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Abstract: To study the deformation performance of CFRP-strengthened corroded RC (reinforced
concrete) beams under fatigue loading, a numerical analysis method based on the fatigue damage
failure process was used, and the fatigue constitutive models of each material were used as the
basis. The finite element software ABAQUS was used to model and analyze the CFRP-strengthened
corroded RC beams, and the degradation of bond performance between rusted reinforcement and
concrete was considered in the simulation. Then, the flexural stiffness calculation method of CFRP-
strengthened corroded RC beams was analyzed. Based on the validation of the finite element model, a
regression analysis was performed on the mid-span deflection data of the simulated beam to establish
a formula for calculating the mid-span deflection of CFRP-strengthened corroded RC beams under
fatigue loading. Finally, the collected experimental data were compared with the calculation results
using the mid-span deflection formula, which was validated to confirm its accuracy and reliability.
The research results show that the mean, standard deviation and coefficient of variation of the ratio of
experimental to calculated values were 0.95, 0.09 and 0.10, respectively, indicating that the calculated
values of the proposed mid-span deflection formulation are in good agreement with the experimental
values, which proves the correctness and high accuracy of the proposed formula for calculating the
mid-span deflection. The formula can provide a theoretical basis for the evaluation of the deformation
performance of CFRP-strengthened corroded RC beams under fatigue loading.

Keywords: CFRP-strengthened; corroded RC beams; mid-span deflection; finite element analysis;
fatigue; flexural stiffness

1. Introduction

Reinforced concrete (RC) structures such as highways and railway bridges are subject
to harsh working environments, where steel bars are prone to corrosion and will be subject
to high-cycle fatigue loading. To avoid accidents, it is necessary to inspect and strengthen
these structures. Carbon fiber reinforced polymer (CFRP) is often used to strengthen RC
structures such as bridges due to its advantages such as light weight, high strength, fatigue
resistance and corrosion resistance [1].

Currently, many studies have been conducted on the flexural behavior and strength-
ening effect of CFRP-strengthened corroded RC beams under static load. Al-Saidy [2] and
Triantafyllou [3] repaired corroded RC beams using different strengthening schemes and
found that the strength of the corroded beams was restored to an uncorroded state after
CFRP strengthening and the ultimate deflection of the strengthened beams was less than the
ultimate deflection of the unstrengthened beams. Yu et al. [4] determined four equilibrium
damage and five damage modes based on the stress states of concrete, corroded steel bars
and CFRP plates during bending damage of beams and proposed a simplified calculation
method for the bending load capacity of corroded RC beams reinforced with CFRP plates
under each failure mode, which proved the validity of the proposed calculation method
through the verification of experimental data. Gotame et al. [5] studied FRP-strengthened
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corroded RC beams through nonlinear finite element analysis, and the results showed that
the interface properties between FRP and concrete were crucial for accurately predicting
the bearing capacity and failure modes of the strengthened beams. Tran et al. [6] numeri-
cally modeled CFRP-strengthened corroded RC beams using the finite element method to
predict the flexural load capacity of the strengthened beams, and the results showed that
the predicted residual load capacity was in good agreement with the experimental results.

In contrast, there are limited studies related to CFRP-strengthened corroded RC beams
under fatigue loading. Sobhy et al. [7] conducted fatigue tests on CFRP-strengthened
corroded RC beams and found that the fatigue strength of the steel bars was reduced
due to corrosion and all the tested beams were damaged by fatigue damage of the tensile
steel bars. Al-Hammoud et al. [8] found through experimental studies that the flexural
fatigue performance of moderately corroded beams strengthened with CFRP could be
improved to the level of uncorroded beams, and the flexural fatigue performance of heavily
corroded strengthened beams were somewhat improved but could not reach the level of
uncorroded beams. Song et al. [9] proposed a fatigue evaluation model for prestressed
CFRP-strengthened corroded RC beams, which was used to evaluate the damage mode,
fatigue life, fatigue strength and post-fatigue ultimate load capacity of prestressed CFRP-
strengthened corroded RC beams, and showed that the reinforcement design factors for
corroded RC beams under cyclic fatigue loading are in the order of stiffness, fatigue life,
fatigue strength and ultimate load capacity. Xie et al. [10] studied the flexural behav-
ior of prestressed CFRP-strengthened corroded RC beams through experiments, and the
experimental results showed that the coupling effect of corrosion and cyclic loading sig-
nificantly reduced the flexural stiffness of the strengthened beams but had little effect on
the ultimate load of the strengthened beams, indicating the effectiveness of the prestressed
reinforcement system.

