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Abstract: The study first proposes the difficult nonlinear convergent radius and convergent rate
formulas and the complete derivations of a mathematical model for the nonlinear five-link human
biped robot (FLHBR) system which has been a challenge for engineers in recent decades. The
proposed theorem simultaneously has very distinctive superior advantages including the stringent
almost disturbance decoupling feature that addresses the major deficiencies of the traditional singular
perturbation approach without annoying “complete” conditions for the discriminant function and
the global exponential stability feature without solving the impractical Hamilton—Jacobi equation
for the traditional H-infinity technique. This article applies the feedback linearization technique to
globally stabilize the FLHBR system that greatly improved those shortcomings of nonlinear function
approximator and make the effective working range be global for whole state space, whereas the
traditional Jacobian linearization technique is valid only for areas near the equilibrium point. In order
to make some comparisons with traditional approaches, first example of the representative ones, that
cannot be addressed well for the pioneer paper, is shown to demonstrate the fact that the effectiveness
of the proposed main theorem is better than the traditional singular perturbation technique. Finally,
we execute a second simulation example to compare the proposed approach with the traditional
PID approach. The simulation results show that the transient behaviors of the proposed approach
including the peak time, the rise time, the settling time and the maximum overshoot specifications
are better than the traditional PID approach.

Keywords: five-link human biped robot; feedback linearization technique; almost disturbance
decoupling performance; human-machine interface; nonlinear convergence radius

1. Introduction

Nowadays, for many industrial and medical applications, the five-link human biped
robot (FLHBR) has become an interesting and significant topic for many researchers [1-5].
The important research of FLHBR systems is to design and manufacture more efficient
artificial limbs with good driving abilities for handicapped patients and implement devices
to perform difficult tasks in hazardous environments or onerous reiterative works [6,7].
Investigations of dynamic modeling and robust control for FLHBR system have recently
attracted increased attention due to their higher mobility than traditional wheeled robots.
Although wheeled vehicles are very popular, they suffer from many limitations which
destroy their efficiency. For instance, they can only reliably move in some special limited
types of terrain. In contrast, FLHBR systems give great flexibility in selecting the type
of the proceeded terrain [6,7]. The FLHBR system has many theoretical and practical
limitations including nonlinear dynamics, inherent instability and robust control in a given
time. Controlling the global stability of FLHBR systems during walking is a difficult issue.
Several widely used effective control methods have been proposed in the literature to
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address the global stability, dynamic model and robust control of FLHBR systems such
as the proportional-integral-derivative (PID) control [8], the model predictive control [3],
the adaptive control [5,9] and the sliding mode control [6,10]. The PID control method
requires to transform the original, highly nonlinear model of the FLHBR system into
an empirically “linearized” model which inevitably limits the locomotion mobility. By
assuming small body angular velocity, which is effective for certain FLHBR systems, the
centroidal dynamics can be “linearized” and utilized in a model predictive control fashion
that works only in areas near the equilibrium point [3,11]. Recently, researches on adaptive
control have focused on FLHBR control tasks to solve real-life applications [4]. However, the
adaptive control is largely limited due to the complex updating rule. A sliding mode control
with appealing robust performance is proposed to track pre-specified gait trajectories for the
FLHBR system while climbing stairs [6]. However, the inevitable chattering phenomenon
limits the locomotion stability of the FLHBR system.

For the locomotion tracking control of the FLHBR system, both the disturbance rejec-
tion ability and the global stability performance need to be simultaneously achieved [12],
and then some effective methods have been widely applied such as the model predictive
control [3], the deep reinforcement learning [4], and backstepping control [13]. Neverthe-
less, the aforementioned controls applied the Jacobian linearization technique to obtain
the linearized model of the nonlinear FLHBR system which is only effective in areas near
the equilibrium point. To well address the severe limitation of FLHBR systems, many
researches apply function approximators to solve it, such as the neural network tech-
nique [4,14] and the fuzzy logic technique [15,16]. The neural network technique for robust
controlling FLHBR systems has outstanding advantages and features [4]. However, it has
the following inevitably impractical limitations: (1) the interconnected neural network
rules are complex; (2) the neural network technique is a supervised learning technique
and requires many sampling points; (3) the necessary input variable of the FLHBR system
is built only by current states of neural network. The fuzzy logic technique is mainly
limited by the fact that the fuzzy rules are constructed by the experience of many experts
accumulated in the past [16]. Motivated by the above analysis and investigation, the robust
locomotion control of the FLHBR system is still a challenging issue for the disturbance
rejection ability and global stability performance. In this paper, we first apply a feedback lin-
earization technique to well address above limitations with multi-performances including
the almost disturbance rejection performance, the global stability, adjustable convergence
rate and convergence radius. Recently, the feedback linearization technique has attracted
many researches such as the autonomous arm [17], the swash mass helicopter [18], the
wheeled inverted pendulum mobile robot [19], the bending soft pneumatic actuators [20],
the cascaded power electronic transformer [21] and the grid-tied synchronverter [22].

Practical industrial systems are always corrupted by different types of unknown dis-
turbances, and one important issue in robust controller design is to attenuate their influence
on the output terminal as much as possible, since it is difficult to realize exact disturbance
decoupling. When “exact” disturbance decoupling performance fails, it is natural to inves-
tigate the almost disturbance decoupling performance, which is to design a robust control
that attenuates the influence of the unknown disturbance on the output terminal up to an
arbitrary degree. Stricter definition of almost disturbance decoupling performance with
simultaneous absolute-value sense, integration-value sense and input-to-state stable sense
had been exploited in [23-25]. However, refs. [23,24] have shown the fact that some specific
control systems cannot achieve the almost disturbance decoupling performance subject to
one sufficient condition that the discriminant functions should possess a “complete” condi-
tion such as the following control system: X, 1(t) = tan™ 1(xse_2) + Qu(t), Xse 2(t) = uip,
Yop_1 = Xse_1 = Ugp_1, Where Qy, u;, and u,p,_1 denote the unknown disturbance, input and
output, respectively. In contrast, this article applies the feedback linearization approach to
address the almost disturbance decoupling performance for FLHBR systems. Finally, we
perform a simulation by the traditional PID control in the simulation section to exploit the
fact that the transient dynamics of the proposed feedback linearization approach such as
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the peak time, the rise time, the settling time and the maximum overshoot specifications is
better than the traditional PID approach.

The main contributions of the proposed approach in this study are summarized as follows:

(1) The study first proposes the complete derivations of a mathematical model for
highly nonlinear FLHBR systems.

(2) This article first gives the formulas of exponential convergent rate and convergent
radius for the FLHBR system.

(3) The FLHBR system is addressed well by using the feedback linearization technique
to take the place of traditional singular perturbation technique without the limitation that
the discriminant function requires a complete condition [23,24].

(4) The exponential stability of FLHBR systems is guaranteed in this study without
solving the troublesome Hamilton—Jacobi equation which is critical work for the traditional
H-infinity approach [26].

(5) The article proposes a one-controller design of FLHBR systems to improve the se-
vere shortcomings of traditional function approximators such as the fuzzy control approach
and neural network control approach without relying on the experience of many experts
accumulated in the past and complex interconnected neural network rules, respectively.

(6) The proposed stability theorem of FLHBR systems in this article is global for whole
state space and takes the place of the traditional Jacobian linearization technique that is
only local for areas near the equilibrium point [27].

(7) This article designs a powerful human-machine interface of robust controller
design for FLHBR systems using Python and dynamically shows the convergent trajectory
of the system states.

2. Complete Mathematical Model of the FLHBR System

Based on the FLHBR system considered in this study, the FLHBR kinematic model is
completely derived via the Lagrange equation that mainly investigates the energy analysis.
The schematic diagram of the FLHBR is shown in Figure 1 and the Lagrange equation is
written by

Ls = Ekinetic — Epotential (1)

o= 4 (% _<8L‘1>,i—1,2,3,4,5 2)
dt 00; a0;

where Ey;eric denotes the kinetic energy of the FLHBR system; Ejtentia is the potential
energy of the FLHBR system; L, denotes the Lagrange function of the FLHBR system;
7,1 = 1,2,3,4,5 is the ijoint torque; 8;,i = 1,2,3,4,5 denotes the angle of link1~link5;
9,»,1‘ = 1,2,3,4,5 is the velocity of link1~link5, M; = M5 = 4.55 kg, M, = My = 7.63 kg,
M3 = 49.00 kg are the masses of link1~link5, My, My denote the masses of exoskeleton
thighs, M1, M5 denote the masses of legs, M3 denotes the mass of torso, L1 = Ls = 0.502 m,
Ly = Ly = 0.431 m are the lengths of link1, 2,4, 5, D; = D5 = 0.247 m, Dy = Dy = 0.247 m,
D3 = 0.280 m are the distances between the mass centers of link1, 2, 3, 4, 5 and those lower
joint, I; = Is = 0.105 kg-m?, I = I; = 0.089 kg-m?, I3 = 2.350 kg-m? are the moments of
rotational inertias for link1, 2, 3, 4, 5 and G = 9.8 m/s? is the acceleration of gravity.

and
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Figure 1. The schematic diagram of a five-link human biped robot.

Define the input, output, state, noise and matched uncertainty variables of the FLHBR

N . T T — o T

to be Uipp = [Tl <o T5} e [uip_l <o ul-p_5} , Uop = [91 <o 95] ,

P T . .

