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Abstract: The distribution-level phasor measurement unit(D-PMU), as a new type of measurement
equipment, can support the fast and high-precision observations of active distribution networks. This
paper presents a new D-PMU optimal placement method that can be used to reconcile investments
with the reliability of high-precision observation systems. The multi-objective optimization model
primarily considers the influence of topology changes and N-1 contingencies on observation reliability.
Its objectives include minimizing the number of D-PMUs, maximizing network measurement redun-
dancy (NMR) and the average number of observable buses under N-1 contingencies (ANOBC). The
model is extended to a form of multi-topology weighting and is combined with zero-injection buses
and other measurements. We take the observability of high-weight topology set as the constraint. The
model can be solved using the non-dominated sorting genetic algorithm-III (NSGA-III), which gives
the set of Pareto optimal solutions. Then, the D-PMU placement order determination method based
on the spatial electrical distance is proposed to improve the effect of state estimation faster. IEEE
standard systems are taken to verify the effectiveness of the proposed method. With the same number
of D-PMUs, this method derives more ANOBC and NMR than other methods. When considering
topology changes, the proposed method can use fewer additional D-PMUs to substantially increase
the ANOBC and NMR.

Keywords: D-PMU; active distribution network; observability; N-1 contingencies; non-dominated
sorting genetic algorithm-III; topology change

1. Introduction

Traditional distribution network planning and operation methods cannot manage the
large-scale access of distributed generations (DGs) and flexible loads. Distribution networks
are evolving to become more flexible, reliable, efficient and intelligent [1]. However, current
distribution networks lack sufficient measurement devices and rely heavily on pseudo
measurements, which leads to poor state estimation accuracy and frequency. This low-
frequency state estimation cannot meet the requirements of real-time control in intelligent
distribution networks. As a monitoring device, a phasor measurement unit (PMU) can
measure the voltage phasor and current phasor synchronously [2]. With the ability to
provide phase angle data, along with a high sampling frequency and high data accuracy,
the PMU is being widely applied in state estimation [2], faulted line identification [3],
voltage monitoring [4] and other fields in smart grid.

If each bus of a power system installs a PMU, this system can be fully observable
and can have a good state estimation capacity. However, PMUs are very expensive,
which makes it difficult to install a large number of PMUs in a distribution network [5].
Exciting prospects are offered by the fact that the application of the distribution-level
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phasor measurement unit (D-PMU) in distribution networks significantly reduces the costs
of PMU placement [6]. This makes it possible to establish a wide-area measurement system
in the distribution network. Nevertheless, due to a large number of distribution network
nodes and changeable topology, the placement of D-PMU to ensure the observability of
the network is still a huge investment. Therefore, the optimization of the placement of
D-PMUs to support various functions of intelligent distribution networks, with limited
investment, has become a research hotspot.

The current optimal D-PMU placement (OPP) methods for a distribution network
focus on improving the observability of the power system and economic efficiency. Ref. [5]
proposes an OPP method in the distribution network based on a meta heuristic algorithm
and the effect of state estimation is verified. In Ref. [6], an OPP model for maximizing
network observability is proposed, and the influence of distributed generation is consid-
ered. As the cost is related to the number of branches of the installed bus, an OPP method
considering D-PMU installation costs and communication infrastructure is given in Ref. [7].
The solution is installed at multiple stages. Each stage depends on the cost of the utility
setup rather than on the number of D-PMUs. In Ref. [8], considering all possible line con-
nections of buses, a new D-PMU placement method for network observability is proposed.
Ref. [9] uses the weak-load bus closeness criteria to determine the primary position at the
beginning of D-PMU installation.

The above methods all operate on the premise that one D-PMU can indirectly observe
multiple buses, but this mode of indirect observation reduces the reliability of the observa-
tion system. In addition, only satisfying observables may not meet state estimation needs.
Therefore, some studies have considered network measurement redundancy (NMR) and
have made full use of the existing advanced measurement infrastructure (AMI) and supervi-
sory control and data acquisition (SCADA) measurements, which can improve observation
reliability and reduce costs. Ref. [10] proposes a network compression method that com-
bines existing measurements and reduces D-PMU candidate positions. Ref. [11] proposes
an OPP model based on conventional measurements and D-PMU channel limitations to
optimize the number and NMR. In Ref. [12], an OPP method based on a robust estimator is
proposed, which can further increase the accuracy of system state estimation. In Ref. [13],
considering existing measurements, a new OPP method is developed to enhance system
observability. Two main methods are usually used to solve the OPP model: a numerical
algorithm [14,15] and a heuristic algorithm [16,17]. The numerical algorithm has a fast
calculation speed, but its universality is poor. Therefore, the numerical algorithm is mainly
suitable for solving linear models. The heuristic algorithm has a strong global search ability
and is mainly suitable for solving nonlinear, high-dimensional and multi-objective models.

However, although NMR can improve observation reliability to a certain extent, it can-
not fully reflect the impact of various faults on system observations. The influences of line
fault, D-PMU fault and other factors require more D-PMUs to ensure distribution network
observability under different operating conditions. The N-1 contingencies resulting from
D-PMU and line fault should be considered in the OPP problem. Ref. [18] considers the
impact of power network expansion planning and line N-1 contingencies. Ref. [19] consid-
ers the impact of line N-2 contingencies. Ref. [20] takes observability under D-PMU N-1
contingencies as the constraint condition. Most of these references take observability under
N-1 contingencies as a constraint and establish a single target and multi-constraint model.