It can be seen that most scholars’ research on CFRP-strengthened corroded RC beams
under fatigue loading mainly focuses on the experimental study of their flexural perfor-
mance, while in actual engineering, the deformation of the structure also needs to be
verified via calculation in order to meet the normal function of the structure.

Most of the existing research methods are based on experimental studies, and fatigue
tests are time-consuming and limited by many conditions; finite element simulation can
overcome such problems. Therefore, this study uses the finite element software ABAQUS
to numerically simulate the CFRP-strengthened corroded RC beams under fatigue loading.
Combining the theoretical analysis and finite element results, the method of calculating
the mid-span deflection of CFRP-strengthened corroded RC beams under fatigue loading
is investigated to provide some theoretical basis for the evaluation of the deformation
performance of CFRP-strengthened corroded RC beams after fatigue loading.

2. Fatigue Constitutive Model of Materials
2.1. Fatigue Constitutive Model of Concrete
2.1.1. Fatigue Stiffness Degradation

Research has found [11] that the stiffness of concrete degrades in three stages as the
number of fatigue loadings increases. In the first stage, the elastic modulus of concrete
decays rapidly, accounting for about 10% of the total fatigue life. In the second stage, the
elastic modulus of concrete degrades steadily and linearly, accounting for about 80% of the
total fatigue life. In the third stage, the elastic modulus decreases rapidly, accounting for
about 10% of the total fatigue life. Holmen [12] proposed the degradation equation for the
fatigue elastic modulus of concrete, as shown in Equation (1):

EN = (1 − 0.33N/Nf)E0 (1)

where EN is the residual elastic modulus of concrete after N cycles of fatigue loading, E0 is
the initial elastic modulus of concrete and Nf is the fatigue life of concrete.
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2.1.2. Fatigue Residual Strength

The maximum stress that concrete can still withstand after a certain number of fatigue
loadings is called concrete fatigue residual strength. Its value can be solved using its
residual strength envelope equation, which can be used to represent the softened section of
the uniaxial stress–strain curve of concrete, as shown in Figure 1 [11]. The fatigue residual
strength of concrete under compression and tension after an arbitrary number of fatigue
loading proposed by Zhu [11] is shown in Equations (2)–(4):

σr,c(N)
fc

= X(N)

αc[X(N)−X(1)]2+X(N)
X(N) ≥ 1

σr,t(N)
ft

= X(N)

αt[X(N)−X(1)]1.7+X(N)
X(N) ≥ 1

(2)

X(N) =

{
1 N = 1

lgN
lgNf

[X(Nf)− X(1)] + 1 1 ≤ N ≤ Nf
(3)
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X(Nf) when under pressure is:

X(Nf) =
2αcσmax + fc − σmax ±

√
( fc − σmax)

2 + 4αcσmax( fc − σmax)

2αcσmax
(4)

where σr,c(N) and σr,t(N) are the residual compression and tension strengths of concrete
after N cycles of fatigue loading, respectively. f c and f t are the compressive and tensile
strength of concrete under static load, respectively. X(N) is a function related to the number
of fatigue load cycles N, which can be calculated according to Equation (3). αc and αt are
the coefficients corresponding to the uniaxial compressive and tensile stress–strain curves
of concrete, which can be taken with reference to the Code of GB50010-2010 [13]. σc,max is
the stress of concrete under fatigue upper-limit loading.

2.1.3. Fatigue Residual Strain

Under fatigue loading, the residual strain of concrete will accumulate with the increase
of fatigue load cycles. The residual strain of concrete is related to the number of fatigue
load cycles and stress levels. The formula for calculating the longitudinal residual strain of
concrete under compression proposed by Wang [14] is shown in Equation (5):

∆εr(N) = ∆εr(1) +
0.00105ε1.98

c,max(1 −
εc,min
εc,max

)
5.27

ε1.41
unstab

N0.395 (5)
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where ∆εr(N) is the fatigue residual strain after N cycles of fatigue loading. ∆εr(1) is the
residual strain after the first stress cycle, where ∆εr(1) = 0.25( εc,max

εunstab
)

2. εc,min and εc,max are
the initial instantaneous strains of concrete under the lower and upper limits of fatigue
loading, respectively. εunstab is the total longitudinal strain of concrete at the beginning of
the third stage, and its value is very close to the strain ε0 corresponding to the peak stress
during a single loading and failure, therefore it can be approximately taken as ε0.

Based on changes of stiffness, residual strength and residual strain of concrete under
fatigue loading with an increasing number of loading cycles, and referring to the liter-
ature [11], the fatigue constitutive model for concrete under any fatigue loading cycles
is established based on the concrete uniaxial stress–strain curve in the Code of GB50010-
2010 [14].