Xse = [xseJ s Xge 10} Xse 1 = 01, Xse 2 = 61, Xse 3 = 0y, Xse 4 = 62, Xse 5 = 03,
P %

xse 6 — 93/ xSB 7 — 94/ xse 8 — 94! xSE 9 — 95/ xse 10 — 951 Z qn()lse ]Q'rl ]I 2 qn()lse ]Q 7]"
j=1 =

The complete derivations of mathematical dynamical model and the related definitions of

variables Djj, Hj, hjjj, G;,1 < i,j < 5 are sown in Appendix A. Then the dynamic equation

of the FLHBR system can be derived as

Xse_10 ] [ A - fio }T + §uip_1uip_1 + §uip_2uip_2 + guip_Suip_Ci + §uip_4”ip_4

+gmp 5Uip 5+ £ T oise O+ é ;ste] un_j ®)
Uop 1 = Xse 1 = 01 4)

Upp 2 = Xse 3 = 02 ®)

Uop 3 = Xse 5 = 03 (6)

Upp 4 = Xse_7 = b4 (7)

Uop 5 = Xse 9 = 05 (8)

where

fi = xse2 )

f» = (DIyy)(-H

fa= (Dly)(—

1~ G1) + (DIy,)(=H,y — Gp) + (DIy3)(=Hj — G3) + (DIyy)(—H, — G4) + (DI5)(—Hjs — Gs) (10)

f3 = Xse 4 (11)

H; —Gy) + (DIy)(—H, — Gy) + (Dl3)(—Hj — G3) + (DIyy) (—Hy — Ga) + (DI5)(—Hs — Gs) (12)

f5 = Xse 6 (13)
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fo = (DI3;)(—=H; —Gy) + (Dlg)(—H, — Gp) + (DIg3)(—Hj — G3) + (Dl ) (—Hy — Gg) + (Dl35) (—Hjs — Gs) (14)
f7 = Xse_8 (15)

fs = (Dly)(—H; —Gy) + (D) (—H, — Gy) + (Dlyg) (—Hjz — G3) + (Dly)(—Hy — Gy) + (Dlys) (—Hs — Gs) (16)
f9 = Xse 10 (17)

fio = (DI5;)(—H; — Gy) + (DIs,)(—H, — Gy) + (DIs3)(—Hjz — G3) + (DIsy)(—Hy — G4) + (DI55)(—Hj — Gs) (18)
DETD = (D 4,D%,D35 — D33DysDs5D3, — 2D1pD13D3D35 + 2DgyDssD1aD13Dos
+2D33D55D12D14D24 — 2D33D12D14D25D45 — 2D33D12D15D24
Dys5 + 2D33D44D15D15Dp5 + D55 D3, D3, — 2D3,D2sDosDys + Dyg D2, D35
+D2D33D35 — DpDagDssD?, — 2Ds5D13D14Dp3D04 + 2Dy3D14D23Dos
Dys + 2D13D15D23D24Dy5 — 2D44D13D15D23D0s5 + Dss D, D3, (19)
+D33D35, D35 — DyD33DssDi, — 2D14Dy5D33Dss — 2D33D14D15D24Dos
+2D3;D33D14D15Dy5 + DyyDisD3; + D33DisD3y — DppD3sDygDis+
Dj1D%,D%; — D11DaDs5D35 — D11D33Ds5D3, + 2D11D33D24DosDys
—D11D33D44D35 — D11D2»DasDis + D11D22D33D44D55)

DI} = —(—D3;D% + DyyDssD3; + D33DssD3, — 2D33D24Da5Dy5 + DagDyyD3s + DyyD33Dis

20
— D2D33DyyDss) / (DETD) 20
Dlj; = —(D43D23D35 — D12D33D35 + D14D25D33Das + D15DasD33Das — DysDosDazDag (21)
— D14D94D33Ds5 — D13D23DysDs5 4+ D12D33Dg4Ds5) / (DETD)
Dlj3 = (D3D2Dj5 — D12D23Dj5 + D13D35Das + D13D34Ds5 — 2D13D24D25Dss5 + D14D23DasDis 22)
+ D15D23D24Dy5 — D15D23D25D g4 — D14D23D24 D55 4 D1pD23D, 4Ds5 — Dy3D2Dyy D55) / (DETD)
DIy = (D,D35D33 — D15D%;Dys5 + D14D33Ds5 — D15D24D25D33 + D13DasDosDas — D1aDasDasDas (23)
— D13D23D24Ds5 + D15D2D33Dys + D1pDpsD33Ds5 — D14 D)2 D33Ds5) / (DETD)
Dlj5 = (D5D3,Ds3 — D14D33D45 + D15D33Das — D14DpsDosDsz + D13Da3D,4Da5 — D13DasDasDay (24)
— D12D94D33Dy5 + D12D25D33D 4y + D14D2pD33Dys — D5D0D33D44) / (DETD)
Dly; = —(D3D23D35 — D13D33D35 + D14D25D33Das5 + D15D24D33Ds5 — DisDasD33Dag (25)
— D14Dp4D33Ds5 — D13D23Dy4Ds5 4 D12D33DgyDss) / (DETD)
Dly; = —(~D7;Dj5 + DyyDssD?; + DagDssDiy — 2D33D14D15Ds5 + Da3sDaaDis + D11 DssDis 26)
— D11D33Dy4Ds5) / (DETD)
Dlp; = (Dy;D23Dj5 — D12D13D%5 + D3sDa3Day + D34 D23Ds5 + D13Dy4D,5D45 + D13D15D24Dis 27)
— Dy3D15D25D44 — 2D14D15D23D45 — D13D14D24Ds5 + D1D13D44Ds5 — D11D23Dy4Ds5) / (DETD)
DIy = (D%5D24D33 — D33D25D45 + D33D24Ds5 — D14D15D25D33 + D13D15Dp3 D45 — D12DisD33Das (28)
— Dy3D14D23Ds5 + D11D25D33D45 4 D12D14D33D55 — D11D24D33Ds5) / (DETD)
DIys = (D%4D25D33 — D%,D24Dy5 + D33D5Dygy — D14D15D24 D33 + D13D14D23Dys — Dy3DysDps Dy (29)
— D13D14D33D45 + D12D15D33D44 4 D11D24D33Dys — D11 D25 D33Dyy ) / (DETD)
Dl3; = (D13D2Dj5 — D12Dp3D35 + D13D35Das + D13D3,Ds5 — 2D13D24Dp5Das + D1aDa3DasDys (30)
+ D15D23D24Dy5 — Di5D23Dp5Dyy — D14D23DpyDss + D1pDp3DyyDss — D13D2DyyDss) / (DETD)
DIy = (D D23D35 — D1D13D%s + D3sDa3Dyy + D2, D23 Dss + D13D1aDpsDys + Di13DisDasDas (31)

— D13D15D,5D44 — 2D14D15D3D45 — D13D14D4Ds5 4 D1pD13Dg4Ds5 — D11D23D44Ds5) / (DETD)
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Dlg3 = —(—D7,D% + DyyDssD?, — 2Ds5D15D14Dsy + 2D12D14D25D45 + 2D12D15D24 D5
— 2D4yD1,D15D05 — D3yD35 + DpyDs5D3 + 2D14D15D54Dos5 — 2D D14 Dy5Dys — DisD3,+
D3,Dy44D75 + D11DssD3, — 2D11D24D25Dys + D11 DyyD35 + D1 DyDis — D11D22D44D55>
/(DETD)

(32)

DIy = —(D3D14D5 + D35D23Dp4 — Di3Di5D24Dy5 — D14D1sD23Dos — D1Di3DasDys
— D12D15D23Dy5 + D13D15D2;Dy5 + D11D23D25Dys5 + D12D13D24Ds5 + D13D14D23Ds5 (33)
— Dy3D14D2;Ds5 — D11D23DosDs5) / (DETD)

Dl35 = —(D13D15D34 + D?,Dp3Dy5 — D13D14DasDas — D14D15Dp3Da4 — DipDi3DogDis
+ D1D13D25D4g — D12D14D23Dys + D12D15D23D4gg + D13D14D22Dys — D13D15D22Dayy (34)
+ D11D23Dp4Dy5 — D11Dp3D25D44) / (DETD)

Dly; = (D4D35D33 — D15D%;Dys5 + D14D33Ds5 — D15D24D25D33 + D13Da3DosDas

— D12D25D33D45 — D13D23D24Dss5 + D15D25D33D45 + D12D24D33Dss (35)
— D14D2,D33Ds5) / (DETD)

DIy = (D%5D24D33 — D%,D25D45 + D3;D24Ds5 — D14D15Dp5D35 + D13D15D23Das

— D12D15D33D45 — D13D14D23Ds5 + D11D25D33D45 + D12D14D33 D55 (36)
— D11D24D33Ds5) / (DETD)

Dly3 = —(D13D14D%5 + D3:Dp3Dy4 — D13D15D24Do5 — D14D15D23Das — D1aD13DasDas
— D12D15D23D45 + D13D15D2Dss + D11D23D25D45 + D12D13D24Dss + D12D14D23Ds5 (37)
— Dy3D14D22Ds55 — D11D23D54Ds5) / (DETD)

Dly = —(Dg3Ds5D%, — 2Ds5D12D13D05 — 2D33D12D15Dp5 — D3, D%s + DyyDssD3,
+ 2D13D15Dp3 D25 — D3: D3, + DpD33Ds + Dy DssD3, + Dyy D33 D35 (38)
— D11DyD33Ds5) / (DETD)

Dlys = (D4,D3;D45 — D13D24D55 — D14D15D35 + D33D20Dys5 + Di,D33Dys + Di3D14D23Dos
+ D13D15D23Dp4 — D12D14D25D33 — D15D15D24D33 + D14D15D25 D33 + D11D24Dos D33 (39)
— 2D12D13D23Dy5 — D11D22D33Dy5) / (DETD)

Dls; = (D;5D3,D33 — D14D3; D45 + D15D3;Dag — D14DpyDosDa + D13Da3DasDias — D13Da3DosDag

40
— D12D24D33Dy5 + D12D25D33Dyy + D14 D22 D33Dys — D15D22D33Dyy) / (DETD) )

Dls, = (D%4D25D33 — D%,D24Dy5 + D33Dp5D4g — D14D15D24D33 + D13D14D23Dys — Di3DysDozDay

41
— D13D14D33D45 + D12D15D33D44 4 D11D24D33Dys — D11D25D33D4y) / (DETD) (1)

Dls3 = —(D13D15D3; + D?,Dp3Ds5 — D13D14D2sDas — D14D15D23 Doy — DyyDi3D24Diss
+ D12D13D25D4y — D12D14D23Dys + D15D15D23Dgy + D13D14D22Dygs — D13D15D22 Dy (42)
+ D11D23D4Dy5 — D11Dy3D25Dyy ) / (DETD)

DIsy = (Dy;*D%;Dys5 — D33D4Do5 — D1gDi5+D3; + D2, D2Dys + D3,Da3Dys + D13D14DasDos
+ D13D15D23D24 — D12D14D25D33 — D12D15D24D33 + D14D15D22D33 + D11 D24 D5 D33 (43)
— 2D13D13D23D45 — D11D2yD33Dys) / (DETD)