However, there are three problems in the implementation of the above method:

(1) Realizing full observability under all contingency conditions is difficult. Many studies
take system observability under N-1 contingencies as the constraint condition, which
greatly increases the number of D-PMUs. When considering topology variation, the
D-PMU number increase is more serious. It is necessary to find a compromise method
in dealing with N-1 contingencies.

(2) Distribution network topology frequently changes, which may render the existing
configuration unable to ensure observability after topology changes. Most of the
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above OPP methods do not consider the current economic reconfiguration and future
topology changes.

(3) D-PMU placement often faces the problem of insufficient funds in the short term. It is
necessary to study how to better determine the placement order of D-PMUs in the
placement scheme when short-term funds are insufficient.

To solve the above problems, a new OPP method for the distribution network is
proposed in this paper. This method can not only improve the effect of D-PMUs on state
estimation accuracy and frequency, but it can also improve the reliability of the distribution
network measurement system. Firstly, we place D-PMU in advance on some important
buses. Then, an OPP model is built based on the full usage of the existing measurement
system, and, considering the topology changes, an OPP model is established to ensure
complete observability of the main topologies, with the goal of improving economic effi-
ciency, NMR and the average number of observable buses under contingencies (ANOBC).
A solution based on non-dominated sorting genetic algorithm-III (NSGA-III) is proposed.
A compromise solution that takes the above three objectives into account can be obtained
in the Pareto solution set. Finally, in order to improve state estimation effectiveness faster,
placement order is calculated based on the spatial electric distance. The proposed method
successfully guides the D-PMU placement of the Nansha demonstration project in China.
Compared with the existing methods, the main contributions of this method are as follows:

(1) An overall placement process of distribution network D-PMU is presented, which
includes initial placement, overall placement and multistage placement.

(2) A topology generation method is proposed, which takes both the current and future
economic reconfigurations of distribution networks into account.

(3) A multi-objective optimal D-PMU placement model considering topology changes
and contingencies is proposed. The proposed model takes both zero-injection buses
and other measurements into account, which not only minimizes the number of D-
PMUs, but it also maximizes the ANOBC and NMR under the topology observability
constraint. Compared with other methods, the proposed method can greatly reduce
the D-PMU number with a high ANOBC and NMR.

(4) The NSGA-III algorithm gives the Pareto optimization solution set of the model.
In addition, The Technique for Order Preference by Similarity to an Ideal Solution
(TOPSIS) method is applied to select the optimal compromise solution.

(5) The placement order calculation method based on spatial electric distance is proposed,
which can provide the D-PMU placement in order to improve the state estimation
effect faster.

This paper is organized as follows: Section 2 presents the general framework of D-PMU
placement and observability rules. Section 3 builds the multi-objective OPP model and
the solution method based on NSGA-III. Section 4 proposes a placement order calculation
method. In Section 5, simulations are carried out in IEEE standard systems to verify the
efficiency of the proposed method. Section 6 gives the conclusion.

2. The Overall Strategy of D-PMU Placement

This section proposes the main process of D-PMU placement, the initial placement
method and the observability rules.

2.1. The Overall Strategy of D-PMU Placement in Distribution Network

In order to realize the large-scale application and placement of D-PMU in the distri-
bution network, the OPP method should not only take the effect of state estimation and
economic efficiency into account, but it should also integrate with present measurement
systems, such as SCADA and AMI. The existing measurement system is shown in Figure 1.
D-PMU is generally installed on the bus of a medium-voltage distribution network. Differ-
ent from SCADA and AMI, it can provide phasor information of bus voltage and branch
current at high frequency. Therefore, the optimal placement of D-PMUs can realize dy-
namic observation of distribution networks. The key problem of OPP is studying which
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buses should be placed with a D-PMU to realize reliable and dynamic observations of the
distribution network.
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Figure 1. The structure of the existing measurement system.

In the optimization process, injection and power flow measurements provided by the
SCADA system should be further applied to the OPP model, which can improve network
observability [21]. AMI provides measurement data in the distribution network, such as
node injection power pseudo-measurements. However, the sampling frequency of AMI
measurements is low, and these measurements are usually used in the observability analysis
of some non-essential areas of the distribution network.

With the continuous development of DGs and demand side management, the dis-
tribution network adjusts its network structure by operating segment switches and tie
switches. This can reduce the cost of the system’s operation and improve the consumption
capacity of renewable energy. Therefore, the frequency of topological changes continues
to increase. It is necessary to consider the impact of multiple topology observability on
D-PMU placement.

Considering the factors above, the main process of D-PMU placement is shown in
Figure 2. Firstly, some D-PMUs are preferentially placed on important buses. Secondly,
an OPP model that can adapt to topology changes, and which is compatible with other
measurement systems and can achieve multiple objectives, is established. Then, a corre-
sponding intelligent algorithm is selected to solve the model. Finally, the most appropriate
D-PMU placement order is calculated to guide the phased construction.
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2.2. Initial Placement of D-PMU

If a bus is identified that can cause personal casualties and heavy economic losses
after power supply interruption, a D-PMU needs to be placed on the bus to monitor the
operation status in real time. In addition, D-PMUs should be placed in advance according
to practical applications, such as feeders with voltage regulating equipment, access points
of photovoltaic power plants, etc. As a result of the access of new energy and electric
vehicles, voltage instability caused by excessive voltage amplitude has become one of
the main factors threatening the stable operation of the power grid. The real-time and
accurate measurements of D-PMUs can capture the out-of-limit information of voltage in
time. D-PMUs can be pre-placed on buses with a high probability of displaying out-of-limit
voltage [15].

