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Abstract: In this study, we examined the robust super-twisting sliding mode backstepping control
(SBSC) method, which employed a tracking differentiator and nonlinear disturbance observer for a
hexacopter unmanned aerial vehicle (UAV) system. To realize robust tracking control performance for
a highly coupled nonlinear hexacopter UAV system, a super-twisting sliding mode control method
was combined with designing stabilizing controls of backstepping control (BSC) applied to the UAV
system. Furthermore, the differentiation issue of the virtual control and compensation of transforma-
tion error in the conventional BSC design were bypassed via a new continuous tracking differentiator
structure. Additionally, a new disturbance observer based on the proposed tracking differentiator
was considered to estimate uncertainties of the hexacopter UAV. Comparative simulation results
demonstrated that the proposed tracking-differentiator-based SBSC scheme (PTSBSC) blended with
the tracking differentiator and nonlinear disturbance observer exhibits improved performance when
compared to that of conventional BSC and disturbance observer systems.

Keywords: hexacopter unmanned aerial vehicle; backstepping control; super-twisting sliding mode
control; tracking differentiator; nonlinear disturbance observer

1. Introduction

Developments of the rechargeable battery source, brushless DC motor, and various
related techniques lead to increased research unmanned aerial vehicles (UAVs). The
multi-rotor UAVs exhibit significant advantages in terms of hovering capability and ma-
neuverability involving side and backward movement, vertical take-off and landing in 3D
space, and lower maintenance cost than other small aerial vehicles [1-4]. Thus, UAVs were
initially used for military applications. However, recently, its applications were extended to
agriculture, aerial photography, inspection, surveillance, rescue, transport monitoring, and
exploration of inaccessible areas. Most multi-rotor UAVs adopted a four-rotor mounted
quadrotor structure, and they exhibit limited power for heavy cargo delivery. Currently,
UAVs mounted with more rotors, such as hexacopter and octocopter UAVs, when com-
pared to four rotors, were developed to enforce lifting and higher capabilities in terms
of flying time [5-10]. When considering the efficiency of UAVs, the hexacopter is more
feasible than the octocopter because an increase in the number of rotors leads to an increase
in size and cost.

However, safe and reliable flight of multi-rotor UAVs should be secured. This is
because severe damages can result if the UAV falls or crashes, and the increased speed
rotation of a multi-rotor can lead to more severe accidents. Thus, to guarantee safety and
reliability in the flight of multi-rotor UAVs, an effective and robust controller is required to
overcome the following challenges: (1) under-actuated control scheme for six degrees of
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freedom (DOF) with four control inputs; (2) strongly coupled nonlinear dynamics between
translational and rotational subsystems and kinematic coupling terms; and (3) uncertainties
including external disturbances, such as wind and rain, in outdoor environment and
unknown dynamics due to varying load.

Several control methods have been utilized to handle the above issues. Linear con-
trol schemes, including proportional-integral-derivative (PID) [7,9,11], linear quadratic
regulator (LQR) [12,13], predictive control [14], and He, control [15] have been initially
applied for the fundamental flight task of the multi-rotor UAVs. However, these methods
undergo their application limits due to performance degradation when the UAV leaves
away its designed trimming points or accepts excessive perturbations. To handle these
limits, recursive backstepping control (BSC) [6,16,17] is generally utilized as a baseline con-
troller because BSC is appropriate for the aforementioned coupled higher order nonlinear
systems and especially for multi-rotor UAVs [18-23]. The procedures for stabilizing system
states are recursively repeated in the BSC design by utilizing virtual controllers, and the
final controller is obtained in the last recursive step. Thus, a controller for any nonlinear
system can be systematically designed without utilizing any linearization, which neglects
useful nonlinearities.

Conversely, despite the popularity and advantage of the BSC scheme, there exist
several disadvantages in the traditional BSC scheme. First, the virtual stabilizing controls
contain the repeated differentiation terms with respect to virtual controls designed during
the pre-recursive steps for high-order nonlinear systems. Hence, this leads to an increase
in complexity. The tracking differentiator methods [24-30] were recently investigated as
a potential solution. Furthermore, the second-order finite-time command filter [31-33]
was considered to obtain improved properties to guarantee finite-time convergence and
avoid increases in complexity, given that the traditional BSC schemes were designed in
the point of infinite-time convergence. However, the traditional tracking differentiators
exhibit the disadvantage of slow convergence time, though the recently developed tracking
differentiators in [27-29] show more improved performance than those of the previous ones.

Second, most BSC systems were designed to be based on the nonlinear model dynamics
in each recursive step and are then exposed to the uncertainty issue. Hence, they are
sensitive to uncertainties, and control performances will be degraded when the parametric
perturbations and external disturbances occur. Further efforts have been made to enforce
robustness to uncertainty in the ordinary BSC system.

The first solution for the second issue is that BSC is typically combined with the
first-order sliding mode control (SMC) [34] by utilizing the robustness property of SMC.
However, there is a chattering disadvantage of the first order SMC [35-38].

As the second solution for the second issue, to enforce control performance by estimat-
ing and compensating uncertainties, several disturbance observers are developed [39-45].
A disturbance observer studied in [39,40] is applied to estimate uncertainties for nonlinear
systems. However, it has the drawback that the observer is designed under the assumption
of slow variation of uncertainties. An extended state observer (ESO) in [41,42] is devel-
oped on the position feedback, which is commonly obtained by integrating the velocity
information of the system, especially for the multi-rotor UAVs. The long-time integration
errors will influence the position information, which further degrade estimation accuracy
of the observers. Disturbance observers utilizing a tracking differentiator to bypass the
differentiation error in velocity feedback routine are developed in [43-45]. However, the
convergence rate of the state of observer is slow, and the resulting estimation performance
for uncertainties is degraded. Hence, to cope with the lower convergence performance in
these observers, a more enhanced observer is required to achieve higher estimation and
compensation of the uncertainties.

Motivated by the aforementioned works, as an alternative to the first-order SMC,
the super-twisting algorithm (STA) [46—49] was developed because the STA offers the
following advantages: it requires only the information on the sliding variable; it provides
finite-time convergence to the origin for the sliding variable and its derivative; and it gener-
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ates a continuous control signal to consequently adjust chattering. Furthermore, a novel
continuous tracking differentiator based on the sine hyperbolic function is proposed to
enhance lower performance traditional tracking differentiators. Finally, a novel disturbance
observer based on the proposed tracking differentiator is examined to estimate the external
disturbance in USVs. Therefore, in this study, a BSC system combined with STA (SBSC) is
considered to realize finite-time convergence and robustness with respect to uncertainty
over the conventional BSC system.
The contributions of this study are summarized as follows:

(1) The traditional BSC is combined with the STA to enforce insensitivity to variation of
uncertainties of a hexacopter UAV system and bypass chattering in the traditional
BSC combined with the first-order sliding mode control.