Dls5 = —(D43Da4D%, — 2DysD1pD13D03 — 2D33D1pD14 Doy — D3,D, + DyyDay D3 + 2D13D14D23Dos

— D§,D3; + DD33D3, + D11D4yD3; + Dy D33D34 — D13 D22D33Day) / (DETD) “
Sup1=[0 Dly 0 Dy 0 Dy 0 Dly 0 DIg]" (45)
§uip_2 =[0 DI 0 DI 0 DI 0 Dlp 0 DI52]T (46)
§uip_3 =[0 DIj3 0 D3 0 DIz 0 Dl 0 D153]T (47)
§uip74 —[0 Dy 0 DIy 0 DIy 0 DIy 0 DIy’ (48)
§uip_5= [0 Dhjs 0 Dz 0 DIy 0 Dl 0 Diss]’ (49)
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—\k T
Tyoise 1 =10 01 0 --- 0] (50)
Q, 1 = sint (51)
First, define the nominal system of the FLHBR system to be
;SE(t) = f(;56> +8 (;56);ip (52)
uip
Yop(t) = top( xse) (53)

with the well-defined relative degree [28] {d,4 1,d4 2, ,dras} = {2 2 2 2 2}
that meets
<i> the following Lie differential equation holds:

Lo Lhu (x.)= 54
8 uip.j fuo’“(xs") 0 &)

for1 <i<5,1<j<5k<d,y;—1, where the symbol L denotes the Lie differentiation
operation [28,29].
<ii> the following Lie differentiation matrix possesses the nonsingular performance:

1 N

dyg 1—1 = g 1—
Lguip,l Lf ! top 1(Xse) - Lgui,,j Lf ! Uop_1( X se)
Asystem = :
dyg 5—1 — dyy 5—1 =
Lguip_l Lf - ”OP_5( X 56) T Lgu,-p_5 Lf - ”op_5( X se)
DI;; DI, DIj3 DIy DIs (55)
DIy Dlp DIy Dly Dl
= | DIsy DI DIsz DIy DlIss
Dlyy Dlyp Dl Dly Dlgs
DIsy DIs; DIlsz DIsy Dlss
and the following function
SP””{ 8uip_17 Suip 27" " 7 guip_5} (56)

is an involutive distribution [30].

3. Robust Control Design of the FLHBR System

Since the FLHBR system has the well-defined relative degree property and involutive
distribution performance, a differentiable, smooth and bijective function ¢ : " — "
defined by

R Ti r_ 1 i T
Ti= { 1o i, } = [ Y1 Py, }
0 ™ drg_i—1 - T (57)
= |: LA”op_i(xse) - uop_i(xse) :| ,1<i<5
f f
o T
T)=[T1x Tip - Tpa,) (58)
drd = drdJ + drdj +-+ drdj (59)
Tll_l = (Pll_l = L%uop_l = Xse_1s (60)
TP g, =Tla=¢l0= Ll?”ﬂp_l = Llfxse_! =fi = Xse2 (61)

Tl2_l = ¢lz_1 = Lo?uop_Z = Xse_3, (62)
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T7, dgr = TP =¢],= Llf“op_z = Ll?xse_s =f3=Xse 4 (63)

T =¢), = Lo?uopj = Xse 5, (64)

TP g =T =00 = Llfuop,s = Llfxsej = f5 = Xse.6 (65)

T =¢f, = LO?”DPA = Xse_7, (66)

TP g, =Tha=¢o= Llfuw = Ll?xsu = fr = Xes (67)

T, =¢, = LO?”OP_S = Xse_9, (68)

TP g, s =T =00 = Ll?”Op_S = Llfxse_9 = fo = Xs_10 (69)

is a smooth and bijective function that transforms the highly nonlinear FLHBR to be a linear
subsystem [30].

In (60)~(69), there are ten variables due to the relative degree vector of the nonlinear
FLHBR system described by (3)~(8), then the FLHBR system is fully feedback linearizable.
An important achievement was pioneered by [30], namely, that under the assumption of
the fully linearizable feedback, the function defined as ¢ transforms the original FLHBR
system into a linear subsystem as follows:

.1 auop_l — N P %
Tl_l = 9x f Jrg CUip + ,21 qnoiseﬁj (QWIJ + an]')
se uip = (70)
_ 1 Buo 1
- T + Z ( Bxpse qnozsej) (QWL]' + Q”J)
dpg 11 N
. . oL/ u — Px
1 _ 1 f op_1
Tll_drdj =T = Axse f+ g Mhip " /';1 noise_j (Qun’j * an)‘|
uip =
_ drd 1 drg 1—1 drg 1—1 )
f uop 1 + Lguzp 1 ? uop_l uip_l T + L?uiﬂj ? uop_l ulp_s (71)
P (oL 'd-rluopil ok
+,21 ( ! ox qnoise_j (Q””_f + Q”_j)
]: se
-5 gy 5 | 2 — P
Tl_l = a?p_ f Jrg CUip + 'Zl qnoiseﬁj (Q“”Lj + Q”]')]
* uip - (72)
_ 75 auo 5
- T ot Z ( == nozse,j (QWL]' + an))
5 . 1 aLde’E’iluo}/LS - N Pk
Hdgs = T2~ 55 frg uip +j21 9 noise_j (Qun_j + Qn_j)
uip =
_ drdj dm’j*1 i drdj*l X
=LJ Uop 5+ LguipJ ? Uop 5Uip 1+ -+ L?uipj ? Uop_5 Uip 5 (73)
d -1
P [aLd> Ugp_ 5 —*
+’21 < ! ox qnoise_j) (Qu”_j + Q”_j)
]: se
Since
Uip ci = L;d Z”op i (74)
dyg i—1 .
Uip_gij = L= I Uop_iy1 <1i,j <5 (75)

gulp] f
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then the transformed subsystem is written as

1 p
Tia(t) = Tl o(t) + Z% (
j=

[N

X

aLll

?7 uop_l)

sk

q noise_j (Qun_j + Q”_j)

1 _ _
T, = Ti2 = tip.cr + Uip anhip 1+ -+ Uip_q15Uip 5

p
+X (
j=1
.5

T 1=
Tlll_d

=1

rd_5

P Lk
9 rdrs—1
+ Y <4Ll uop_S) qnoise_j(

9 7drai1—1 —
=L uop_l) q noise_j (Qun,j + Qnﬁj)

0Xse f

4 P} B ok
TIS_Z + Z ( — Ll? 1u0P_5> q noise_j (Qun_f + Q"_f)
=1

0Xse

0Xse f

Uop i =T 1,1<i<5

hence
Tl 1
L le,z Uip_c1 Uip g1 Uip_d12 Uip_d15 Uip 1
Tia,, T; , Uip 2 Uip_d21  Uip_d22 Uip_d25 Uip 2
.5 -5 U; U; U; U; U;
p_c5 ip_d51 ip_d52 ip_d55 ip_5
T a, 5 T P 4 4
r P ok T
d LdrdJ*l
S LT u o (O i Q5
jgl <axse 7 op_1]4 nozse_]( un_j ”_])
P %
9 72—l , .
Z <E); - uOP_2> qnoise_j(Q””_] + Q"_])
+ | j=1 se f
{: 9 pdus—1, - (O + )
=] 8;56 ? op_5 qnoise_j un_j n_j |
To construct the desired feedback linearization controller
AL [
u ip system ip_b ip_v
we apply the vector
— _ T _ drdJ dnLZ drdj
Wipp = [ Uip st Uip 12 Upp ps | = { i Uop_1 L? Uop 2 - ; Uop_5

= [ Uip 1 Uip_2

—

T _
Uip 5 ] = Uip_c

and the virtual input [30]

—

”ipfv = [uip_vl Mip_vZ uip_v5}

.5
=T 2 =tjp 5+ Uip_gs1Uip 1+ + Uip_gs5Uip 5

Qun_]’ + Qn_j)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)
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Then we can transform the original FLHBR system into the following model

- p N -
d dr -1 *
T, T, > Uiy vl =
2" . N Yo ) g Qi+ Q)
Tl_ﬁ.lyd_z T172 _ lp._’UZ ]:1 axse f 0P_2 noise_j un_j n_j (85)
5 N :
T Tl 2 tp-v P p) dyg 5—1 —*
ldyg s - ];1 = 7d,5 Uop_5 | 4 poise_j (Qun_j + Qn_]‘)
From (76), (78) and (85), we obtain
i i £ < E LLiluOP i) ;Zoise ‘(Q”” j+ Q” ])
T, 1(b) [o 1 H Ti 4 (t) —I—{O}u- IR=ACT i\ :
! 100 T, 1 |- P dyg i—1 —k ! 86
Idyg i [dra i 421 (ag 7d7 “opi) q noise_j (Qunfj + anj) ( )
]: se
dyi=2,i=1, /5
We construct the feedback linearization controller by ;ip = As_yitem { _;ip_b + ;ip,v}
with almost disturbing decoupling performance to be [30]
— 4 drg i) _ o= ini |70 gl o l—dy i gl 1
Uip_vi = uépjmck( 15) — g “Zl [quop_l uép?track} € - 0‘12 [ Uop_i ui)pjrack( )} (87)
— | d,, ,‘71 ; R .
T E 1“:71,&,- Lf - Uop_i — uf}p_tmck(drd_] 1)]’1 <i<5
where uf) p_track 18 the desired tracking signal and “iirdf,» are elements of the Hurwitz matrix
shown by
0 1 0 0
0 0 1 0
; 0 1 .
[ . . — e
Al = : : [_1000 _1000}1 1,---,5 (88)
0 0 o - 1
ol b —ad o gl
al "‘2 0(3 “dyd*i drdfiXdrdJ
Based on a feedback linearization approach, we propose the robust controller with
y o i 1 _ 2 _ .3 _ 4 _ 5 _
the pre-specified tracking signals Uop_track = Yop_track = Yop_track = Yop_track = Yop_track = 0
as follows:
- -1 - - -1 T T
uip = Asystgm (_ uip_b + uip_v) = Asystem (_ [ulp_bl ulp_bS] + [”ip_vl uip_z;5] ) (89)
Diy D1z D13 D Dis
) D1z D2 Dz Dy Dys
As_ystem = |D1i3 D3 D33 0 0 (90)
Diy Dyy 0 Dy Dys
Dis Dzs 0 Dgs Dss
Uip 1 = f2 91)
Uip b2 = fa (92)
Uip 13 = fo (93)
Uip bs = f3 (94)
Uip b5 = f10 (95)
Uip o1 =0 — 1000(1/8)2(3653_1 — 0) —1000(1/ s)l(xse_z —-0) (96)
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Uip o2 =0 —1000(1/ €)*(xse3 — 0) — 1000(1/ )" (504 — 0) (97)

