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Abstract: We compare reconstructed quantum state images of a birefringent sample using direct
quantum state tomography and inverse numerical optimization technique. Qubits are used to
characterize birefringence in a flat transparent plastic sample by means of polarization sensitive
measurement using density matrices of two-level quantum entangled photons. Pairs of entangled
photons are generated in a type-II nonlinear crystal. About half of the generated photons interact
with a birefringent sample, and coincidence counts are recorded. Coincidence rates of entangled
photons are measured for a set of sixteen polarization states. Tomographic and inverse numerical
techniques are used to reconstruct the density matrix, the degree of entanglement, and concurrence
for each pixel of the investigated sample. An inverse numerical optimization technique is used to
obtain a density matrix from measured coincidence counts with the maximum probability. Presented
results highlight the experimental noise reduction, greater density matrix estimation, and overall
image enhancement. The outcome of the entanglement distillation through projective measurements
is a superposition of Bell states with different amplitudes. These changes are used to characterize the
birefringence of a 3M tape. Well-defined concurrence and entanglement images of the birefringence
are presented. Our results show that inverse numerical techniques improve overall image quality
and detail resolution. The technique described in this work has many potential applications.

Keywords: quantum state tomography; quantum imaging; quantum entanglement; spontaneous
parametric down-conversion

1. Introduction

Imaging using entangled photons is increasingly popular. Quantum imaging appli-
cations often use pairs of entangled photons with relatively weak photon flux that causes
longer image acquisition times. Increasing acquisition speed impairs image quality as
quantum correlations become comparable to the background noise. Recent reports have
focused on the resilience of quantum imaging to stray light and overall enhancement of
image quality and resolution [1,2]. In [1], this is achieved by combining the signal and the
phase profile using entangled photons and spatial light modulators (SLM). Subsequently,
the image is reconstructed using coincidence measurements of four projections operators.
In this article, we mitigate the noise detriment by using inverse numerical optimization
for the density matrix reconstruction and by assuming that the noise in correlation mea-
surements has a Gaussian probability distribution. Similar techniques are used in quantum
state tomography reconstruction [3–6]. Reconstruction of a quantum state and quantum
state tomography are of increasing importance in quantum information science. Quantum
state tomography is used to describe entanglement of trapped ions [3] and photons. The
technique extracts information about the quantum state of a system. Inverse techniques
offer significant improvement over the direct quantum tomography approach [4–14]. Yet,
very little work was done to experimentally demonstrate image enhancement and the
superiority of the inverse techniques. In this work, we compare images of birefringent
samples obtained from the reconstructed density matrix of entangled states between two
techniques, direct quantum state tomography (DQST) and inverse numerical optimization

Appl. Sci. 2022, 12, 2027. https://doi.org/10.3390/app12042027 https://www.mdpi.com/journal/applsci

https://doi.org/10.3390/app12042027
https://doi.org/10.3390/app12042027
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0001-5817-5354
https://doi.org/10.3390/app12042027
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app12042027?type=check_update&version=2


Appl. Sci. 2022, 12, 2027 2 of 8

quantum state tomography (IQST). Both are linearly related to a set of measured coinci-
dence rates [4–14]. A number of inverse algorithms were proposed with faster convergence
time [15–18]. The performance and image enhancement of these algorithms is outside of
the scope of this paper. Scanned images are reconstructed from the levels of entanglement
and concurrence calculated for each pixel. The localized birefringence alters the relative
phase and polarization of the entangled qubits. These variations in turn result in changes
in the correlation measurements for projection operators. The correlation measurements
are used to reconstruct the density matrix, from which the calculation of the entanglement
follow. The changes in the calculated entanglement between two qubits reflect the localized
birefringence in the reconstructed image. The density matrix obtained via inverse numer-
ical optimization technique, IQST, reduces experimental noise and provides a positive,
semidefinite unit trace matrix [17–19]. This technique improves overall image quality and
detail resolution.

2. Materials and Methods
2.1. Direct Quantum State Tomography (DQST) Overview

Quantum state tomography is a technique that reconstructs density matrix ρ through
multiple measurement of relevant quantum states. The measured probability pi for projec-
tion operator Ai is given by

pi = Tr[ρAi], (1)

The direct state reconstruction of a density matrix from the coincidence rate of the
entangled photons projected on to a set of sixteen polarization states follows

ρ =
16

∑
i=1

Mi pi (2)

where the matrix Mi is determined from projection operators and listed in the appendix
of [4]. The density matrix ρ of a quantum state must be Hermitian, positive, and semidefinite
with unit trace. Directly reconstructed density matrix, Equation (2), fails to be positive and
semidefinite. Numerical inverse optimization technique addresses this problem [4].

