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Abstract: Within this work, an advanced control algorithm was proposed to eliminate the non-linear
vibrations of the rotor electro-magnetic suspension system. The suggested control algorithm is
known as the Adaptive Linear Integral Positive Position Feedback controller (ALIPPF-controller).
The ALIPPF-controller is a combination of first-order and second-order filters that are coupled linearly
to the targeted non-linear system in order to absorb the excessive vibratory energy. According to
the introduced control strategy, the dynamical model of the controlled rotor system was established
as six non-linear differential equations that are coupled linearly. The obtained dynamical model
was investigated analytically applying the asymptotic analysis, where the slow-flow equations were
extracted. Based on the derived slow-flow equations, the bifurcation behaviors of the controlled
system were explored by plotting the different bifurcation diagrams. In addition, the performance of
the ALIPPF-controller in eliminating the rotor lateral vibrations was compared with the conventional
Positive Position Feedback (PPF) controller. The acquired results illustrated that the ALIPPF-controller
is the best control technique that can eliminate the considered system’s lateral vibrations regardless
of the angular speed and eccentricity of the rotating shaft. Finally, to demonstrate the accuracy of the
obtained analytical results, numerical validation was performed for all obtained bifurcation diagrams
that were in excellent agreement with the analytical solutions.

Keywords: ALIPPF-controller; rotor magnetic bearings system; non-linear control; periodic; quasiperi-
odic; chaotic motions; Poincaré map; frequency spectrum

1. Introduction

The rotor electro-magnetic suspension system has been introduced as an optimal
solution to get rid of the drawbacks of the conventional bearings system such as the limited
operational speed, the existence of friction between the rotor and the bearings, and the
need for continuous lubrication, etc. The rotor electro-magnetic suspension system is a type
of bearing that supports the rotating shafts using an electro-magnetic levitation mechanism.
The main working principle of the electro-magnetic levitation is to apply controllable
magnetic forces that support the rotor system in its hovering position without physical
contact with the stator. The operation of the rotor with the contactless feature has earned
the electro-magnetic suspension system many advantages over the other conventional
bearing mechanisms such as the lack of friction between the moving parts and the stator,
high-speed operation, less maintenance, clean working environment with no need for
lubrication, high reliability, high durability, etc. Accordingly, the rotor electro-magnetic
suspension system was and still is one of the main research subjects for scientists and
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engineers worldwide, where many researchers have focused their work on investigating
the dynamical characteristics of the different electro-magnetic suspension configurations.
On the other hand, some researchers have introduced advanced control algorithms to
enhance the dynamical behaviors of electro-magnetic suspension systems regardless of
their configurations. Ji et al. [1] studied non-linear dynamics and the bifurcation behaviors
of the four-pole electro-magnetic suspension system. They employed the asymptotic
perturbation method along with the normal form technique to analyze the considered
system. The authors reported that the four poles electro-magnetic suspension system
may lose its stability via different types of bifurcations such as the Hopf and saddle node.
Saeed et al. [2,3] discussed the vibration control and bifurcation elimination of the six-pole
electro-magnetic suspension system utilizing the conventional PD-control technique. The
authors studied two different configurations for the introduced controller. The first PD-
control strategy has been designed based on the lateral displacements and lateral velocities
of the rotor system, while the second control methodology is implemented based on the
rotor radial oscillations. According to the studied control techniques, they concluded
that the first control method is more efficient in mitigating the system lateral vibrations,
while the second technique is more robust against the system instability. Ji et al. [4,5]
investigated the non-linear oscillations of the eight-pole electro-magnetic suspension system
controlled via the PD-control algorithm at the primary and super-harmonic resonances.
The authors illustrated that the system has both complex bifurcation behavior and multiple
fixed-point solutions. El-Shourbagy et al. [6] introduced a non-linear position-velocity
control algorithm to enhance the dynamical characteristics and mitigate the vibratory
motion of the eight-pole suspension system. Saeed et al. [7] explored the dynamics of the
eight-poles electro-magnetic suspension system when the rub and impact occur between
the moving parts and the rotor housing, where the obtained results showed that the
rotor system may perform periodic, quasiperiodic, or chaotic motion depending on the
impact stiffness magnitude and dynamic friction coefficient. Zhang et al. [8-13] extensively
investigated the eight-pole suspension system with time-varying stiffness coefficients,
where many non-linear phenomena have been reported such as the multi-pulse chaotic
motion, saddle-node, and Hopf bifurcations. El-Shourbagy et al. [14] studied the 12-pole
electro-magnetic suspension system utilizing the PD-controller. They investigated the
effect of the different control parameters on the rotor stability charts. The acquired results
showed that the system stability can be controlled using the proportional and derivative
gain of the applied controller. Saeed and Kandil [15] introduced both the radial and
cartesian proportional-derivative control methods to stabilize the 16-pole electro-magnetic
suspension system. They derived the equations of motion according to the suggested
control methodologies. In addition, perturbation analysis was employed to explore the
system’s steady-state oscillation. Based on the obtained results, the authors confirmed
that the radial control technique is more robust than the Cartesian one. In addition,
extensive investigations of the 16-pole electro-magnetic suspension system with time-
varying stiffness have been presented by Zhang and his coworkers [16-20]. Due to the
flexibility of the electro-magnetic suspension system in adjusting its dynamical behavior
according to the applied control algorithm, many researchers employed this suspension
system as an active actuator to reshape the dynamics of some rotating machinery [21-24].
Ishida and Inoue [21] implemented a non-linear magnetic absorber based on the push-
pull control mechanism to mitigate the lateral vibrations of a non-linear Jeffcott rotor
system. Saeed et al. [22-24] applied a non-linear position-velocity control algorithm to
enhance the dynamical characteristics of an asymmetric rotor system utilizing the four-pole
electro-magnetic suspension system as an actuator.

One of the feasible control techniques that are applied extensively to suppress the non-
linear oscillations of different dynamical systems is known as Positive Position Feedback
(PPF) controller [25-29]. The PPF-controller is a second-order filter that couples to the
targeted vibratory system linearly to suppress its undesired oscillation. Saeed et al. [29]
applied the PPF-controller to mitigate the non-linear oscillation of the eight-pole electro-
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magnetic suspension system. The authors reported that the PPF-controller can eliminate
the lateral oscillation of the rotor system at the perfect resonance conditions (i.e., when the
rotor angular velocity is equal to the natural frequency of the suspension system); however,
the PPF-controller can add more excessive vibratory energy to the rotor system rather than
suppress it, if the perfect resonance conditions have been lost. Besides the PPF-controller,
there is another efficient control algorithm known as the Linear Integral Resonant (LIR)
controller that has been utilized to dampen the non-linear vibration of many dynamical
systems [30-38]. The LIR-controller is a first-order filter that has been coupled to the
targeted system to modify its linear damping coefficients, which ultimately mitigates the
undesired oscillation. Saeed et al. [38] studied the vibration control of the electro-magnetic
suspension system utilizing the LIR-controller. The authors reported that the integration of
the LIR-controller to the rotor system can eliminate the non-linear bifurcations and mitigate
the system vibration to respond as a linear system.

With this work, a modified version of the control algorithms that have the advantage
of both the PPF-controller and LIR-controller has been investigated for the first time. The
proposed control strategy is a combination of first-order and second-order filters that
have been couped to the considered suspension system to reduce the undesired lateral
oscillation. The main task of the second-order filter is to behave as a PPF-controller to
eliminate the catastrophic oscillations of the considered system at the perfect resonance
conditions, while the essential role of the first-order filter is to work as an LIR-controller that
increases the controlled system linear damping, which ultimately removes the drawback of
the PPF-controller when the resonance condition is lost. According to this philosophy, the
whole system mathematical model was derived. Then, the established dynamical model
was investigated analytically using asymptotic techniques [39-45]. The performance of
the proposed control method in eliminating the non-linear oscillations of the considered
suspension system was explored by plotting the different response curves. The obtained
analytical and numerical results showed that the introduced control strategy can eliminate
the rotor vibrations regardless of both the angular speed and eccentricity of the rotor system.