Fatigue principal structure of concrete under compression is calculated using the
following:

σc(N) =



EN[ε(N)− ∆εr(N − 1)] ∆εr(N − 1) ≤ ε(N) < εe(N)
σr,c(N)

ENεc,max(N)−σr,c(N)
EN[ε(N)−∆εr(N−1)]

n−1+[ ε(N)−∆εr(N−1)
εc,max(N)

]
n εe(N) ≤ ε(N) ≤ εc,max(N)

ε(N)−∆εr(N−1)
εc,max(N)

αc[
ε(N)−∆εr(N−1)

εc,max(N)
−1]

2
+ ε(N)−∆εr(N−1)

εc,max(N)

ε(N) > εc,max(N)

(6)

Fatigue principal structure of concrete under tension is calculated using the following:

σt(N) =


EN[ε(N)− ∆εr(N − 1)] ∆εr(N − 1) ≤ ε(N) < εt,max(N)

ε(N)−∆εr(N−1)
εt,max(N)

αt[
ε(N)−∆εr(N−1)

εt,max(N)
−1]

1.7
+ ε(N)−∆εr(N−1)

εt,max(N)

ε(N) ≥ εt,max(N)
(7)

where n = EN εc,max(N)
EN εc,max(N)−σr,c(N)

. εc,max(N) and εt,max(N) are the peak compressive and tensile

strains of concrete after N cycles of fatigue loading, respectively, where εk,max(N) =
σr,k(N)

EN
+

∆εr(N − 1)(k = c, t). εe(N) is the compressive elastic strain of concrete after N cycles of
fatigue loading; generally, take εe(N) = 0.3~0.4εc,max(N).

2.2. Fatigue Constitutive Model of Corroded Steel Bar

It was shown that under fatigue loading, the steel bar is at relatively low stress levels
and most of the fatigue deformation is within the elastic phase [15], and the influence of cor-
rosion on the elastic modulus of the steel bar are relatively small and can be neglected [16].
Therefore, it is assumed that the fatigue elastic modulus of a corroded steel bar remains
unchanged. The principal structure model of the steel bar used in this study is based on the
ideal elastoplastic model, and the principal structure relationship of an uncorroded steel
bar under an arbitrary number of fatigue loading is calculated in Equation (8) [11]:

σs(N) =

{
Esεs(N) ∆εs,r(N − 1) < εs(N) ≤ εy(N)

fy(N) εs(N) > εy(N)
(8)

where Es is the initial elastic modulus of steel bar. Σs(N) and εs(N) are the stress and
strain of the steel bar at any fatigue loading cycles N. f y(N) and εy(N) are the residual
yield strength and yield strain of the steel bar, respectively, at any fatigue loading cycles N.
∆εs,r(N − 1) is the residual strain of steel bar after N − 1 fatigue loading cycles, which can
be calculated using Equation (9):

∆εs,r(N − 1) =
[ fy(N)− fy(N − 1)]

Es
(9)
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The residual yield strength of steel bar after N fatigue loading cycles can be calculated
using the formula in the literature [17], which is improved through combining the form of
the S–N double logarithmic curve of steel bar, as shown in Equation (10):

fy(N) = fy[1 −
lgN
lgNf

(1 − σmax

fy
)] (10)

where f y is the initial yield strength of the steel bar. σmax is the stress of the steel bar at the
upper limit of the fatigue load. Nf is the fatigue life of the steel bar.

Due to a lack of relevant experimental data, this study only considers the effect of steel
bar corrosion on its yield strength, and the degradation formula of the yield strength f yc
after corrosion of the steel bar was obtained according to the literature [18], as shown in
Equation (11):

fyc =
1 − 1.049η

1 − η
fy (11)

where η is the mass corrosion degree of the steel bar, η = (m0 − m)/m0 × 100%. m0 is the
mass of the steel bar before corrosion, and m is the mass of the steel bar after corrosion.