(2) The proposed SBSC control strategy for a hexacopter UAV improves finite settling-
time convergence when compared to the traditional BSC system. Faster movements
of a hexacopter UAV will be expected for a perturbed environmental situation.

(3 A novel continuous tracking differentiator based on the sine hyperbolic function
is developed to obtain enhanced convergence of the state variable of the tracking
differentiator. Thus, faster output of the command filter approximation on the deriva-
tive of the virtual control at each recursive step is acquired. The proposed tracking
differentiator system exhibits improved performance when compared to the conven-
tional system.

(4) Animproved nonlinear disturbance observer can be designed by utilizing the pro-
posed tracking differentiator. Hence, the performance of estimation and disturbance
rejection for uncertainties of the hexacopter UAV control system are improved by
utilizing the proposed disturbance observer.

Finally, the performance of the proposed control scheme is evaluated via sequential
comparative simulation of a nonlinear hexacopter UAV system.

The rest of the paper is organized as follows. The nonlinear system model of UAV
and tracking differentiator are presented in Section 2, and the design process for a SBSC
is described in Section 3. Furthermore, stability analysis is discussed in Section 4, and
simulation results for a hexacopter UAV system are provided in Section 5. Finally, the
summary and conclusion of the study are presented in Section 6.

2. Preliminaries
2.1. UAV Dynamics and Problem Formulation

A hexacopter UAV has a mechanism for generating the required forces and torques. The
nonlinear dynamics of a hexacopter, as presented in Figure 1 [10], is expressed as follows:

P = M)
moy = RF — mge; + Fy,

@ = Rrwh/

. 2
Jywy = —wyp X Jywy, + My, + Mg + My, @)

where P = [x, v, z]7 denotes position with respect to the inertia frame, @ = [¢, 6, ]” de-
_ T _ T . s
notes Euler angles, v, = [u,v,w]" and w, = [p, q, ¥]" denote linear and angular velocities,
respectively, in the body-fixed frame. J, = diag(Jx, ], ].) denotes a symmetric positive
definite moment of inertia matrix, e; = [0 0 1]T ; Mg denotes the resultant torque due to
the gyroscopic effect, and F; and M; denote uncertainties, including parameter change,
asymmetric structure, payload variation, rotor fluctuation, and aerodynamic drag, which

6 _ ) . .
are denoted as F; = [dyX, dyy, dZZ]T, My = Y Ji(wp x e;)Q, and My = [dpp, dgb, dlpl/J]T.
i=1

J; denotes the moment of inertia of each rotor and Q = 2 — 2 + Q3 — Q4 Q5 + g, and
€2; denotes the speed of rotor i. The translation force F; contains gravity, main thrust force,
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and other force components. The airframe orientation in space is provided using a rotation
matrix R from the body frame to the navigation frame, and wy, is expressed as follows:

cOcp  spsbcyp — cpsyp  cpsbcy + spsip
Ri = | cOsyp s¢psOsy + cpcyp  chpsOsp — spcyp ] (©)]
—s6 s¢ct cct
1 0 —s0 ¢
wy,=R,=|0 c¢c¢p cOs¢p ] 0 |, 4)
0 —s¢ cOcg P

where s(-) and ¢(-) denote sin(-) and cos(-), respectively. The lift force F = [0, 0, u f]T

and torque My, = [ug, ug, u¢]T are generated by rotors with respect to body-fixed frame
as follows:

6
ug= Y F,
i=1
up = —3F1+ 3Bl + Fl+ 161 — 1K1 — F, ®)
Ug = fFll \61:2[ + @R;l + §P5l,

up =Cy(— P2+ Q3 -2+ 22— 2 +02),
where F; = CleZ denotes the force generated in the i-th rotor, C; > 0 and C, > 0 denote
coefficients of drag and thrust of the propeller, respectively, and ! denotes the distance from

rotors to the center of mass. Given the perturbation of the mass of the body due to the
loading of the carrying object, (1) is expressed as follows:

movy = ReF — moge; + Uy, (6)

where U, = —Amv;, + F; and Am denotes a mass perturbation. Based on the above results,
the translational dynamics equations of the hexacopter can be expressed as follows:

X = mio(crpsecgb + spsip)ug — px, ()
i = o (epsbsing = spep)uy — py ®)
z=-g+ mio(cw)uf — Pz ©)

where py = mio(Amx —dyx), py = miO(Amy —dyy), and p, = mio(Amz —d,z). Next, the
rotational dynamic equations are expressed as follows:

Fy—=7J
$ = 092 T ;x 00) + 7”4’ 04, (10)
Jz — ]x Jr
0= Q-+ — , 11
P Ty ]j4> + ]yue 0o (11)
p= <P9] ]y + Ly — oy, (12)

J2
dgl ; dyl
where pp = ¢, pg = ”%19, and py = ]—’i’tp.
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Figure 1. Description of the hexacopter UAV.

2.2. Tracking Differentiator

In this section, a tracking differentiator is considered to avoid the differentiation of the
virtual controls in the BSC scheme.

Theorem 1 ([26]). If any solution of the following system:

21 = 2,

2y = f(z1,22) (13)

satisfies z; — 0, zo — 0 as t — oo, then for an arbitrary bounded and integrable input function
« and a constant T > 0, the solution of the following system

X] = XZ/
. 14
X2 = R%f(x1— a,x2/R) (14)

satisfies I%im fOT‘Xl — a|dt = 0 if the solutions of (14) satisfy x1 — 0 and xo — 0 as t — oo.
—00

Theorem 2 ([26]). Consider the following system
) X] = X2, (15)
X, = —rsinh(ayx1) — rasinh(az)x2).
The system (15) is global uniformly asymptotically stable if r; > O and a; > 0,i = 1,2,
are satisfied.

Theorem 3. Consider the following system

. ) ) Xl = XZ/ ] (16)
X2 = —R?[risinh(a191(x1 — &) + rosinh(a2¢2(x2) /R)],

where g1(x1 — &) = xsig?(x1 — 1) + (1 = 0)sig>* 12 (x1 — a), p2(x2) = sig"*(x2),

sigh/2(-) :|-|1/zsign(-), 0 <x <1land0 < v < 1are constants. For an arbitrary bounded and

integrable function a and a constant T > 0, I%im fOT] X1 — «|dt = 0 can be obtained if the positive
— 00

conditions of all parameters are satisfied.
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Proof. Transforming w; = x1 — a and wy = X2/ R in (16), it follows that w;rysinh(a;¢(w1)) > 0
because sinh(-) is an odd function. Then, ;' risinh(a1¢(7))d7 > 0, where T means an
introduced integral variable. Thus, we can consider the following Lyapunov function:
21
0

V(wy, wy) = RZ/ risinh(ay@(7))dt + %w% (17)
Taking the time derivative of (17) and using (16) result in

V((U],(Uz) = R%rlsinh(al(p(wl))wz + wzd)z
= R%rlsinh(al @(w1))wy — R2wy[risinh(a; @1 (wy)) + rasinh(az @z (ws))] (18)
= —R2wyrysinh (a2 (wy)) <0

Thus, it is sure that V(wl, wy) = 0 only when w, = 0. Based on (16), when w; = 0, wq
will always be equivalent to zero. If w; — oo and wy — o0, we obtain that V(wq, wy) — 0.
Hence, the solutions of V(wy,w,) do not include any other whole trajectory, except the
origin (0,0).