Uip o3 = 0 —1000(1/ €)*(xse5 — 0) — 1000(1/ €)' (x50 6 — 0) (98)

Uip o4 = 0 —1000(1/ €)* (x5 7 — 0) — 1000(1/ )" (x5 8 — 0) (99)

Uip 45 = 0 —1000(1/ €)* (x5 9 — 0) — 1000(1/ )" (50 10 — 0) (100)

Uip 1 = (Dll) (_ uipJﬂ =+ uip_vl) + (D 12)(_ Z’lipJ)Z =+ uip_vZ) + (D 13)(_ uip7b3 + uip_v3> (101)
+(D 1) (= tip_pa + tip_va) + (D15)(— tip_p5 + ”ip_vS)

Uip 2 = (Doy) (= ip_p1 + tip_v1) + (Do) (— tip_p2 + Uip_v2) + (Dp3) (= tip_p3 + Mip_v3) 102)
+(Dog) (= tip_pa + tip_va) + (Dos) (= Uip_ps + uip_vS)

wip 3 = (Dg1)(—tip_p1 + tip_v1) + (D) (— tip_p2 + tip_v2) + (D3z) (—ip 3 + uip_v3> 103)
+(D34)(_ Uip b4 + uip_v4) + (D35)(_ Uip b5 + uip_vS)

Uip 4 = (D41) (_ uipJﬂ =+ uip_vl) + (D42)(_ uip7b2 + uip_vZ) + (D43)(_ uip7b3 + uip_v3) (104)
+(D ) (= tip_pa + tip_va) + (Dys)(— tip_p5 + ”ip_vS)

uip 5 = (Dsy) (= tip_p1 + tip_v1) + (Dsp) (— tip_p2 + tip_v2) + (Ds3) (— tip_p3 + Mip,zs) (105)

Am

+(D54)(_ Uip b4 + uip_v4) + (DSS)(_ Uip b5 + uip_vS)

For the convenience of the following discussions, let’s define some related parameters as

i i)
ei”_/ = Tll_j B uop_truck (106)
i i i T g
Cr track = [etLl € 2 etr?d,d_i} € R (107)
a_sl 1etr],i:1,2,...,5,]':1,2,...,drd_l. (108)
i o i T ndy;
ir_track = {etr_l Cr o etr_d,dj(t)} € R (109)
i 1 2 5 T d
etr_truck = |:etr—track etr—fmck T etr—tmck] € §R " (110)
i T .
B = [0 o --- 0 1] drd_iX1’1§Z§5 (111)
eir—tmck = all 6;},_1 + 0/2 617’72 +oot derd i tr dyg (112)

where the Lyapunov system matrix A} is a Hurwitz matrix whose eigenvalues lie in the
left half coordinate plane and one can use Matlab to obtain the adjoining Lyapunov system
matrix E; > 0 of the following Lyapunov equation [31]:

(AL EL + ELAL = —1 (113)

Amax(E}) = max. eigenvalue of the system matrix E} (114)

Amin(E7 ) = min. eigenvalue of the system matrix E} (115)

o = max{/\max(E{), Amax(E2), - ,Amax(Ei)} = max{0.005, 0.005, - - - ,0.005} = 0.005 (116)

PR min{AmaX(E}), Amax(E2), - -- ,/\max(Ei)} = min{1.0005, 1.0005, - - - ,1.0005} = 1.0005 (117)
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and

(118)

1.0005  0.0005
ﬂ:ﬁ:ﬁ:ﬁ:ﬁ:[ }

0.0005 0.0005

To demonstrate further the complete control design of nonlinear FLHBR systems, let
us make two definitions as

-

Definition 1. The nonlinear control system ;Se = f(t, ;56, ;ip) with the input ;ip/ the state ;sg

and the smooth function f :[0,00) x R" x R" — R" is called to have the input-to-state stable
performance if

| < m (I xseto)ll £ —to) +72< sup ||ﬁip<r>|) (119)

toSTSt

where 71, yo are K-class function, KL-class function, respectively [32].

Definition 2. A nonlinear control system with the external disturbance input ;,-p is called to have
the almost disturbance decoupling property if

(a)  The nonlinear control system possesses the input-to-state stable performance.
(b)  The following two inequalities hold:

4 N 1 N
tapi(8) — (D] < 71 ([T et~ ) + mv%(sup |uip<r>||> (120)

to<T<t
and

t

t
/ [uop_xr)—u:;p,tmcm)}zdrsi ¥ss (| %ot ) 1) + / m(nap(rnz)dr (121)

to

where zse(to) denotes the initial state of the control system, 11 is KL-class function, 733, 755 are
K-class functions and vy > 0, y44 > 0[25,33].

It is worth mentioning that the aforementioned definition (hypothesis) of the almost
disturbance decoupling property is more stringent in many ways when compared with the
earlier definitions shown first for linear control engineering systems and then inherited for
nonlinear control systems which are needed for closed-loop feedback systems:

(Case 1) input-to-state stable performance when the initial state of control system
is zero;

(Case 2) globally asymptotical stability of the equilibrium point when the external
disturbance input is set to be zero;

Moreover, the above definition of the almost disturbance decoupling property pos-
sesses three features as follows [24]:

The first feature of the above definition is the demand of input-to-state stable per-
formance. In fact, while for linear control systems the input-to-state stable performance
is implied by (120), this is not met for nonlinear control systems. The second feature is
the appearance of function r33 for (120). While for earlier definitions the function is set
to be r33 (x) = x, in fact, this flexibility is required only for special cases including lin-
ear cases. The third feature lies in the input-to-state stable performance that needs the
asymptotical stability for the equilibrium point corresponding to the tracking signal and
the origin point. As we shall see, for linear control systems, once the stabilization problem
is addressed, the tracking problem is solved, this is not so for nonlinear ones. Based on
the more stringent definition of the almost disturbance decoupling property, the robust-
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ness of the proposed feedback linearization approach is stronger. Moreover, according to

+ |am|, it is easy to obtain

VAE+B 4 ad < lar|+ o]+
t t
/\/a%+a%+'--+a%1dT§/|a1|+\a2\+~~+|am|dr
to to

2
op truck( )} +o [uop—mcr)_uapftmck( )] dt

and
f [uop 1

< f{ Uop_1(t) — u})p_mk(t)‘ +-+

— u?pl_truck(t) ’ }dT
to
Therefore, we can conclude the fact that the root mean square error can be implied by

top_m(t) —

the almost disturbance decoupling condition (121)

From (86), we obtain
i(drd_i) )

0
+ [ 1 ] (uip_vi - uopftmck

i i T i
TLl — Uop_track - [ 01 ] [ 11 ua;z_tmck )
i i(dyg i—1 j il =1
TlJlrd_i - u;(p ?;ack) 00 Tll—drd,i uUPJka
P ok
1-1 122
; axbeLf or- l> T noise_j (Qunj + Q) (122
+ j=1 drdi:2,i:1,-- ,5
P a drd 171 — Q Q -
E\Gt o ) Guaise j(Qun j + )
From (106), (108) and (122), we obtain
— _
e 1 [ elel, , { 0 } ( ()
— = —Yrd_i —|— Mi P — U - )
1-d,y ; p_ot op_track
e e;tdrd_i 0 !
p —\k
1-1
Z ;8 L= uup_i) q noise_j(QWl_j + Qn_j) (123)
+| 1 se. f
4 N
o) drg_i—1 *
; (a; - uopi) q noise_j(QunJ + Q”J)
j=1 se f
Substituting (87) and (88) into (123) obtains
A — s£ o 11y, o (Qun i+ Q)
e 1 0 1 € 1 I =1 T T noise_j \* Hun_j n_j 12)
P a _ ) . Tt
el — _a‘l;lrdi e, dog i efdra i i 9 gl o\ (O + )
tr_de - —rd_t ) a?se ? op_i q noise_j un_j n_j
Then, we obtain
Se;r track — AlLeirjmck + (PZTI (Qun + Qn> ,i=1 ,5 (125)
op i =T/ 1,i=1,-,5 (126)
where
a —\3k a —\k
€ a;se Uop_i | 9 noise_1 . € ﬁseuop_i qnoise_p
i _
(€)=
prl( ) : : (127)
dra i o rd_i—1 —* d. . 9 d i—1 —*
gtrdi (axseL o “up_i> qnoise_l s g <ax& L, uOP_i) q noise_p
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= T
QO = [Qn_l(t) T Qn_p(t)] (128)
- T
Qun = [QunJ Qun_p] (129)

[ x se_1

[ uip_l(xse)

Then, we verify the fact that the feedback linearization control achieves the almost
disturbance decoupling performance, and the globally exponential stability of the FLHBR
system in Appendix B. Therefore, the proposed feedback linearization control (89) will
indeed drive the output state tracking errors of the FLHBR system (3)—(8), starting from
pre-specified initial conditions, to the global ultimate attractor.