Based on Equations (10) and (11), the calculation formula for the residual yield strength
of a corroded steel bar after N fatigue loading cycles is obtained as shown in Equation (12):

fyc(N) = (
1 − 1.049η

1 − η
) fy

{
1 − lgN

lgNf
[1 − (1 − η)σmax

(1 − 1.049η) fy
]

}
(12)

where Nf can be calculated from Equation (13) [19], substituting Equation (12) into Equation
(8) to obtain the fatigue constitutive relationship equation for a corroded steel bar.

lgNf = (15.138 + 0.086η)− (3.687 + 0.051η)lg(∆σ) (13)

2.3. Fatigue Constitutive Model of CFRP

The stress and strain of CFRP develop linearly under fatigue loading, and the elastic
modulus is basically not degraded [20]. Therefore, it can be assumed that the CFRP
material remains a linearly elastic material after any fatigue loading, and its constitutive
relationship is

σf = Efεf (14)

3. Analysis Method for the Full Fatigue Loading Process

Vehicle loads on bridges are often high-cycle fatigue loads, which cannot be calculated
for each cycle when using the finite element software ABAQUS for simulation. Some
scholars [21,22] attempted to discretize the fatigue behavior analysis of strengthened beams
according to the three-stage law of structural fatigue damage development. That is, smaller
cycle jump steps are selected for the initial stage of fatigue damage development and the
unstable stage of fatigue damage development, and larger cycle jump steps are selected for
the linear growth stage of fatigue damage.

This study uses the analysis method proposed by Zhu [11] for numerical simulation
of fatigue performance, and the number of fatigue loadings is jumped according to the
simplified principle of the number of fatigue loadings in the numerical simulation of fatigue
performance. Based on what is described in Section 2, when the Nth fatigue loading is
simulated with cyclic jumps, the fatigue constitutive relationships of concrete, corroded
steel bars and other materials at the Nth fatigue loading are calculated separately to obtain
the fatigue performance of the strengthened beam at the corresponding number of loading
times. The fatigue performance under the fatigue loading times of two adjacent cyclic
jump steps is linked, so that the whole process of fatigue damage accumulation of the
strengthened beam is continuous, and then the fatigue performance of the strengthened
beam under the whole fatigue loading is obtained.
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4. Numerical Simulation for CFRP-Strengthened Corroded RC Beams
4.1. Experimental Introduction

In order to test the feasibility of the above discrete modeling method based on the
fatigue constitutive model of the material, this study simulates the test beam in the litera-
ture [23]. Since some of the experiments in the literature were static loading tests or the
experiment beams were unstrengthened beams, this study mainly selected two fatigue-
loaded CFRP-strengthened corroded RC beams for the simulations. The experimental
conditions of the strengthened beams are shown in Table 1, the mechanical properties of
each material are shown in Table 2 and the dimensions of the strengthened beams and the
arrangement of the steel bars are shown in Figure 2.

Table 1. Test of strengthened beam.

Beam ID η (%)
CFRP Strengthening Amount Fatigue Load

Pmin/Pmax (kN)
Fatigue Life

N (104)Layer Width/Thickness (mm)

Beam No. 8 8.3 1 100/1.1 10/35 134.6
Beam No. 10 15.0 1 100/1.1 10/35 61.0

Table 2. Mechanical properties of materials.

Material Compressive Strength
(MPa)

Tensile Strength
(MPa)

Elastic Modulus
(GPa)

Concrete 25.5 29.8

Steel bar
φ12 382 200
φ6 352.5 210

CFRP 4171 267
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4.2. Numerical Simulation Model

Simulations were carried out using the finite element software ABAQUS, and the
separated model approach was chosen for finite element modeling. Considering that
the corrosion of steel bars in the experiment was obtained via the accelerated corrosion
method, it is assumed during simulation that steel bars are uniformly corroded. The loss of
steel bar cross-sectional area caused by corrosion can be achieved through modifying the
cross-sectional dimensions of the steel bar component. Concrete is simulated using C3D8R
elements with a plastic damage model. Steel bars are simulated using T3D2 elements,
while CFRP is simulated using C3D8R elements. The fatigue constitutive models for each
material are calculated according to the formula described in Section 2. In addition, rigid
pads are placed at the points of concentrated force loading and at the supports to avoid
stress concentration.
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Corrosion of steel bars can lead to degradation of the bond between steel bars and
concrete. Due to the advantages of a clear mechanical concept, simple form and easy
setup, the spring cell is widely used to simulate the bond slip between concrete and
reinforcement. Therefore, this study simulates the bond slip through setting up spring
units between the steel bars and the concrete. The direction perpendicular to the steel bars
can be approximated as a rigid connection because the relative slip is small, so a linear
spring cell can be chosen to establish. Since the elastic deformation in this direction is small,
a larger stiffness factor is required to ensure the accuracy of the numerical simulation. In
the direction along the length of the steel bars, the interaction between the steel bars and
concrete will show obvious nonlinear characteristics because of the large relative slip, so
the nonlinear spring element needs to be established to simulate its mechanical behavior. In
this direction, the relationship between the force and displacement of the spring element is
nonlinear. The bond–relative slip relationship for the nonlinear spring element is shown in
Equation (15), and for uncorroded steel bars, the relationship is determined according to the
local bond stress–slip relationship between uncorroded steel bars and concrete proposed
by Houdle and Mirga [24], as shown in Equation (16):

F = τ(s) · πdl (15)

τ(s) = (5.3 × 102s − 2.52 × 104s2 + 5.86 × 105s3 − 5.47 × 106s4)

√
fc

40.7
(16)

where F is the bond force of the spring element. l is the distance between adjacent spring
elements. d is the diameter of the steel bar. τ(s) is the bond stress between steel bars and
concrete. f c is the compressive strength of concrete. s is the relative slip between steel bars
and concrete.