2. Equations of Motion

The considered rotor system is illustrated in Figure 1, where the rotating shaft is
supported via eight electro-magnetic poles that serve as active magnetic bearings. The
rotor system is assumed to be a rigid body with mass m and eccentricity e and rotates with
angular speed v. Accordingly, the dynamical equations that govern the system’s lateral
vibrations in X; and X, directions can be written as follows [46,47]:

m¥1 — Rx, = me v*cos(vt) 1)

mx; — Rx, = me v?sin(vt) 2)

where Ry, and Ry, denote the net restoring forces that are exerted on the rotating shaft
due to the attractive electro-magnetic forces hj G=12,...,8). Itis considered that the
eight electro-magnetic poles are symmetric. Accordingly, the attractive magnetic force that
is exerted on the rotor system due to each pole can be expressed as follows [47]:

1 I? 2
) ]

where A = %yoNZA cos(0) is constant (i.e., yip is the air permeability, N is the winding
number of the electrical coil of each pole, A cos(0) is the effective cross-sectional area of
each pole), ; is the electrical current in the j pole, and g; is the air-gap size between the
rotating shaft and the jth pole. For the small displacements x1(¢) and x,(¢) of the rotating
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shaft within the pole housing, the instantaneous air-gap size g; between the rotating shaft
and the j pole can be expressed as follows:

g1(x1,x2) = sp + x7 sin(a) — xp cos(a), g2(x1,x2) = sp + x1 cos(a) — xp sin(a)
g3(x1,x2) = sp + x1 cos(a) + x7 sm((x) ga(x1,x2) = sp + x1 sin(a) + x7 cos() @
g5(x1,x2) = sp — x1 sin(a) + x cos(a), g6(x1,X2) = sp — x1 cos(a) + xp sin(«)

g7( ) = 5o — x7 cos(a) — xpsin(a), gs(xq,x2) = sp — x1sin(a) — x7 cos()

where s is the radial clearance between the rotating shaft and each electro-magnetic pole

when the geometric center of both the rotor and pole housing coincided as shown in

Figure 1a, and 2a = 45° is the angle between every two consecutive electro-magnetic poles.

Based on the system geometry shown in Figure 1a,b, the electrical currents of the eight-pole

are designed based on the push—pull control mechanism as follows:

Lh=Ig=1Iy—ix, h=DL=1Ih+ix, I14=1I5=1Iy+ix, Is=1; = Iy —ix, ®)

where Iy is a per-magnetizing constant current, ix,, and i, are the control currents in X
and X, directions, respectively.

Stator core  Bearing coil  Displacement sensor

h3‘—'

(a)

Figure 1. (a) The 3-D visualization of the eight-pole electro-magnetic suspension system, (b) schematic
diagram of the eight-pole electro-magnetic suspension system when the rotor lies within its nominal
position, (c) schematic diagram of the eight-pole electro-magnetic suspension system when the rotor
makes displacements x1 (f) and x,(#) in X; and X, directions, respectively.
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Within this article, a new control algorithm was proposed to eliminate the non-linear
oscillations of the considered system beside the conventional PD-controller. The suggested
new control technique is defined as the Linear Integral Positive Position Feedback controller
(LIPPF-controller). Therefore, according to the introduced control strategy, the control
currents ix, and ix, are designed as follows:

ix, = k1x1 + kox1 + kaxz + kgxs, ixz = kyxp + koxo + ksxg4 + kexe 6)

where k; and k; are the control gains of the conventional PD-controller. k3 and k4 are the
control signal gains of the LIPPE-controller that is connected to the system oscillation mode
in the X; direction. ks and k4 are the control signal gains of the LIPPF-controller that is
connected to the system oscillation mode in the X, direction.

The LIPPF-controller is a combination of both first-order and second-order filters that
are excited linearly by the rotor system displacement, where the equations of motion of the
proposed LIPPF-controller are given as follows:

X3+ c1x3 + A1x3 = d1x71 7)
X4+ CoXq + Apxy = bpxp (8)
X5 + Azxs = d3x1 ©)
X6 + AgXg = 040 (10)

where c1, c; represent the linear damping coefficients, A1, A, denote the natural frequency,
and A3, A4 are the internal loop feedback gain of the suggested controller (i.e., LIPPF-
controller). In addition, J1, dy, d3, and &4 represent the feedback signal gains of the LIPPF-
controller. The engineering implementation of the suggested control method is illustrated
in Figure 2, where the instantaneous Cartesian displacements x; (¢) and x,(t) of the rotor
system are measured using proximity sensors. The measured signals are fed into a digital
computer to manipulate them according to the proposed control strategy to form the control
currents ix, = kix1 + kpx1 + kaxz + kyxs and iy, = k1xp + koxp + ksxg + kexe. Then, the
electrical currents of the eight-pole (i.e., I;, I, ..., Ig) are applied via a power amplifier
network as illustrated in Figure 2 in detail. Now to obtain the full mathematical model
that governs the rotor and the controller dynamics, let us substitute Equations (4)—(6) into
Equation (3), we get the restoring forces of the eight-pole as follows:

. 2
b= A lo — k1xo — koxo — ksxq — kexe (11)
! so + x1 sin(a) — xp cos(a)
Io + kyxq + koxq + k3x3 + k4x5 2 (12)
S0 + x1 cos(a) — xp sin(a
Iy + k1x1 + koxy + k3xa + k4X5 2
=A (13)
so + x1 cos(a) + xp sin(a
_A Io+k1x2+k2x2+k5x4 +k6x6 2 (14)
o so + x1 sin(a) + x5 cos(a
A 10+k1X2+k2X2+k5X4+k6X6 2 (15)
- so — X1 sin(a) + xp cos(a
2
—A ( IO k1x1 k2X1 k3X3 — k4X5> (16)
so — x1 cos(a) + xp sin(a
2
_ A(Io —k1x1 — kle k3xs — k4x5> 17)
so — x1 cos(a) — xp sin(a
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. 2
hs = A ( Ip — kixo — koxo — ksxg — k6x6> (18)

so — x1 sin(a) — x5 cos(a)

Rotor Electro-

X, — Sensor {x,(2)}

magnetic Suspension
System X; — Sensor {x;(t)}
( PD-Controller \ E
Ty [& E
klxl + kz‘i :
]
x| a4 :
dm G E
]
]
]
]
5 ]
]
]
d H
dtr 1
1]
1]
1]
1]
2 H
1]
|‘ :
x x % Xy ]
5 J’ dc 5 55 ;
:
]
1]
1]
1]
1]
]
. I‘ 1
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]
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Figure 2. The schematic diagram shows the interconnection between the proposed LIPPF-controller
and the electro-magnetic suspension system.

According to the orientations of the eight attractive forces h]- (j=1,2,...,8) shownin
Figure 1, the net restoring forces Rx, and Ry, in X; and X, directions can be expressed as:

Rx, = (he +h7 — hy — h3) cos(a) + (hs + hg — hy — hy) sin(«) (19)

Rx, = (hy +hg — hy — hs) cos(a) + (hy + hy — h3 — hg) sin(a) (20)
Substituting Equations (11)—(20) into Equations (1) and (2), with introducing the di-

: 3 . e — X — X3 — X4 _ X5
mensionless variables and parameters: y; = o V2 =S Y3 =5 Ve = 55 =5

X6 3 So Cow C1 %)
Yo =50, T = wpt, wy = /A/msy, p = _Iokl' d = _IO"kZ' W= 25 M2 = 250

A A A A 8s 8s
w = kw2 =\ = 5= ghom o= qheos(aks, = T cos(a)ky,
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173 SOCOS( )k5/ 174 - OCOS( )k6/ 775 = :‘5)71%/ 176 = %1 177 = %r 778 = %/ f = %r
Q= w—n we have from Equations (1), (2) and (7)—(10) the following dimensionless equa-

tions of motion:

i + 201 + %y — (w13 + aawiv + asi + sy + asyaiy + sy

+azy1yaiy + B1yiys + Payiiys + Byrya + Bayryeys + Psyryi + Peyiijya (1)
+B7y3Ys + Bsy1ysys + Poyiays + Broyiyaye + Pryiys + Prayive + Prayiy2ye
+B1ay1a¥6 + Pisyrys + Preyays) = fOF cos(QT) + 1ys + 125

Yo +2uy, + w? 3/2 - ("‘1y2 + "‘Zyzyl + "‘3y23/2 + "‘4y23/1 + "‘53/2y1 + "‘63/2y2

+a7yzy1y1 + 15y + V2Y2YrYa + V323 + T4y2Y1Y3 + Y5Y213 + %yzylya 22)
+77y4y1 + Y8Y2Y4Ye + %yzyzys + 710y2y3y5 + "myzye + 712y2y5 + Y13Y2Y1Y5
+Y14Y2Y1Y5 + 1159205 + 116YT6) = fOP SIn(QT) + 1134 + Y6

¥+ 20175 + wiys = 151 (23)
¥y + 2H2y4 + Wiya = N6y2 (24)
Ys +p1y5 = 71 (25)
Yo + 026 = 18Y2 (26)

where Equations (21) and (22) represent the equations of motion of the controller rotor
system, while Equations (23)—(26) are the equations of the coupled LIPPF-controller. The
coefficients of Equations (21)—(26) are given in the Appendix A.