Therefore, the system (16) is globally asymptotically stable. This concludes the proof.
O

For comparison of the above differentiators, three tracking differentiators were selected.
The first one, which is proposed by Yang et al. [27], is the following hyperbolic tangent
tracking differentiator:

. = . (19)
Xo = —R2[ritansig (a1 (x1 — &) + ratansig(a1x2/R)],
where tansig(a;x) = ﬁ — 1. The second one, which was proposed by Zong et al. [28,29],

is the tangent sigmoid function tracking differentiator given by

X2 = —R2[r{(x1 — a) + |x1 — a|Ptansig(ar (x1 — @)} + r2{x2/R + |x2/ R|Ptansig(ax2/R)}],

where 0 < B < 1is a constant. The third one, the first-order sliding mode tracking
differentiator proposed by Levant [30,31], is considered, which is described as

x1=v1=-rlx- a|'Zsign(x — a) + x2, (21)
Xo = —r2sign(x2 — v1),

3. Design of Controller and Nonlinear Disturbance Observer

3.1. Design of Altitude Controller

The vertical displacement is determined by the altitude controller. The state equation
for altitude dynamics in (8) can be expressed as follows:

X1 = X,

Xp = L(cospcos®)u; — g — pa, @2)

where the altitude state variable x; = z, x; = z, and u; = u,. By introducing the command
trajectory x4 in the z-coordinate, the sliding mode surfaces to include the tracking error
and new states are defined as follows:

s1 = X1 — X14 — C11, (23)

S2 = X2 — X1 — C12, (24)
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where the sliding mode surfaces include the tracking error and the compensating signals.
The state variables ¢1; and 1, in (23) and (24) are obtained from the dynamics of the
compensating signals expressed as follows:

G = —kun + 12+ xm — a1 — B usig' 2 (En), (25)
1o = —kia&12 — &11 — P 12518 2 (E12),

where Brij>0,i=12j=12, denote constants. Next, the output of the tracking differen-
tiator x11 is obtained from the tracking differentiator dynamics described in Theorem (3):

_ X1 = X12, (26)
X12 = —R3[ryysinh(a11 911 (x11, 1)) + r1zsinh(a12R; 912 (x12))],

where @11 (x11,01) = K1sig1/2(xl1 —a)+(1— K1)5i8<2+71>/2(7C11—041)/ 4’12(?(12) = Sigl/z(?(lz),

sigl/2() = |sl-|1/2sign(-). a1 denotes the virtual control defined later, r1; > 0 and a; > 0
are constants, and x; > 1 and 0 < 7; < 1 denote constants. We define the following super-
twisting state variable vectors to design the controller using the variables defined previously.

Li=[Cln i ]T
- k1151 +Sig1/2(81) (27)
| ey [Bys + Frsigh/2(sy) + Ssign(sy))dr |

T
=1[0u (]
[ kyisp + Sig1/2 (s2) ] (28)
—kap [y [K3s2 + 22sigV /% (s2) + 3sign(sa)ldt |
The super-twisting state variable vectors consist of the sliding mode surfaces and

signum functions. Using the definition in (23), the time derivative of the components of the
state vectors in (27) and (28) can then be written as

{11 = kiisy + s 1728
= (22— %19 — &) (29)
= 1 (x2 — %14 + k& — &2 — x11 + a1 + Bearsigt’ (1))
= p1(s2 — X1g + knéun + a1 + Pe1sig'/ 2 (En1)),

C1p = —pikila, (30)
(o1 = kaida + L]s2| /28 -

= U (%(COMPCOS 0)u; — g —p2 — x12 + k12812 +Sn +,3§,125i81/2(§12)),
Con = —poknlan, (32)

where 1 = ki1 + %|51|_1/2 and pp = kp1 + %|52|_1/2. We can select the virtual control from
(29) and control input from (31) as follows:

a1 = —ki1lin — k& — Bearsig? 2 (&) + x1a + (1o, (33)
U1 = sgeosa(—ka18o1 — k812 + &+ 02 + x12 — Gu1 — Be2sig!/ (E12)

—%Z;Sz + (),

(34)
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where 17, = (cx + 48%)51(1 — 2e1lkn, ¢ > 0and ¢, > 0, k = 1,2, are constants, the virtual
control input &1 denotes the recursive input, and u; denotes the final control input. Using
(33) and (34), (29) and (31) can be expressed as follows:

G = —kimln + mli + mis, (35)
{o1 = —pokon {1 + Halor — V17271 §2 — U202, (36)

where pp = pp — 02 denotes the estimate error. Considering the above results, the following
compact expressions can be obtained:

s kin -1 I U1
b= o e ][]

' ko —1 } [ {n } —Eits { Hop2 }
= + 2 + . 38
&2 P‘Z{ ky 0 {2 0 0 (38)
We define the Lyapunov function candidate as follows:
Lor Loy
Vi =58Pl + 58P0, (39)

where Py denotes positive definite matrices defined as follows:

Cx + 48% —2¢y,

P = —2¢; 1

, k=12

Differentiating (39) with respect to time and using (37) and (38) result in the follow-
ing expression:

Vi ={TPg + 3Py,
< =T Q181 + mmsa—m203 Qalo + Papializ — Ha1152 (40)
2

< _121 1kt Quly + 2,

where 11, = (¢ +4€2) k1 — 2exlk2 , [P21i2172| < 62, and the positive definite matrix

Zkkl(ck + 48%) — dkoey (Ck + 4€%) — 2¢erkiy + ko

k=12
cx+ 48,% — 2erkiq + ko 4ep

Qx =
3.2. Design of Longitudinal and Latitudinal Controllers
Let us define the state variables for x-, y-axes and roll, pitch axes from (6), (7), (9), and

LT
(10)as x3 = [x y]T, x4 = [ ¥] T xs=[p 0]7,and xs = [¢ 6] . The state—space model is
represented as follows:

x3 = X4,%4 = Ra(, 11)Ta(x5) — pa, (41)
X5 = X6,%X6 = f6 + Selgpo — L6, (42)