2.3. Analysis of the Observability

A D-PMU on a bus can provide the voltage phasor of the bus and the current phasors
of associated branches. When the voltage phasor of a bus can be measured or calculated,
the bus is observable. If all buses are observable, the network is fully observable. Supposing
a D-PMU has enough channels, based on the Kirchhoff law and D-PMU characteristics, the
observability rules are as follows:

(1) If a D-PMU is placed on a bus, this bus and its neighbors are observable, because
for a bus with a D-PMU, the voltage phasor and current phasor of the associated
branches are known, and the voltage phasors of its neighbors can be calculated by the
Kirchhoff laws;

(2) If a ZIB is observable, and if only one neighbor’s observability is unknown, the voltage
phasor of this unknown neighbor can be calculated by the Kirchhoff laws. In other
words, this neighbor is identified as observable;

(3) If all neighbors of a ZIB are observable, the voltage phasor of the ZIB can be calculated
by the Kirchhoff laws.

3. Multi-Objective OPP Model

Considering the impact of N-1 contingencies and network reconfiguration, this paper
builds a new multi-objective OPP model, which takes full observability as the constraint
and takes the ANOBC, NMR and the number of D-PMUs as the objective functions. The
model also considers the influence of ZIB and other measurements.

3.1. The First Objective Function Considering Economic Factors

In this model, the first goal of the OPP is to minimize the number of D-PMUs, which
can be formulated as:

minF1(X) = ND-PMU =
N

∑
i=1

xi, (1)

where N is the number of buses in the network, and i is the bus number. ND-PMU is the
number of D-PMUs in the scheme. X = [x1, x2, · · · xN ]

T is the N-dimensional column
vector, whose entries xi can be defined as:

xi =

{
0 busihas no D-PMU
1 busihas D-PMU

(2)

3.2. The Second Objective Function Considering ANOBC
3.2.1. Line N-1 Contingencies and D-PMU N-1 Contingencies

N-1 contingencies include line N-1 contingencies and D-PMU N-1 contingencies. We
can prove that, if the system is completely observable under D-PMU N-1 contingencies, the
system is also completely observable under line N-1 contingencies. This principle is proven
as follows.
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When a single line of the distribution network fails, set P1 is defined as the bus set
connected to the bus i by only one line, and set P2 is the bus set connected to bus i by two
or more lines. The constraints that make the bus i observable are as follows (if bus i meets
just one, it is considered observed):

(1) Bus i has a D-PMU;
(2) At least two buses in set P1 have a D-PMU;
(3) At least one bus in set P2 has a D-PMU.

The above constraints can be expressed as:

2xi + ∑
j∈P1

xj + 2 ∑
j∈P2

xj ≥ 2 i ∈ H1, (3)

where H1 is the set of buses to be observed.
When any D-PMU of the distribution network fails, set P is defined as the bus set

adjacent to bus i. At this time, the constraints that make bus i observable are as follows,
and bus i can be observed when it meets one:

(1) Bus i has a D-PMU, and set P has at least one D-PMU;
(2) At least two buses in set P have a D-PMU.

The above constraints can be expressed as:

xi + ∑
j∈P

xj ≥ 2 i ∈ H1. (4)

By comparing Equations (3) and (4), we see that, when each bus of the system can
be observed under D-PMU N-1 contingencies, it must also be observable under line N-1
contingencies. This is because:

∑
j∈P

xj = ∑
j∈P1

xj + ∑
j∈P2

xj, (5)

2xi + ∑
j∈P1

xj + 2 ∑
j∈P2

xj − xi −∑
j∈P

xj = xi + ∑
j∈P2

xj ≥ 0 i ∈ H1. (6)

Therefore, when considering observability under N-1 contingencies, D-PMU N-1
contingencies are the main consideration.

3.2.2. Number of Observable Buses under D-PMU N-1 Contingencies

When one D-PMU fails, some buses in the network cannot be observed. The number
of unobservable buses differs when the locations of D-PMUs are different. Ensuring the
network is completely observable in the event of any D-PMU outages can double the
number of D-PMUs that need to be provided. This is extremely uneconomical. Therefore,
the second objective function is to maximize the average number of observable buses under
D-PMU N-1 contingencies. This is taken as the value of the ANOBC.

Define XS as the placement scheme, of which the total row number is ND-PMU; De-
fine Xok as the k-th outage scheme, which is generated to simulate the N-1 contingencies.
ND-PMU outage schemes are generated to simulate the N-1 contingencies. Using an IEEE
13-bus system as an example, if installing three D-PMUs in bus 2, bus 4 and bus 9, the place-
ment scheme is XS =

[
0 1 0 1 0 0 0 0 1 0 0 0 0

]T, and the three outage
schemes are defined as:

Xo1 =
[

0 0 0 1 0 0 0 0 1 0 0 0 0
]T

Xo2 =
[

0 1 0 0 0 0 0 0 1 0 0 0 0
]T

Xo3 =
[

0 1 0 1 0 0 0 0 0 0 0 0 0
]T . (7)
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The second objective function is calculated as:

maxF2(X) = ANOBCS =
ND-PMU

∑
k=1

nok/ND-PMU , (8)

where nok is the number of observable buses of outage scheme Xok, which can be calcu-
lated as:

nok =
N

∑
j=1

goj, (9)

where goj is a 0–1 auxiliary variable, which represents the observability of bus i, and is
defined as:

goj =

{
1 moj ≥ 1
0 moj = 0

, (10)

where moj is the number of observations representing the NMR of bus j. The measurement
redundancy vector Mok = [mo1, mo2, · · · moN ]

T is calculated by:

Mok = AXok, (11)

where A is the connectivity matrix, in which the elements are defined as follows:

A(i, j) =


1 ifbus i is connected to bus j
1 if i = j
0 other

. (12)

3.2.3. Impact of ZIB and SCADA

According to the observability rules proposed in Section 2.3, Equation (11) can be
updated to:

Mok = AXok + Oo, (13)

where Oo= [ooi]N×1 is the increased measurement redundancy of ZIB, which is a binary
column vector. ooi can be calculated as follows according to the observability rules:

ooi =
NZ

∑
z=1

uz,i, uz,i = {0, 1}, z ∈ Z, (14)

N

∑
i=1

uz,i =


1

N
∑

i=1
Ai,zmoi ≥

N
∑

i=1
Ai,z − 1

0
N
∑

i=1
Ai,zmoi <

N
∑

i=1
Ai,z − 1

, z ∈ Z, (15)

where NZ is the number of ZIBs; uz,i is a 0–1 auxiliary variable, indicating whether bus i
can be observed by the ZIB characteristic of bus z; and Z is the ZIB number set.

When the power flow of branch p–q is measured by SCADA, we can calculate the
voltage phasor at one end according to the voltage phasor at the other end. Thus, the
measurement redundancy corresponding to the buses at the ends of branch p–q can be
updated to:

mop = ApXok + oop +
(
1− gop

)
goq

moq = AqXok + ooq +
(
1− goq

)
gop

, (16)

where Ap and Aq are row p and row q of A, respectively.
Buses whose injections can be measured by SCADA have the same characteristics,

meaning that these buses can be treated as the ZIBs in the OPP model. As is expected, the
realization of network observability combined with SCADA can induce a synchronization
error. Therefore, the accuracy of state estimation should be verified after planning. If
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the accuracy fails to meet the requirements, the considered number of SCADA should be
appropriately reduced.

3.2.4. Observability of Non-Critical Bus Based on AMI Data

Making good use of the AMI system can also reduce the number of D-PMUs. AMI
can realize the approximation of transformer load power according to user injection power.
The specific steps are as follows:

For the feeder on the low-voltage side of the distribution transformer, the AMI system
can record the power of each user every 15 min or 30 min. The sum power of all users on
the feeder can be calculated as:

Qc =
Z

∑
i

QLi Pc =
Z

∑
i

PLi, (17)

where Z is the number of users on the feeder; Qc and Pc are the total reactive and active
power of all users on the feeder, respectively; and QLi and PLi represent the reactive and
active powers of user i, respectively.

By calculating the sum of injection powers of all users of the lower-voltage distribution
feeder, the pseudo-measurement data, i.e., the injection power of the combined distribution
transformers, can be approximated. Therefore, the load power of buses can be calculated
by using AMI measurements.

If the load power of a bus is known, and the connected buses of the bus are observable
by placing D-PMUs, the voltage of the bus can be calculated by the Kirchhoff laws, which
means that the bus can become observable by AMI data.

3.3. The Third Objective Function Considering NMR

Increasing the NMR can reduce the state estimation error. Therefore, maximizing the
NMR is chosen as the third optimization objective, which is formulated as:

maxF3(X) = NMR =
N

∑
i=1

mi, mi = A(i, j)X(j) + oi +
Si

∑
j=1

(1− gi)gj. (18)

where mi is the number of observations of bus, and oi is the increased measurement
redundancy of ZIB, which is a binary vector. gj represents the observability of bus i. The
calculation method for these is similar to that which is applied in the case of D-PMU outage,
such as Equations (8)–(14). Si represents the number of SCADA branch measurements
connected to the j-th bus.

3.4. The Constraints Considering the Network Observability

Realizing complete network observability is the constraint of the OPP model. The
constraint can be calculated as:

M = AX + O + G ≥ b, (19)

where M = [m1, m2, · · · mN ]
T is the measurement redundancy vector during the normal op-

eration of each D-PMU and O = [o1, o2, · · · , oN ]
T; b = [b1, b2, · · · bN ]

T is an N-dimensional
column vector used to ensure that each bus is observable. G is the measurement redundancy
added by SCADA, which is defined as:

G =

[
S1

∑
i=1

(1− g1)gi,
S2

∑
i=1

(1− g2)gi, · · ·
Sn

∑
i=1

(1− gn)gi

]T

, (20)
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In the existing OPP model, the buses in the network are not distinguished. Distribution
networks may have multiple load buses. Considering the characteristics of different buses,
the modified constraints are as follows:

b′ i =


2 forD-PMU outage
1 fornormal condition
0 forunimportant bus

. (21)

Some important buses should be prioritized as the highest, such as hospitals, electrified
railways and head offices. D-PMU outages can lead to the unavailability of measurements.
In this study, the measurement redundancy of important buses is increased. These buses are
observed at least twice, meaning that they can be observable under emergency conditions
such as D-PMU outages. In contrast, some unimportant buses, such as affiliated workshops
and public loads in small towns and rural areas, are not observed by D-PMUs in order to
reduce the number of D-PMUs required. If some important buses need to be observable
under emergency conditions, such as D-PMU outages, the values are taken as 2. If some
unimportant buses do not need to be observable, the values of b′ i are taken as 0.