3. Analytical Investigations

To evaluate the performance of the suggested control method (i.e., LIPPF-controller)
in eliminating the non-linear oscillations of the studied rotor-magnetic bearings system, an
analytical solution for Equations (21)-(26) is sought by applying the perturbation analysis
as follows [39,40]:

y1(t,€) = y10(To, T) + ey11(To, Tr) + O(e7) (27)
y2(T,€) = y20(To, 1) + ey21(To, Ty) + O(%) (28)
y3(T,€) = y30(To, 1) + ey31(To, 1) + O(%) (29)
y4(T,€) = ya0(To, T1) + eya1(To, Try) + O(€) (30)
ys(t,€) = eyso(To, 1) + €2ys1(To, Tr) + O(e?) (31)
Ye(T ) = Eyéo(To, T1) + €ye1(To, T1) + O(€) (32)

where Ty = 7, T1 = €7, and ¢ is called a perturbation parameter used as a book -keeping

parameter only through this work [40]. Accordingly, the ordinary derivatives 4 47 and ddjz
can be expressed in terms of T and T as follows:

2

i :D0+€D1, d

P iz (33)

)
= D§ +2eDoDy, Dj = ——, j = 0,1
T,

To perform the perturbation procedure, the parameters of Equations (21)—-(26) should
be scaled as follows:

f=¢f, w="¢h, ;1 = efl1, pa = ejip, &; = €&, Bj = eBj, vy = £, Nk = €k, (34)
j=1,2---,7 k=1,3,5,6,7,8.

Substituting Equations (27)-(34) into Equations (21)—(26) with expanding the resulting
equations and comparing the coefficients of the same power of ¢, yields O(€°) :

(D§ + w*)y10 =0 (35)
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(D3 + w?)yz0 =0 (36)
(D§ +wi)yso =0 (37)
(D§ + w3)yao = 0 (38)
O(el):
(D +w?)y11 = —2DgD1y10 — 2jiDoy10 + “1y10 + Boy10y3y + “3y10D0y10 + “4y20D0y10
+045y10(D0y20) + 066]/10(D0y10) + &7y10¥20Doy20 + ,31]/10y30 + Bay10Doy10/30
+l33y10y30 + Bay10y20Ya0 + /55y10y40 + ﬁ6y10D0y20y40 + B7y30Y30 + BsY10Y30Y50 (39)
+Boy10Doy10ys0 + B1oy10YaoYeo + /311%01/50 + ﬁuylo}/éo + B13Y10¥20Y60
+B1ay10Doy20v60 + Bisyi0yZy + Breyzeyso + QP f cos(QTy) + f1yzo + 12y/50
(D§ + @)y = —2DgD1ya S 2iDoy20 + %y%o + @y20y3y + &3y30(Doya20) + &ayo(Doyao)
+%5]/20(D0y10~) + &6Y/20(Doy20)” + E7y30]/10(D0y10) + “71y§0y40 + ¥220(Doy20) Y40
+73Y20¥30 + TaY20¥1030 + T5Y20¥3 + ’Y6y20(D0y10)y30 + Y7Y30Y40 + Y8Y20Y40Y60 (40)
+Y9y20(Doy20)Yeo + 710y20y30y50 + ’Ynyzoyéo + 712}/20y5o + Y13Y20Y10Y50
+714Y20(Doy10)Ys0 + Y1sY20520 + Y16Ya0Ye0 + FO? sin(QTo) + f3ya0 + NaVeo
(D§ + w?)ys1 = —2DoD1yso — 2¢fi1 Doyso + 75410 (41)
(D3 + w3)ys = —2DoD1yao — 2fiaDoyao + Tsy20 (42)
(Do + p1)ys0 = T7Y10 (43)
(Do + p2)ye0 = 78Y20 (44)

The steady-state solutions of Equations (35)—(37), (43) and (44) can be written as follows:

y10(To, Tr) = Ay(T1)e ™0 + Ay (Ty)e o (45)
y20(To, Tr) = A(T1)e ™0 + Ay(Ty)e o (46)
mMoT)=Bdﬂkmn+BMRk““% (47)
yao(To, Ty) = Ba(Ty)e"2T0 4 By(Ty )e 20 (48)
me@n) PrA1(T1)e ™0 4y Ay (Ty)e T (49)
yeo(To, T1) = $2Az(Ty)e' ™0 4+ Py Ap(Ty)e Mo (50)

where i = /—1, A1(Ty), A2(T1), B1(T1), and By(T1) are unknown functions that will
be determined next. A1(Ty), A»(Ty), B1(Ty1), and By(Ty) are the complex con]ugate func-

tions of A1(Ty), A2(T1), B1(Th), and By (Ty), respectively. ¢ = §+w2177, P, = P j_z;‘;ﬁ 7,

Py = EZJFZ‘; fig, and ¢, = z 21“‘; f1g. Substituting Equations (45)—(50) into Equations (39)-(42),

yields
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(D(z) + wz)yll = (—ZiCUDlAl — 21]7(0141 + 352114%21 + ZazAlAzzz + &'zzlA% + 1523wA%Zl

(D§ + @)y

+2lMIJZ4a}A1A222 — ib@}&)ZlA + 2a5w AlAzzz — Wsw ZlAz + ’0266()214221
+ifywA A3 +2B3A1B1 By + 255A13232 +2B11Y1A2A; + ﬁlz¢§A1A2
+ﬁ13¢2A1A2A2 + B13Pr A1 A3 — iBrawin A1 Ar Ay + iBrawipr Ay A3

+[‘3151P1A A1+ 2B16P1 A1 Az Ar +1121p1 A)e'T0 + 77y Byeii1To 4 (7 A3

+0p A1 A3 + idzwAS + iRgw A A3 — Bsw? A1 AS — Bew? A3 + itz Ay A
+i/39wll’11‘\‘;’ + 1311111114? + /312#’%_14114% + /5131P2A1A% + i514w¢2A1A%

+ﬁ15lp%A:{' + ﬁ16¢1A1A%)83WT0 + (,B1A%B1 + i,Bza)A%Bl + ,37A%Bl
+‘38¢]A%Bl)€i(2w+w1)To + ElA%El + 1[?2(014%?1 + 5714%?1 (51)
+,381P1A%§1)€i(2w7w])1b + 231A121B1 + 2571422231 + ﬁglplAllel)ei“’l To
+53A1 B%ei(aﬂrZwl)To + 5321 B%ei(zwlfw)TU + <E4A1A232 + ilgéwAlAng

+ Broya A1 AgBy)e!Pwtw2)To (54141142?2 +iBewA1A2By
+/3101P2A1A2§2)€i(2‘”7“]2ﬂ° + (E4A12232 + B1A1AyBy — iBsw A1 ArBy
+iBew A1 Az By + BroyaA1 AyBy)ei2To + Bs Ay Bael«w202)To 4 B A Baei(2wa—w)To
AP 1 o

= (721.LUD1A2 — ZlﬁwAz + 3&114%22 + 2&214214121 + ’0222214% + legCUA%Z2
“1‘2[074(4)14214121 l.’D?4wZzA2 + 2'0?5w2A2A121 — ,025(4}222142 + '076w2A222
+IDC7OJA2A + 2’)/3AszBz + 2’)/5AzBlBl + 2’)’111/]2A A2 + ’)’121/]1A2A
+’7131P1A2A1A1 + 11391 A2 AT — ivawiPpr Ay AL Ay + ivawip Ap A3
+’715¢2A Ay + 27161#2142141141 +1741pp A )eTo + 17311326"“’2T0 + (061143
+0&2A2A + ltX3CLJA + 10c4wA2A2 — Dé5w2A2A2 — 0€6w A3 + 10(7CLJA2A
+i79w¢2A% + ’mleAg + ’lelP%AzA% + 7131P1A2A% + i’714w¢1A2A%
+71593 A3 + Y16Y2 A2 A3) ¥ 9T0 + (71 A2By + iY,wALB, + 7A%By
+’)/81/J2A%Bz)€i(2w+w2)TO + (711‘1%?2 + i?ga)A%Ez + ’77A%§2
+98Y2A3By ) el P w2)To (291 Ay As By + 277A1A1Bay + YsaAsAgBy)eiw2To
‘|"73A232 i(w+2w;)To + 73ZQB%ei(2w2_w)To + (74A2A1B1 + ivewArA1By
+Y10¢1 Ay A By ) CotonTo 4 (F4,A) A1 By + iYswAr A1By + Y10Y1 Ap A1 By ) el 20— @)To
+(74A2A1B1 + Y1A2A1By — iY6w Ay A1 By + 176w Ay A1B1 + Y1041 Ar A1 By )el@rTo
—|—’)/5A2B% i(w+2w) Ty + 'YSAZB% i(2w1—w)Ty _ %iQZfeiQTO +cc

(52)

(D(z] + w%)ygl = _ZiwlDlBleiwlTO - 2i;71wlBlei“’1T0 + 775A1€in0 +cc (53)
(D% + w3)yy = —2iwy Dy Bye'2To — ZiﬁszBzeiszO + 176Azei‘*’T0 +cc (54)

where cc denotes the complex conjugate terms. To get a bounded solution for Equations (51)~(54),
the small divisor and secular terms in these equations should vanish. Accordingly, to get
the small divisor at the primary resonance cases, let o, ¢y, and 0, to describe the closeness
of (), wy, and w; to the rotor natural frequency w as follows:

O=w+o, w=w+0, W) =w+ 0 (55)

Substituting Equation (55) into Equations (51)—(54), one can obtain the solvability
conditions of Equations (51)-(54) as follows:
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—2iwDy Ay — 2ifiwA; + 301 A2 A + 200 A1 Ay Ag + Tp A1 A3 + idzw A A, + 2Ry A1 Ay Ag

—@leAg + 205w A1 Ay Ay — dsw? Ay A + Rew? AT Ay + idzwAy A3 + 2B3A1B1 By

+2B5A1ByBy + 2B1191 AT A7 + Bro3 A1 AT + Braa A1 Ar Ag + Bian A1 A3 — iBrawipr A1 Ay Ay

+iBrawa A1 A% + Bispr A2 A1 + 2B16Y1 A1 Ar Ay + i1 B1ei 1 T0 + pap1 Ay + (BlA%gl +iBywA?By (56)
+B7A3B; + Bsy1 AZBy)e i To (231A12131 +2B7A2A2B; + Bsp1 A1 A1By) e To + (B4A1A2§2
+iBew A1 AzBy + BropaA1ArBy)e 2 T0 + B3 A B2e2iniTo (341412232 + B4A1AyBy — iBsw A1 AgB,
+iBewA1A2By + Brofa A1 AzBy)ei®To + Bs Ay B3e22To 4 L (w + 0)?fel?To = 0

—2iwD1 Ay — 21}7@)142 + 3(32114 Zz + 252214214121 + BZZZZA + 1“15230.}14 Zz + 21&46014214121

*10(46()142142 =+ 20(56()2142141141 — 0(5602142142 + 0(66(12142142 + 1oc7wA2A + 2’)/31423232

+2795A2B1B1 + 2’7111P2A Ay + 11297 Ap AT + Y131 Ag A1 Ay + 1131 A A2 1714601P1A2A1A1

+1714w¢’1A2A + 11593 AZ Ay + 271692 Ap A1 A1 + T3B2e'2T0 + 1j41pp Ay + (71A3Ba + i72wASBy (57)
+77A%B, + ’YSlPZAZBZ) —i2To + (291 A2A2By +277A1A1B; +Y8Y242A42B,)e el2To 4 (74A241B;
+iYew Az A1B1 + Y101 A2A1By ) e 110 Y5 A, BZe?02To + (’Y4A2A131 + 73A2A1By —iysw Ay A1By
FifswAyA1By + Y101 A2 A1 By )T + G5 A, B2 T — Li(w 4 o) feloTo = 0

- 2i(w + Ul)DlBlewlTo — Ziﬁl (w + 0'1)B16i(71T0 + 175141 =0 (58)
—2i(w + Jz)DleeiazTo — 2ijip (w+ (Tz)BzeialTO + 1A =0 (59)

To investigate Equations (56)—(59), the unknown functions can be expressed in the
polar forms as follows [41,42]:
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Substituting Equation (60) into Equations (56)—(59), and then separating the real and
imaginary parts of the resulting equations, we have

. 1 1 2
a1 = f1 (all az,az, a4, P1, P2, P3, (P4) =13 <2ﬂ + P?iﬁ(zz)al + g (a?) - p%ﬁr(z;

_ 2P1l315’7§ 3.1 _ Bisis _ paBuans _ 2Bty 2
(P2+w?) ot 2 Pl phtw?  pite? )02

1 202 B127]
(e 2P ot o cox(2g1 290
+

1(er (03 —w*)Bramg p2P1ats _ wPrans 2 o _
(&~ gy T oldren ~ rer JM028in(201 = 202)

1
8
- (imag + iﬁm%ag +iﬁya§a3) sin(¢3) — i[ﬁala% sin(2¢3) (61)
1
8

2
B2 — p{?ﬁ:’jz > ajaz cos(@3) — (pﬁfzjsz ) a1a204 cos(@4)

= %ﬁ%’? a1a20a4 sin( @) + g B7aaz sin(2¢1 — 292 + @3)

+ o ( Bow — ;’fiﬁ? ) 110204 c0S(291 — 295 — @4) + 2 (w + o) fsin(¢y)

+o(Ba+ ‘;2?;2728>a1a2a4 sin(2¢1 — 292 — @4) + g B5a1a3 SIN(291 — 22 — 2¢4)
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)

1

_ __1 1478 1 2y
= fa(a1,a2,a3,84, 91, 92, 93, P4) = —3 (ZM + p%erz)aZ + 3 (“3 Al

20071573 \ 3, 1 71377 w3147 _ 271618 2
— 22700 N go + 5| 24 — — - aha
(B+w2)? )2 8 4T 242 2w pk+a? |72

2017125 71%’77 +P1714U7
(p%_,_wz)z p2+w? | p2+w?

(szwz)"m’? 0171377 wyialy 2 i
2 g+ 21 7 4 —+ a»as sin(2 Zcp
(w 5 (p2 2)2 w(p4w?) T P tw? 269 ( P2 1)

1
8
(Zw 134 + gw 71“2514 +4w ’77111114) Sln((P4) ’73’12112 Sin(2§04) (62)

1 2w 1 w
+55 | T2 — %"73)112{14 cos(@y) — 5 (72'“0'77>u2a1a3 cos(¢3)

il —ag+ay— 1203 cos(2¢p — 2¢1)

p3+w? p3+w?

+5 %)azﬂlﬂs sin(ga) + 5770104 Sin(202 — 201 + 94)

+o  rew — p7+10’77)a2a1a3cos(2g02—2<p1 @3) — (w+¢7) f cos(¢2)

+i Y4+ pmo’”)azulag; sin(2¢y — 291 — @3) + %7511211% sin(2¢, — 291 — 2¢3)

p2+w?
a3 = f3(a1,a2,a3,a4, 91, P2, 93, P4) = —p1a3 + ﬁal sin(¢3) (63)
ay = fa(ay,az,a3,a4, 91, 92, 93, P4) = —poas + Z(wni%ﬂz sin(qy) (64)

_ _ 112117 2,2 7
- f5(111, az,as, a4, P1, 2, P3, (P4) =0+ % + Sw <3‘Xl + 7% + (11?;1]2

+ /515’7§(P%—)W2>)a% + i (Pzﬁlsﬂs 7(47 2B1ais + 291516’77 120y + 25w )u%

(P+w?)? p3+w?  pitw? p2+w?
1 2 1 2 1 (03 —w?)Brog p2B1378
+ 45 B33 + 15 B5a3 + 5 | a2 — asw? +
10 P33 + 15P5as + g5 | 2 5 (B3+aw?)? p3+w?
w 514778 1 o 2P2“’512’78 wpPi3is
+ e >a2 cos(2¢1 —2¢2) + g5 | aaw — ayw + () + o

M)a Sln(zq)l 2q)2) + wiaz] (%771!13 -+ %,51111H3 + 1/3711%{13

05+ (65)
+1 z;’igz;ala3) cos(@3) + g B3a3 cos(2¢3) — —pﬁi’ﬁz a1a;3 sin(g@3)

—$Bamrassin(gs) + g (2,3 + pzz@i?f)ﬂzh cos(¢4)

+3 ( 2B6 + pﬁlffz)azﬂzi sin(@a) + gog- B7a3a3 cos(291 — 292 + ¢3)

+55 <ﬁ + P2ﬁ1078>u2a4 cos(2¢1 — 292 — @4) + 2(3”1 (w + )2 f cos(¢1)

% ( Be + ﬁ )a2a4 sin(2¢p1 — 292 — ¢4) + 8%,,3511421 cos(2¢1 — 29 — 2¢y)
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¢, = felar, a2,a3,a4, 91, 92, 93, 1) = 0 + % + 55 <30¢1 + apw® + 5212;’8
2(,2 2
T575 (03 =w?) \ 2 1 ( pimistr Wy 2P2'Yl6'78 2
+W)ﬂ2+%<p%+wz p+w2 + +2062+2065(U)
1 2, 1 2, 1 (03— M | p1713n
57303 + 357503 + g 42 — asw? + l(pz+w2)2 g
w141 200071203 wyay
+ = Jr14 7>u1 cos(2¢2 —2¢1) + g5 (0(460 —a7w + (p%Jrajz)Z - p#i};
+P1}w_’:3j;77>a s1n(2(p2 — 2([)1) wlaz (%773{14 + %7111%{14 + %’)/711%(14 )
+1 P%f"? a5a4 ) cos(@4) + 557303 €0S(294) — %pgﬂiz a2a4 sin(@4)
— 5720204 Sin(P4) + g5 <274 + 21"222727>a1a3 cos(¢3)
( 276 + 710777 )a1a3 sin(¢s) + Swaz 77a1a4 cos(2¢y — 2¢1 + ¢4)
2, .
+a5 ( 1a+ ‘;}"j‘jf! a183,co8(292 = 291 — 93) + 5o (W + )" f sin(¢2)
+3 ( Yo+ itz |massin(22 — 291 — ¢3) + 557503 cos(292 — 291 — 293)
; — — 1 1 P17
(P3 - f7(al/ ap,as,aq, (Pll 4)2/ (P3/ (P4> = —01 + mnSal COS((P3) 2w w2+w2
201Buy |, (03—w?)Bisn3 P2,513’78
<30¢1 + agw? + poawy + ) ”1 20 + 2a5w% + 1w
_ w?Buns 2001/5167]7 1 2 1 2 1 2, (03—w )512'78
2ra? TR ra? )’12 2oP33 — g5P5ay — g | 42 — asw” + TR
Pzﬁwrls w?Brany _ 1 20281213 B137s
+ 5= 02 212 + o 272 )512 COS(2(P1 2(P2) 8 <(p%+w2)2 + p%+w2
P 1wy — a7 e sin(2g1 — 202) — g (Bmas + 3Bradas + L Bradas
(67)
+1 P%isﬂz a%ag;) cos(@3) — g B3a3 cos(293) + & fi'”z ayaz sin(¢3)

