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Abstract: Gear transmission system dynamic responses under high-speed and heavy-duty working
conditions were obviously affected by support structures, especially in lightweight design. However,
web thicknesses and angles were usually ignored in dynamic modeling process. Therefore, a full mesh
model with web structure was built and its dynamic characteristics were analyzed by a modified
vector form intrinsic finite element (VFIFE), which is proposed to solve high-speed dynamic problems
with good efficiency. For spiral bevel gear pair dynamic characteristics, the impacts of web thicknesses
and angles were simulated and discussed. Simulation results showed that web support angles will
affect gear meshing performance and dynamic characteristics more remarkable than web thickness
did. In addition, the good performance of the proposed modified VFIFE method was proved, which
showed good computing efficiency.

Keywords: spiral bevel gear; vector form intrinsic finite element method; high-speed dynamics; web
thicknesses and angles

1. Introduction

As modern engineering equipment develops, gear transmission systems, which are
widely used in mechanical equipment, face new requirements and challenges: high speed,
heavy duty, high precision, light weight, low vibration, etc. All these development di-
rections set higher requirements on gear analysis and design. For current gear dynamic
simulation, the lumped-mass method (LMM) is the most commonly used methods for its
advantage of simple modeling and small computation, but the simulation accuracy will
decrease due to the ignorance of structure and degree of freedom (DOF).

To meet the requirement of simulation accuracy, multibody dynamics (MD) and finite
element method (FEM) are preferred recently in gear transmission system simulation. The
most important matter is that structural flexibility is added into a dynamic model, which
could not only improve model and simulation accuracy but also satisfy complex analysis
conditions. In addition, the combination of different methods helps to avoid drawbacks
of a single approach. To summarize recently published literature, it can be easily seen
that researchers and experts are establishing new models to ensure higher precision in the
modeling process. In order to reveal the rules and characteristics of a gear transmission
system, many scholars have carried out a lot of theoretical and experimental research.

For rigid–flexible coupling dynamics modeling, Ke Xiao proposed a rigid–flexible
gear model considering ring gear, composite material and the hub to analyze dynamic
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characteristics under the impact of geometric eccentricities [1]. Liu Jing presented a flexible-
rigid coupling dynamic (FMBD) model for a planetary gear to discuss effects of the moment,
fault thickness, and rotational speed on the responses of the planetary gear, in which flexible
ring gear, supports and a rectangular local fault on bearing were considered [2]. Based
on the MFBD (multi-flexible-body dynamics), Hao Chiyu established the rigid–flexible
coupling dynamic model of a planetary gear and concluded dynamic rules of dynamic
stress distribution to determine the dangerous location, and the results were compared
with experiment further [3]. Siar Deniz Yavuz, Peng Zhike, Fang Zongde and some other
researchers took flexibility of shafts and support structures into account. The mixed
element models were used to balance computing time and accuracy [4–7]. It is obvious that
increasing numbers of researchers focus on the structural flexibility of the transmission
system [8–10].

For gear transmission dynamic and excitation analysis, stiffness, transmission error,
backlash, and meshing impact are the main factors, which have been studied in depth. M
Chandrasekaran simulated mesh stiffness of the gear tooth pair based on FEM for healthy
gear and fault gear, which revealed meshing stiffness and load distribution rules [11]. Tak-
ing the herringbone planetary gear train as a research object, Ren Fei revealed the impact of
manufacturing error excitations (manufacturing eccentric errors, herringbone gear actual
structure characteristics and tooth profile errors of gears), time-varying meshing stiffness,
bearing deformation, and gyroscopic effect on the dynamic behavior of the gear transmis-
sion system [12]. JDM Marafona studied the contact length variation and its influence on
gear mesh stiffness and proposed an algorithm to generate constant mesh stiffness gears,
taking into account the mesh efficiency and safety factors [13]. Hua Xia discussed the
elasticity of the bearings using the finite element formulation in spiral bevel gear dynamic
model, which revealed vibration rules of spiral bevel gear system [14]. G Belingardi ana-
lyzed gear transmission system for an electric vehicle using multibody dynamic analysis
method, in which the excitation factors and the responses were discussed [15]. Moreover,
KimJin-Gyun, S.Filgueira da Silva, Chris K. Mechefske, Andrew D. Ball and some other
researchers explored gear dynamic characteristics under the impact of elastic stiffness
of mechanical components, meshing stiffness caused by wear, gear eccentricities, inertia,
etc. [16–19]. Among the excitation analysis studies, it has to be pointed out that LMM and
MD are the most commonly used methods, and which present difficulties in structural
flexibility modeling.