If the differences between buses are considered, b′ can replace b to build a model.
Although applying Equation (21) cannot provide a solution with the fewest D-PMUs, it can
allow the D-PMUs to be placed more reasonably.

3.5. Multi-Objective OPP Model Considering Topology Changes

The frequent economic reconfiguration of a distribution network can change the
network’s topology, which means that D-PMUs may not be able to monitor adjacent
nodes for a long time. Thus, the impact of economic reconfiguration on observability
should be considered. The optimal reconfiguration of distribution systems with DGs helps
attain multiple objectives, including load balancing, voltage profile improvements and loss
reduction [22–25]. Equation (22) considers current profile improvements, voltage profile
improvements and loss reduction [23–25]. The three parts of (22) are respectively derived
from [22–25]. The objective function is formulated as follows:

F = uload ·
Nbr

∑
i

(
Ii − Iave

Iave

)2
+ uvoltage ·

N

∑
i

(
Vi −VNi

VNi

)2
+ uloss ·

(
Nbr

∑
i

∣∣∣I2
i

∣∣∣ · ri/Ploss0

)
, (22)

where Nbr is the number of branches; Ii is the current of the i-th branch, Iave is the average
current of all branches; Vi and VNi are the true and reference voltage of the i-th bus; ri is the
resistance of the i-th branch; Ploss0 is the power loss of the normal network’s topology; and
uload , uvoltage and uloss are the weights of different optimal objectives.

If the load distribution and network parameters are known in each reconfiguration
period, the optimal reconfiguration scheme can be calculated according to Equation (22).
Ref. [26] provides a load forecasting method that can predict the probability of load distri-
bution in multiple time scales. The scene set of distributed generation outputs and load
distributions can be produced by the Monte Carlo simulation combined with distributed
generation output forecasting, which is considered a reconfigured topology set in the pro-
posed OPP model. Then, the topology weight can be calculated according to the frequency
of each topology during the simulation. Each topology weight is: α1, α2, . . . , αR.

Therefore, each objective function can be changed to the average value under the main
topologies to ensure good performance of the placement scheme under multiple topologies.
The OPP model can be updated to:
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minF1(X) = ND−PMU =
N
∑

i=1
xi

maxF2(X) = NOBCS =
R
∑

c=1

NPMU
∑

k=1
αcnoc,k/(ND−PMU · R)

maxF3(X) = NMR =
R
∑

c=1

N
∑

i=1
αcmci/R

s.t. Mc ≥ b c = 1, 2, · · · , R

(23)

where R is the number of topologies considered in the model; c is the topology number;noc,k
is the value of no,k under the c-th topology; mci is the value of mi under the c-th topology;
and Mc is the measurement redundancy vector M under the c-th topology. The three
objective functions in Equation (23) correspond to the weighted average of the three
objective functions in Sections 3.1–3.3 under multi-topology.

If there are special requirements for the accuracy of state estimation, the influence
of inherent accuracy and environmental noise on measurement placement should be
considered. In Ref. [10], we proposed a state estimation error calculation method using
mixed measurements. The state estimation error calculated by this method can be used as
a constraint to meet the needs of state estimation. Limited by the length of the paper, we
do not discuss this method in detail.

3.6. Solution Methodology Based on NSGA-III

The above model describes a nonlinear, multi-objective optimization problem. Multi-
objective problems usually have a series of solutions, which are called non-dominated
solution sets. A model with two objective functions can be solved by the non-dominated
sorting genetic algorithm II (NSGA-II). However, if NSGA-II is used to solve the model
with three or more objective functions, the non-uniform distribution of the Pareto solution
at the non-dominated level makes it easy to fall into local optimization. Therefore, the
NSGA-III is used to solve this problem.

NSGA-III and NSGA-II have a similar algorithmic framework. However, NSGA-III
uses a method based on reference points to choose individuals, which is distinguished from
NSGA-II.

The process of NSGA-III includes nondominated sorting, the determination of refer-
ence points, the adaptive normalization of individuals, association to reference points and
niche-preservation operations. The calculation method can be found in Refs. [27–29]. The
key step is the determination of reference points. The calculation method in this paper is
as follows:

The number of reference points that are generated depends on the number of objective
functions l and on another positive integer H, which can be defined as:

l

∑
i=1

yi = H, yi ∈ {0, 1, 2, . . . H}, i = 1, 2, · · · , l, (24)

where the number of objective functions l is 3.
The number of solutions Nx of Equation (24) is calculated as:

Nx =

(
H + l − 1

l − 1

)
. (25)

Assuming that Yj =
(

yj,1, yj,2, · · · , yj,l

)T
is the j-th solution of Equation (24), the

reference point λj,k can be obtained as:

λj,k =
yj,k

H
, k = 1, 2, · · · , l. (26)
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NSGA-III can obtain the Pareto optimal solution set, which can make at least one
target better without deteriorating any target. We cannot find a better solution outside the
Pareto solution set. A scheme can be selected according to our requirements. For example,
when two objectives have certain requirements, the third objective is the best and can be
directly derived from the solution set.

