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Abstract: The scattering of elastic waves by underground cavities is an active research topic for
its broad applications in various fields, such as earthquake engineering, the blast resistance of
underground structures, geophysical exploration, etc. In most previous studies, the sounding medium
was treated as an ideal elastic medium or a saturated poroelastic medium. The understanding of
the scattering of elastic waves by cavities in unsaturated porous media is limited. In this study,
the scattering of plane P1 waves and SV waves by a cavity with a permeable surface in an infinite
unsaturated porous medium is solved by the wave function expansion method. The dynamic
stress concentration at the cavity surface is investigated by taking P1 wave incidence, for example.
Numerical results illustrate that the scattering of plane waves around the cavity strongly depends
on the frequency of the incident waves, and the saturation, Poisson’s ratio, and porosity of the
surrounding medium.

Keywords: unsaturated porous media; cylindrical cavity; plane waves; scattering and diffraction;
analytic solutions

1. Introduction

Nowadays, many underground structures such as subways, water-conveyance tun-
nels, mineral prospecting, and military facilities have been constructed all around the world.
In earthquake events, seismic action may cause great damage to underground structures.
The existence of underground cavities will cause wave scattering and stress concentration
around the cavities, so as to change the seismic response of underground structures. There-
fore, theoretical studies on the scattering of seismic waves by a cavity or tunnel are not only
meaningful in revealing the induced amplification of and reduction in earthquake motion
but are also helpful in guiding its anti-seismic design in a qualitative way.

In previous studies, scholars have carried out detailed research on the dynamic re-
sponse characteristics of the soil around underground cavities. Initially, when considering
the fluctuation of an elastic medium, the soil is usually simplified as a pure elastic medium
without considering the influence of pores in the soil. For example, Pao and Mow [1]
studied the dynamic response of a lined tunnel embedded in an infinite elastic medium,
subjected to an incident wave; Lee with his cooperators [2–4] carried out a series of works
to investigate the scattering of the P-wave, SH-wave, and SV-wave by a cavity or a circular
tunnel in a half-space. For some water-rich grounds, underground structures are usually
contained in a porous medium, which is filled with fluids in the pores. The presence of
the fluids will significantly affect the mechanical behavior of the tunnels. To illustrate the
influence of the fluids, on the basis of Biot’s model [5], Mei et al. [6] investigated the wave
scattering by a circular cavity in a saturated porous medium by using the boundary layer
approximation. Krutin et al. [7] studied the wave propagation of a plane harmonic wave
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disturbed by a fluid-filled cylindrical cavity in a saturated porous medium. Shiba and
Okamoto [8] proposed a method to analyze the dynamic response of cylindrical tunnels
within the soft ground. The mechanical responses of lined and non-lined tunnels under a
harmonic wave were investigated by Kattis et al. [9]. Li and Zhao [10] solved the problem
of plane wave scattering from cylindrical cavities in the saturated poroelastic half-space
using the wave function expansion method. Jiang et al. [11] solve the two-dimensional
scattering of plane waves by a lined cylindrical cavity in the poroelastic half-plane approxi-
mating the half-plane surface as a convex circular surface. Xu et al. [12] investigated the
wave scattering by a shallowly buried lining in a poroelastic half-space considering the
non-local effect. As can be seen in Ref. [13], the research on the scattering of seismic waves
by underground caverns in saturated media is well understood.

However, in reality, unsaturated poroelastic media are encountered in many areas. In
general cases, two types of fluids coexist within the porous space: either two liquids, such
as oil and water in oil fields, or a gas and a liquid, such as air and water in unsaturated soil
geomaterials. Therefore, studying the dynamic responses in unsaturated porous media is of
considerable interest. As summarized by Li et al. [14], numerous unsaturated poroelasticity
models have been established, and the dynamic behaviors of unsaturated porous media
have been studied. According to these studies, the dynamic response of an unsaturated
medium is significantly different from that of a traditional saturated porous medium in
many respects owing to the existence of the gas phase. However, to date, there have several
reports on the dynamic responses of underground cavities in unsaturated poroelastic media.
Li et al. [15] considered the transient responses of pressurized cylindrical unlined and lined
cavities in an infinite unsaturated poroelastic medium for the first time. According to the
analysis, saturation has a significant influence on the responses of the radial displacements,
hoop stresses, and pore fluid pressures at the cavity surface. In considering the scattering
problem of plane P wave disturbed by a lined tunnel embedded in an infinite unsaturated
poroelastic medium, Tan et al. [16] also showed that the degree of saturation plays an
important role in the dynamic response of the lined tunnel in the unsaturated porous
medium. All of these reminded us that the effects of saturation on dynamic responses of
underground cavities in unsaturated porous media may need to be carefully considered.