—gBamaz sin(93) — g5 (2134 + w>a2ﬂ4 cos(¢4)

-3 < 2B + pﬁf'fz>a2u4 sin(¢q) — ﬁﬁﬂl%ag, cos(2¢1 —2¢2 + ¢3)

~ 8w <ﬁ4 + %%’728 824, €0S(291 — 292 — @4) — 5 (w + 0)? f cos (1)

_% (—ﬁé + p%f?jz apay sin(2¢1 — 292 — @4) — 8%,85515 cos(2¢1 — 292 — 2¢p4)
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; — — 1 1 p2ijals
@4 - f8 (ullaZI as,aq, (Pl/ 4)2/ 4)3/ §04) = —02 + 2(w+0-2) 776”2 COS(¢4) - Ep2+w2
292'}’11778 (03—w?) 11573 2 .01%3777
301 + agw? + i + (png)z az < | 200 + 205w0° + P
@y | 20011678 2_ 1, 2 2, (pl-w )712777
— etz 4 2068 Y g2 L2 L2 L (g ge? 4 T2
Tt T2 > 17 4073 — 157593 ~ 8w ( 2~ A5W" ()
2
pimsly | w? 714777 _ _ 201w2l; _ wY1sly
+w pawras e >a1 cos(2¢p —2¢1) — (zx4w a7w + T v
w 1 (1 3. 2 1,02
4 sl 714’”)511 sin(2¢2 — 2¢1) — 40 <§773H4 + §Ma3a4 + 3770104
(68)

1 027878 2 1 7878 :
+3 v a2a4 cos(pyg) — Sw Y3a5 cos(2¢4) + 8 ra? apay sin(¢@y)

+§'yza2a4 sin((p4) — i (2’)/4 + ‘lm) a1as COS(§03)

_% (—276 + ZliZZZ > ayaz sin(@sz) — ﬁwa%m; cos(2¢2 — 21 + @4)

831.7 Y4 + ?11277 aias COS(ZQDz — 2§01 — §03) 2wa2 (w + U') fsm((pz)

—é( Yo+ s |aassin(292 — 291 — ¢3) = 557583 08 (292 — 291 — 2¢3)

where 91 =01 —01, ¢ =0T -0, 93 =61 — 03 — 017, and ¢4 = 6, — 04 — 0»T. Substi-
tuting Equations (45)—(50) and (60) into Equations (27)—(32), we can obtain the first-order
approximated solution of the dynamical system given by Equations (21)—(26) as follows:

(1) = a1(7) cos(QT — 91 (7)) (69)
y2(7) = a(7) cos(QT — (7)) (70)

y3(1) = a3(7) cos(QT — ¢1(7) — 93(7)) (71)

y4(7) = a4(7) cos(OT — 92 () — 9u (7)) (72)

ys(T) = p%”fjuz (p1c0s(QT — ¢1(7)) + wsin(QT — g1(7))) (73)
V(1) = 45 (pacos(OT = pa(1)) + wsin(OT = a()) 74)

Based on Equations (69)—(74), a1(7) and a,(7) denote the oscillation amplitudes of
the rotor system in X; and X, directions, respectively, while a3(7) and a4(7) are the
oscillation amplitudes of the proposed LIPPF-controller. In addition, ¢1(7), ¢2(7), ¢3(7),
and ¢4(7) represent the phases of the motions. Moreover, the non-linear autonomous
differential equations (i.e., Equations (61)—(68)) govern a;(7) and ¢;(7) (j = 1,2,3,4) as
a function of the different control parameters (i.e., 775, j = 1,...,8). Accordingly, setting
4y =ay =a3 = a4 = @1 = @2 = @3 = ¢4 = 0 into Equations (61)-(68), yields eight non-
linear algebraic equations that govern the vibration amplitudes of the controlled system at
the steady-state condition as follows:

_]cj(lZ]/HZI as,aq, 1, P2, 93, ¢4) - O/ ] - 1/2/ cee /8 (75)

By solving the non-linear algebraic system given by Equation (75) utilizing ¢ or f
as a bifurcation parameter at the different values of the control gains (i.e., 71, 172, %3, #4)
and feedback gains (i.e., 775, #s,%7, 13), one can explore the performance of the intro-
duced controller (i.e., LIPPF) in suppressing the system oscillation amplitudes (a; and
a3) in X; and X, directions as given in Section 3. In addition, the solution stability of
Equation (75) was investigated by checking the eigenvalues of the linearized dynamical sys-
tem given by Equations (61)—(68). Therefore, let the fixed-point solution of Equation (75) be
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(@10, 20, 430, @40, P10, P20, P30, P40), and suppose that (a11, 421, 431, A41, P11, P21, P31, Pa1)
is a small variation regarding that fixed point solution. Accordingly, we can write:

Cl]—ﬂ]0+€l]1, ;= (p]0+(p]1, .'—6.1]'1, (P]:(P]l’ i=12,...,8 (76)

Substituting Equation (76) into Equations (61)—(68) with expanding for the small varia-

tions, keeping the linear terms only, one can obtain the following variational differential

equation:

11 +aufl 21+a£ +a€{l flfP + fl(P + flﬁ” + a£1¢41 (77)
11+%@1+%%1+%041+%%1+ 2 P +aaqj; 31 fz e (78)
+:—f231 +af;31 +aa£“ aafcp +aaq{3<p +aaf aq{?’ a1 (79)
11+%ﬂ21+%a31+%a41+%§0 + af4(P +aa(£4§0 T 5o f4 e (80)
+£ +af35 +£u +aq];5<p +aq{5q) +a(,]:5"’ +aaq{ Pa1 (81)
+8a£ +a;6 a1 +a;6 afq) +aq{6go +a£6(p +BEZ P41 (82)
1+§{7 a1 +az{7 +a;7 +aq{7q) + af7<p1+ af7q> +5 af —u (83)
)| IPRC) -S| PN | PO - af =gy (84)

0dy1 das; 0ay; 2911 0921 9¢31 ago

Accordingly, the solution stability of the non-linear dynamical system given by
Equations (61)—(68) can be investigated by exploring the eigenvalues of the linear vari-
ational differential equations (i.e., Equations (77)—(84)) (see Ref. [48]).

4. Bifurcation Analysis and Control Performance

The performance of the introduced LIPPF-controller in eliminating the rotor vibration
amplitudes (a1, az) is discussed within this section via solving Equation (75) numerically at
different values of the control gains (171, 172, 3, 14) and feedback gains (175, 176, 17, 173) utilizing
o or f as the bifurcation parameter [49]. In addition, the solution stability of Equation
(75) was explored according to the eigenvalues of the derived variational equations (i.e.,
Equations (77)—(84)), where the stable solution is plotted as a solid line and the unstable
solution is illustrated as a red dotted line. To simulate the steady-state and transient
oscillations of the studied controlled system, the parameters’” values were adopted as
follows unless otherwise mentioned [29,39]: p = 1.22, d = 0.005, « = 22.5°, 1 = pp = 0.01,
m=m=mn =1 =1 =1 =1 =02, 177 =1 =0 =pp=10Q0=wto,
w1 =w+0,wy =w+0y, 07 =0y =0,and f = 0.015. Before proceeding further, it is
important to remember that the parameter ¢ is employed to represent the closeness of the
angular speed (Q) of the rotor system to its natural frequency w = /2pcos(a) + p — 3 as
given in Equation (55). Accordingly, in the whole article ¢ is used as a bifurcation parameter
to explore the nature of the rotor vibrations at the primary resonance case (i.e., when ) is
approaching w from the right or the left side).