Therefore, for web structure vibration of transmission system, relatively few studies
have been conducted, due to modelling difficulties. Shuting Li developed FEM software
to calculate centrifugal deformations and centrifugal stresses of the thin-walled gear by a
cantilever model [20]. Li Zhengminqing defined the web structure of a face gear pair as a
spring and dashpot to add into the face gear dynamic model, and also proposed a solution
of active vibration based on web vibration analysis [21,22]. Hou Liguo built a hybrid finite
element analytical method to balance computing speed and numerical accuracy, which
discussed the effects of gear web structure and gear rim thickness on system dynamic
characteristics [23]. B. Guilbert proposed a combination method of sub-structures, LMM
and beam elements to solve system dynamics, considering centrifugal effects and flexibility
of web, flange and shaft [24,25].

According to the literature review above, it is easy to find that more scholars take
structural flexibility and simulation accuracy as a key point in gear dynamic studies.
However, since web structure is always oversimplified in current research, there are still
some problems needing further study [26]: (1) it is difficult to precisely describe the
structural stiffness and damping ratio; (2) the way gear meshing quality interacts with web
structure is not clear; (3) the impact that web structure changes would have on system
dynamic characteristics. This is because most studies were confined to existing methods
for many years, methods whose shortcomings are hard to overcome even though the they
are continuing to be improved and perfected.
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Therefore, the author proposed a modified vector form intrinsic finite element method
to deal with high-speed gear simulation. The VFIFE method was first presented in civil
strong non-linear analysis, whose obvious advantages have been proved in good conver-
gence, simple modeling and at an acceptable speed [27–30]. The author Hou proposed
a modification theory in element computing and damping force, which made it rather
suitable for high-speed gear dynamics [26,31]. Based on the proposed method, this paper
modified VFIFE to establish dynamic damping model for high-speed simulation. On that
basis, spiral bevel gear models with different web structure thicknesses and angles were es-
tablished and simulated to reveal influences of web structure on gear meshing performance
and dynamic characteristics.

The paper is organized as follows: The basic theory of modified VFIFE method and
dynamic damping model are established in Section 2. Spiral bevel gear meshing theory,
mesh model and settings are conducted in Section 3. Simulation results considering web
structure thicknesses and angles changes are discussed in Sections 4 and 5, respectively.
Eventually, in Section 6, we draw the conclusions to summarize characteristics of the
proposed method.

2. Basic Theory of Modified VFIFE Method and Dynamic Damping Model of SBG

For traditional VFIFE method, the model is discretized into mass points and massless
elements with dynamic equation:

m
..
x = P + f + fd (1)

m,
..
x, P, f is the mass, acceleration, external and internal force, respectively. fd = −ζm

.
x

is virtual damping force with virtual damping coefficient ζ > 0.
The control Equation (1) is proposed for static analysis, which means the value of

damping force (depends on damping coefficient and absolute velocity) has little influence
on convergence results. When it comes to high-speed dynamic analysis, the control equation
and damping model become inapplicable. Thus, this Section introduces a simplified 3-D
hexahedral element theory and a control equation with a new damping model, which
would lay the foundation of the SBG dynamic simulation.

2.1. Modified VFIFE Method

Due to computing complexity and spatial structural features, the author proposed a
simplified 3-D hexahedral element theory to diminish computing amount, which has been
proved by comparison with FEM [32].