Then, TOPSIS is applied to select the compromise solution. The standardized decision
matrix can be obtained by referring to Ref. [30]. The ideal solution can be obtained by
calculating the maximum value of each decision matrix column. The distances from
each individual to the positive and negative ideal solutions are calculated according to
Equation (27). The ideality is calculated according to Equation (28) for all Pareto optimal
solutions. Finally, the Pareto solution with the largest ideality is selected as the compromise
optimal solution.

d+i = ‖zi − Y+‖d−i = ‖zi − Y−‖ i = 1, 2, · · · , Q, (27)

Di =
d−i

d+i + d−i
i = 1, 2, · · · , Q, (28)

where d+i and d−i are the distances from the i-th Pareto optimal solution to the positive and
negative ideal solutions Y+ and Y−, respectively and zi is the i-th Pareto optimal solution.
Di is the ideality of the i-th Pareto optimal solution.

4. D-PMU Placement Order Determination Based on Spatial Electrical Distance

To ensure that the network is completely observable, the number of buses installed
with D-PMUs accounts for a higher proportion of the total number of buses, generally
more than one-third. Therefore, it is difficult to implement the whole solution of OPP at the
same time.

If a bus is installed with a D-PMU, the state estimation error variance of this bus is
most significantly reduced due to the high accuracy of the D-PMU. Moreover, the state
estimation accuracy of those buses which are close to the D-PMU bus is also significantly
improved. The higher that the accuracy of the D-PMU’s data are, the greater that the
improvement in state estimation is. In contrast, the state estimation accuracy improvement
of those buses which are not close to the D-PMU bus is not obvious. In order to ensure that
the OPP method is easily applied in practical engineering, the D-PMU placement order
determination method based on spatial electrical distance is proposed to maximize the
state estimation accuracy of each stage. The reciprocal of the spatial electrical distance
between the bus where the D-PMU is installed and the newly observable bus is selected as
the weight. The greater that the weight of the location is, the higher that the priority of the
installed D-PMU is.

4.1. Spatial Electrical Distance

Traditional electrical distance characterizes the closeness of electrical connections
between two buses. Spatial electrical distance considers the influence of various buses in
the system.

There are many ways to define electrical distances, most of which are defined as the
sensitivity of reactive power variations to the voltage amplitude magnitude. However,
this kind of method is defined as applied to voltage control. Voltage amplitude can be
measured directly, and the phase angle needs to be measured indirectly in a traditional
power grid. Therefore, state estimation can pay more attention to phase angle than to
amplitude. In addition, compared with SCADA, the D-PMU can measure phase angle data.
In state estimation with D-PMU data, the D-PMU can significantly improve the accuracy of
the phase angle data.

Therefore, this paper uses the formula characterizing the effect of active power varia-
tions on the voltage phase angle to calculate the spatial electrical distance. This method
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can improve the phase angle estimation accuracy as rapidly as possible during the D-PMU
placement stages.

Based on the traditional power flow equation, keeping the reactive power constant,
the sensitivity of the active power to the voltage phase angle can be expressed as:

∆δ = S∆P =
[
H−NL−1J

]−1
∆P, (29)

where ∆δ is the variation of the bus voltage phase angle and S =
[
H−NL−1J

]−1
is the

sensitivity matrix, which represents the sensitivity of active power variation to voltage
phase angle variation. ∆P is the bus active power variation vector, and H, N, J and L are
Jacobian submatrices, of which coefficients are real numbers.

According to the sensitivity matrix S, the sensitivity between buses can be calcu-
lated as:

kij =

∣∣∣∣∣lg
(

Sjj

Sij

)∣∣∣∣∣, (30)

where kij represents the voltage phase angle variation ratio between bus i and j when bus j
active power changes. The larger that kij is, the smaller that the effect of bus j is on bus i
voltage phase angle.

According to kij, the associated sensitivity matrix K is calculated as:

K =
[
kij
]

n×n =


k1,1 k1,2 · · · k1,n−1 k1,n
k2,1 k2,2 · · · k2,n−1 k2,n
...

... · · ·
...

...
kn−1,1 kn−1,2 · · · kn−1,n−1 kn−1,n
kn,1 kn,2 · · · kn,n−1 kn,n

, (31)

where n is the number of buses in the network.
According to the matrix K, the Euclidean distance between buses i and j is calculated as:

dij = ‖ki − kj‖2

=
[(

ki1 − k j1
)2

+
(
ki2 − k j2

)2
+ · · ·+

(
kin − k jn

)2
]1/2 (32)

where dij is the spatial electrical distance between buses i and j. The smaller that dij is,
the greater that the influence of bus j is on bus i voltage phase angle, and the closer that
the electrical connection is. In contrast, the higher that dij is, the greater that the electrical
coupling degree is between buses i and j.

According to spatial electrical distance dij, the associated weight between buses i and j
is defined as wij:

wij = dij
−1. (33)

If topology variation is considered, the above formula is modified as:

wij =
R

∑
c=1

acdcij
−1. (34)

where dcij is the spatial electrical distance between bus i and j under the c-th topology.