The rotor oscillation amplitudes (2; and a;) were obtained as shown in Figure 3 via
solving Equation (75) using ¢ as the main bifurcation parameter at various levels of the rotor
eccentricity (f) before activating the LIPPF-controller (i.e., when 7;=0,j=12,...,8).
It is clear from the figure that the uncontrolled system can behave as a linear dynamical
system at the primary resonance case (i.e., © — 0) when the rotor eccentricity is too small
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(i.e., f = 0.001). However, the figure demonstrates that the increase in the rotor eccentricity
beyond 0.001 is resulting in high oscillation amplitudes and complex oscillatory motion
of the considered system. In addition, the figure illustrates that the uncontrolled system
may have two or three stable periodic solutions in the vicinity of ¢ = 0 depending on
the eccentricity magnitude. Moreover, the system may lose its stability when the rotor
eccentricity f becomes 0.013.

(a) (b)

Figure 3. Vibration amplitudes of the rotor system without the LIPPF-controller using ¢ as a bifurca-
tion parameter when f = 0.001, 0.004, 0.007, 0.01, and 0.013: (a) vibration amplitude in X; direction
and (b) vibration amplitude in X, direction.

Based on the introduced dimensionless variables (ie., y; = i.%, and 1y = ’s%) given
before Equation (21), one can deduce that y; and y, represent the relative oscillations of the
rotor system in X; and X directions with respect to the air-gap size (sq). In addition, it was
illustrated that 1 (7) and y(7) are periodic functions as given in Equations (69) and (70). Ac-
cordingly, the actual instantaneous vibrational motion of the rotor in X; and X, directions can
be expressed such that x1(t) = soaj(t) cos(Qt — ¢1(t)) and xp(t) = spax(t) cos(Qt — @1 (1)),
where spa; and spay are the steady-state vibration amplitudes in X; and X, directions,
respectively. Moreover, these oscillation amplitudes should be less than the air-gap size (i.e.,
spa1 < sp and sgap < sp) to avoid the catastrophic rub-impact force between the rotor and
the magnetic pole housing. This means that the system can oscillate without rub-impact
occurrence as long as 4 < 1 and 4, < 1. Based on the above discussion, it is clear from
Figure 3 that the uncontrolled system may be subjected to rub-impact force between the
rotor and pole housing if the eccentricity magnitude became greater than 0.013. Therefore,
the main goal of this work is to mitigate the system lateral vibration close to zero even if
the considered system has a large rotor eccentricity.

Based on the introduced control strategy, Equations (21) and (22) represent the equa-
tions of motion of the controlled rotor system, while Equations (23)—(26) are the equations
of motion of the proposed controller (i.e., LIPPF-controller), where the LIPPF-controller is a
combination of both the conventional PPF-controller (i.e., Equations (23) and (24)) and the
linear integral resonant controller (i.e., Equations (25) and (26)). Therefore, we can explore
the performance of the PPF-controller only by mitigating the non-linear oscillation of the ro-
tor system when setting 17, = 14 = 177 = 13 = 0. Figure 4 shows the oscillation amplitudes
of both the rotor system (i.e., 2; and a;) and the connected PPF-controller (i.e., a3 and a4)
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1.5

0.5

~a.3°

along the o-axis at different levels of the rotor eccentricity when #; = 13 = 5 = 6 = 0.2
and 17 = 4 = 177 = g = 0. Comparing Figures 3 and 4, it is clear that the coupling of the
conventional PPF-controller to the considered system eliminated the rotor vibrations in the
vicinity of o = 0. However, the vibration amplitudes of the rotor system were amplified on
both the right and left sides of o = 0, which is one of the drawbacks of the conventional
PPF-controller.

M4 =1]3=7]5=716=0.2
1,=1,=1,=15=0.0 ‘,e" 15

0.5

03°

74=13=05=1=0.2

1 My=1,=11,=15=0.0 e,

4 L/
A
H

(©) (d)

Figure 4. Vibration amplitudes of the rotor system and PPF-controller using ¢ as a bifurcation
parameter when f = 0.005, 0.01, 0.015, 0.02, and 0.025: (a) vibration amplitude in X;j direction,
(b) vibration amplitude in X, direction, and (c,d) vibration amplitudes of the PPF-controller.

To eliminate this undesired phenomenon of the PPF-controller, the LIPPF-controller
was introduced as a new control strategy that possesses the advantages of both PPF and
linear integral resonant controllers. Figure 5 shows the oscillation amplitudes of both the
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0.3 -

0.3 -

rotor system (i.e., a; and a;) and the connected LIPPF-controller (i.e., a3 and a4) when
m =43 =15 = g = 0.2 and noyy = manyg = 0.2. It is clear from Figure 5 that the
proposed LIPPF-controller eliminated the rotor vibrations in the vicinity of ¢ = 0 and
suppressed the vibration amplitudes to a very small value on both sides of ¢ = 0. The
vibration suppression mechanism of the introduced LIPPF-controller can be explained
simply based on the working principle of both the conventional PPF-controller and the
IRC-controller. It is well known that the PPF-controller absorbs the non-linear vibrations
of the connected oscillatory system with high efficiency via establishing an energy bridge
when the controller’s natural frequency has the same value as the excitation frequency
of the targeted system [25-29]. On the other hand, the IRC-controller can mitigate the
non-linear oscillation via increasing the linear damping of the targeted system [30-38].

\

r,1=1)3=7]5=116=0.2

7,771 ,75=0.2

1,=0;=1,=1=0.2
TyT7=1 41)B=0.2
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" 0.025
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14=13=15=1=0.2
NyM7=1 4"8=0'2

" 0.025
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Figure 5. Vibration amplitudes of the rotor system and LIPPF-controller using ¢ as a bifurcation
parameter when f = 0.005, 0.01, 0.015, 0.02, and 0.025: (a) vibration amplitude in X;j direction,
(b) vibration amplitude in X; direction, and (c,d) vibration amplitudes of the LIPPF-controller.



Appl. Sci. 2022,12, 3902 18 of 33

Figure 6 shows the steady-state vibration amplitudes of both the rotor system (a; and
a) and the connected LIPPF-controller (a3 and a4) along the o-axis at different values of
01 = 0 when f = 0.015. It is clear from the figure that the optimum working condition
of the LIPPF-controller occurs along the dashed red line shown in Figure 6a,b (i.e., when
0 = 01 = 03), where a; = a =~ 0. Therefore, by substituting the condition = 07 = o
into Equation (55), one can report that the optimum vibration suppression efficiency of the
LIPPF-controller occurs when setting its natural frequencies (w; and w;) to become the
same value as the rotor angular speed ((2).

f=0.015
=735~ 6=D.2
0.1

NN7=14g =0.2

~ 0.05
o

f=0.01
'!]1=T]3=7]5=7]6==0.2

02— Ty717=1475=0}2 0.2

0.15 0.15
©
o <t 0.1
©
0.05
0/
-0.3
-0.2

Figure 6. Vibration amplitudes of the rotor system and LIPPF-controller using ¢ as a bifurcation
parameter at various values of oy = 0> when f = 0.015: (a) vibration amplitude in X; direction,
(b) vibration amplitude in X; direction, and (c,d) vibration amplitudes of the LIPPF-controller.

Based on Figure 6, the detuning parameters ¢, 01, and 0> were utilized as one bi-
furcation parameter via letting ¢ = 07 = 0, as shown in Figure 7, where the oscillation
amplitudes of both the rotor system and the LIPPF-controller were plotted against the
bifurcation parameter ¢ = 07 = 0 at different values of the rotor eccentricity f. It is
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0.15
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7}1=7)3=7]5=n6=0.2

Ty =N 4r/8=0.2

N,0=1,mg=0.2 y17=1,ng=0.2

clear from the figure that the rotor oscillation amplitudes (a; and ay) were suppressed to
very small values along the o = 07 = 0 axis regardless of the magnitude of the rotor
eccentricity f, where the excessive vibration energy of the rotor system was channeled to
the LIPPF-controller via the energy bridge that was established between the rotor and the
controller when tuning w; and w; to be the same values of (). Accordingly, it is possible
to eliminate the lateral vibrations of the considered system regardless of the rotor angular
speed ) and its eccentricity magnitude via making the introduced LIPPF-controller an
adaptive controller. The Adaptive Linear Integral Positive Position Feedback controller
(ALIPPE-controller) can be implemented from the engineering point of view via measuring
the rotor angular speed () to be fed into the digital computer to update the controller’s
natural frequency w; and w; to the same value of the measured (), instantaneously.

\

— -~

) - = (i I
2 0=0,=0, (i.e., Sl—w1-u)2)

1

0.05 - n1=n3=7}5=n6=0.2
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/ 0.1

s
3]
L —
0.05
" 0.025

0.02 0.