Solving the process of pure nodal deformation is illustrated by Figure 1, in which
three steps are needed to calculate pure nodal deformation: (1) point coincidence, (2) line
coincidence and (3) face coincidence. As shown in Figure 1, a black hexahedron and
red hexahedron represents the element before and after deformation, respectively, with
superscript 0 and n. Choose one node as the reference point as well as the origin of a
local coordinate system (we deformation a as the reference point in this paper). The first
step “point coincidence” (Figure 1a,b) means to make two reference points coincident by
translating, which can be expressed by:

∆u = un
a − u0

a (2)

in which u is the position vector of nodes while superscript n means the final position with
deformation. The initial position 0 means initial position without deformation. Subscript a
represents the point number in the element. After the first step of translation, new position
of the element with superscript’ is shown in Figure 1b.
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Figure 1. Solution procedure of pure nodal deformation where. (a) initial element and deformed
element; (b) superpose initial element and deformed element at reference node a; (c) superpose
initial element and deformed element at reference side a; (d) superpose initial element and deformed
element at reference face abd.

The second step “side coincidence” (Figure 1b,c) means to superpose side ab and a′b′

by rotating the deformed element (the red element), while rotation angle θ1 is between side
ab and a’b’ and the rotation axis vec1 can be calculated by vector ab and ab′:

vec1 =
ab× ab′∣∣ab× ab′

∣∣ (3)

The third step “surface coincidence” (Figure 1c,d) means to superpose surface abd and
a′b′d′ by rotating the deformed element (the red element). Similarly, the rotation angle θ1 is
calculated by normal vectors of surface abd and abd′′ (nabd and nabd′′ ), and the rotation axis
vec2 is also obtained: 

nabd = ab × ad
|ab × ad|

nabd′′ =
ab × ad′′
|ab × ad′′ |

vec2 =
nabd × nabd′′

|nabd × nabd′′ |

(4)

For any rotational axis vec with rotational angle θ, the rotational matrix R can be
written as:

R(−θ) = [1− cos(−θ)]V2 + sin(−θ)V (5)

where V =

 0 −vecz vecy
vecz 0 −vecx
−vecy vecx 0

 and vec = [vecx vecy vecz]
T. Rotational matrix R1

or R2 corresponding to vec1 or vec2 can be calculated by Equation (5).
Finally, the pure nodal deformation of the element is obtained (as shown in Figure 1d):

qi = u0
i − u′′′i (i = a, b, c, . . . g, h) (6)

in which u′′′i represents deformation coordinates of node i.
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2.2. Establishing of Dynamic Damping Model of Gear Dynamics

The traditional damping model defined in Equation (1), which is proportional to the
magnitude of velocity with opposite directions, is not applicable for dynamics analysis
because of the following: (1) damping coefficient is usually less than 0.1 and low damping
coefficient could greatly reduce the rate of convergence, which multiplies the computing
cost to unacceptable levels; (2) using the larger damping coefficient to accelerate the
convergent process would result in distortion of the computational solution, due to over-
large damping forces.

Inspired by meshing damping model used in the lumped-mass method, we decided
to use the relative velocity of meshing surfaces instead of absolute velocity to describe the
damping force. Section 2.2 introduces the following: (1) basic contact model and (2) how
to define relative velocity and damping force. More detailed information is available in
reference [32].

2.2.1. Contact Model

It is easy to find the specialty of gear meshing and surface contact: (1) contact surface
is certain and simple repeating (tooth profile); (2) contact deformation is regarded as
elastic deformation; (3) small contact deformation reduces the difficulty of nonlinear
computational convergence as well as contact search. From these characteristics, we
determine to apply master–slave algorithm and inside–outside algorithm for global search
and local search, respectively.

The master–slave algorithm was firstly proposed to solve the contact behavior of
contact–impact problem widely used in finite element software [33]. In this method, two
contact surfaces are defined as master face and slave face, on which nodes are master
nodes and slave nodes. The core idea of inside–outside local search algorithm is judging
the master node located in or out of the effective region of the element using vectors, as
detailed in reference [34].

2.2.2. Relative Velocity and Damping Model

As discussed in the preceding Section, damping force defined by fd = −ζm
.
x is not

suitable for high-speed rotor dynamics. Therefore, a relative velocity damping force model
is proposed in this paper.