The authors presented the analytical solution of the scattering of plane waves by a
cylindrical cavity with an impermeable surface and analyzed the effects of saturation on the
dynamic responses around the cavity in the paper submitted to the Special Issue of PBD-
IV [17]. In this study, the scattering of plane P1 waves and SV waves by a cylindrical cavity
with a permeable surface in an infinite unsaturated porous medium is solved based on
Ref. [17]. The dynamic stress concentration of the cavity surface is investigated according
to the solutions. A detailed parametric study is presented to illustrate the influence of the
degree of saturation, porosity, and Poisson’s ratio on the dynamic stress concentration of
the hoop stresses at the cavity surface under different conditions.

2. Model and Solution
2.1. Mathematical Models and Basic Equations

A long cylindrical cavity of radius r = a in an infinite unsaturated porous medium is
considered as shown in Figure 1. The hydraulic boundary conditions at the cavity surface
are permeable. The dynamic equations for unsaturated porous media established by Wei
and Muraleetharan [18] are applied to the model, which is expressed as:

nS
0 ρS

0
..
uS

=
(

MSS + nS
0 µS

)
∇∇ · uS + nS

0 µS∇ · ∇uS + MSW∇∇ · uW + MSN∇∇ · uN

+µ̂W
( .

uW − .
uS
)
+ µ̂N

( .
uN − .

uS
)

nW
0 ρW

0
..
uW

= MSW∇∇ · uS + MWW∇∇ · uW + MWN∇∇ · uN − µ̂W
( .

uW − .
uS
)

nN
0 ρN

0
..
uN

= MSN∇∇ · uS + MWN∇∇ · uW + MNN∇∇ · uN − µ̂N
( .

uN − .
uS
) (1)

where the superscript S is the solid component; W and N are the wetting and non-wetting
fluids, respectively; µS is the shear modulus of the unsaturated porous medium; and nα

0 ,
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ρα
0 and uα(α = S, W, N) are the initial volume fraction, initial density, and displacements

of individual components, respectively. MSS, MWW, MNN, MSW, MSN and MWN are
elastic coefficients related to the bulk modulus Kα(α = S, W, N) of the various phases in
unsaturated porous media, the bulk modulus of the solid skeleton K̂, the shear modulus of
the solid skeleton G, the effective stress coefficient αB, and Poisson’s ration υ. µ̂ f ( f = W, N)
is the soil water characteristic curve, which can be related to the intrinsic permeability of
the porous medium k and the dynamic viscosity ν f of the f -fluid by the expressions given
explicitly in Wei and Muraleetharan [18].
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Figure 1. Cylindrical cavity in unsaturated medium.

The V g model to express the soil-water characteristic curve proposed by van
Genuchten [19] is applied here:

pN − pW = α−1
(

Se
−1/m − 1

)1−m
(2)

where α and m are the van Genuchten model parameters depending on the properties of
the three-phase model, and the effective degree of saturation, Se, given by:

Se =


0 Sr ≤ SrN
Sr−SrW

SrN−SrW
SrW ≤ Sr ≤ SrN

1 Sr ≥ SrN

(3)

where Sr represents the saturation of the unsaturated porous medium, SrW represents the
irreducible degree of saturation, and SrN represents the air-entry degree of saturation.

Based on the poroelastic model proposed by Wei and Muraleetharan [18], the stress
tensor in an unsaturated porous medium is expressed by:

σS =
(

MSS∇ · uS + MSW∇ · uW + MSN∇ · uN)I + 2nS
0µS

[
∇uS +

(
∇uS)T

]
σW =

(
MSW∇ · uS + MWW∇ · uW + MWN∇ · uN)I

σN =
(

MSN∇ · uS + MWN∇ · uW + MNN∇ · uN)I
 (4)

In which σα((α = S, W, N) represents the stress tensors of each phase, and I denote
the unit tensor matrix.