_ 1| cosyp sing .
g6 == dlag(l/]“c l/]y)/ u(pB == [T(p TB}T/ and f6 = [91P(]y - ]z)/]x + ]réQr/]x ¢¢(]z 7]x)/]y - IV¢QV/]y]TI
P6 = [P pg]T. We define the sliding mode vectors including the tracking command, errors,
and state variables as

u1, Ty(xs) = [cos P sinfsingp]” B

7

83 = X3 — X34 — 31, (43)
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S4 = X4 — X31 — 32, (44)
S5 = X5 — X54 — (51, (45)
86 = X6 — X51 — 52- (46)

In the sliding mode surfaces, the dynamics of the compensating signals ¢3;, j = 1,2, is
described as _
¢ = —kinGin + G2 +xin — & — Bisigt?(Zn), (47)
Ein = —knin — &t — Be,insig"/ (i), i = 3,5,
where ﬁg,ij >0, i=3,5 j = 1,2, are constants. Furthermore, x;; is obtained from the
tracking differentiator described as follows:

. Xin = Xi2s ) (48)
Xin = —RZ[rinsinh(a; 91 (xi1, &)) + ripsinh(apR; i (xi2))],i = 3,5,

where ¢;1 (xi1, ;) = risig"/ (v — ) + (1= x;)sig® ™12 (xp—a;), 9io (xia) = sig’*(xin),
x; > 1and 0 < ; < 1 are constants. We define the following super-twisting state Varlable
vectors to design the controller using the variables defined previously

G=ltn ] l ka5 A A ] )
G=ln tal'= [ el e St gl 1 0
=l ]’ [ e s+ S ) B >1dr1’ D
=l o]’ [ el s+ g ) s s 1 2

The differentiation of the above state vectors is as follows:

bl ] = [Herest b
- [ _— ]T: [ ﬂ4(R4(¢’ul)Tj§ZSIc)41_§Z4_X31 — &) ] (54)
A e e
RN v S

where p; = kjj + %|si|71/2, i = 3,456, ] = 1,2. We can select the virtual controls

«;, i = 3,5 for the recursive input, and control inputs u;, i = 2,3 as follows:

a3 = —k31031 — k31831 — Bessig' *(Ea1) + Xaq + Loz, (57)
a5 = —ks1051 — k51851 — Bes1sig' * (Es1) + K54 + {52, (58)
up = Ty(x5) = Ry (9, u1) (—karlar — karap + Pa + x32 — En (59)

—Bea1sig'/2(Ea1) — &4 'y 1 Eamasa + L),
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Uz = Upp = 85 ' (—ke1le1 — k61861 — fo + Po + X52 — Co1 (60)
—Bee15ig'/2(Ee1) — &g 1115 ' Esm556 + Ce2)

cosy siny ! cosyP siny
-1 _ — — 2 _
where R, " = [ sing  —cos ] = [ sing —cosy }, e = (cx +4ep)li — 2exlk2,

ce > 0and g, > 0,k = 3,4,5,6, are constants. Next, substituting these controls into
the dynamics of the compensating signals given in (47) and repeating the procedures of
the previous step, we obtain the following compact expressions for the super-twisting
state vector:

s | kp -1 Ci Misi | .

ool 2B P e
. o ~ et
gk _ —]/lk|: ]l;]i; 01 :l |: gi; :| +Vk|: %k ]+|: M .uk(;lnkflsk :|’ k=46, (62)

where oy = px — P, k = 4,6. The Lyapunov function candidate with (60) and (61) is defined
as follows:

6
1
Va= Y 58Pl (63)
k=3
where Py denotes positive definite matrices defined as follows:

[ o+4ed 2 B
P = 2, 1| k=3,4,5,6.

The time derivative of (63) leads to the following expression:

Vo < —u3ld Q383 — 1502 Qss + pansss + pstisss — Halh Qala — el Qele — 1311353
— 511585 + 0] Halla + Pg el (64)

6
< —k);3 1kCE Quly + 64 + B,

where |pF pana| < 84, |02 1ets| < 06, and the positive definite matrix

Zkkl(Ck + 48%) — dkyoey (Ck + 48%) — 2¢eky1 + kio

, k=23,4,5,6.
cx+ 46% — 2¢ekiq + ko 4ey

Qr=

3.3. Design of the Heading Controller

Let us define the state variable for the yaw axis from (11) as x; = ¢ and xg = . Hence,
the state—space model can be represented as follows:

. . o Jx— I
X7 = xg,x5 = pO—— + —Tp — Pyp= fg + gsla — Ps, (65)
Jz Jz
where fg = ¢t . "]:]V, g8 = ]iz, and pg = py. The tracking error and new states are defined
as follows:
7 = X7 — X74 — {71, (66)
sg = Xg — X71 — G72- (67)

The compensating signals included in (66) and (67) are obtained from the follow-
ing dynamics:
& = —kn&n + &n + xn — a7 — Brnsig 2 (En),

. 68)
En = —kn&zm — &n — Brrsig' /2 (En).
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where f;7; > 0, j = 1,2 are constants. In (67), x71 denotes the output of the tracking
differentiator expressed as follows:

' X1 = X72, . (69)
X7 = —R3[rpisinh(az ¢71(x71, 7)) + rrpsinh(a7R; 972 (x72))],

where ¢717(¢71,a7) = x7sig"/?(x71 — a7) + (1= 17)sig @72 (x71 — a7), 972 (x72) = sig"/* (x72),
k7 > land 0 < 77 < 1 are constants. The super-twisting state variable vectors are

defined as
T krs7 + sig!/?(s7)
= — , 70
7=l ) [ —ka [y [KBs7 + 257sig1/2(s7) + Lsign(s7)ldT 70
T kgsg + sig1/2(58)
= , = ) . , 71
5= ln Cu [ —ksp [y [KBss + 252 sig1/(sg) + 3sign(ss)]dT 7

Next, the time derivatives of the state vector to design the controllers are given by

ot s T | prlas — x7a —En)
&7=102n @nl [ ki ]/ (72)
gg - [éSl ggz]T: us(fs + gstis — ps — X72 — 572) , (73)
—ugksals1

where j7 = k7 + %\57\71/2 and pg = kg + %|58|71/2- We can select the virtual control ay for
recursive input and control input u4 as follows:

a7 = —knl7 — kn&n — Bensig'*(En) + X740 + Ln2, (74)
1 . .
Uy = Uy = g(—km&n —kg18s1 — fs + P8+ Xx72 —C711 — [35,815181/2(582)—%2258 + C82)- (75)

We define the Lyapunov function candidate as follows:

1 1
Vs = 507 Prl7 + 503 Pl (76)
where Py denotes positive definite matrices defined with ¢, > 0 and &, > 0 as follows:

ok 46 —2e

Pe=1 ", 1

k=7,8.