4.2. Determining the Order of D-PMUs

According to the spatial electrical distance between the buses, the order of placement
of D-PMUs can be determined to maximize the state estimation accuracy during each
D-PMU placement stage. The specific steps of the determination method are as follows:

(1) All buses in the optimal solution that need to be installed with D-PMU are combined
into a candidate set;
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(2) For each bus in the candidate set, all newly added observable buses should be found
after the given bus has been assigned a D-PMU;

(3) By summing the associated weights wij of the bus with those of the newly added
observable buses, the integrated weight Ci is obtained;

(4) The bus with the largest value of Ci is chosen as the next location for installing the
D-PMU. Then, this bus is removed from the candidate set;

(5) Is the candidate set empty? If the answer is yes, end. If the answer is no, go to step 2.

The flow of the proposed OPP method is shown in Figure 3.
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5. Simulation Results
5.1. The Pareto Solution Set Based on NSGA-III

The simulation results of two IEEE standard bus systems show the efficiency of the
OPP method. Appendix A shows the topology of the IEEE 33-bus system. The bus number
is 1–33, and s1–s37 is the switch number. Two topologies are considered temporarily;
switches 7, 9 and 14 are opened; and switches 33, 34 and 35 are closed to form the second
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topology. The existing ZIBs are injection measurements of buses 5, 6 and 21. Power flow
measurements are branches 2–19 and 28–29. Bus 2 has been pre-placed with a D-PMU.

The NSGA-III algorithm is applied to solve the proposed model. In detail, the number
of iterations is assigned to 1000. The number of individuals in the group is set to 100. The
initial probabilities of the operation mutation and crossover operation are assigned to 0.4
and 0.8, respectively. In this paper, the NSGA-III algorithm is programmed with MATLAB
software. The presented model is tested on a computer with an intel core i3 CPU and 2.0
GB of RAM.

The Pareto set obtained by the proposed method is shown in Figure 4. The optimal
solution can be selected according to the needs. For example, for any given NMR and
ANOBC, the solution with the smallest number of D-PMUs can be found from the solution
set in Figure 4. In order to facilitate comparison, the ND-PMU is taken as the primary goal,
and the remaining goals are selected by the TOPSIS method. The compromised optimal
solution is the point marked by the red star in Figure 4.
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According to Figure 4, considering SCADA, ZIB and two topologies, the compromised
optimal solution of OPP requires 11 D-PMUs. Through the D-PMU placement order
determination method in Section 4, the order of placing D-PMUs is given, which can
maximize the state estimation accuracy of each installation stage. The D-PMU placement
order according to the sequential calculation method is: 3, 26, 14, 9, 17, 20, 29, 32, 11, 2, 24.

Figure 5 shows the application result of the proposed method for the IEEE 33-bus
system. The D-PMU of bus 2 can observe bus 1, 2, 3 and 19; the D-PMU of bus 3 can observe
bus 4 and 23; and the D-PMU of bus 26 can observe bus 6, 26 and 27; bus 9, 11, 14 and 17
can observe bus 8 to 18; the D-PMU of bus 20 can observe bus 20 and 21; the D-PMU of bus
24 can observe bus 23 and 25; and the D-PMU of bus 29 and 32 can observe bus 28 to 33.
Because bus 4 and 6 are observed, and because bus 5 has injection power measurement
equipment, bus 5 is observed. Similarly, 7 and 22 are observable based on the D-PMUs of
bus 5, 6 and 26 and of bus 20 and 21, respectively. So far, the whole topology is considerable.
Similar to the analysis of the second topology after switching, the observability of the whole
topology can also be proved. Therefore, the whole network’s observability under multiple
topologies is realized.
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5.2. Method Comparison

When choosing NSGA-II as the comparison algorithm, the proposed OPP methods
based on NSGA-III and NSGA-II are individually simulated on the IEEE 33-bus system.
Table 1 shows the comparison results between different methods. Compared with other
algorithms, the proposed algorithm can achieve more ANOBC and NMR. Compared with
the OPP method based on NSGA-II, the proposed OPP method based on NSGA-III can
obtain a better solution with a higher NMR and a higher ANOBC. In addition, it can be
seen from Table 1 that NSGA-III takes the shortest time because it has a faster convergence
speed than NSGA-II. Therefore, compared with NSGA-II, NSGA-III is more suitable for
optimizing the proposed multi-objective model of OPP.

Table 1. Comparison of results based on different methods.

Algorithm Num. of
D-PMUs ANOBC NMR Execution

Time/s

NSGA-III 11 30.64 36.5 2.3503
NSGA-II 11 30.36 35.5 2.6363

NSGA-II (Only
consider num) 11 28.68 34.5 2.3728

According to the measurement data from before and after the installation of the D-
PMU, we carry out 1000 state estimation simulations. Pseudo measurements, SCADA and
D-PMU accuracy have been derived from Refs. [10,31]. The relative error is calculated
according to the true value of power flow and the result of state estimation. The average
estimation errors in the voltage amplitude and phase angle of each bus are effectively re-
duced by implementing the D-PMU placement scheme, which is shown in Figures 6 and 7.
This is because the D-PMU has higher accuracy than traditional measurements and the
ability to directly measure the phase angle. The state estimation results without D-PMUs
are the state estimation results of replacing D-PMUs with SCADA measurements.

In order to better reflect the advantages of the proposed method, several indexes
considered in this paper are compared with the method from Refs. [32,33] in IEEE 33- and
69-bus systems. Tables 2–4 show the comparison results. Appendix A Figure A2 shows the
topology of the IEEE 69-bus system.
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Table 2. Comparison of the minimum number of D-PMUs for complete observability.