2.2. Solution of Dynamic Equation of Unsaturated Porous Media

Based on the Helmholtz theorem, the displacement vector u may be expressed as:

uα = ∇ϕα +∇×Ψα(α = S, W, N) (5)

where, ϕα, Ψα(α = S, W, N) are scalar potentials and vector potentials of α phase in unsatu-
rated porous media, respectively.
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By introducing Equation (5), Equation (1) is transformed into:

nS
0 ρS

0
∂2 ϕS

∂t2 =
(

MSS + 2nS
0 µS

)
∇2 ϕS + MSW∇2 ϕW + MSN∇2 ϕN

+µ̂W
(

∂ϕW

∂t −
∂ϕS

∂t

)
+ µ̂N

(
∂ϕN

∂t −
∂ϕS

∂t

)
nW

0 ρW
0

∂2 ϕW

∂t2 = MSW∇2 ϕS + MWW∇2 ϕW + MWN∇2 ϕN − µ̂W
(

∂ϕW

∂t −
∂ϕS

∂t

)
nN

0 ρN
0

∂2 ϕN

∂t2 = MSN∇2 ϕS + MWN∇2 ϕW + MNN∇2 ϕN − µ̂N
(

∂ϕN

∂t −
∂ϕS

∂t

) (6)


nS

0 ρS
0

∂2ΨS

∂t2 = nS
0 µS∇2ΨS + µ̂W

(
∂ΨW

∂t −
∂ΨS

∂t

)
+ µ̂N

(
∂ΨN

∂t −
∂ΨS

∂t

)
nW

0 ρW
0

∂2ΨW

∂t2 = −µ̂W
(

∂ΨW

∂t −
∂ΨS

∂t

)
nN

0 ρN
0

∂2ΨN

∂t2 = −µ̂N
(

∂ΨN

∂t −
∂ΨS

∂t

) (7)

Assuming that the incident wave is a harmonic with circular frequency ω, the expres-
sions of scalar potentials and vector potentials can be expressed as:

ϕα = ϕα(x, y, z)e−iωt
)

(8a)

Ψα = Ψα(x, y, z)e−iωt (8b)

By applying Equations (8a) and (8b), Equations (6) and (7) can be transformed into:
(M∗SS∇2 + γSSω2)ϕS + (MSW∇2 − γSWω2)ϕW + (MSN∇2 − γSNω2)ϕN = 0
(MSW∇2 − γSWω2)ϕS + (MWW∇2 + γWWω2)ϕW + MWN∇2 ϕN = 0
(MSN∇2 − γSNω2)ϕS + MWN∇2 ϕW + (MNN∇2 + γNNω2)ϕN = 0

(9)


−ω2nS

0 ρS
0 ΨS = nS

0 µS∇2ΨS − iωµ̂W(ΨW −ΨS)− iωµ̂N(ΨN −ΨS)
−ω2nW

0 ρW
0 ΨW = iωµ̂W(ΨW −ΨS)

−ω2nN
0 ρN

0 ΨN = iωµ̂N(ΨN −ΨS) (10)

where, M∗SS = MSS + 2nS
0 µS; γSS = nS

0 ρS
0 + i (µ̂W+µ̂N)

ω ; γSW = i µ̂W

ω ; γSN = iµ̂N

ω ;

γWW = nW
0 ρW

0 + iµ̂W

ω ; γNN = nN
0 ρN

0 + iµ̂N

ω .
Eliminating ϕW and ϕN from Equation (9), the scalar potential of the solid component

ϕS can be expressed as:(
A∇6 + Bω2∇4 + Cω4∇2 + Dω6

)
ϕS = 0 (11)

where,
A = M∗SS A3 + MSW A1 + MSN A2
B = M∗SSB3 + MSW B1 + MSN B2 + γSS A3 − γSW A1 − γSN A2
C = M∗SSC3 + MSWC1 + MSNC2 + γSSB3 − γSW B1 − γSN B2
D = γSSC3 − γSWC1 − γSNC2

 (12)

with
A1 = MWN MSN −MSW MNN,B1 = MNNγSW −MSWγNN −MWNγSN,C1 = γNNγSW;
A2 = MSW MWN−MSN MWW,B2 = MWWγSN−MSNγWW −MWNγSW,C2 = γWWγSN;
A3 = MWW MNN −MWN MWN , B3 = MWWγNN + MNNγWW , C3 = γWWγNN .
To solve the general solution of ϕS, Equation (11) can be decomposed into:(

∇2 − k2
j

)
ϕS

j = 0(j = 1, 2, 3) (13)



Appl. Sci. 2023, 13, 494 5 of 13

with 
k2

1 = −ω2

3A

(
B− (1+

√
3i)A∗

2C∗ +
(1−
√

3i)
2 C∗

)
k2

2 = −ω2

3A

(
B− (1−

√
3i)A∗

2C∗ +
(1+
√

3i)
2 C∗

)
k2

3 = −ω2

3A

(
B + A∗

C∗ − C∗
) (14)

where, A∗ = 3AC− B2; B∗ = 9ABC− 2B3 − 27A2D; C∗ =

[
B∗
2 + 2

√
(A∗)3 +

(
B∗
2

)2
]1/3

.