It is worth noting that we can extend the above overall design process to achieve
two more general theorems for general nonlinear control systems with uncertainties and
disturbances as follows:

. T — RN T — — RN RN
Xsen | = [fl(XSE) o fu(Xse) ] +[ guip_l(xSE) guip_m(xSE) ]
N T N N T P _x (130)
Uip m ( xse) } + [ (Sfuml ( xse) T 5fun_n ( xSt‘) } + 121 q noise_jQﬂ_j
]:
[yop_l(xse) e yop_m(xse)} = [uop_l(xse) ce uop_m(xse)] (131)
ie.,
Xse(t) = f(xs) +8& (xse)tip+0f,, + Y D noise_jn_j (132)
uip j=1
Yop(t) = top(xse) (133)
where xse(t) = [xsefl(t) st Xsen (t)] ;o Uip = [uip_l T uip_m] ’ qnoiseﬁj’
?op = [Yop1 -+ Yopm] T, = [Q 1 () - O p(h)] T are vectors of states, inputs,
disturbance-adjoining terms, outputs, and disturbances, respectively, for the nonlinear sys-
- ~ N T
tem. We consider the relating vectorsf = [f1 ... fu] T, § = [ Suip 1 - guipim}
uip
and ;Op = [op1 .-~ Uop_m] " to be smooth functions. The uncertain vector & f un is con-
RN p N N
sidered to be matched uncertainty as 6, = Y. ¢ :oise Qun_jr Qun = [Qun1 oo Qunp) T
=1 h

Assumption 1. The following inequality holds:

| :Bn_t(t’ T, _track) — .Bn_t(t/ T, 0)|| < Mu(l[er_track|l) (134)

where My, > 0, ﬁn_t(t/ Ty, etr?tmck) = ﬁn(Tl/ Tn)'
Define the nominal system of the nonlinear system to be

. N
[N — — —

xsg(t)zf(xse)—i—g (xSE)“ip (135)
uip
Yop(t) = top( xse) (136)
with the well-defined relative degree {d,; 1,d,4 2, -+ ,dy4 1 } that meets

<i> the following Lie differentiation equation holds:

L IKug, () =0 (137)
Suip_j f -

for1<i<m,1<j<mk<d,;—1, wheremis the input (or output) number and the
symbol L denotes the Lie differentiation operation.
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<ii> the following Lie differentiation matrix possesses the nonsingular performance:

dyg 1—-1 - dyg1—1 —
Lgm‘pg Lf - Uop_1 (xse) - Lg,d,,f,,, Lf ! Uop_1 (%se)
Asystem = (138)
dr m -1 - dr m -1 -
Lguipfl Lf - Uop_m ( xse) t Lgu,'pj,, Lf - Uop_m ( be se)
and the following function
span{ guipfl’ guipr’ Tty guipﬁm} (139)

is an involutive distribution.
Based on the property that the nonlinear system has the well-defined relative degree
and involutive distribution, the following mapping defined as

¢: R — R (140)

T, ;= { e o Ty, } = [ L1 Pray, }
0 bt T (4

= |: L?Mop_i(xse) e ? = uop_i(xsg) :|
drd = drdJ =+ drd72 +-- 4+ drd?m (142)
Onk(Yeo) = T () k=dpg+1,dpg+2,-+ ,n (143)
and R

Lgllip7j¢n,k(x53) = O/k = drd + 11d‘r‘d + 2/ T ,7’1,1 S ] S m (144)

is a smooth and bijective function that transforms the highly nonlinear system to be a

nonlinear T,  subsystem and a linear subsystem T ;, respectively.

Properly design the Lyapunov functions L¢ , and L ; for the nonlinear subsystem
equation and linear subsystem equation, respectively, and then obtain the composite
Lyapunov function Ly ;,, of the transformed system to be

Lf_l+n = Lf_n + k(S)Lf_l (145)
Ley=Lg +---+Lf, (146)
and
i =g Tpig 147
f1= Eetrjrack L8 track (147)

n—r

Theorem 1. There exists a differentiable, smooth and bijective function Ly , : ® = — R* for

the transformed nonlinear subsystem T, y and the linear subsystem T; ; such that the following
inequalities hold:

2 -~ 2
(a) An_lHTn” < Ly_n < An_ZHTn” (148)
(b) Vilyn+ (Ve Ly w)" B ,y(t, Tn,0) < —31layLy » (149)
() 1V Lyl < 8l Tull, Aus >0 (150)

and the proposed robust control is constructed by

Uip = As_y%stem { —Uip b +u ipili} (151)
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— T drd_l Ldrd_z drd_m T
Wipp = [Hip 1 Hipp2 “°* Uipbm] = 7 Uop_1 7 Uop2 - 7 Uop_m (152)
— T
Uip v = [uip_vl Uip 02~ uip_vm] (153)
uip_vi = uépitmck(drd’i) - gidrdfi“a [L?uolﬂ_i( xse) - uf)pftrack} - glidrdjlxé (154)
= - L dyg i—1 = ; -
[Lfl‘”orti(xse) - ulop_t””k(l)} e 10‘2741,1‘ [Lf " uopfi(xse) - ulop_tmck(drd_] 1)}
Pyq Plz]
P = 155
L’u P> (155
529 A2 . )
Py =3lay — —2 13| 1
1 = 3lax — o Ant ||§0Tn | (156)
A, sM
P =— 13 n (157)
2k(e) Ay 1AS 0
2 2 2 2
k(e)|loX ||| EL k(e)|lo™ ||| E™
R (529> ( )H(PTIH IELI - (529) ( )”(PT,H IEL 59
AT 46 ) 1/22Amin (ED) 46 ) 1/22Amin (E")
1/2
Pyy + P — [(Pn — Pp)? +413122}
as(e) = 1 (159)
S = 2a,(e) (160)
+1 = =
m
S1=——| sup [|Qun+ Qull (161)
46\ j<r<t
. k(e) .,
Sy = mln{An_lr % min} (162)
el 2w \g© . I EPR by
a;SE op_i qnoise_l € ;Se uop_l qnoise_p
go%l(s) = : : (163)
i o) dr i—1 —* i J dr i—1 —%
ghnd s <;S'2LJr - ”op_i> 9 noise. 1~ gl (a?sgl‘f - ”op_i) qnoise_p
a —\3k a —\%
Txg Prodtl | Gnoise 1 *77 | G Prdig+1 | D noise_p
9 (€)= ; s (164)
n 5 o R ek
R(Pn,n 9 noise_1 U E(PVL" qnoise_p

where the identifying matrix P is a positive definite matrix and the identifying parameter k(e) passes

through the origin and meets the following condition

lime/k(e) — 0

e—0

(165)
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Then the nonlinear system based on the proposed robust control possesses the almost
disturbance decoupling property and the tracking errors are globally reduced by the
condition S - S, > 1 with the exponential convergent rate

S-S k..
Q72/ Qmax = maX{AHZI zAmax} (166)
max
and the exponential convergent radius
Sélsz =r (167)

It is worth noting that if the nonlinear system is fully feedback linearizable [33], i.e.,
the dimension of the nonlinear system is equal to the relative degree parameter, then the
simplified version of Theorem 1 can be presented as Theorem 2.

Theorem 2. The almost decoupling disturbance and robust tracking problems of the nonlinear
system can be well addressed via the proposed controller by changing the inequality S - Sp > 1 with

2 2 2 2
po L () k@lehPIENS (=) KOlPEIPIENE o
EA S ax 46 ) 1/262Apin(E}) 46 ) 1/2e2Amin(ET")
p
as(e) = = (169)
2
S = 2a4(e) (170)
2
m+1 = .
to<T<t
k(e
S = %A:‘nm (172)
Juigp ;i \ —* Juigp ;i \ —*
€ 8?55 9 noise_1 e € 8?55 qnoise_p
(P%z () = d 71 d -71E 173)
s [Pt N [ M)
A% se noise_1 A% se noise_p

Moreover, the tracking errors of the nonlinear system is globally reduced with the
exponentially convergent rate

5-S
174
Qmax ( )

where r
Qmax = iArnax (175)

and the exponentially convergent radius
51

= 176
r 5s, (176)

FLHBRs have good mobility and can easily move in different road environments,
including up and down slopes, regions containing obstacles or rough terrains. However,
since almost all of them are high order, highly nonlinear control systems, their global
stability and robust control approach are important issues. In this study, an effective
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algorithm and block diagram of robust tracking control design shown in Figure 2 are
summarized as follows, and its human-machine interface via the Python program is shown
to design the robust control in Section 4.

Five-link Human Biped Robot Model

X, ()= [(X,)+ 8, (X, ),

Vi
—_
+5 un + zqnoise_jgn_j
j=

I

Calculate vector relative degree
d d

rd 107 %y

< a(r{Ll +otd,,

No

Y ﬁ {Yes
Design the diffeomorphism g;i" >

A

Y

‘Choose parameters ¢, ~1<i<m,
|

v
‘Run out the p.d.m E;

Design the Lyapunov function

from Eqs.(146)(160)(161)(152) -

J S-5,>1

Design the desired feedback linearization
controller from (163)

|

Using Matlab ODE function simulates the
system output trajectories

1

(" End

.

Figure 2. Block diagram for the proposed algorithm of designing the feedback linearization control.

(Step 1) First calculate the relative degree d,4 1, - - ,d,4 ,, according to the known
outputs of the FLHBR system.

(Step 2) Use (57) to derive the differentiable, smooth and bijective transformation of
the FLHBR system.

(Step 3) With the aid of Matlab, design matrices AiL to be Hurwitz according to (88)
(113) and obtain the positive definite matrix Ei.
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(Step 4) Apply (A90)~(A91) to design the Lyapunov functionL fl of the
transformed subsystem.

(Step 5) Apply (A93) and (A95)~(A98) to design parameters k, as(¢), ¢ such that the
condition S - S, > 1 is satisfied.

(Step 6) Once all the above conditions are tested, we can directly design the controller
via (89).

4. Simulation of the FLHBR System

Proper designing ¢ = 0.1, k = 200v/¢, dyy 1 = 2, dyg o = 2, dpg3 = 2, dyg 4 = 2,
dg 5 =2, s = 4961, P =9.922, S =9922,S; = 0.1304, S, = 0.158,S-Sp = 1.56 > 1
proves the fact that all the conditions of Theorem 2 are satisfied. The output state trajectories
of the FLHBR system for ¢ = 0.1 and ¢ = 0.2 are shown in Figures 3 and 4, respectively, with
the aid of Matlab, where the related simulation parameters are shown in Table 1. Noting that
the proposed feedback linearization control indeed makes the outputs of the FLHBR system
track the desired traCking signals u%p_tmck = uip_tmck = ugpftrack = uﬁp_tmck = ugpjmck =0.
Based on the comparison of Figures 3 and 4, it is evident to see that the convergent rates of
output tracking errors for the FLHBR system with small ¢ are better than large e.

5
—— State trajectory for x1

—— State trajectory for x3
—— State trajectory for x5

State trajectory for x7
4 ——— State trajectory for x9

Output trajectories
)

-1 L i L i i i i
0 0.5 1 15 2 25 3 35 4 45 5

Time (Sec)

Figure 3. The output state trajectories for e = 0.1.

—— State trajectory for x1
—— State trajectory for x3
—— State trajectory for x5

State trajectory for x7
4 State trajectory for x9

Output trajectories

i i I I I i
0 05 1 15 2 25 3 35 4 45 5

Time (Sec)

Figure 4. The output state trajectories for e = 0.2.
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Table 1. The related simulation parameters.