It is not difficult to find that velocity
.
x used in static analysis is a simplified equation

of a complete expression, which means
.
x is the velocity difference between transient state

and static state, or more precisely, velocity difference between transient state and steady
state. Damping model can be redefined by fd = −ξ∆

.
x in this way. ξ is damping ratio and

∆
.
x =

.
xt −

.
xt_steady represents velocity difference. Since

.
xt_steady is a fluctuating value for

dynamics, theoretical velocity
.
xtheo can be used to replace

.
xt_steady and ∆

.
x can be written as

∆
.
x =

.
xt −

.
xtheo. For node i, the relative velocity is obtained:

∆
.
xi =

.
xi_t −

.
xi_theo =

.
xi_t −ωtheo × ri (7)

in which ri is rotation radius of node i, ωtheo is theoretical angular velocity at time t, for
gear ωtheo = ωgt, and for pinion ωtheo = ωpt. Angular velocity norm ωgt and ωpt at time t
can be calculated by nodes on gear body:

ωgt =
l

∑
k=1

vgk

rgk · l
, ωpt =

n

∑
j=1

vpj

rpj · n
(8)

where l and n represent the number of body nodes (represented by k and j) on gear and
pinion, vgk and vpj are velocity magnitudes, rgk and rpj are radius of rotation axis.

Therefore, we could define damping force as:

fdi = −ξ ·mi · ∆
.
xi = −ξmi(

.
xi_t −ωtheo × ri) (9)
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Then, the damping model was established.
Plug Equation (9) into Equation (1) and the control equation can be written as:

m
..
x = P + f− ξ ·m · ∆ .

x (10)

3. Basic Model of SBG
3.1. Basic Parameters and Machine-Tool Settings

Based on the design method of spiral bevel gears [35,36], basic parameters and
machine-tool settings were designed and list in Tables 1 and 2.

Table 1. Basic parameters.

Items Pinion Gear

Tooth number 27 79
Modulus (mm) 3.15 3.15
Pressure angle (◦) 20 20
Mean spiral angle (◦) 30 30
Face width (mm) 30 30
Shaft angle (◦) 90 90
Mean cone distance (mm) 116.49 116.49
Hand of spiral Right Left
Pitch angle (◦) 18.87 71.13
Root angle (◦) 17.9 72.1
Addendum (mm) 3.34 1.32
Dedendum (mm) 1.91 3.94

Table 2. Machine-tool settings.

Items
Pinion Gear

Concave Convex -

Profile angle (◦) 20 20 20
Point radius (mm) 94.01 96.18 94.26
Cutter diameter (mm) 152.4 190.5
Cradle angle (◦) −50.44 −48.81 50.16
Radial distance (mm) 104.53 108.77 107.42
Blank offset (mm) 1.41 −0.62 0
Machine center to back (mm) −1.16 −0.13 0
Sliding base (mm) 0.41 0.10 −0.50
Machine root angle (◦) 17.90 69.44

3.2. Models and Settings

According to gear engagement theory and modeling method, the mesh model of
spiral bevel gear pair can be obtained meeting assembly conditions, as shown in Figure 2.
Node A is on the root of web structure connecting with shaft which is a reference point in
results discussion.

Figure 2. Mesh model and constraint conditions.
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After installation, gear and pinion both take the right meshing position. Nodes inside
gear body have been imposed restrictions (as highlighted in Figure 2): both pinion and
gear release the rotational DOF of rotational axis while rotational speed and load torque
are applied on pinion and gear, respectively. Material properties and working parameters
are as follows: elastic modulus E = 2.06× 105 MPa, Poisson’s ratio µ = 0.29, applied torque
on gear T = 800 Nm, input rotational speed ωp = 20,000 rpm. The friction was ignored due
to its negligible effect on dynamic behavior.

4. SBG Dynamic Analysis with Different Web Thicknesses
4.1. Model Establishment

Thin-web structure thicknesses would increase system flexibility, change system mass
and natural frequency, in which the lightweight is rather important in aviation equipment.
Therefore, influences of web thicknesses on the SBG dynamic behaviors would be analyzed.
According to design parameters of an aviation SBG, the web thicknesses t would be set as
6.5 mm, 5.0 mm and 3.5 mm, respectively, as shown in Figure 3.

Figure 3. Mesh model with different spoke plate thicknesses.