It can be seen from Equation (13) that there are three kinds of compression waves
named P1, P2, and P3 waves in unsaturated porous media. ki(i = 1, 2, 3) are the wave
numbers associated with the three types of waves.

In cylindrical coordinates, Equation (13) can be expressed as:

∂2 ϕS
j

∂r2 +
1
r

∂ϕS
j

∂r
+

1
r2

∂2 ϕS
j

∂θ2 − k2
j ϕS

j = 0 (15)

By using the method of separating variables and according to Sommerfeld radiation
condition [20], the solution ϕS

j (r, θ) is obtained as:

ϕS
j (r, θ) =

∞

∑
n=0

An,jKn
(
k jr
)

cos nθ(j = 1, 2, 3) (16)

where Kn(k jr) denotes the n-order modified Bessel functions of the first kind,
An,j(j = 1, 2, 3) is the undetermined constant coefficient.

Thus, it can be deduced that the scalar potential function of solid skeleton in unsatu-
rated media is:

ϕS = ϕS
1 + ϕS

2 + ϕS
3 (17)

According to Equation (9), the transformation relation between the scalar potential
functions of liquid and gas phase and the scalar potential function of solid skeleton are:

ϕW
j = δW

j ϕS
j (18)

ϕN
j = δN

j ϕS
j (19)

where

δW
j =

A1k4
j + B1ω2k2

j + C1ω4

A3k4
j + B3ω2k2

j + C3ω4
(j = 1, 2, 3) (20a)

δN
j =

A2k4
j + B2ω2k2

j + C2ω4

A3k4
j + B3ω2k2

j + C3ω4
(j = 1, 2, 3) (20b)

Thus, the scalar potential functions of fluid and gas can be determined as:

ϕW = ϕW
1 + ϕW

2 + ϕW
3 = δW

1 ϕS
1 + δW

2 ϕS
2 + δW

3 ϕS
3 (21)

ϕN = ϕN
1 + ϕN

2 + ϕN
3 = δN

1 ϕS
1 + δN

2 ϕS
2 + δN

3 ϕS
3 (22)

Doing the same thing for Equation (10), the solution of the vector potential of the solid
component ΨS(r, θ) in cylindrical coordinates can be obtained as:

ΨS(r, θ) =
∞

∑
n=0

BnKn(k4r) sin nθ (23)
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where Bn is the undetermined constant coefficient, and k4 is the wave number of the shear
wave with:

k2
4 =

Fω2

E
(24)

where E = nS
0 µSγWWγNN , F = −γSSγWWγNN + γSWγSWγNN + γSNγSNγWW .

The vector potentials of the liquid and gas phases can be expressed as:

ΨW = ζWΨS (25)

ΨN = ζNΨS (26)

where ζW = γSW
γWW

, ζN = γSN
γNN

.

2.3. Wave Field Analysis and Solutions

Assuming a plane harmonic P1 or SV wave with circular frequency ω propagates in the
positive direction of the x-axis, which may be expressed in terms of the Bessel-Fourier series:

ϕi = ϕ0

∞

∑
n=0

εnin Jn(k0r)cos nθe−iωt (27)

Ψi = Ψ0

∞

∑
n=0

εnin Jn(k0r)cos nθe−iωt (28)

where k0 = ω/cp (for P1 wave incidence) or k0 = ω/cs (for SV wave incidence) represents
the wave number of the incident wave, ϕ0(Ψ0) represents the incident wave amplitude,
Jn(.) is the Bessel function of the first kind of order n, εn = 1 if n = 0 and εn = 2 if n ≥ 1,
and i =

√
−1.

When the incident plane wave is on the cavity surface, waveform conversion will
occur, and the cavity surface will produce scattered waves. The total wave field in an
unsaturated porous medium consists of incident waves and scattered waves. The potential
of the total wave field in an unsaturated porous medium can be expressed as follows [18].

For the P1 wave incidence, the total scalar potentials of each phase can be written as:

ϕS(r, θ) =
3
∑

j=1

∞
∑

n=0
An,jKn

(
k jr
)

cos nθ + ϕ0
∞
∑

n=0
εnin Jn(k0r)cos nθ

ϕW =
3
∑

j=1
δW

j

∞
∑

n=0
An,jKn

(
k jr
)

cos nθ + δW
1 ϕ0

∞
∑

n=0
εnin Jn(k0r)cos nθ

ϕN =
3
∑

j=1
δN

j

∞
∑

n=0
An,jKn

(
k jr
)

cos nθ + δN
1 ϕ0

∞
∑

n=0
εnin Jn(k0r)cos nθ

(29a)