Parameters Value or Type

Step size auto

Numerical method ode45 (Dormand-Prince)
Solver options Variable step

Relative tolerance 1x1073

Absolute tolerance 1x10°°

Output function Refine output

To allow researchers to systematically design the proposed feedback linearization con-
trol, we apply “Python” to build a human-machine interface system. The necessary inputs
of the human-machine interface system include: (i) the dynamic equation of the nonlinear
FLHBR system; (ii) the numbers of states, outputs, inputs and the desired tracking signals
of the nonlinear FLHBR system; (iii) the external disturbances, the Lyapunov functions for
transformed subsystems. The human-machine interface system of the controller design
takes advantage of its symbol-operation feature for “Python” to produce two executable
Matlab files including cytquadff_newl.m and cytquadsimulation_new1l.m for the FLHBR
system. Therefore, we can execute these two executable Matlab files to dynamically show
the output state trajectories before, on and after entering the convergent radius r ~ 0.288 of
the global ultimate attractor symbolized by blue circles shown in Figures 5-7, respectively.

time=0.10176
Instantaneous state values and convergent radius.
O Owerall tracking error
1
0.5
x(1)=0.36191
%(3)=0.72216
mx 5)=1.0849
0 %(7)=1.4463 g
\—/x 9)=1.8067
0.5
-1
0 0.5 1 15 2 25

Figure 5. Output state values before entering the convergent radius.

time=0.32647

x(1)=0.038163
0.25
02 %(3)=0.076167
0.15
0.1 x(5)=0.11442
0.05

-0.05
0.1
0.2 0.1 0

x(7)=0.15253

q
/ e
0.1 0.2

015
0.2

0.25

Instantaneous state values and convergent radius

O Owverall tracking error

Figure 6. Output state values on entering the convergent radius.
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time=2.5
x(1)=1.352%-11

0.25
02 %(3)=2.5912e-11
0.15
0.1 x(5)=4.0088e-11
0.05

&

v x(7)=5.3282e-11

0.05
0.1 x(9)=6.5548e-11
0.15
0.2
0.25
0.2 0.1 0 0.1 0.2

Instantaneous state values and convergent radius
©  Overall tracking error

Figure 7. Output state values after entering the convergent radius.

5. Comparisons to Traditional Approaches

We make some comparisons between the new feedback linearization approach and
the traditional singular perturbation method that pioneered the almost disturbance decou-
pling issue [23,24] in this section. The impractical shortcoming of the traditional singular
perturbation method requires to meet the sufficient condition that the system dynamics
multiplied by the external disturbance should satisfy the annoying “structural triangle
condition” for the almost disturbance decoupling issue. The pioneering work carried
out by [23,24] points out the fact that the following nonlinear control system cannot well
address the almost disturbance decoupling issue:

Biiﬁigﬂ _ [tan—l (()xse_z)} + m Uip + H Qn (177)
Uop 1 = Xse 1, Qn(t) = 0.8sin 2t (178)

From (177) and (178), we can apply Lie differentiation to derive the following results:
L?fuop_l = uop_l = XS€_1, Lgm'p L?uop_l = 0, L}uop_l = tan—l (Xse_z),

1 _ 1
Lguipou0p71 — @ and

0
0
for = it = o2 o7
Suip f B -

Since guip is not a complete distribution, the critical condition of [23,24] is not well
addressed. In contrast, the following proposed feedback linearization control can well
solve the almost disturbance decoupling issue:

iy = (2 5 +1) [(cost) = 256(xee 1 — (— cost)) — 16(tan"" x,,  — (sint))]  (180)

The output state trajectory of the above investigated control system with the proposed
feedback linearization control described by (180) is shown in Figure 8. Based on the
observation of Figure 8, the proposed robust control can indeed drive the output state
trajectory to track the desired signal — cos t.
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T T T
—— Output state trajectory for state 1
——- Desired tracking signal -cost

Time (seconds)

Figure 8. The system output trajectory for (177).

To show the superiority of the proposed feedback linearization control, we compare
the convergence rate performance with traditional PID control [34] shown by (181)

Yo1 — ytljd f (Yo1 — y},d)dt %(yol - Vll)d)

~ — 2 — y2,)dt 4 (Yoo — v

ipip = Kp Yo2 ygd 1K f(y02 y;d) +Kp tfit (Yo2 ygd) (181)
Yo3 = Yo4 J (Wos — yp,)dt 7 Wz —v5oy)
Yos — v, [ (yos — yb,)dt 4 (You — v,

Next, we compare the proposed feedback linearization approach with the traditional
PID control. In what follows, manual adjusting of the traditional PID control for the FLHBR
system is shown. The manual adjusting of the related KP, KI, KD gains is executed by
trial and error. We first set the related KP, KI, KD gains to be zero and then increase
the proportional gain KP until the output of the loop is motivated. This is followed by
the adjustment for the integral gain KI to optimize the output tracking error response.
Finally, the differential gain KD is adjusted, together with the optimized KP, KI gains until
a desired output tracking error response is achieved. Output tracking errors responses for
pre-specified outputs x1 to x5 are shown in Figure 9.

Apply PID Controller

O
b — State trajectory for x1
4l O State trajectory for x2
- State trajectory for x3
3 f At + State trajectory for x4
®» O State trajectory for x5
2
=
L2 2
[&]
.
©
=
e
S
)
ot
At
2L

Time (seconds)
Figure 9. The output trajectories by using PID controller.

Comparing Figure 9 with Figure 3 proves the fact that the convergence rate with our
proposed feedback linearization controller is better than the conventional PID control. From
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Figures 3 and 9, we can summarize a numerical evaluation shown in Table 2 which reports
the quantitative comparison in terms of transient dynamics for the proposed approach and
the PID approach. Observing the data shown in Table 2 yields the fact that the transient
dynamics of the proposed feedback linearization approach is better that the PID approach.

Table 2. Comparison of transient dynamics for proposed approach and PID approach.

Peak Time Settling Time Rise Time Maximum Overshoot

x1 0.4 3.5 0.2 3.8

x2 0.05 4.5 0.02 2.1

PID approach x3 0.1 5.8 0.05 3.7
x4 0 34 0 0

x5 0.4 3.8 0.3 3.8
x1 0 0.75 0 0
x2 0 0.75 0 0
Proposed approach x3 0 0.8 0 0
x4 0 0.8 0 0
x5 0 0.9 0 0

6. Conclusions

The FLHBR system possesses highly nonlinear dynamics and many degrees of free-
dom that are not easy to manipulate. The FLHBR system is also unavoidably subjected to
all kinds of external disturbances such as contact with the ground and different ground
situations. As a result, accurately modeling the dynamics and walking stability of FLHBR
systems are greatly difficult. The study first presents the complete derivations of a mathe-
matical model for highly nonlinear FLHBR systems, and proposes the robust control by
the feedback linearization technique to greatly improve the shortcoming of the traditional
singular perturbation approach that requires to meet the difficult complete condition for
the discriminant function, and the restriction of the traditional H-infinity technique that
needs to solve the Hamilton—Jacobi equation.

This study first proposes the very valuable formulas of nonlinear exponential conver-
gence rate and convergent radius for the highly nonlinear FLHBR system. Finally, through
the demonstration of the Matlab simulation, the responses are shown to have good tracking
performance as well as better robustness performance as compared with the traditional
singular perturbation method. In the final section, we compare some simulations of the
proposed feedback linearization approach with the traditional PID approach. The simula-
tion results show that the transient dynamics of the proposed approach including the peak
time, the rise time, the settling time and the maximum overshoot specifications is superior
to the traditional PID approach.

In future works, we hope that a real FLHBR system using the proposed main theorem
can be implemented via hardware devices. Based on the important contribution that this
article has first proposed on the convergence rate formula of the general nonlinear system,
we may use the particle swarm optimization and linear quadratic regulator algorithms to
achieve the more optimal performances for nonlinear FLHBR system under the guarantee
of globally exponential stability in the near future.
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Appendix A

In this appendix, we show the complete derivations of the mathematical model for
nonlinear FLHBR system. Based on the geometric coordinate of the FLHBR system shown
in Figure 1, the coordinate (x.;,y.;) and velocity (chi,yci),i = 1,2,3,4,5 of each link is
written as

X1 = Dqsinfy (A1)

Ye1 = Dy cos bt (A2)

Xe2 = Ly sinf; + D;sinf, (A3)

Ye2 = L1 cos 8 + D cos 6, (A4)

X3 = Lysin6 + Ly sinf, + D3 sin 03 (A5)

Ye3 = Ly cosB1 + Ly cos 6, 4+ D3 cos 63 (A6)

Xea = Ly sin®y + Lysin®, + (Ly — Dy) sin 6y (A7)

Yea = Ly cosby + Lycos6y — (Ly — Dy) cos by (A8)

X5 = Ly sin®y + Lysin6, + Ly sin6y + (Ls — Ds) sin s (A9)
Ye5 = Ly cosby + Ly cosfy — Lycosfy — (Ls — Ds) cos 05 (A10)

According to (A1)~(A10), the kinetic energy and the potential energy of the FLHBR
system, and related differentiations can be derived as

Epotential = M1D1G(cos 1) + MaG(Lq cos 01 + D3 cos 6)
+M3G(Lq cos 6y + Ly cos 6, + D3 cos 63)