Method
IEEE 33-Bus System IEEE 69-Bus System

Num D-PMU Locations Num D-PMU Locations

Proposed Method 11 2, 3, 9, 11, 14, 17, 20, 24, 26, 29, 32 24 2, 3, 8, 13, 16, 19, 23, 26, 30, 34, 37, 40, 43, 45,
49, 51, 53, 56, 59, 60, 63, 64, 66, 68

Ref. [32] 14 2, 4, 6, 8, 11, 13, 15, 17, 21, 23, 24, 27, 29, 32 27 1, 4, 5, 8, 9, 12, 15, 18, 20, 23, 26, 29, 32, 34, 37,
40, 42, 45, 49, 52, 53, 55, 58, 61, 64, 66, 69

Ref. [33] 11 2, 6, 8, 11, 15, 17, 21, 24, 28, 29, 32 26 1, 4, 8, 14, 17, 19, 21, 24, 27, 28, 31, 34, 37, 39,
42, 45, 49, 51, 54, 56, 59, 61, 64, 66, 68, 69

Table 3. Comparison of multiple indicators of IEEE 33-bus system.

Method

IEEE 33-Bus System

NMR
Observability of Topology

ANOBC
Topology 1 Topology 2

Proposed Method 36.5 Yes Yes 30.64

Ref. [32] 45.0 Yes Yes 31.64

Ref. [33] 37.5 Yes No 29.54
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Table 4. Comparison of multiple indicators of IEEE 69-bus system.

Method

IEEE 69-Bus System

NMR
Observability of Topology

ANOBC
1 2

Proposed Method 77.5 Yes Yes 62.63

Ref. [32] 81.0 Yes Yes 65.68

Ref. [33] 79.0 Yes No 65.07

According to Table 2, the proposed method uses fewer D-PMUs than other methods.
According to Tables 3 and 4, the proposed algorithm improves NMR and the ANOBC as
much as possible while ensuring the complete observability of multiple topologies. NMR
and the ANOBC are not integers because they are the average of multiple topologies. With
the same number of installations, the proposed method derives more ANOBC.

5.3. The Influence of Topology Number

The topology generation method used in this paper has been applied to the IEEE
33-bus system. According to the operation data of the distribution network in Refs. [25,26],
the generated reconfigured topologies are obtained by a Monte Carlo simulation that has
been run 2000 times. We select the topologies with a proportion of occurrence over 0.08, and
we finally derive 11 topologies, as shown in Table 5. Method 2 is used to realize network
observability without considering accidental faults. Method 3 is used to realize complete
observability under N-1 D-PMU outages. According to the proposed method, the optimal
compromise solution with a maximum cost of 20% compared with method 2 is selected
from the Pareto solution set. The variation relation between the three objective functions
and the number of topologies is as shown in Figures 8–10.

Table 5. The topological set of IEEE 33-bus system used.

Topology
IEEE 33-Bus System

Closed Open

1 no no

2 s33, s34, s35 s7, s9, s14

3 s35, s37 s7, s25

4 s34, s36 s13, s17

5 s33, s37 s5, s26

6 s36, s37 s16, s25

7 s36, s37 s24, s31

8 s33, s34, s35 s6, s11, s12

9 s34, s36 s14, s15

10 s35, s37 s2, s3

11 s34, s36, s37 s12, s23, s27

According to Figure 8, after the number of topologies increases to eight, the number
of D-PMUs that must be placed does not increase. The reason is that, when the number
of D-PMUs is high, the system has high measurement redundancy, which increases the
reliability of system observation. According to Figures 8–10, the proposed method can
increase the ANOBC to near the average number of methods 2 and 3 at the cost of increasing
the D-PMU number by 20%. The NMR is also increased by about 30% compared with
Method 2. Although the more popular Method 3 can maximize the ANOBC, it increases
the number about twofold compared with Method 2. When the number of topologies
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reaches seven, Method 3 ensures that almost every bus is equipped with a D-PMU, which
is extremely uneconomical. Therefore, it can be concluded that, compared with other
methods, the proposed method can greatly improve the ANOBC and NMR with a small
increase in the number of D-PMUs. There are two main reasons. On one hand, the greater
that the number of D-PMU configurations is, the stronger that the ability of the system to
maintain observability is in cases of topology change and component failure. On the other
hand, reasonable D-PMU placement can reduce the demand for measurement quantity.
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6. Conclusions

This paper presents a novel D-PMU placement method that involves three processes:
initial distribution, overall scheme and phased implementation. Considering current and
future distribution network reconfiguration, a multi-objective optimal placement model
of D-PMUs is built to minimize the number of D-PMUs and to maximize the NMR and
the ANOBC. The Pareto optimization solution set of the model is given by NSGA-III, and
the compromise optimal solution is selected by TOPSIS. The placement order is based on
the spatial electrical distance. The effectiveness of the method is verified in IEEE 33- and
69-bus systems. The results show that the NSGA-III algorithm outperforms the traditional
NSGA-II algorithm in terms of solution time and finding the global optimal solution. With
the same number of D-PMUs, the proposed method derives more ANOBC and NMR
than other methods. When considering topology changes, the proposed method can use
fewer additional D-PMUs to substantially increase the ANOBC and NMR, because a better
placement of D-PMUs can reduce the number of D-PMUs required.
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