The total vector potential functions can be written as:
ΨS =

∞
∑

n=0
BnKn(k4r) sin nθ

ΨW = ζWΨS

ΨW = ζWΨS

(29b)

For the SV wave incidence, the total scalar potentials of each phase can be written as:

ϕS(r, θ) =
3
∑

j=1

∞
∑

n=0
An,jKn

(
k jr
)

cos nθ

ϕW =
3
∑

j=1
δW

j

∞
∑

n=0
An,jKn

(
k jr
)

cos nθ

ϕN =
3
∑

j=1
δN

j

∞
∑

n=0
An,jKn

(
k jr
)

cos nθ

(30a)
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The total vector potential functions can be written as:
ΨS =

∞
∑

n=0
BnKn(k4r) sin nθ + Ψ0

∞
∑

n=0
εnin Jn(k0r)cos nθ

ΨW = ζWΨS

ΨW = ζWΨS

(30b)

where An,j(j = 1, 2, 3) and Bn refer to the unknown amplitudes of a P wave and an S wave,
which should be determined by the boundary conditions.

Assuming the permeable boundary conditions of the cavity and the continuity condi-
tions of the displacement between the fluid and the solid skeleton, the boundary conditions
at the surface of the cavity (r = a) can be expressed as:

σS
rr = σW

rr = σN
rr = σS

rθ = 0(at r = a) (31)

Substituting Equation (5) into the constitutive relations of Equation (4) in cylindrical
coordinates [1], the stress and displacement components in Equation (31) can be expressed
by the potentials of the total wave field. Substituting the expressions of the potentials of
the total wave field, Equation (29), or Equation (30) into the boundary conditions with
the stress components being expressed by the potentials of the total wave field, a system
of linear equations about unknown quantity, An,j (j = 1, 2, 3) and Bn , can be obtained
as follows,

For P1 wave incidence:
S1 S2 S3 S5
W1 W2 W3 W5
X1 X2 X3 X5
Y1 Y2 Y3 Y5


∣∣∣∣∣∣∣∣
r=a


An,1
An,2
An,3
Bn

 =


−S4
−W4
−X4
−Y4


∣∣∣∣∣∣∣∣
r=a

(32)

For SV wave incidence:
S1 S2 S3 S4
W1 W2 W3 W4
X1 X2 X3 X4
Y1 Y2 Y3 Y4


∣∣∣∣∣∣∣∣
r=a


An,1
An,2
An,3
Bn

 =


−S5
−W5
−X5
−Y5


∣∣∣∣∣∣∣∣
r=a

(33)

The detailed expressions of coefficients Sj, Wj, Xj, and Yj as provided in Appendix A.
By solving Equations (32) and (33) for different kinds of incident waves, respectively, the
undetermined wave amplitude coefficients An,j (j = 1, 2, 3) and Bn can be obtained by
solving the system of linear equations. Once the undetermined wave amplitude coefficients
are obtained, the scattered wave field can be calculated. Finally, the displacement and stress
components can be obtained by the superposition of the incident wave and the scattered
wave field.

3. Numerical Results and Discussion

From the perspective of engineering seismic resistance, the main goal of the research is
to study the dynamic response at the surface of the cavity, which is focused on the dynamic
stress concentration factor.

Take P1 wave incidence for example, the influence of the saturation on the hoop stress
concentration factor (σS

θθ/σ0) of the unsaturated porous medium at the cavity surface will
be studied under both the impermeable and permeable conditions next. σ0 is the maximum
amplitude of hoop stress of the solid phase, owing to the incident wave at the same position.
The material parameters are set per Lin (2005) [21] and listed in Table 1. A dimensionless
frequency k0a determined by the wavelength and the cavity radius is introduced.
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Table 1. Material parameters of the unsaturated porous medium.

Porosity n0 0.1 0.34 0.36

ρS
0 (kg/m3) 2650 2650 2650

ρW
0 (kg/m3) 1000 1000 1000

ρN
0 (kg/m3) 1.1 1.1 1.1
KS (kPa) 3.6 × 107 3.6 × 107 3.6 × 107

KW (kPa) 2.0 × 106 2.0 × 106 2.0 × 106

KN (kPa) 110 110 110
νW (Pa·s) 1.0 × 10−3 1.0 × 10−3 1.0 × 10−3

νN (Pa·s) 1.8 × 10−5 1.8 × 10−5 1.8 × 10−5

κ (m·s−1) 2.5 × 10−12 2.5 × 10−12 2.5 × 10−12

G 1.203 × 107 – 9.23 × 104

αB 1 1 1
K̂ (kPa) 2.6055 × 107 2.189 × 106 2.0 × 105

υ 0.3 0.1, 0.2, 0.3 0.3
α 2.0 × 10−5 2.0 × 10−5 2.0 × 10−5

d 4.15 4.15 4.15
SrW 0.05 0.05 0.05
SrN 1.0 1.0 1.0

(1) The influence of saturation Sr on the dynamic response of the cavity

Taking the second set of parameters in Table 1 with Poisson’s ratio υ = 0.3 and the
different saturations Sr = 0.2, 0.6, 0.95, 1.0 under different frequencies k0a = 0.5, 1.0, 3.0,
Figures 2 and 3 show the distributions of σS