+MyG(Lq cos6y + Lycos6y — (Ly — Dy) cos by) (A1)
+Ms5G(Lq cos6y + Ly cos6y — Ly cos04 — (Ls — Ds) cos 65)
aEpotential —
—,_ = O (A12)
= —Gsin 61 [M1Dq + (Mz + M3 + My + Ms)L]
aEpotenfiul —
—on, =@ (A13)
=-G sm92[M2D2 + (M3 + My + M5)L2]
oE ;
“opotential _ G, — G sin03[MsDs] (A14)
003
aEpotential _ .
ot Gy = Gsm94[M4(L4 - D4) + M5L4} (A15)
4
oE ;
“opotential _ G2 — G sin65[Ms(Ls — Ds)] (A16)

d05
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Kiinetic 1 = %Ml(vc?)z +1n <91)2 M, (xc1)22+ M, (%1) +1n (91)2 LB
= 1m (D1 cosf; (91)) + M1<D1 sin 6, (91)> +1n (91) L(MD? + 1) (91)
Kiinetic 2 = %Mz(vfz)z;r in (92> .%1\;12(5%2)2 +1iM (ycz)Z + %12.@2). (A18)
= J(MaD% + 1) (62)" + 3 (MaL3) (81) " + (MaDsLy ) cos(6y — 6) (61) (92
Kiinetic 3 = %M3(0c3)2 + 11 (93)2 = iM; (xcs)z + IM; (%3)2 + 35 (93)2
= 1 (M3D} + I) (93>2 + %Ms{L% (91)2 +13 <92)2 +2L1Ly cos(6y — 62) (91> (92> (A19)
+2L1 D3 cos(0; — 63) (91> (93) + 2Ly D3 cos(6, — 63) (02) (93)
Kyinetic 4 = 3Ma(vea)® + 314 <94)2 = %M4(5fc4)2 + My (.%4)2 + 314 (94)2
= 3 (Ma(a = D 15) (80) 30 13 (00)" o+ 22 (82) 4 2LaLacostor - 62) (&) (62) (A20)
2Ly (Ly — Dy) cos(6; + 64) (61) (94) 4+ 2Ly(Ly — Dy) cos(6s — 64) (éz) (94)
Kiinetic 5 = 2M5 UC5 + 15< ) = *M5 xc5) + %MS(yc5)2 + %15 (95>2
_ j(1\/15(L5 —Ds)*+ 15) ( ) 1M5{L2 (91) L (éz)z + 2Ly Ly cos(6y — 65) (él) (92)

(A21)
+2L1 Ly cos(6y + 6y) ( ) ( ) +2LoLy cos(6 + 6) (92) (94) +2Ly(Ls — Ds) cos(6; + 65)
(61) (65) +2L2(Ls — Ds) cos(82 +05) (92 ) (95 ) + 2La(Ls — Ds) cos(6s — 05) (64 ) (5
Exinetic = Kkinetic_1 + Kkinetic 2 + Kkinetic_3 + Kinetic_a + Kinetic_5 (A22)
& (aEak;””’ > = D116 + D126 + D133 + D146y + D155 + Hipo (92>2 + Hizs (93>2 + Hiy <94>2
+Hiss (95>2 — [MaDyLy + (M3 + My + Ms) L1 Ly sin(6; — 02) (91) (92> (A23)
—[M;3L1 D3] sin(6; — 63) (91> (93) — [MyL1(Ly — Dy) + MsLqLy] sin(6; + 64) (91) (94>
—[MsLy(Ls — Ds)] sin(6; + 65) (91) (95>
D1 = [l + MiD} + (M + M + My + Ms) L] (A24)
D1y = [MyD;Ly + (M3 + My + Ms)L1Ly] cos(6; — 62) (A25)
D13 = [M3L1 D3] cos(61 — 63) (A26)
D1y = [MyL1(Ly — Dy) + MsL1Ly] cos(6; + 04) (A27)
D15 = [MsLy(Ls — Ds)] cos(6; + 05) (A28)
Hiz = [MaDaLy + (Ms + My + Ms)LyLy] sin(6; — 65) (A29)
Hizs = [M3L1 D3] sin(6; — 03) (A30)
Higy = —[M4L1(Lgy — Dy) + MsL1Ly] sin(6; + 04) (A31)
His5 = —[M5L4(Ls — Ds)] sin(61 + 65) (A32)

Lhgic — —[MoDsLy + (Ms + My + Ms) Ly Lo] sin(6; — 62) (61 ) (62)
—[M3L1 D3] sin(61 — 63) (91) (93) — [MyLq(Lgy — Dy) + MsL1Lyg] sin(6; + 64) (91> (94) (A33)
—[MsL1(Ls — Ds)] sin(61 + 65) (91> (95)
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& (%) = D101 + Dyofla + D303 + Daafs + Dosfs + Hon (91)2 + Hoss (93>2 + Hous (94)2
+ Hoss (95)2 + [MaL1D; + (M3 + My + Ms)LyLy] sin(6; — 67) (91> (92) (A34)
—[M3L,D3] sin(6, — 63) (92) (93) — [MsLy(Ly — Dy) + MsLyLy] sin(6, + 64) (éz) (94)
—[MsLy(Ls — Ds)] sin( + 65) (92) (95)
Dy = [MaL1Ds + (Ms + My + Ms)L1Ly] cos(6; — 6;) = Dy (A35)
D = [l + MaD} + (M + My + Ms) 3 (A36)
Do3 = [M3LyD3] cos (602 — 63) (A37)
Doy = [MaLo(Ls — Dg) + MsLoLa] cos(6> + 64) (A38)
Dy5 = [MsLy(Ls — Ds)] cos(62 + 05) (A39)
Hy11 = —[ML1 Dy + (M3 + My + Ms)Li L] sin(6; — 62) (A40)
Hps3 = [M3Ly D3] sin(6, — 63) (A41)
Hpyy = —[MyLy(Ly — Dy) + MsLyLy] sin(6 + 04) (A42)
Hpss = —[M5L2(Ls — Ds)] sin(602 + 05) (A43)
gic — [MpLyDs + (M + My + Ms) L Lo] sin(61 — 6) (61) (62)
—[M3L2 D3] sin(6, — 63) (92) (93> — [M4sLa(Ly — Dy) + MsLoLa] sin(62 + 04) (92> (94) (A44)
—[MsLy(Ls — Ds)] sin(6, + 65) ((92) (95)
i (aEgl;;m) = D3101 + D38 + D333 + D3aby + D355 + Hapy (91)2 + H3p (92)2 (Ad5)
+Hay (94)2 + Hiss (95)2 + [MaLyDs] sin(6y — 0) (61) (65) + [MsLaDs] sin(6; — 03) (62) (65)
D31 = [M3L1D3]cos(61 — 63) = D13 (A46)
D3y = [M3L, D3] cos(b — 03) = D3 (A47)
D = [Is + MsDj] (A48)
D3 =0 (A49)
D35 =0 (A50)
Hay = —[MsL,Ds]sin(6; — 63) (A51)
Hzp = —[M3Ly D3] sin(6; — 63) (A52)
H314 =0 (A53)
Hzs5 = 0 (A54)
% = [MsL1 D3] sin(6; — 63) (91) (93) + [M3LyD5] sin(6; — 65) (92) (93) (A55)
& (aEgme> = D161 + Dyl + D303 + Dasfy + Dysbs + Hyny (91)2 + Hip (92)2
+Hys3 (93)2 + Hass (95)2 — [M4L1(Lg — Dy) + MsL1Ly] sin(61 + 64) (91) (94) (A56)
~[MyLa(Ly — Dy) + MsLaLa] sin(6; +64) (62) (64)
— [MsLy(Ls — Ds)] sin(6s — 65) (94) (95)
D1 = [MaLi(Ls — Dy) + MsLiLy] cos(61 + 64) = Dia (A57)
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Dy = [MyLy(Ly — Dy) + MsLy Ly cos(6 + 64) = Dy (A58)

Dy3 =0= D3y (A59)

Dy = [14 + My(Ls — Dy)* + MSLﬁ] (A60)

Dys = [M5L4(Ls — Ds)] cos(6y — 65) = Dsy (A61)

Hatp = —[MaLi(Ly — Dy) + MsLyLy] sin(6; + 64) (A62)

Hypp = —[M4Ly(Ly — Dy) + MsLaLy] sin(6 + 04) (A63)

Hy3 =0 (A64)

Hyss = [MsL4(Ls — Ds)] sin(64 — 05) (A65)

% = *[M4L1(L4 — D4) + M5L1L4] sin(91 + 94) (91) (94)

4

—[MaLa(Ly — Dy) + MsLaLy]sin(6, + 64) (82 (64 (A66)
—[MsLy(Ls — Ds)] sin(6 — 65) (94) (95)

& (aEg,;;m> = Ds161 + D520 + D533 + Dsafs + Dsss + Hsip (91>2 + Hspp (92>2
+Hsaz (93>2 + Hs4 (94)2 — [MsL1(Ls — D5)] sin(61 + 65) (91) (95) (A67)
~[MsLa(Ls — Ds)]sin(6 + 05) (82 ) (05 ) — [MsLa(Ls — Ds)] sin(6; — 65) (61 (6)
Dsy = [M5L1(Ls — Ds)] cos(61 + 65) = D15 (A68)
Dsy = [MsLa(Ls — Ds)] cos(62 + 65) = Das (A69)
Ds3 =0 = D35 (A70)
Dsy = [M5L4(Ls — Ds)] cos(6s — 65) = Das (A71)
Dss = |5 + Ms(Ls — Ds)’| (A72)
Hsiy = —[MsLi(Ls — Ds)] sin(6; + 65) (A73)
Hsp = —[MsLy(Ls — Ds)] sin(02 + 65) (A74)
Hs33 =0 (A75)
Hssy = —[MsL4(Ls — Ds)] sin(04 — 05) (A76)

where M; = Ms = 4.55 kg, M, = My = 7.63 kg, M3 = 49.00 kg are the masses of
link1~1link5, M, My denote the masses of exoskeleton thighs, M;, M5 denote the masses of
legs, M3 denotes the mass of torso, L; = Ls = 0.502 m, L, = Ly = 0.431 m are the lengths
of link1, 2,4,5, D; = D5 = 0.247 m, D; = D4 = 0.247 m, D3 = 0.280 m are the distances
between the mass centers of link1, 2, 3, 4, 5 and those lower joints, I; = I5 = 0.105 kg - m?,
L =1, =008 kg - m?, I3 = 2.350 kg - m? are the moments of rotational inertias for link1,
2,3,4,5and G = 9.8 m/s? is the acceleration of gravity.
Substituting (A12)~(A76) into (1)~(2) yields

n(a)]e+ H(aé) vo(7) = F (5,3,?)] a7)

Dy Dy D1z Dy Dis
N D1p D Doz Dpy Doy
D ( 0 ) = D13 D23 D33 0 0 (A78)
Dy Doy 0 Dy Dys
Dis Dys 0 Dy Dss

where
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(A79)

+ Hoa4 (04 (A81)

)"+ Husa (8 + Huas(84) "+ Hass 65)
)+ Haa(02)" + Haua (0a)" -+ Hass (05)
Hj = Happ 61)2 + Hap (92)2 + Hay (94)2 + Hass (05)2 (A82)
)"+ Haza 82+ Haa (6) "+ Huss 05)
) B (62) s (04)

2 2 2 2
+ Hyp(02) + Hyzz(03) + Hass(0s (A83)
2 2
Hs = Hs11(601) + Hsszz(602) + Hszs 93) + Hsyq( 04 (A84)
<9) =[G G Gs Gy Gs| (A85)
0=1[0, 6, 05 6, 05" (A86)
= e .. .qT
0 =6 0, 05 6, 05 (A87)
= ... . .qr
0=6 0, 05 6, 05 (A88)
?E [Tl T T3 T T5]T (A89)
Define the input, output, state, noise and matched uncertainty variables of the FLHBR
to be uj, = [m - | = [wipa - Uips| , Uy = [91 oo 05],

- T
Xse = [xse 1 Xse 10} Xse 1 = 01, Xse 2 = 91/ Xse 3 = 02, Xse 4 = 92/ Xse 5 = 03,
—3k
xse 6 — 93/ xSB 7 — 941 xSE‘ 8 - 94/ xSC 9 — 95/ xse 10 — 951 Z qnmse] n ]! E qnmsg ]Qun ]
j= =
Then the dynamic equation of the FLHBR system can be derlved shown in (3) (51).