03
(c) (d)

Figure 7. Vibration amplitudes of the rotor system and ALIPPF-controller using ¢ = 01 = 03 as
a bifurcation parameter when f = 0.005, 0.01, 0.015, 0.02, and 0.025: (a) vibration amplitude in
X, direction, (b) vibration amplitude in X; direction, and (c,d) vibration amplitudes of the LIPPF-
controller.
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5. Numerical Validations and Temporal Oscillations

The bifurcation diagrams given in Figures 3—7 were obtained based on the approximate
analytical solution (i.e., Equations (69)—(74)) of the controlled system equations of motion
(i.e., Equations (21)—(26)), where the steady-state oscillation amplitudes (i.e., a1, a3, a3,
and a4) of Equations (69)—(74) are governed by the non-linear algebraic system given by
Equation (75). Accordingly, this section is dedicated to demonstrating the accuracy of
that approximate solution via solving the Equations of motion (i.e., Equations (21)—(26))
numerically using the ODE45 MATLAB solver. The numerical simulation of the steady-
state vibration amplitudes (i.e., a1, a3, a3, and a4) was illustrated as small circles (when
sweeping the bifurcation parameter (o or f) forward) and as big dots (when sweeping the
bifurcation parameter (¢ or f) backward) as shown in Figures 8-12. Figure 8 shows the
steady-state lateral oscillations of the uncontrolled rotor system which plotted against the
parameter c when f = 0.013. In addition, the numerical validation is illustrated as small
circles and big dots, where the figure demonstrates the accurate correspondence between
the numerical and approximate solutions.

1 T T

Stable periodic solution
=====2:2: Unstable periodic solution

©O  Numerical integration (forward sweep)
0.8 - *  Numerical i ion (back i sweep)

0.6
7)1='q3=1]5=1]5=0.0

© 75717=7147g=0.0
04

0.2

1 T T

Stable periodic solution

Unstable periodic

© Numerical integration (forward sweep)
0.8 - *  Numerical integration (backward sweep)

0.6 -
7)1=773=175=1)6=0.0

© 772777=174778=0.0

04 -

(b)

Figure 8. Vibration amplitudes of the rotor system without the LIPPF-controller using ¢ as a bifurca-
tion parameter when f = 0.013: (a) vibration amplitude in X; direction and (b) vibration amplitude
in X, direction.
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Figure 9. Vibration amplitudes of the rotor system and PPF-controller using ¢ as a bifurcation
parameter when f = 0.013: (a) vibration amplitude in X; direction, (b) vibration amplitude in X;
direction, and (c,d) vibration amplitudes of the PPF-controller.
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Figure 10. Vibration amplitudes of the rotor system, LIPPF-controller, and ALIPPF-controller when
f = 0.013: (a) vibration amplitude in X; direction, (b) vibration amplitude in X, direction, and
(c,d) vibration amplitudes of the LIPPF-controller and ALIPPF-controller.
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Figure 11. Vibration amplitudes of the rotor system, PPF-controller, LIPPF-controller, and ALIPPF-
controller using the rotor eccentricity f a bifurcation parameter when o = 0: (a) vibration amplitude
in Xj direction, (b) vibration amplitude in X, direction, and (c,d) vibration amplitudes of the PPF-
controller, LIPPF-controller, and ALIPPF-controller.
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Figure 12. Vibration amplitudes of the rotor system, PPF-controller, LIPPF-controller, and ALIPPF-
controller using the rotor eccentricity f a bifurcation parameter when ¢ = 0.15: (a) vibration ampli-
tude in Xj direction, (b) vibration amplitude in X, direction, and (c,d) vibration amplitudes of the
PPF-controller, LIPPF-controller, and ALIPPF-controller.

The applied numerical algorithm used to validate the accuracy of the obtained approx-
imate solution can be explained through Figure 8 as follows:

a. Forward-sweep algorithm

1.  Set o as the bifurcation control parameter with an initial value 0y,;;,;; = —0.3,
step-size Ao = 0.02, and final value oy, = 0.3.

2. Sety;j(0)=0(j=1,2,...,6) as zero initial conditions of the first simulation step.
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3. Seto = Oinitial -

4. Setf = 0013, p = 122, d = 0.005 a« = 0.3927, u = %(chos(zx) +d),
w=/2pcos(a) +p=3), Q=w+o, | =m=1 =1 =15=1 =17 =
N18=0,01=p2=1 py=p =001, 01 =02 =0, w1 =wW+01, W2 =w+02.

5. Compute the system parameters &, Br, Yk G=12...,8k=1,2,...,16) as
given in the Appendix A according to the values of the parameters given in
step 4.

6.  Solve the system equations of motion (i.e., Equations (21)-(26)) using ODE45
MATLAB solver on the time interval 0 < T < 2000 to capture the steady-state
motion.

7. Find the maximum oscillation amplitudes of yj(’r) (Gj=1,2,...,6) on the time
interval 1900 < T < 2000.

8. Setaj(0) = max{yj(1900 <T1<200)},(=12,...,6).

9.  Set the initial conditions for the next simulation step such that y;(0) = a;(c),
G=1,2,...,6).

10. Increase the bifurcation parameter = o+ Ac.

11, If o < 0fina g to step (4), else go to step 12.

12. Plot o versus aj(o), (j=1,2,...,4) as small circles.
13. End of forward-sweep algorithm.
b. Backward-sweep algorithm

1.  Set o as the bifurcation control parameter with an initial value ;1,7 = 0.3,
step-size Ao = —0.02, and final value 0, = — 0.3.
2. Sety;(0) =0(j=1,2,...,6) as zero initial conditions of the first simulation step.

@

Set ¢ = Ginitial-

4. Setf = 0013, p = 122, d = 0.005, « = 03927, y = L(2dcos(a)+d),
w = \/2pcos(a) +p=3), A =w+0, m =1 =13 =11 =15 =1Jg = 17 =
N18=0,01=p2=1 py=p =001, 01 =02 =0, w1 =wW+01, W2 =w+03.

5. Compute the system parameters &, Br, Yk G=12...,8k=1,2,...,16) as
given in the Appendix A according to the values of the parameters given in
step 4.

6.  Solve the system equations of motion (i.e., Equations (21)-(26)) using ODE45
MATLAB solver on the time interval 0 < T < 2000 to capture the steady-state
motion.

7. Find the maximum oscillation amplitudes of yj(’r) (Gj=1,2,...,6) on the time
interval 1900 < t < 2000.

8. Setaj(0) = max{yj(1900 <T1<200)},(=12,...,6).

9.  Set the initial conditions for the next simulation step such that y;(0) = a;(c),
G=12,...,6).

10. Increase the bifurcation parameter = o+ Ac.

11, If o > 0fina g to step (4), else go to step 12.

12. Plot o versus aj(o), (j=1,2,...,4) as big dots.

13.  End of backward-sweep algorithm

According to the above algorithms, the accuracy of the obtained bifurcation diagrams
(obtained in the three-dimensional space as in Section 4) was validated numerically within
this section as shown in Figures 9-12, where Figure 9 shows the steady-state oscillation
amplitudes of both the rotor system and the conventional PPF-controller only (i.e., when
M = N3 = 15 = g = 0.2, Ny = Ny = N7 = Ng = 0) when f = 0.013. The figure
illustrates that the connection of the PPF-controller to the rotor system can eliminate
the system vibrations in the vicinity of ¢ = 0. However, the analytical and numerical
solutions confirm that the considered system may exhibit high oscillation amplitudes on
the left and right sides of ¢ = 0. On the other hand, Figure 10 shows the oscillatory
behavior of the rotor system along the o-axis at f = 0.013 when the LIPPF-controller or
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the ALIPPF-controller are coupled to the rotor system, independently. It is clear from
the figure that the coupling of the LIPPF-controller (i.e., when 11 = 13 = 115 = 15 = 0.2,
11217 = nafjg = 0.2) to the rotor system eliminated the lateral vibrations in the vicinity of
o = 0.0 and suppressed the oscillation amplitudes on both sides of ¢ = 0. In addition, the
numerical and analytical investigations demonstrated that the coupling of the ALIPPF-
controller (i.e., when 71 = 13 = 175 = 16 = 0.2, 112177 = a3 = 0.2, 01 = 0 = 0) to the rotor
system eliminated the oscillation amplitude regardless of the angular velocity value.

The performance of the ALIPPF-controller (i.e., 71 = 13 = 115 = 16 = 121j7 = fatjs = 0.2,
o1 = 0p = 0 = 0.15), LIPPF-controller (i.e., M1 = W3 = 15 = He = N2Nl7 = HaHg = 0.2),
and the conventional PPF-controller (i.e, 171 = 13 = 45 = 176 = 0.2, 1y = 14 = 47 =
g = 0) in eliminating the non-linear oscillation of the considered system was explored in
Figures 11 and 12 utilizing f as the main bifurcation parameter at two different values of
the rotor angular speed () (i.e., when () = w + ¢, ¢ = 0, 0.15). Figure 11 shows that the
three controllers (i.e., PPF, LIPPF, and ALIPPF) can suppress the rotor oscillation amplitudes
(a1 and ay) close to zero at ¢ = 0.0, which agrees with Figures 9 and 10. It is clear from
Figure 11 that the three control techniques have the same performance in eliminating the
rotor oscillation when ¢ = 0.0 along the f— axis. On the other hand, Figure 12 shows
that the conventional PPF-controller failed to suppress the rotor lateral oscillations when
o = 0.15, where the system may lose its stability at the large eccentricity magnitudes. In
addition, the figure demonstrates that LIPPF-controller can mitigate the rotor vibrations to
a very small level along the f— axis. Moreover, the figure confirms that the ALIPPF can
eliminate the rotor system regardless of the eccentricity magnitude.