θθ/σ0 around the surface of the cavity for the P1
wave incidence under impermeable and permeable conditions, respectively. Considering
that the P1 wave velocity of the unsaturated porous medium varies greatly with the
saturation, here, k0 is taken as the wave number of the S wave for Sr = 1.0.
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Figure 2. Effects of saturation on distributions of σS
θθ/σ0 around the surface of the cavity for P1 wave

incidence with the second set of parameters in Table 1 with υ = 0.3 for an impermeable boundary.
(a) k0a = 0.5. (b) k0a = 1.0. (c) k0a = 3.0.

As shown in the figure, for both the impermeable and permeable conditions, the stress
distribution around the cavity is symmetrical on both sides of the incident wave. The
response of the stress around the cavity for Sr = 1.0 is significantly different from that for
Sr = 1.0. When Sr < 0, the saturation has little effect on the distribution of stress around
the cavity, especially at low-frequency incidence. It means that the existence of the gas
phase significantly affects the dynamic response of the cavity in the unsaturated medium.
The main reason for the effect is that the existence of the gas phase will significantly affect
the wave velocity of the P wave in the unsaturated medium [14]. The stress distribution
around the cavity changes significantly with the change of the frequency of the incident
wave. At low-frequency incidence (k0a = 0.2), the maximum appears slightly deviated from
the orthogonal direction (θ = 80◦ and 280◦). With the increase in the incident frequency,
the direction in which the maximum value occurs gradually approaches the direction of
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the incident wave (θ = 0◦). At high-frequency incidence (k0a = 3.0), for Sr < 1.0, the stress
peaks at θ = 35◦ and 325◦, and for Sr = 1.0, the stress peaks at θ = 30◦ and 330◦. The
minimum stress appears in the opposite direction of the incident wave (θ = 180◦) for
Sr < 1.0 under all incident frequencies and Sr =1.0 under k0a = 0.5, 1.0. Under k0a = 3.0, The
minimum stress for Sr = 1.0 occurs at θ = 130◦ and 230◦. With the increase in the incident
frequency, the effects of the saturation on the dynamic stress concentration factor increase.
Under k0a = 0.5, 1.0, the dynamic stress concentration factors for Sr = 1.0 are larger than that
for Sr < 1.0. However, under k0a = 3.0, the result is the opposite. When Sr < 1.0, the dynamic
stress concentration factor increases slightly with the increase in the saturation degree.
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Figure 3. Effects of saturation on distributions of σS
θθ/σ0 around the surface of the cavity for P1 wave

incidence with the second set of parameters in Table 1 with υ = 0.3 s for a permeable boundary.
(a) k0a = 0.5. (b) k0a = 1.0. (c) k0a = 3.0.

By comparing the permeable and impermeable boundary conditions, the dynamic
stress concentration factor of an impermeable cavity is slightly larger than that of a perme-
able cavity for Sr = 1.0. For Sr < 1.0, there are no obvious differences between the dynamic
stress concentration factors of the permeable and impermeable cavities.

(2) The influence of Poisson’s ratio on the dynamic responses of the cavity

Taking the second set of parameters in Table 1 with Sr = 0.6, Figure 4 gives the distri-
butions of σS

θθ/σ0 around the cavity surface for P1 wave incidence for different Poisson’s
ratios of υ = 0.1, 0.2, and 0.3 with k0a = 0.5, 1.0, and 2.0 under impermeable conditions,
respectively. As can be seen from the figure, with the increase in Poisson’s ratio, the stress
increases gradually under different frequencies, and the angle at which the maximum value
occurs gradually approaches the direction of the incident wave direction. For example,
when k0a = 2.0, the maximum values for υ = 0.1 occur at θ = 50◦ and 310◦, whereas for
υ = 0.2, at θ = 40◦ and 320◦, and for υ = 0.3, at θ = 20◦ and 340◦. For all Poisson’s ratios, the
minimum values appear at θ = 180◦. Moreover, with the increase in the incident frequency,
the angle between the maximum value direction and the incident wave direction (θ = 0◦)
decreases at the same Poisson’s ratio. For υ = 0.3, the maximum values appear at θ = 70◦

and 290◦ when k0a = 0.5, at θ = 40◦ and 320◦ when k0a = 1.0, and at θ = 20◦ and 340◦ when
k0a = 2.0.
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(3) The influence of porosity on the dynamic responses of the cavity