Since corroded steel bars will lead to degradation of the bonding performance be-
tween steel bars and concrete, the bonding slip relationship between uncorroded steel bars
and concrete needs to be corrected when considering the bonding performance between
corroded steel bars and concrete; the whole of Equation (16) needs to be multiplied by a
correction factor β to achieve this. Yang et al. [25] proposed a correction formula for the
variation of the bond stress degradation correction factor with the corrosion degree η:

β = 1 + 12.226η − 456.5η2 + 3547.7η3 − 8426η4 η ≤ 17% (17)

Due to the fact that the simply supported beam cannot undergo vertical displacement
at both ends and horizontal displacement at one end, when modeling the test beam, the
vertical displacement of the two supports and the horizontal displacement of one of the
supports were constrained. The left support is constrained in three directions for linear dis-
placement and in two directions for angular displacement (U1 = U2 = U3 = UR1 = UR2 = 0),
while the right support is constrained in two directions for linear displacement and in two
directions for angular displacement (U2 = U3 = UR1 = UR2 = 0). The boundary conditions
are set as shown in Figure 3.
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overall, the model beam had good accuracy while avoiding longer computation time. The 
finite element model of the strengthened beam is shown in Figure 5 and the meshing of 
the model is shown in Figure 6. 

Figure 3. Boundary condition setting.

This simulation adopts the load application method of centralized force loading,
setting the reference point above the mat as the centralized force loading point, and setting
the coupling constraint between the loading point and the mat to realize the transfer of
centralized force to the mat, as shown in Figure 4.
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Figure 4. Concentration force loading setting.

The remaining components are constrained as follows: Binding constrains between
concrete and CFRP and between rigid pads and concrete. Coupling constrains between
rigid pads and loading point. After analysis and comparison, and finally combined with
the size of the model, the mesh of the model is divided by 25 mm, in which there are
3136 solid cells and 522 truss cells. Additionally, the mesh quality of the model beam was
checked. The average aspect ratio of concrete components and rigid mat components was
1.5, and CFRP components had a larger aspect ratio due to their thinner thickness, but
overall, the model beam had good accuracy while avoiding longer computation time. The
finite element model of the strengthened beam is shown in Figure 5 and the meshing of the
model is shown in Figure 6.
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4.3. Fatigue Simulation Results and Correctness Verification

Using the method described above, the test beams in Table 1 were modeled and
numerically analyzed. Due to the limited experimental data provided in the literature [23],
a comparison of fatigue loading number to median deflection curves of the strengthened
beams was chosen for verification, and the comparison results are shown in Figure 7. The
comparison of the simulated values of the mid-span deflection of the strengthened beam
with the specific values of the experimental results is given in Table 3.
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Table 3. Comparison between mid-span deflection simulation results and experimental results.

Beam ID Fatigue Cycles
N (104)

Experimental
Result f e (mm)

Simulation
Result f s (mm) [(f e − f s)/f e] (%)

Beam No. 8

0 0.93 1.02 −9.68
5 1.11 1.18 −6.31

25 1.19 1.29 −8.40
50 1.21 1.33 −9.92

110 1.34 1.44 −7.46
134 6.66 6.17 7.36

Beam No. 10

0 1.00 1.15 −15.00
1 1.16 1.26 −8.62

20 1.42 1.54 −8.45
50 1.50 1.67 −11.33
60 4.22 3.59 14.93
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As shown in Figure 7, the mid-span deflection of the strengthened beam increases
rapidly at the beginning of fatigue loading. With the increase in the number of fatigue
loading cycles, the mid-span deflection enters a steady development stage and the increase
in mid-span deflection slows down. When the strengthened beam approaches fatigue dam-
age, the mid-span deflection rises steeply and quickly reaches fatigue brittle damage. The
development trends of both sets of comparison curves are basically consistent, indicating
that the simulation results of both beams are in good agreement with the experiment results.