To investigate the transient and steady-state oscillatory motions of both the rotor sys-
tem and the connected controllers, the system equations of motion (i.e., Equations (21)—(26))
were solved numerically using the ODE45 MATLAB solver according to Figure 12 (i.e.,
when o = 0.15) at three different values of the rotor eccentricity f (i.e., f = 0.02, 0.05,
and 0.08) as shown in Figures 13-15. Figure 13 compares the performance of the PPF-
controller (ie., 777 = 113 = 45 = 15 = 0.2, 12 = 44 = 17 = ng = 0), LIPPF-controller
(e, 11 =13 = 15 = g = Ko7 = nanyg = 0.2), and the ALIPPF-controller (7; = 173 =
N5 = g = Hotf7 = aljg = 0.2, o9 = 0 = ¢ = 0.15) when f = 0.02 and ¢ = 0.15.
Figures 14 and 15 are repetitions of Figure 13, but when f = 0.05 and 0.08, respectively.
Comparing Figures 13-15, one can conclude that the conventional PPE-controller has failed
to suppress the rotor vibrations in the three studied cases, where the system performs high
amplitude periodic motion (at f = 0.02), quasiperiodic motion (at f = 0.05), and chaotic
oscillation (at f = 0.08). On the other hand, Figures 13-15 demonstrate the high vibration
suppression efficiency of the LIPPF-controller and ALIPPF-controller.
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Figure 13. Rotor electro-magnetic suspension time response, Poincare map, and the frequency
spectrum with the PPF-controller, LIPPF-controller, and ALIPPF-controller at ¢ = 0.15 and f = 0.02:
(a,d) the temporal oscillations of the rotor system in X; and X, directions, (b,e) the corresponding

Poincare map of the rotor system, (c,f) the corresponding frequency spectrum of the rotor, and
(g—j) the temporal oscillations of the controllers.
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Figure 14. Rotor electro-magnetic suspension time response, Poincare map, and the frequency
spectrum with the PPF-controller, LIPPF-controller, and ALIPPF-controller at ¢ = 0.15 and f = 0.05:
(a,d) the temporal oscillations of the rotor system in X; and X, directions, (b,e) the corresponding
Poincare map of the rotor system, (c,f) the corresponding frequency spectrum of the rotor, and (g—j)
the temporal oscillations of the controllers.
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Figure 15. Rotor electro-magnetic suspension time response, Poincare map, and the frequency
spectrum with the PPF-controller, LIPPF-controller, and ALIPPF-controller at ¢ = 0.15 and f = 0.08:
(a,d) the temporal oscillations of the rotor system in X; and X, directions, (b,e) the corresponding

Poincare map of the rotor system, (c,f) the corresponding frequency spectrum of the rotor, and
(g-j) the temporal oscillations of the controllers.
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6. Conclusions

Within this article, an advanced control technique (i.e., ALIPPF-controller) was pre-
sented to eliminate the non-linear vibrations of the rotor electro-magnetic suspension
system. The introduced controller is a combination of both first-order and second-order
filters that were coupled linearly to the electro-magnetic suspension system in order to
reduce the undesired oscillations. Based on the suggested control method, the equations of
motion that govern the dynamics of both the electro-magnetic suspension system and the
proposed controller were derived as six non-linear ordinary differential equations. Then, an
analytical approximate solution for the established dynamical model was obtained using
the multiple time-scales perturbation procedure. The performance of the ALIPPE-controller
in eliminating the lateral vibrations of the considered system was explored via plotting the
different bifurcation diagrams. According to the introduced investigations given above, we
can conclude the following important remarks:

1.  The uncontrolled eight-pole electro-magnetic suspension system may respond as a
linear system at the small rotor eccentricity (f) (i.e., f < 0.01).

2. At the large rotor eccentricity, the electro-magnetic suspension system may lose
its stability to perform quasi-periodic or chaotic oscillations thanks to the complex
bifurcation behaviors.

3. Integrating the conventional PPF-controller into the electro-magnetic suspension
system can eliminate the rotor vibration amplitudes at the perfect resonance conditions
(i.e., o = 0). However, the PPF-controller can add more excessive vibratory energy
to the rotor system rather than suppress it if the perfect resonance conditions have
been lost.

4. The coupling of the LIR-controller to the eight-pole electromagnetic suspension system
can eliminate the non-linear bifurcation and force the rotor to respond as a linear
dynamical system. However, the controlled system may exhibit high oscillation at the
perfect resonance conditions (i.e., o = 0).

5. The integration of the LIPPF-controller to the considered system can eliminate rotor
oscillations at the perfect resonance conditions as well as suppress the non-linear
vibrations to very small magnitudes if the resonance conditions have been lost.

6. The ALIPPF-controller (i.e., when setting w; = w> = ) can eliminate the undesired
vibrations of the electro-magnetic suspension system to zero regardless of the angular
speed and eccentricity of the rotating shaft.
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Y2 Yoo Vp
Y3 Y3 V3
Yar Yar Vs
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M
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w
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01, P2
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f
171/ 772/ ;73/ 774

115, M6, 17,118
ocj,,]:1,...,7
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g

Appendix A
u= %(ZdCOS([X) d),

Instantaneous displacement, velocity, and acceleration of rotor system in X;
direction, respectively.

Instantaneous displacement, velocity, and acceleration of rotor system in X,
direction, respectively.

Instantaneous displacement, velocity, and acceleration of the second-order
filter that coupled to the rotor system in X; direction.

Instantaneous displacement, velocity, and acceleration of the second-order
filter that coupled to the rotor system in X, direction.

Instantaneous displacement and velocity of the first-order filter that coupled
to rotor system in X; direction.

Instantaneous displacement and velocity of the first-order filter that coupled
to rotor system in X, direction.

Linear damping parameter of the rotor system in X; and X directions.
Linear damping parameters of the second-order filters that coupled to the
rotor system in X; and X, directions, respectively.

The natural frequency of the rotor system in X; and X, directions.

Natural frequencies of the second-order filters that coupled to the rotor
system in X and X, directions, respectively.

Internal-loop feedback gains of the first-order filters that coupled to the rotor
system in X; and X, directions, respectively.

The angular speed of the rotor system.

The rotor system eccentricity.

Control signal gains of the ALIPPF-controller.

Feedback signal gains of the ALIPPF-controller.

Non-linear coupling coefficients of the rotor system.

Non-linear coupling coefficients of the ALIPPF-controller.

Steady-state oscillation amplitudes of the rotor system in X; and X,
directions, respectively.

Steady-state oscillation amplitudes of the ALIPPF-controller.

The difference between the rotor angular speed (Q2) and its natural frequency
(w):o=0—-w.

w? =2pcos(a) +p — 3,

18p cos(a) + 18p cos®(w),

g = 6d cos® (&) — 6d cos(a), a5 = 2d% — 2d? cos?(a),

ap = —6p cos (IX) 3p + 2p® cos?(a) + 6 + p? + 8 cos* () — 8cos?(a),
ay = 2p? — 2p? cos?(a) + 24 cos?(a) — 24 cos* () —

= —3d + 2pd + 4pd cos? (a) — 6d cos’ (a),
w5 = 2d% — 2d° cos?(a),

a7 = 12d cos® () — 12d cos(a) + 4pd — 4pd cos? (),
B1 = 2pip cos(a) — 317 cos*(w),
B2 = 2dny cos(w),

Bs = g1t

Ba = 2pi3 tan(a) sin(a) — 6173 sin* (),
Bs = 73 tan? (),

Be = 2dnz tan(a) sin(a),

By = —3771 sin?(«),

Bs = 1,

By = 2dr]2 cos(a),
B1o = 17374 tan® (),
B = 2p772 cos(a)
B2 = ’774 an ("‘)
B1s = 2pns tan(a)
B1a = 2d774 tan(a)
Bis = 87741

B16 = =314 sin(a),

31, cos?(a),
, sin(a) — 6174 sin?(«),
sin(a),

wg = 2d% cos? () + d?,

71 = 2pi3 cos(a) — 3173 cos?(w),
Y2 = 2dn3 cos(a),

3= %U%

Y4 = 2py1 tan(a) sin(a) — 6771 sin?(a ),
75 = $17? tan?(a),

Y6 = 2dn tan(a) sin(x),

v = —3113 sin?(«),

Y8 = 773’74/

Y9 = 2d174 cos(a),

Y10 = 4’71’12 tan?(w),

"1 = 2p;14 cos(zx — 314 cos?(a),
Y12 = §773 tan®(a),

Y13 = 2p12 tan(a) si
T4 = 2d’72 tan(a) si
Y15 = 8774,

Y16 = —31asin® (),
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