Substituting (74) and (75) into (72) and (73), respectively, and differentiating (76) with
respect to time results in the following expression:

= §7TP7€7 + Cgpsésﬁ — 170 Q707 + prpizss — uslE Qsls — urnzsy+ps xsis,

8 (77)
< —k; kL Qilk + Js,

where 1 = (¢ + 48%)@1 — 2e10ka, |03 ugng| < ds, and the positive definite matrix

2kk1(ck + 48%) — dkyoey (Ck + 48%) — 2¢erki1 + ko

, k=178
Cx+ 48% — 2¢ekiq + ko 4ey

Q=
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3.4. Design of the Disturbance Observer

Assumption 1. The disturbance |p(t)| is bounded such that there exists an unknown constant
that satisfies |p(t)| < p.

Theorem 4. The disturbances p = [p2 ps pe pg]T are estimated by the following novel nonlinear
disturbance observers:

' é = ma[f(x) +§”_X2_gz_ﬁ]r (78)
p = —A2[yp1sinh(cp191(0)) + psinh(cpnA 12 (p))],

where ©® = [{21 {41 o1 ggﬂT denotes the state vector, including the super-twisting state vec-
tor, wy = diag(pa, pa, the, 1), X2 = [X12 X32 X52 X72]! denotes the state vector of the track-

ln rerentiaror, = ernores e statre vector o e compensating siena
g differentiat & [512532552572] denotes the stat tor of th pensating signal,

©1(0) =xsig"/2(0) + (1 —x)sig>™1/2(0), g2(p) = sig"/?(p), @ = 0 -6, p = p—p,
6 and p denote the estimates of © and p, A, o1, Mp2,Cp1, and ¢,y are diagonal positive constant
matrices, respectively. Evidently, ® — © and p — p when A — .

Proof. When A — oo, [qplsinh(cplq)l(@)) + qusinh(cpzA‘lq)z(ﬁ))]‘ can be as-
sumed as an infinitely large value. This indicates that the variation in g significantly

d(f(x)+gu Xz §z+p) ﬁ

/{im AL (f(x) + gu — x2 — &, + p) =A~1p. Hence, it is easy to note that (78) holds accord-
— 00

exceeds f(x) + gu — x2 — é’z Furthermore, it suggests that Alm
— 00

ing to Theorem (1) when p; [f(x) + gu — x2 — &, + p] is considered as . This concludes the
proof. [J

To compare of the proposed observer with the conventional observers, two disturbance
observers were provided. The first observer is designed using the structure of the tracking
differentiator proposed by Zong et al. [28,29] expressed in (20) as follows:

O = wlf(x) +gu—x2 — & +pl,

. T P R ) o (79)
p=—An,1{O+ ‘@’ tansig(c10)} + o2 {pA™ + |pA’1|ﬁtanszg(cp2pA’l)}].

The second observer is designed using the structure of the tracking differentiators
proposed by Levant [30,31] expressed in (21) as follows:

6 = olf(x) + gu — 12 — & + p — nisig ()], (80)
p = —rpsign(O O).

4. Stability Analysis

Lemma 1. ([50]). Consider the system x = f(x). For the given positive scalar constants, c1, 3,
0 < v < 1, and 8, if the continuous function V (x) satisfies V(x) < —c1V(x)—caV7(x) + 9,
then the trajectory of the system x = f(x) is finite time stable and convergence time is bounded
as follows:

T, < max[to + 1 In ve VI (k) +cp

e (81)
tO + o 1 In C]Vl W(f())-‘rv(?z]'

1—) vey
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Theorem 5. If the sliding mode surfaces are defined as (23), (24), (43)—(46), (66), and (67), then
systems (7)—(12) are controlled by virtual controls (33), (57), (58), (74) and control inputs (34),
(69), (60), (75), and the unknown disturbances are estimated by the nonlinear disturbance observer
provided in (78). Furthermore, the equilibrium points of (7)—(12) are asymptotically stable, and the
trajectory of the closed-loop signals is bounded in finite time as follows:

. - 1/2
lim V(g) < mln{ (1—U)AA1min’ ((1—U)AA2min) }

t—Ts (82)
UA mmV / £ +A min A mmV / t +UA min
TS S max[to + UAlmm 1 ' A2rr(112) ) t + Aimin 1 ' UA(Zrifn : }
if the parameter conditions guarantee positive definiteness of Qy, i.e.,
263 ¢
ki > Tk + §k + e, ko > 21k . (83)
k

3
Proof. By defining the Lyapunov function as V = }_ Vj using the results from (39), (63),
k=1

and (76), we can obtain the following expression:

, 8 4
V< =) il Quli+ Y ok (84)
k=1 k=1
Given that
1 2 1 ¢ 1 )
E/\min(Pk)Hng < Egk Pkgkg E)\max(Pk)HCkH ’ (85)
1 .12 1/2 1 .12
ﬁAmin(Pk)|‘€k|| < Vk = 21/2 )\max(Pk)Hng (86)
d 2 L 2\V2 2 2o 1o 1372 2 \V2 dle Y2 < el <
and [|0k| = (€k1 +Ckz) = ( “5c 12 kilsel™ " + [sk] +Sk2) ,and [s| < sk < Ilskll
21/2y1/2 N
= ey e

. 8
V< 7121 kG Qe + A

8
= % Anin(Qe) (ks + %mr“z) el +a

= —kzlkklAmm@k)ngkn A, + o (87)
8 /2
Amin (Q min Q ( ) —-1/2
<-2p ki X(( k) v 21/2 z va 121 A
8 “1/2 1/2
—kzl N Vi — kzl AV 7T+ A< —AiminV — Aomin V7 + 4,
where A = Z Ooks Aomin = min(Ap), Aimin = min(Ag) Ay = 2k "““((Qk)) , and
k=1
A = %%ﬁ() Then, (74) is expressed as follows:

V < —0A1minV = (1= 0) AtminV = Aomin V% + 4 (88)

or
V < —AtminV — 0Aomin VY% — (1 = 0) Apmin V2 + A (89)
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given that V > W, we obtain the following expression:

V < —vAIminV — AZminvl/z‘ (90)

From Lemma 1, the boundedness of V({) decreases argument {

A
el V() < } 91
g { (g) (1 - U)Almin )
Thus, the convergence time T; is given as follows:
2 UAlminvl/z(tO) + Aomin
Ts < tg+ In . 92
° 0 UAlmin AZmin ( )
Next, given that V > (1—11)%’ we obtain the following expression:
V S _Alminv - UAZminVl/Z- (93)
This leads to the following:
Ce {vW(z) < A}, 91)
(1 - U)AZmin
2 Aqmin VY2 (¢ Apmi
T, < to + In 1min ( 0) +v me' (95)
Imin UA2min