4.2. Results Discussion

Models with different web thicknesses were simulated by the modified VFIFE method
proposed in Section 2. Contact force, contact stress and dynamic transmission error are
discussed, respectively. There are four simulation groups in this section: SBG model with
no web, SBG model with web thicknesses t = 6.5 mm, SBG model with web thicknesses
t = 5.0 mm, and SBG model with web thicknesses t = 3.5 mm. The group of SBG model
with no web is a control group to reflect the influence of web structure. To eliminate effects
of web support angles, the angles are all set as 70◦. All the four groups are simulated
in the same parameters, including working conditions, constrained conditions, damping
coefficient and other simulation settings to ensure comparability between different groups.
The proposed method performs well in simulation speed, where it costs less than 8 h even
for the 140-thousand-element models (with computing conditions: single-core i7-CPU with
2.6 GHz, RAM 8 GB, programming language C++). More than 40 tooth meshing processes
were simulated and were extremely stable. Since the accuracy was discussed in a former
study (refer to reference [31]) and needs further experiment verification, it is neglected here.

4.2.1. Contact Force and Contact Stress

The total contact force is obtained by the summation of contact force on each meshing
tooth surface. Equaling to contact force of gear, the contact force of pinion is analyzed
as the object. To make the change rules much clearer, the results were intercepted for
several periods, as illustrated in Figure 4. It can be seen from the figure that absolute
values of the contact force were affected little by web structure, while periodicity shows
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obvious differences. For the model with no web, the data is nearly strictly the same for each
cycle. On the contrary, dynamic forces of models with web structure illustrated distinctly
low-frequency signal superposition, which are caused by flexibility of the web structure. In
addition, different web structure thickness models show different low-frequency changing
rules and fluctuation for model with web thickness 3.5 mm seems smallest.

Figure 4. Contact forces of models with different web thickness.

Based on the contact force simulation results, the contact was calculated according to
the contact area. Since subtle differences of contact force values between different model,
the contact stresses would show few differences. Taking one tooth surface for example,
the contact stress curves are exhibited in Figure 5. Due to the same analysis process, the
abscissa uses steps instead of time.

Figure 5. Contact stresses of models with different web thickness.

It can be concluded from Figures 4 and 5 that web structure has little influence on
the gear surface meshing performance. Therefore, tooth surface design can be conducted
directly without considering web structure thickness.

4.2.2. Dynamic Transmission Error

The effect of web structure thickness on SBG meshing performance is discussed, where
the results show few differences between models. However, it does not mean the dynamic
responses will show the same trend. The dynamic transmission error (DTE) is one of
the most important indexes representing system vibration performance, which means the
deviation between theoretical and actual rotation angle and can be written as follows:

DTE = θg −
zp

zg
θp (11)

in which, θg and θp are the actual rotating angle of gear and pinion, zg and zp are tooth
numbers of gear and pinion. Due to deformation, the actual angle will always be smaller
than the theoretical angle, which means the DTE should be a negative number all the time.
For this simulation, θp is theoretical because of DOF constraints. The results are shown in
Figure 6, in which the transmission error is described in arc-second.



Appl. Sci. 2022, 12, 3084 9 of 13

Figure 6. Dynamic transmission error of models with different web thickness.

The picture shows that results of three web-structure-models appear similar trend
even though low-frequency rules are different, which perform consistent with contact force
change rules. However, vibration rules of the model with no web structure are totally
different: (1) the period follows a strict tooth meshing cycle without any low-frequency;
(2) the vibration signal shows an obvious triple meshing frequency; (3) it is not clear about
meshing in or meshing out for a meshing period. These phenomena are mainly caused
by constrained nodes on gear body which are too close to the gear tooth. In addition, the
model with web thickness 3.5 mm shows the smallest fluctuation in a single period, which
reveals that increase in web thickness could not improve dynamic transmission error.

5. SBG Dynamic Analysis with Different Web Support Angles
5.1. Model Establishment

Different from web structure thickness that seems to have an obvious impact on system
mass and natural frequency, web support angle would have a huge effect on vibration
rules and dynamic stress. Similar to web thickness which is based on an aviation SBG
parameters, the web support angle θ would be set as 55◦, 70◦ and 85◦ respectively, as shown
in Figure 7. To eliminate effects of web thickness, the web thickness is all set as 5.0 mm.

Figure 7. Mesh model with different web support angles.

5.2. Results Discussion

Models with different web support angles were simulated by the modified VFIFE
method proposed in Section 2. Contact force, contact stress and dynamic transmission error
are discussed, respectively. All the three groups are simulated in the same parameters, as
in Section 4.