According to Ref. [21], the volume modulus K̂ and shear modulus G of solid skeletons
decrease with the increase in porosity n0, which will make the wave number change, and
thus, the stress around the cavity will change accordingly. Next, the effects of porosity
n0 on the dynamic responses around the cavity under two saturation conditions, Sr = 0.6
and 1.0, are analyzed for the impermeable cavity. Taking the three sets of parameters in
Table 1 with υ = 0.3, Figure 5 gives the distributions of σS

θθ/σ0 around the cavity surface
for the P1 wave incidence under n0 = 0.1, 0.34, and 0.36 for Sr = 0.6 with k0a = 0.5, 1.0,
and 2.0, respectively. As can be seen from the figure, when Sr = 0.6, the porosity n0 does
not affect the distribution of σS

θθ/σ0. That means, for Sr = 0.6, although porosity will
affect the stiffness of the medium, thus affecting the dynamic stress, it will not affect the
dynamic stress concentration factor. This is because Poisson’s ratio does not change with
porosity in the analysis. According to Ref. [14], the velocity of the P1 wave has a sharp
decline from a fully saturated condition (Sr = 1.0) to an unsaturated condition (Sr < 1.0).
However, the velocity of the S wave changes little with the saturation. For Sr < 1.0, the
ratio of the P1 wave velocity to the S wave velocity is only related to Poisson’s ratio, but
not to porosity. When the frequency is normalized as k0a, the effect of the stiffness on
the wave number is eliminated. As Poisson’s ratio does not change with the porosity, the
change in the stiffness of the surrounding medium with the porosity certainly will not
influence the normalized hoop stresses. Figure 6 gives the distributions of σS

θθ/σ0 around
the cavity surface for the P1 wave incidence under n0 = 0.1, 0.34, and 0.36 for Sr = 1.0 with
k0a = 0.5, 1.0, and 2.0, respectively. Here, k0 is taken as the wave number of the incident P1
wave. It can be seen that when Sr = 1.0, the porosity has a great influence on the dynamic
stress concentration factor. The distribution pattern of σS

θθ/σ0 around the cavity surface
varies greatly for different porosities. This situation is different from that of unsaturated
(Sr < 1.0). That is mainly because that the ratio of P1 wave velocity to S wave velocity varies
greatly with the porosity of the saturated poroelastic medium. According to Ref. [21], when

n0 = 0.1, the ratio of the P1 wave velocity to the S wave velocity is nearly
√

2(1−υ)
1−2υ = 1.87.

With the increase in the porosity, the ratio of the P1 wave velocity to the S wave velocity
increases a lot. For example, the ratio can reach 7.58 for n0 = 0.36. To find the rules of
the effects of porosity on the distribution of the dynamic stress concentration factor, by
taking k0 as the wave number of the SV wave, Figure 7 gives the distributions of σS

θθ/σ0
around the cavity surface for P1 wave incidence under n0 = 0.1, 0.34, and 0.36 for Sr = 1.0
with k0a = 0.5, 1.0, and 3.0, respectively. As seen in the figure, with the increase in the
porosity, the distribution of the dynamic stress concentration factor tends to be uniform
along the circumference. When the porosity is large, the maximum value of the dynamic
stress concentration factor is relatively small.
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Figure 5. Effects of porosities on distributions of σS
θθ/σ0 around the surface of the cavity for P1 wave

incidence for Sr = 0.6. (a) k0a= 0.5. (b) k0a= 1.0. (c) k0a= 2.0.
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(c) k0a= 2.0.
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Figure 7. Effects of porosities on distributions of σS
θθ/σ0 around the surface of the cavity for P1 wave

incidence for Sr = 1.0. (k0 is the wave number of the SV wave). (a) k0a = 0.5. (b) k0a = 1.0. (c) k0a = 3.0.