Therefore, V() is a continuously decreasing strong Lyapunov function, and the
equilibrium point { = 0 is reached in finite time from every initial condition. This also
guarantees that the equilibrium point s = 0 is reached in finite time from every initial
condition. This concludes the proof. [

Theorem 6. The finite time convergence of the compensating dynamics given in (25), (47), and
(68) is also guaranteed by the finite time convergence of &;j. Thus, the finite time boundedness of ¢;;
is demonstrated by defining the following expression:

21, 21, 21, &1,
Ve= Z§§1j+Z§€3j+Z§€5j+Z§§7j‘ (96)
= =i = =

The convergence time T, is then obtained as

4v/4(0)

4

Tz < . 7
or )\wg (9 )
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Proof. From (96), one can obtain that
2. 2. 2. 2.
Ve= ¥ Gij61j+ X G3i83; + L G505 + X G7iCy;
j=1 j=1 j=1 j=1
= Cn[—kiién + C12 + x11 — a1 — B a1sigt/ 2 (&)
+E1o[—k12é12 — E11 — Bra2sig' 2 (E12) ]+
8 l—knén + &+ xn — a7 — Brsigt/ 2 (En))]
+§72[—k72§72 — & — Brsigt  (En)]
2 2 2
< - Z KT — KR — D kG L kG
j= j= j=
32 2 3/2
—‘Z BeajlGujl™ " = X Besjl 83l
j=1 j=1
2 32 2 3/2
=Y Besillsi| T — X BejlGy] T T8I0 — aan] + 83111831 — as
j=1 j=1 (98)

+|8511|¢51 — as1| + [G71][C71 — an |
2 2 2

Z k2 C - k§j§§j - k%jééj - X k%,@%-
=1 =1 =1

3/2

32 2
_‘Z BeajlCu|™ " — L Beaildal
2 32 2 3/2
_‘21 Besildsi|” " — 421 Beajldij)™ 0111811 ] + 631|831
= ]=

+551|€51| +571|‘:71‘§ —(k%l - %) 11 (kan )5%1 - (k%1 - %)‘;’%1
_(kgl - %)6%1 - k%zg%z - k%zgsz - kgzgéz - k%z‘ﬁz

2 2 2 2
-L Bejl | - L Beail s — L Be.sil G52~ L Pey a2 + A

where A = %((5%1 + (5%1 + 5%1 + 5%1) and |{;1 — ;1| < d;1 can be achieved in finite time.
Then, (98) is expressed under the condition of kl%l > % as

. 2 2 2
Ves-L Bejl > - L Besil x| — L Besil 25
j= j= j=

C1j ’3/2 LA (99)

2
— X Pz
j=1
< —E VP44,

with Eg = min[23/3§i,j], i=1,3,57,j=1,2. Then, (99) is expressed as follows:

Ve < —AZ VR4 — (1= N)E V4 + 4, (100)

under the condition that there exists a scalar 0 < A < 1. If Vg’/ 4 > ﬁ is satisfied, (100)
is expressed as follows: .

Ve < —AEng/‘*. (101)

Consequently, Vz(t) approaches zero in finite time, and the finite time convergence of
gij is guaranteed. The convergence time T, is obtained as follows:

4v}/4(0)

Tr < ——— 102
ir = )\E(g (0)

This concludes the proof. [
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5. Simulation Results

In this section, simulations for three cases, including the nominal system, perturbed
system without the observer, and perturbed system with the observer are conducted to
evaluate the performance of the proposed controller and disturbance observer for the
hexacopter UAV system. Four control systems were designed to compare the proposed
scheme with the conventional methods: namely, the standard BSC system (BSC); Levant’s
tracking differentiator [31,32] based BSC system (YTBSC) studied by Yu et al. [50]; Zong's
tracking differentiator [28,29] based BSC system (ZTBSC), where the adopted controller
is designed according to those in [50]; and proposed tracking differentiator and super-

twisting algorithm based BSC system (PTSBSC). The system parameters of the hexacopter
UAV are listed in Table 1 of [10].

Table 1. Selected values of the hexacopter UAV.

Symbol Quantity Value
my nominal mass of the body 15kg
) length of arm 0.275m
Jxr Ty, Iz moment of inertia at each axis ~ 3.259 x 1072, 3.259 x 102, 6.059 x 102 kg - m?
Jr moment of inertia at propeller 9.9 x 107° kg - m?
Cy coefficient of drag 1.523 x 10~ /Nms?

To compare the performance of the tracking differentiators presented in Section 2,
the parameters are selected as R = 2,7, = 1.5, = 55,41 = 1,4, = 05, = 0.5,
v = 0.5 and « = 0.95 under the initial condition of « = 0, x1(0) = 2, and x,(0) = —2.
Comparative results are presented in Figure 2, where the proposed differentiator shows
more rapid convergence performance than others. Only three tracking differentiators are

considered, excluding the tracking differentiator proposed by Yang et al. [27] due to its
lower performance.

2.0
i —-—- Levant
3 Yang
1.5 i\~ ki
N Zong
£ Forie Proposed
AN
1.0\ N
1 b
i a
— os- i S
> ..
1 b
: SN T =l
oo i f Tittescoa
i o
\ 4
-0.5 \ 4
1 I
[N
S
-1.0 T T T T
o 2 a 6 8 10
t (sec)
(a)
3
—-—- Levant
—————— Yang
—--—- Zong
Proposed
)
s
-5 T T T T
o 2 4 3] 8 10
t (sec)

(b)

Figure 2. Comparative results for three tracking differentiators. (a) x1. (b) x2.
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5.1. Simulation Results of the Nominal Hexacopter USV System

The design parameters of the controller and observer are selected via the trial-and-error
method. The selected values are listed in Tables 2—4.

Table 2. Selected values of the tracking differentiator.

Differentiator Selected Value

Altitude R1 =20, 711 =20, rp=20,a11 =2,a1p=2, K1 =12
R3 =20, r31 = 20, r3p = 20, aszy = 2, azy = 2, K3 = 1.2
R5 =20, rs1 = 5, rsp = 5, as] = 1, asp = 1, K5 = 1.2
Heading R7 = 20, Ty = 20, Y7y = 20, ay = 2, ayy = 2, Ko = 1.2

Longitudinal and Lateral

Table 3. Selected values of the compensating signal.

Compensator Selected Value

Altitude k11 =0.5, k12 =0.5, ,Bg,ll =1, IB§,12 =1
k31 =0.5, k32 =0.5, ,B§,31 =1, ﬁg/32 =1
ks = 0.5, ksp = 0.5, Bz51 = 0.5, Prso = 0.5
Heading k71 =0.5, k72 =05, ,35/71 =0.1, ﬁ§/72 =0.1

Longitudinal and Lateral

Table 4. Selected values of the disturbance observer.

