimensions.

From the box plot in Figure 10, it can be found that in the high dimension of 18 × 80,
the proposed algorithm exhibits good performance compared with the other algorithms.
On the one hand, the value of the IHPSO algorithm is smaller, which indicates that the
proposed algorithm can fill the space completely. On the other hand, the IHPSO algorithm is
numerically concentrated, indicating that the performance is relatively stable. Furthermore,
the maximum value of the IHPSO algorithm is still smaller than the minimum result among
other algorithms, which indicates that the proposed IHPSO has a good performance in
optimizing HLHD and can obtain better results than other algorithms.

5. Conclusions

This paper proposes an improved hybrid PSO (IHPSO) to optimize the High-dimensional
LHD (HLHD), which combines local and global search strategies. First, the minimum point
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spacing method is proposed to solve the oscillation problem in the PSO. Second, the ranked
ordered value (ROV) is adopted to achieve the discretization of PSO. Third, a comprehensive
learning strategy is used to ensure the diversity of the population in the evolution process.
The superiority of the proposed algorithm is verified by numerical comparison with six other
state-of-the-art algorithms. The advantages of the proposed method are shown as follows:

(1) The proposed IHPSO can obtain a better HLHD than the compared algorithm at
the same number of iterations. It performs better in high dimensions, and the numerical
results are significantly better than the compared algorithms.

(2) IHPSO can effectively improve the efficiency of obtaining the near-optimal HLHD.
Compared with the compared algorithm, IHPSO converges faster and performs better in
optimizing medium and large LHDs. IHPSO shows better local search capabilities and
global search performance.

(3) IHPSO effectively promotes convergence in the initial optimization stage and
maintains the convergence performance until the end of the iteration. Even in the case of a
small number of iterations, IHPSO still exhibits excellent performance. Under the same
number of iterations, IHPSO can obtain HLHD with better space-filling.

(4) IHPSO balances the local search and global search capabilities by adaptively
adjusting the parameters of the PSO equation, ensuring the diversity of the population,
and can quickly obtain the near-optimal HLHD.

Although our proposed IHPSO algorithm is efficient and stable and can search for the
optimal solution, it needs further optimization. IHPSO has many parameters that need to
be discussed. These parameters significantly impact the algorithm’s performance and will
be further researched in future work.
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