4. Conclusions

In this research, the scattering of plane waves (P and SV waves) by a cylindrical
cavity with a permeable surface in an unsaturated poroelastic medium was solved based on
Ref. [17]. The results can be used to calculate the dynamic stress concentration factor around
the cavity. The influences of saturation, porosity, and Poisson’s ratio on the dynamic stress
concentration factor around the cavity under different incident frequencies and boundary
conditions were studied in detail. The main conclusions are as follows,

The distributions of the hoop stress around the surface of the cavity change with
saturation. The responses of the stress around the cavity for Sr = 1.0 are significantly
different from that for Sr < 1.0. When Sr < 1.0, saturation has little effect on the distribution
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of stress. For the same saturation, the frequency of the incident wave will change the angle
at which the maximum value occurs.

For Sr = 1.0, the dynamic stress concentration factor of an impermeable cavity is
slightly larger than that of a permeable cavity. For Sr < 1.0, the responses have no obvious
differences between the permeable and impermeable cavities.

The distribution of stress around the cavity varies with Poisson’s ratio. With the in-
crease in Poisson’s ratio, the dynamic stress concentration factor around the cavity increases
gradually, and the angle at which the maximum value occurs gradually approaches the
direction of the incident wave direction.

The porosity does not affect the dynamic stress concentration factor around the cavity
for an unsaturated medium. However, it has great influences on the hoop stress distribution
around the cavity for Sr = 1.0. That is mainly because the ratio of the P1 wave velocity to
the S wave velocity varies greatly with the porosity of the saturated poroelastic medium.
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Appendix A

The expressions of coefficients Sj, Wj, Xj, and Yj in Equations (32) and (33) are as
follows: S1 = MSSL21

n + MSWδW
1 L21

n + MSNδN
1 L21

n + 2nS
0µSN21

n (For P1 wave incidence),
S2 = MSSL22

n + MSWδW
2 L22

n + MSNδN
2 L22

n + 2nS
0µSN22

n (For SV wave incidence),
S3 = MSSL23

n + MSWδW
3 L23

n + MSNδN
3 L23

n + 2nS
0µSN23

n ,
S4 = ϕ0εnin(MSSL10

n + MSWδW
1 L10

n + MSNδN
1 L10

n + 2nS
0µSN10

n
)

(For P1 wave incidence),

S4 =
2nS

0µS
r2 nE24

n −
2nS

0µS
r nM24

n (For SV wave incidence),

S5 =
2nS

0µS
r nM24

n −
2nS

0µS
r2 nE24

n (For P1 wave incidence),

S5 = Ψ0εninn
(

2nS
0µS
r2 E10

n −
2nS

0µS
r M10

n

)
(For SV wave incidence).

W1 = MSW L21
n + MWW δW

1 L21
n + MWNδN

1 L21
n ,W2 = MSW L22

n + MWW δW
2 L22

n + MWNδN
2 L22

n ,
W3 = MSW L23

n + MWW δW
3 L23

n + MWNδN
3 L23

n ,W4 = ϕ0εnin(MSW L10
n + MWW δW

1 L10
n + MWNδN

1 L10
n
)
.

X1 = MSN L21
n + MWNδW

1 L21
n + MNNδN

1 L21
n ,X2 = MSN L22

n + MWNδW
2 L22

n + MNNδN
2 L22

n ,
X3 = MSN L23

n + MWNδW
3 L23

n + MNNδN
3 L23

n ,X4 = ϕ0εninL10
n
(

MSN + MWNδW
1 + MNNδN

1
)
.

W5 = X5 = 0.
Y1 =

2nS
0µS
r2 nE21

n −
2nS

0µS
r nM21

n (For P1 wave incidence),

Y1 =
2nS

0µS
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2nS

0µS
r2 nE21

n (For SV wave incidence),

Y2 =
2nS

0µS
r2 nE22

n −
2nS

0µS
r nM22

n (For P1 wave incidence),

Y2 =
2nS

0µS
r nM22

n −
2nS

0µS
r2 nE22

n (For SV wave incidence),

Y3 =
2nS

0µS
r2 nE23

n −
2nS

0µS
r nM23

n ,

Y4 = ϕ0εnin
(

2nS
0µS
r2 nE10

n −
2nS

0µS
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n

)
(For P1 wave incidence),

Y4 = − nS
0µS
r2 n2E24

n − nS
0µSN24

n +
nS

0µS
r M24

n (For SV wave incidence),

Y5 =
nS

0µS
r M24

n −
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0µS
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Y5 = Ψ0εnin
(
− nS

0µS
r2 n2E10

n − nS
0µSN10

n +
nS

0µS
r M10

n

)
(For SV wave incidence).

with E10
n = Jn(k0r), E21

n = Kn(k1r), E23
n = Kn(k3r), E24

n = Kn(k4r), Mij
n = dEij

n
dr , Nij

n = d2Eij
n

dr2 , and

Lij
n represents the Laplacian ∇2.
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