Observer Selected Value
Altitude Az =10, 1p21 = 0.1, 1pz2 = 0.1, ¢p21 =2, Clpza =2, %z = 1.2
Longitudinal Ay =15, 1521 = 0.2, fpx2 = 0.2, 0001 =2, clpxa = 2, kx = 1.2

The command trajectories of each axis were selected as follows:

< <
{Zm, 0<t<40 y()_{lm, 0<t<25 { 5m, 0<t<80
S Yalt) =

xg(t) =< 5m, 40 <t <60 25m, 25<t<80 ,z(t) =1 57 Ve =) 200

1m, 60 <t <100 1.5m, 80 <t <100
Orad, 0<t<28
025rad, 28 <t <80 , ¢;(t) =0rad, 6;(t) =Orad.
0.125rad, 80 <t <100

Pa(t) =

Simulation results for the nominal hexacopter system are shown in Figure 3, wherein
the additional load mass and disturbances are not considered. The position tracking result
in 3D space is shown in Figure 3a. The position tracking results for the translation axes are
presented in Figure 3b—d. The angular position tracking results are shown in Figure 3e-g.
To clarify the tracking performance for each control system, tracking errors for x, y, z, and
1y axes are shown in Figure 3i-1. As shown in Figure 3ij, the tracking performances of
the BSC and YTBSC are similar. As shown in Figure 3k, the improvement in the tracking
performance of the z-axis of the YTBSC exceeds that of the BSC system. However, the
performance of the PTSBSC system exceeds that of the other two systems as shown in
Figure 3h—k. The control inputs of the altitude and heading controllers are shown in
Figure 31,m, respectively.
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Figure 3. Simulation results of the nominal hexacopter system. (a) The 3D tracking result. (b) Output
of x-axis. (c¢) Output of y-axis. (d) Output of z-axis. (e) Output of y-axis. (f) Output of ¢-axis.
(g) Output of #-axis. (h) Tracking error of x-axis. (i) Tracking error of y-axis. (j) Tracking error of
z-axis. (k) Tracking error of y-axis. (1) Control input of latitude controller. (m) Control input of
heading controller.

5.2. Simulation Results of the Perturbed System

Subsequently, simulation for the perturbed system with a 200% increase in the mass
of the hexacopter, which denotes the variation in the load mass, is conducted to evaluate
robustness with respect to the load perturbation. The other perturbations are as follows:

dy =01Ns/m,dy, = 0.01Ns/m,d, = 01Ns/m,dy = dg = dy = 0.012N s/rad.

Additionally, the wind disturbance of 1.5sin(t) m/ s? is applied to the x-axis. The
simulation results are shown in Figure 4, where the 3D tracking result is shown in Figure 4a
and the tracking results in each axis are shown in Figure 4b—e. Outputs in the x and y axes
of the conventional BSC system indicate high oscillation, and the latitude error exceeds
those of other systems. The outputs of the YTBSC system exhibit high overshoot in the
point of direction change as shown in Figure 4b—e. Conversely, the simulation results in
Figure 4 indicate that the robustness of the proposed PTSBSC system exceeds those of the
two systems for the disturbance due to mass variation and other disturbances.

5.3. Simulation Results of the Perturbed System with Disturbance Observer

Under the same disturbance conditions, as listed in Section 5.2, simulation for the
perturbed system with the controller blended with the disturbance observers based on
(78) (proposed), (79) (Zong [28,29]), and (80) (Levant [30,31]) is conducted to evaluate
the estimation performance. The simulation results are shown in Figure 5, where the 3D
tracking result is presented in Figure 4a and the tracking errors in the x, y, z, and -axes
are shown in Figure 5b—e. The results indicate that the tracking results of the control
system with the proposed observer exhibit a more efficient performance than that of the
controller with the Levant observer. The estimates of the observer states and disturbances
of the proposed observer are shown in Figure 5f—i. Estimates of the observer states and
disturbances of the Levant observer are shown in Figure 5j-m. Finally, estimates of the
observer states and disturbances of the Levant observer are shown in Figure 5n—q. The
simulation results indicate that the estimate performance of the proposed observer exceeds
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that of the conventional Levant and Zong observers. Table 5 shows the root mean square
(RMS) value of the tracking error of each system, where it is shown that the RMS value of
the proposed system decreases until an average 7% of that of Levant’s system.
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Figure 4. Simulation results of the perturbed hexacopter system. (a) 3D tracking result. (b) Tracking
error for x-axis. (c) Tracking error for y-axis. (d) Tracking error for z-axis. (e) Tracking error for ¢-axis.

Table 5. RMS value of the tracking error of each system.

Axis Levant Zong Proposed
X 0.108 (100%) 0.039 (36%) 0.006 (6%)

y 0.027 (100%) 0.007 (26%) 0.005 (19%)

z 0.155 (100%) 0.011 (7%) 0.008 (5%)
Average 0.097 (100%) 0.019 (20%) 0.006 (7%)




Appl. Sci. 2022, 12, 2490 21 of 27

15
- Levant 04 -=--=- Levant
1.0 —Zong —-—2Zong
Propose 0.3 Proposed
0.5 024 i
H s 014, '
E oo .t." :‘,‘ £ ooh > l
» ]
H ¥ 0.1} E ? i
-05 H i i
H 02
3 i
1.0 4 -0.3
-0.4
1.8 ' ' T ' 0.5 v T v T
[ 20 40 60 80 100 o 20 40 60 80 100
t (sec) t (sec)
(b) (©)
10 0.04
0:e 0.02 o
N 2
I H
0.0 5
f v 0.00 A jr
. b=
E 454 ---- Levant ©
) —-=2Zong ---- Levant
. Proposed -0.02 —-—Zong
-1.04 H Proposed
:
-1.5 -0.04 | i
-2.0 - r y T -0.08 - T T T
20 40 Lo 80 100 o 20 40 60 80 100
t (sec) t (sec)
(d) (e)
10
5
0
N £ h L
5]
----- y=n
10 =8
-0.5 . T v v 15 r T T T
o 20 40 60 80 100 o 20 40 60 80 100
t (sec) t (sec)
10 25
8. o CER 204 T/ P
i Iy 5
6 <o s =l
&l 1.0+
2
x = 05
s o4 =y
0.0
2]
-4 -0.5
-8 1.0+
-8 - 154
-10 r r T r 20 . . r -
20 40 60 80 100 20 40 60 80 100
t (sec) t (sec)
(h) @
10 1
el === = (4  eessss Ps
o] —_— ° A
4 H
2] -“‘ i =
o 9 M 5
] " ;1\
2] -3
-6
-8} -4
-10 4
-12 r r r T -5 v T - :
20 40 60 80 100 o 20 40 60 80 100
t (sec) t (sec)

G ()

Figure 5. Cont.