As shown in Table 3, there are certain errors between the simulated and tested values
of the mid-span deflection. Possible sources of error include the fact that the fatigue
constitutive models for each material are based on certain assumptions and may differ
from the actual stress states and fatigue performance of each material in the experiment,
and that there may be differences in the boundary conditions of the strengthened beam
between the experiment and the simulation.

On the whole, the simulation results of the strengthened beams are basically consistent
with the variation trend of the experimental results, and the error range is not more than
15%, which confirms the feasibility and accuracy of the finite element model establishment
method used in the simulation, and further follow-up research can be carried out.

5. Analysis of Deformation Performance of CFRP-Strengthened Corroded RC Beams
under Fatigue Loading

Based on the theory of calculating the flexural stiffness of CFRP-strengthened RC
beams under static load, the method of calculating the mid-span deflection of CFRP-
strengthened corroded RC beams after fatigue loading is investigated through considering
the effects of steel corrosion and fatigue loading, using the same assumptions as those in
the Code of GB50010-2010 [14].

5.1. Calculation of Flexural Stiffness of CFRP-Strengthened Beam under Static Load

The current research on the calculation of flexural stiffness of CFRP-strengthened RC
beams under static load is mostly based on the formulae for calculating the flexural stiffness
of ordinary RC beams, which are proposed considering the influence of CFRP, and the
obtained formulae for calculating the flexural stiffness are either cumbersome in form or
debatable in accuracy [26]. Through analysis and comparison, the formula for calculating
the flexural stiffness of CFRP-strengthened RC beams proposed by Feng [27] is shown in
Equation (18).

B =
Es Ash2

0 + Ecf Acfh2

1.15ϕ + 6.28(αEρs + αFρcf) + 0.27
(18)

where As and Acf are the cross-sectional areas of a tensile steel bar and CFRP, respectively.
Es and Ecf are the elastic modulus of the tensile steel bar and CFRP, respectively. h0 is
the effective height of the beam section and h is the height of the beam section. ρs is the
reinforcement ratio of the tensile steel bar, where ρs = As/(bh0). ρcf is the reinforcement
ratio of CFRP, where ρcf = Acf/(bh0). αE is the ratio of elastic modulus of tensile steel bars
to concrete, where αE = Es/Ec. αF is the ratio of elastic modulus of CFRP to concrete, where
αF = Ecf/Ec. ϕ is the coefficient of non-uniformity of longitudinal tensile steel bar strain
between cracks.

5.2. Effect of Steel Corrosion on Flexural Stiffness of CFRP-Strengthened Corroded RC Beams

This study assumes that there is no relative slip between CFRP and concrete. The
effect of steel corrosion on the stiffness of the strengthened beams is mainly reflected in
the reduction of steel bar cross-sectional area, the degradation of steel bar strength and
the degradation of the bonding performance between steel bar and concrete. The first two
factors are considered to be affected via changing the geometric parameters of the steel
bar and the yield strength of the steel bar. When steel bars are uniformly corroded, the
mass corrosion degree η and the average cross-section corrosion degree ηs of the steel bars
are numerically equal. The bond performance between steel bars and concrete is related
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to the strain inhomogeneity coefficient of longitudinal tensile steel bars between cracks
in the Code of GB50010-2010 [14]. k(ηs) is introduced to modify the strain inhomogeneity
coefficient of steel bars after corrosion and substituting it into Equation (18) to obtain the
formula for calculating the short-term flexural stiffness of CFRP-strengthened corroded RC
beams under static load. Considering the applicable range of β in Section 4, this formula is
applicable for ηs ≤ 17%, as shown in Equation (19):

Bs =
Es As(ηs)h2

0 + Ecf Acfh2

1.15k(ηs)ϕ + 6.28(αEρs + αFρcf) + 0.27
ηs ≤ 17% (19)

where k(ηs) is the strain incongruity coefficient of the steel bar. When ηs = 0, the steel bar
is not corroded, and take k(ηs) = 1. When ηs > 0, take k(ηs) = 0.915 + 0.112ηs [28]. As(ηs)
is the cross-sectional area of the tensile steel bar after corrosion, which is calculated using
As(ηs) = As(1 − ηs), and As is the cross-sectional area of the steel bar before corrosion.

5.3. Effect of Fatigue Loading on Flexural Stiffness of CFRP-Strengthened Corroded RC Beams

The stiffness of CFRP-strengthened corroded RC beams under fatigue load will further
degrade. To address this issue, a modification factor λ(N) related to the number of fatigue
loading cycles is introduced to modify Equation (19), as shown in Equation (20):

Bs(N) = λ(N)·Bs (20)

where Bs(N) is the flexural stiffness of the corroded strengthened beam after N cycles of
fatigue loading. Bs is the initial flexural stiffness of the corroded strengthened beam.