Appendix B

In this appendix, we prove that the proposed feedback linearization control can
achieve the almost all disturbance decoupling performance. Properly design the composite
Lyapunov functions [35] Ly ; for transformed subsystem (125)~(126) to be

Lys=k[Lp +-+ 1] (A90)

and
L =id  —'E A91
fl= Eetr_tmck Letr_track ( )

Then, the differentiation of the composite Lyapunov function is given by
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. T T .
% (LfJ) = % |:(e}rtrack> Eie}r_mck + (e}y_"a[k) E% (etr tmck>
T L[]
+oeet < tr track) Ei t5r _track e?r f,,wk) E% <etr tmck)]

T
_ k 1 1 k(75 5( A5 5\T 515
— 2 etr track) [EL (A ) E ] tr_track +ooet 2¢ (etr_tmck [EL (AL) + (AL) EL] etr_tmck
T
1 5 5,5
+§ ( nt ") |: q)TI EL tr_ tmck+ (q)ﬂ) ELetr_tmck:|
T T
k 1 1 1 5 5,5
+E ( ") I: q)TI EL tr_track +ot (q)Tz) ELetr_tmck:|
2

N ~\T T T
k k 1 1,1 5 5,5
< T2 ” tr_tmck” +ooet Hetr tmckH + S{ (Q“” + Q”) l:(q)ﬂ) ELetr_tmck +ooet <4)T1) ELetr_tmck:| }

2 N N
< &I+ 1l | + 1O+ (492)

g NVEL L pacgll + -+ H(p%||||Ei||||e?,_,mk||)]

RS

L 15 -2 N N 2
s—g[Amaxf(;1>+-~-+A o]+ 54269’;§||¢T,|| IELIPTE] el + 61 (Gun + 5 )1
oot BE G PIELPI gl + 1 (ounmn)u
2 N 2
2 2
<AL+ 5ok PEL L e + 450G+ 00 )|
2
o BE 3 PIE I gl + 51 (O +00)1
Kok IPIEL P Kl IPIES 2 ==y 2
= ( T~ o 1l (EL] ""‘i?l/zefkmmé%,))( "(Lf—’>> *0'1304”(0””0”)”
N N 2
- p( <Lf l)) +0.1304|\<Qun+0n>\|
where
2 2 2 2
1 529\ k(e) o, I "I EL I 529\ k(&) [l 9% 711 EZ
p= > (2= S0 (A%
eri. \ 46 1/26% Apnin (E7 ) 46 ) 1/2e2Amin(E7)
ie.,
d N N 2
E(Lf_l) < —PLy ; +0.1304[| ( Qun + Q) | (A94)
Define P
as(e) = 5 (A95)
S = 2a4(e) (A96)
— — 2
S, =0.1304( sup | (Q+Q) I (A97)
tof’[’ﬁt
k(e
SZ = Q)\:nm (A98)
Then
d - - 2 ) N N 2
2 (Lpr) < —205Lp +0.1304| (Qun +Qn) | < =5+ o (|lewrackll”) +0.1304] (Qun +Qn> I (A99)
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Let the tracking error e;, ¢, of the transformed system be

T = T [ 1 T dorf—1
Ctr_track = {e}r_tmck e?r_tmck:| = {etr_l etr_rem} etr rem € Rorf ™ (A100)
Then we obtain
d -2 2 = -\ 2
1 1
i (Lp) < -s- Sz(lemII + el e ) +0.1304 (0 +0n) || (A101)

Firstly, applying (A101) easily yields

d 5 5 N N 2 N N 2
(1) 58l < =52 (1) + 013081 (0 +-0, )| < 013081 (O 40 )| (AT0D
ie.,
d 2 Sy 2
a(Lf_,)+5-52||etu|| < 01304/ { Qun + O ) | (A103)

Integrate both sides of (A103) to obtain

t t 2
2 N N
Lf_l(t) — Lf_l(to) +S- Sz/ (uop_l (T) — u%p_tmck(T)) dt < 01304/ H <Qun + Qn) || dt (A104)
to fo
ie.,
t ) t R 2
S. 52/ (uop_l(r) — utl)p_tmck(r)) dt < Ly (to) + 0.1304/ I (Qun + Qn> | dt (A105)
ig tO
hence
t 2 [(to) 01304 2
/(uop_l(T) - uip_tmck(’[)) dt < é S + / H (Qun + Qn) || dt (A106)
to
Similarly, we obtain the tracking error for Uop_iy2 < i<5as
t ; 2 Ly (to)  0.1304 2
/(uop_i(r) — 1}y (7)) T < =2 5 /|<Qun+n >\| dr,2<i<5 (A107)
to

Therefore, we verify the significant result that the third condition of the almost distur-
bance decoupling performance is well proved.

Next, we need to prove that the first condition of the almost disturbance decoupling
performance holds. From (A101), we can obtain

2

(1) = =582 (Jemal?) + 01304 (6 + 0, (A108)
Define R )
2t op_track—totat | = 1Brtrack (A109)
From (A108) and (A109), we obtain
d - 2 N
(L) < =552 (i sl ) + 013080 (s +.0, )| (A110)

ie.,
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d — 2 N 2 N N 2
ﬁ (Lf_l) < _(S ' S2 - 1) (| uop_tmck—totul ” ) - ” uap_tmck—tatal” + 0'1304” (Qun + Qn) ” (A111)

According to the following inequality, the output state trajectory is located in the
outside of the global ultimate attractor:

- H uop_tmck—total H + 0‘1304” (Qun + Qn) || <0 (A112)
We obtain p
N 2
E (Lf_l> < _(S : S2 - 1) (| uop_trackftotal H ) (A113)
From (A90) and (A91), we obtain
Lf;=k|LL +- L3 | <kidAmax(ED)el 44 Amax(E2)e?
f_l f l f I ="2 MAXN=L ™t _grgek MaxX\™=L /" tr 4ok (A114)
<k; A;knax{etr track RIS e?rftmck}
Let Qmax = 2/\:r1ax and we obtain
N 2
Lf_l < Qmax <|| uop_tmckftotal H > (A115)
Similarly, we obtain
Lfj=k[LL, +-- > ki (Ed)el,  +-+ Amin(EY)ed
fl f ! f I Amin Ctr —track mini=L et"_tmck (Al 16)
> k /\:nln etr track Y + E_track
Let Qmin = 2)\;111 and we obtain
N 2
Lf_l > Qmin (| ”op_tmck—totul ” ) (A117)
Combining (A115) and (A117) yields
Qmin (H ”op_tmckftotal H ) < Lf_l < Qmax <| ”op_tmckftotul H ) (A118)

(A112), (A113) and (A118) imply that the system is in the input-to-state stable state
for the disturbance input. Then the input-to-state stable theorem in [32] concludes the
significant result that the first condition of the almost disturbance decoupling performance
is completely verified.

Next, we need to prove that the second condition of the almost disturbance decoupling
performance holds.

Combining (A108), (A109), (A118) and (A97) yields

d
— <
- (Lf_,) < (A119)
Use the comparison theorem in [33] for (A119) to obtain
L) < Lstyep (52 10)) + S22k 2ty (120
Qmax S- 52
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Then, we obtain the tracking error with integral sense to be

2L¢ 4(to) S-S 20maxS
Uop_1(t) —uip,tmck(t)) < ,f);eXp(— 2Qm: (t— fo)) + mmiséz (A121)
X min

min

and

. 2L 1 (to) 5.5 2QmaxS .
tap (1)~ ra(8)] < 1 T exp ( (- to)) byt 2<i<s (A122)
min min

So, we can prove that the second condition of the almost disturbance decoupling
performance holds, and the convergent rate is given by S - S3/2Qmax.
Combining (A108) and (A109) yields

d - 2
a( Lf_l) < =S-So( luop_track—totatll ) +S1 (A123)

. — o S . .
Let us consider the range || #op_track—totalll > 1,7 = 54, It is an easy routine to

obtain % (L f_l) < 0, and then the global ultimate attractor of the transformed system is
written by

2
B, = {[etr_track] : Hetr_track” < K} (A124)

with the convergent radius r = / %
2

Next, we need to prove the globally exponential stability of the transformed system.
Combining (A118) and (A120) obtains

S- SZ Qmaxsl
Lei(t) <Lsq(t — t—t = Al125
Fa(t) < Lgy( o)eXP< Qmax< o)) 5.5, (A125)
and
. HA H2<L <L (t ) _S' 2 (f — ¢ +Qmax51
Qmin Uop_track—total || = Lif | = Ly 1{fo) €Xp Qmax( O) 5.5, (A126)
N 2 .
< Qmax” uop_tmckftotal(tO) H exp (_ Snizx (t - tO)) + QSLSXZSl
Then
N 2 N 2 S-S S
” Uop_track—total H < QLE_D( H uopftrack—total(tO) H exp <_ 2 (t - tO)) + : Qméx (A127)
min Qmax S- 52 Qmm

Then we can conclude the significant result that the globally exponential stability of
the transformed system is well proved.
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