5.2.1. Contact Force and Contact Stress

Contact forces and contact stresses are calculated similar to Section 4.2.1 and the results
are illustrated in Figures 8 and 9.

Different from web thickness, changes of support angle have a certain effect on gear
meshing properties. It can be observed clearly that contact force of the model with support
angle 85◦ exhibits best periodicity as well as smallest contact stress (646.07 MPa), which is
about 8% off compared to the other two models. The comparisons indicate that adjustment
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of web support angle would increase or decrease meshing quality. For this SBG example
under specified working conditions, it could be concluded that a large support angle (85◦)
would improve meshing performance.

Figure 8. Contact forces of models with different web support angles.

Figure 9. Contact stresses of models with different web support angles.

5.2.2. Dynamic Transmission Error

Dynamic transmission errors of different models are obtained based on Equation (11).
These results are compared in the same coordinate system, as Figure 10 shows. It is
obvious that average absolute values increase first and then decrease as the support angle
becomes larger. The average values of models with web support angle 55◦/70◦/85◦ are
−35.73′ ′/−44.24′ ′/−38.00′ ′, respectively, which illustrates that a mid-sized web support
angle would increase deformation by more than 20%. In addition, changes of web support
angle have little influence on DTE fluctuations. The figure also shows an obvious upward
trend of DTE values for web-angle 70◦ and a declining trend for web-angle 85◦. These
trends are caused by a low-frequency period of web structure vibration. Different web
design parameters would affect the mass and natural frequency of the system, which
would generate a different vibration mode. The flexibility of the web structure would
cause about 2 arc-second for the models with web-angle 70◦ and 85◦, but it has much
less influence on the model with web-angle 55◦. When the travelling wave resonance
occurs, the low-frequency period would be more remarkable, which would even result in
structure failure.

Figure 10. Dynamic transmission errors of models with different web support angles.
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5.2.3. Dynamic Stresses

As the web structure changes, the stress distribution must be different. Unlike the
impact of web thickness on web stress, wherein the wider the web thickness the stronger
the structure, the influence of the support angle is not intuitive. Taking node A on the
root of the web structure as an example, dynamic stresses of three different models on
node A are calculated and shown in Figure 11. The peak value corresponds to the posi-
tion when the distance between node A and meshing tooth pairs is nearest, which would
lead to a dramatic change of stress or strain. Stresses of three different models are to-
tally different in peak value, stable average value, lasting time, etc. For peak values,
speak55◦ = 116.9 > speak70◦ = 70.9 > speak85◦ = 52.9, with a maximum relative error 121%
(taking the minimum as the reference). For stable average values, the relationship is
savr85◦ = 35.1 > savr55◦ = 20.9 > savr70◦ = 6.1, with a maximum relative error of 475% (tak-
ing the minimum as the reference). For dynamic stress lasting time span, the relationship
is stime70◦ ≈ 0.54 ms > stime85◦ ≈ 0.51 ms > stime55◦ ≈ 0.48 ms, which is estimated by the
fluctuation of adjacent values. Therefore, web support angle design should be based on the
overall consideration of different factors.

Figure 11. Dynamic stresses of models with different web support angles.

6. Conclusions

In this paper, a series of spiral bevel gear models with web structure is established and
calculated by the proposed modified VFIFE method. The influences of web structure on
gear dynamic performance were discussed. From the computer simulation, the following
conclusions can be made.

(1) The proposed modified VFIFE method showed good balance in computing speed and
computing accuracy. Computing time was less than 8 h for models with more than
140 thousand elements. Meshing period and rules are adequately illustrated in the
results. Thus, the proposed method would be suitable for high-speed simulation.

(2) The dynamic performance of spiral bevel gear models with different web thicknesses
was simulated and compared, in which the results showed that web thicknesses had
little influence on meshing performance but obviously affected dynamic transmission
error.

(3) The dynamic performance of spiral bevel gear models with different web support
angles was simulated and compared, in which the results showed that support angles
affected both meshing performance and dynamic characteristics more distinctly than
web thicknesses.

For future work, the accuracy of the proposed method should be verified by exper-
iment. In addition, system dynamics considering bearings and shafts could be further
discussed.
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