From the formula for calculating beam deflection in material mechanics, the mid-span
deflection of the corroded strengthened beam can be obtained as:

f = s
Ml2

0
Bs

(21)

where s is the deflection coefficient related to the form of the load and the support conditions.
Bs is the flexural stiffness of the corroded strengthened beam. M is the mid-span bending
moment value. l0 is the calculated span.

Due to the lack of fatigue experimental data on CFRP-strengthened corroded RC
beams, based on the verification of the correctness of the model in Section 4, Beam No.
8 was used as the reference beam, and the other parameters were kept unchanged but
with varying levels of corrosion. Finite element modeling analysis was used to obtain the
mid-span deflection data of the strengthened beam under different numbers of fatigue
loading cycles, named FB-1, FB-2 and FB-3 for convenience of description, as shown in
Table 4. Multiple nonlinear regression analysis was performed using MATLAB, and after
several attempts, the function of λ(N) was chosen in the following form, as shown in
Equation (22):

λ(N) = a + b ln N + c(ln N)2 (22)

The undetermined coefficients were calculated to be a = 1, b = −0.00594 and c = −0.005378.
In summary, the formula for calculating the section flexural stiffness of CFRP-strengthened
corroded RC beams under fatigue loading is obtained as follows:

Bs(N) = [1 − 0.00594 ln N − 0.005378(ln N)2]·
Es As(ηs)h2

0 + Ecf Acfh2

1.15k(ηs)ϕ + 6.28(αEρs + αFρcf) + 0.27
ηs ≤ 17% (23)
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Table 4. Mid-span deflection of simulated beam under different fatigue loading cycles.

Beams η (%) Fatigue Cycles N
Deflection/mm

10 kN 15 kN 20 kN 25 kN 30 kN 35 kN

FB-1 0

1 0.23 0.32 0.50 0.68 0.76 0.95
10,000 0.25 0.39 0.57 0.76 0.88 1.11
50,000 0.26 0.40 0.60 0.79 0.92 1.14

100,000 0.26 0.41 0.61 0.79 0.92 1.15
30,0000 0.26 0.41 0.62 0.81 0.94 1.16
500,000 0.27 0.42 0.63 0.82 0.95 1.18
750,000 0.27 0.42 0.63 0.83 0.95 1.18

1,000,000 0.28 0.42 0.64 0.85 0.96 1.19
1,500,000 0.29 0.42 0.65 0.87 0.99 1.20
2,000,000 0.29 0.43 0.66 0.89 1.02 1.22

FB-2 8.3

1 0.23 0.33 0.53 0.74 0.97 1.02
10,000 0.23 0.39 0.61 0.81 1.04 1.15
50,000 0.26 0.40 0.62 0.82 1.06 1.18

150,000 0.27 0.42 0.63 0.82 1.07 1.20
250,000 0.27 0.43 0.65 0.85 1.09 1.29
350,000 0.27 0.45 0.67 0.85 1.09 1.30
500,000 0.28 0.46 0.69 0.89 1.12 1.33
700,000 0.29 0.50 0.72 0.93 1.17 1.37
900,000 0.30 0.52 0.75 0.99 1.22 1.40

1,100,000 0.32 0.55 0.78 1.03 1.29 1.44

FB-3 15

1 0.25 0.39 0.55 0.77 1.00 1.15
10,000 0.27 0.43 0.60 0.86 1.06 1.26
30,000 0.30 0.48 0.65 0.88 1.11 1.35
50,000 0.30 0.50 0.67 0.90 1.16 1.43

100,000 0.32 0.52 0.73 0.93 1.19 1.49
150,000 0.33 0.55 0.78 0.97 1.22 1.54
200,000 0.33 0.59 0.82 1.01 1.26 1.61
300,000 0.34 0.61 0.84 1.04 1.33 1.65
500,000 0.35 0.63 0.87 1.15 1.40 1.67

5.4. Formulation and Verification of Mid-Span Deflection for CFRP-Strengthened Beams

Combining with the above analysis, the formula for calculating the mid-span deflection
of CFRP-strengthened corroded RC beams under fatigue loading is established as follows:

f (N) = s
Ml2

0

[1 − 0.00594 ln N − 0.005378(ln N)2]· Es As(ηs)h2
0+Ecf Acfh2

1.15k(ηs)ϕ+6.28(αEρs+αFρcf)+0.27

ηs ≤ 17% (24)

The feasibility and applicability of Equation (24) were verified through collecting
experimental data in the literature, and the specific data are shown in Table 5. As can
be seen from Table 5, the average value, standard deviation and coefficient of variation
of the ratio between the experimental values and the calculated values are 0.95, 0.09 and
0.10, respectively. The experimental values and calculated values are in good agreement,
which proves that the formula proposed in this study has certain applicability and can be
used for calculating or evaluating the fatigue deformation of CFRP-strengthened corroded
RC beams.
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Table 5. Verification of mid-span deflection calculation Formula (24).