Appl. Sci. 2022, 12, 2490

22 of 27

Py

20

4b E‘D E‘O 100 o 20 40 60 80 100

024

5] r
bt 1
soral S ?

20

S
ory
Py

20

4‘0 GID BID 100 o 2‘0 dIO BID BI 0 100
t (sec) t (sec)

P (C))

Figure 5. Simulation results of the perturbed hexacopter system with the controller combined with
the disturbance observer. (a) The 3D tracking result. (b) Tracking error for x-axis. (c) Tracking error
for y-axis. (d) Tracking error for z-axis. (e) Tracking error for y-axis. (f) {5, and ¢5, of the proposed
observer. (g) p; and p, of the proposed observer. (h) >, and oy of the proposed observer. (i) px
and Py of the proposed observer. (j) {2, and {5, of the Levant observer. (k) pz and p, of the Levant
observer. (1) (o and {», of the Levant observer. (m) px and py of the Levant observer. (n) {p, and on
of the Zong observer. (0) p, and g, of the Zong observer. (p) {2, and oy of the Zong observer. (q) px
and Py of the Zong observer.

Finally, under the disturbance condition with the 300% increase in the mass and
the same other condition, simulation for the perturbed system is conducted to evaluate
the estimation performance with the disturbance observers based on (78) (proposed),
(79) (Zong [28,29]), and (80) (Levant [30,31]). The desired 8-shape command trajectory is
described as

Py(t)=[xs ya za]" =10 0 —4(1—e®)]T (m), t<4s,

2m(t—4
Xy 8—8(:05( ”(12 ))
Pyt)=| yq | = 4 sin 4”%;_4 , t>4s,
Z4 _4(1 _ 670.3t)

under other rotation commands set to be zero value.

In the first stage, the hexacopter UAV climbs vertically for 4 s to simulate the take-off
flight. Next, it follows an 8-shaped path while continuing to lift. In the second stage, the lift,
sideslip, and forward performances of the hexacopter UAV are evaluated comprehensively.
The simulation results are shown in Figure 6, where the 3D tracking result is presented in
Figure 6a, and the tracking output and errors in the x, y, z axes are shown in Figure 6b-g.
The simulation results indicate that the tracking results of the control system with the
proposed observer exhibit a more efficient performance than that of the controller with the
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Levant observer, like the previous results. Table 6 shows the root mean square (RMS) value
of the tracking error of each system, where it is shown that the RMS value of the proposed
system decreases until an average 27% of that of Levant’s system.
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Figure 6. Simulation results of the perturbed hexacopter system for 300% increase in the mass with
the controller combined with the disturbance observer. (a) The 3D tracking result. (b) Output of
x-axis. (c) Tracking error of x-axis. (d) Output of y-axis. (e) Tracking error of y-axis. (f) Output of

z-axis. (g) Tracking error of z-axis.
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Table 6. RMS value of the tracking error of each system.
Axis Levant Zong Proposed
X 0.231 (100%) 0.172 (75%) 0.074 (32%)
y 0.379 (100%) 0.294 (78%) 0.156 (41%)
z 0.344 (100%) 0.053 (15%) 0.028 (8%)
Average 0.318 (100%) 0.173 (54%) 0.086 (27%)

5.4. Discussions

Simulations are conducted for three cases, such as nominal system, perturbed system
without disturbance observers, and perturbed system with disturbance observers. Simula-
tion results of the nominal system for the linear position command trajectory show that the
performance of the PTSBSC system exceeds that of the other BSC and YTBSC systems. This
achievement is obtained, owing to the improved performance of the proposed tracking
differentiator. The proposed tracking differentiator shows the best performance over the
conventional tracking differentiators, including the recently developed ones.

The second simulation under the condition of the perturbation with wind gust and
200% increase in the mass is conducted to the control system without the disturbance
observer. In this case, the control performance is only dependent on the property of the
controller itself. The proposed PTSBSC system maintains the least performance variation
compared with other two BSC and YTBSC systems, where a large variation of the output
tracking results appears.

Finally, the disturbance observers are utilized to estimate uncertainties, such as the
wind gust and 200% and 300% variations in the mass. Simulations are conducted for
the linear position and 8-shaped command trajectories to evaluate various aspects of the
control performance. The output performances are determined by the superiority of the
adopted observer, where the proposed disturbance observer shows the outperforming
estimation results. Therefore, the proposed control system with the novel disturbance
observer is ascertained to provide the outperforming results compared to those of the
traditional similar controller and disturbance observer systems.

In addition, the phenomenon of pilot-induced oscillations (PIOs) that represent a
particular and specific aspect of the framework of human-machine interactions was and
still is a dynamic behavior of great interest in the design of aircraft [51]. PIOs consists of
sustained or uncontrollable oscillations, resulting from efforts of the pilot to control the
aircraft. The disturbance problem of PIOs can occur also in controlling UAVs. However,
the possibility to exploit strategies from nonlinear dynamics for controlling PIOs took
fewer attention in the UAV control system. In this study, this type of disturbance was not
considered yet. As a further study including an experimental examination, it is worth to
explore this disturbance by the proposed nonlinear controller and disturbance observer to
seek a more feasible control system under various aspects of real flight conditions of UAVs.

6. Conclusions

In this study, a super-twisting sliding mode backstepping control blended with a new
tracking differentiator and disturbance observer based on the concept of the proposed
tracking differentiator was examined to realize robust tracking control performance of a
hexacopter UAV system. Recursive design in conventional backstepping control and faster
convergence enabled the improved tracking differentiator to bypass the occurred repeated
differentiation issue and obtain the continuous and smooth derivative of the virtual control.
Next, the enhanced disturbance observer was designed to estimate uncertainties of the
hexacopter UAV system based on the proposed tracking differentiator. Thus, the robust
nonlinear controller equipped with the improved disturbance observer was designed to
obtain a hexacopter UAV control system that outperforms the conventional control scheme
in conditions with high nonlinearities and unknown disturbances. Sequential comparative
simulations for the hexacopter nonlinear UAV system in a nominal case and a case with
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variation in the load mass and wind disturbance were executed, and the simulation results
demonstrated the efficiency of the proposed control system.
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Nomenclature
symbol name
a; coefficient of the tracking differentiator
o; virtual control
Bi coefficient of the tracking differentiator
Bz i coefficient of the controller
o; upper bound of the unknown uncertainty
Ul auxiliary variable of the super-twisting state variable
i super-twisting state variable and vector
Ci state variable of the compensating signal system
ki, Ai, x;, vi  design constants
7 coefficient of the tracking differentiator
R; coefficient of the tracking differentiator
0i lumped uncertainty
P, Q; positive definite matrices
¢i(+) composite sig(-) function
s; sliding mode surface
u; controller
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