Beam ID ηs(%) Fatigue Cycles N Experimental Result
f e (mm)

Calculated Result
f ca (mm) [(f e − f ca)/f e] (%) f e/f ca

Beam 19 [8] 12.8

1 3.68 4.39 −19.29 0.84
10 4.00 4.44 −11.00 0.90

100 4.08 4.54 −11.27 0.90
1000 4.09 4.70 −14.91 0.87

10,000 4.23 4.93 −16.55 0.86
100,000 4.66 5.25 −12.66 0.89

Beam 20 [8] 14.3

1 3.61 4.30 −19.11 0.84
10 3.74 4.35 −16.31 0.86

100 3.91 4.45 −13.81 0.88
1000 4.32 4.60 −6.48 0.94

10,000 4.60 4.83 −5.00 0.95

Beam 21 [8] 13.6

1 3.32 4.07 −22.59 0.82
100 3.40 4.21 −23.82 0.81
1000 3.72 4.36 −17.20 0.85

10,000 3.93 4.57 −16.28 0.86
100,000 4.17 4.87 −16.79 0.86
150,000 4.26 4.93 −15.73 0.86

Beam No. 8 [23] 8.3

1 0.93 0.88 5.38 1.06
50,000 1.11 1.04 6.31 1.07
250,000 1.19 1.09 8.40 1.09
500,000 1.21 1.12 7.44 1.08

1,100,000 1.34 1.15 14.18 1.17

Beam No. 10 [23] 15

1 1.00 1.01 −1.00 0.99
10,000 1.16 1.13 2.59 1.03
200,000 1.42 1.24 12.68 1.15
500,000 1.50 1.28 14.67 1.17

A3 [29] 13.4

1 1.25 1.40 −12.00 0.89
15,000 1.49 1.58 −6.04 0.94
30,000 1.52 1.61 −5.92 0.94
40,000 1.54 1.63 −5.84 0.94
300,000 1.68 1.73 −2.98 0.97
500,000 1.81 1.76 2.76 1.03

1,200,000 2.07 1.87 9.66 1.11

B3 [29] 14.9

1 8.72 9.64 −10.55 0.90
10,000 9.85 10.82 −9.85 0.91
50,000 10.08 11.29 −12.00 0.89
75,000 10.20 11.43 −12.06 0.89
100,000 10.38 11.53 −11.08 0.90
300,000 11.07 11.95 −7.95 0.93

D3 [29] 14.2

1 2.54 2.81 −10.63 0.90
10,000 3.00 3.15 −5.00 0.95
50,000 3.16 3.29 −4.11 0.96
100,000 3.33 3.36 −0.90 0.99
500,000 3.29 3.55 −7.90 0.93

1,000,000 3.42 3.64 −6.43 0.94
2,000,000 3.55 3.75 −5.63 0.95

Average value 0.95
Standard deviation 0.09

Coefficient of variation 0.10
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6. Conclusions

This study conducted modeling and analysis of CFRP-strengthened corroded RC
beams using the finite element software ABAQUS and investigated the deformation be-
havior of the beams under fatigue loading. The following conclusions were drawn from
the study:

• The fatigue constitutive model of each material can accurately reflect the actual state of
the material under fatigue loading. Based on the fatigue constitutive models of various
materials, the numerical analysis method of fatigue cumulative damage and failure
process can simplify the entire process of fatigue loading while ensuring accuracy and
improving the efficiency of finite element simulation.

• Based on theoretical research and regression analysis of simulated data on CFRP-
strengthened corroded RC beams, a formula for calculating the deflection of CFRP-
strengthened corroded RC beams under fatigue loads was obtained. The formula was
validated using collected experimental data, which showed that the proposed formula
can provide a theoretical basis for calculating or evaluating the fatigue deformation of
CFRP-strengthened corroded RC beams.

• Due to the limited current research on CFRP-strengthened corroded RC beams under
fatigue loading, the coefficients of the mid-span deflection formula proposed in this
study still require further optimization with more experimental data to achieve better
accuracy. A series of experimental studies on the deformation performance of CFRP-
strengthened corroded RC beams can be conducted in the future to further verify the
applicability of the mid-span deflection formula proposed in this study.
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