2.2. Inverse Numerical Optimization of Quantum State Tomography (IQST) Overview

We assume noise in correlation measurements has a Gaussian probability distribution
and the probability of obtaining the set of sixteen measurements is

P(p1, p2, . . . , p16) =
16

∏
i=1

exp

(
− (pi − p̄i)

2

2σ2
i

)
(3)

where σ is the standard derivation of the ith correlation measurement and is approximated
by
√

p̄i; the expected measurement p̄i is defined as

p̄i = 〈ψi|ρ(t1, t2, . . . , t16)|ψi〉 (4)

the ψi is the projection state and density matrix ρ(t1, t2, . . . , t16) is described by

ρ(t) =
T(t)†T(t)

Tr[T(t)†T(t)]
(5)

and

T(t) =


t1 0

t5 + it6 t2

0 0
0 0

t11 + it12 t7 + it8
t15 + it16 t13 + it14

t3 0
t9 + it10 t4

 (6)
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The inverse optimization problem is reduced to finding the minimum of the following
equation [4]:

L(t1, t2, . . . , t16) =
16

∑
i=1

[〈ψi|ρ(t1, t2, . . . , t16)|ψi〉 − ni]
2

2〈ψi|ρ(t1, t2, . . . , t16)|ψi〉
(7)

2.3. Entanglement Computation

Concurrence and entanglement levels follow from the density matrix [4,6]

C = max

{
0,

4

∑
a=1

sgn
(

3
2
− a
)√

ra

}
(8)

where C is the concurrence and ra is the eigen values of the matrix R defined by

R = ρΣρ†Σ (9)

and

Σ =


0 0
0 0

0 −1
1 0

0 1
−1 0

0 0
0 0

 (10)

The entanglement E is defined by the equation [4,6]

E = −Z log2 (Z)− (1− Z) log2 (1− Z) (11)

where

Z =
1 +
√

1− C2

2
(12)

Reconstruction of concurrence and entanglement images are computed for each pixel
and follow from Equations (8) and (11), respectively. In this work, two-level quantum
entangled photons are generated in a type-II crystal via spontaneous parametric down-
conversion (SPDC) [20,21]. One of the entangled photons interacts with the birefringent
sample. The birefringent material changes the polarization and phase of the photons.
These changes translate into a reduction of the coincidence rate of the entangled photons
projected onto a set of sixteen polarization states. Subsequently, these variations transform
the density matrix and the levels of concurrence and entanglement. The concurrence and
entanglement levels are recorded for each pixel, and images of the sample (3M scotch tape)
are reconstructed. The calculations were carried out using the standard methods described
in [4].

2.4. Experimental Setup

The experimental setup is shown in Figure 1. A continuous wavelength, single longi-
tudinal mode laser diode with a center wavelength at 405 nm is focused into periodically
poled KTiOPO4 (ppKTP), type II crystal [20,21]. Entangled photons generated via SPDC
are centered at 810 nm. The crystal is placed in a temperature-controlled chamber that
maintains the crystal temperature to enable quasi-phase matching and to maximize the
down-conversion efficiency. Entangled photon pairs have orthogonal polarization and
are emitted in a collinear configuration with the pump [20,22]. A dichroic mirror (DM)
transmits SPDC photons and reflects the pump photons. No additional filtering, by fiber or
otherwise, is introduced into the experimental setup to sieve for the single spatial mode.
At the first polarizing beam splitter (PBS), the down-converted entangled photon pairs are
separated by polarization into the two arms of a Mach Zehnder interferometer.
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Figure 1. Experimental setup for quantum state tomography imaging.

The p-polarized photons are directed into an idler arm, where they are transmitted
through a polarizing beam splitter (PBS), followed by a broadband quarter wave plate
(QWP). The QWP converts the polarization of the photons from linear to circular. These
photons are then reflected from a mirror (M3), back through the QWP, changing the photon
polarization back from circular to linear, s-polarization. Polarized photons are reflected
from the PBS through a QWP and an HWP that set the projection state operator of the idler
beam towards the last PBS. The last PBS transmits p-polarized photons towards the left
single photon counting module (SPCM) and reflects s-polarized photons towards the right
SPCM module. The photons reflected by the first PBS are the sample arm photons and are
directed towards a non-polarizing beam splitter (NPBS) through a broadband half wave
plate (HWP), that converts vertically polarized photons into horizontally polarized. The
NPBS has a 50:50 reflection/transmission ratio and transmits half of the entangled photons
towards a mirror (M4). The sample is placed on a microscope slide against the mirror (M4)
for transverse plane scanning (x and y directions). The QWP converts the polarization of
the photons into circularly polarized photons, followed by a 20 mm focusing lens. Photons
propagate through the sample and are reflected by the mirror (M4). The sample and mirror
combination reflect photons towards the NPBS where they are redirected to the last PBS
through QWP and HWP. The last PBS transmits p-polarized photons towards the right
SPCM and reflects s-polarized photons towards the left SPCM. A combination of QWP
and HWP plates before the last PBS are used to set the projection operator for sample and
idler arms independently. Two single photon counting modules along with the coincidence
circuit (denoted ⊗) measure the coincidence rate of entangled photons.

3. Results

A transparent 3M scotch tape is applied to a standard microscope slide and the density
matrix of the entangled states are compared for photons propagating through the slide glass
with and without the birefringent tape. Figure 2a,c show the real part of the DQST, direct
tomographic density matrix measured using coincidence counts and Equation (2) with and
without the birefringent tape, respectively. The density matrix obtained through the inverse
numerical optimization technique, IQST, Equation (7), for the investigated sample with
and without the birefringent tape are shown in Figure 2b,d, respectively. The birefringent
material changes the phase and polarization of entangled photons in the sample arm, and
the density matrix of the entangled states reflects these changes, as evident in Figure 2a–d.
Concurrence and the entanglement levels are computed using Equations (8) and (11), for
DQST and IQST methods, respectively, from the density matrices. DQST measurements of
concurrence and entanglement without tape are 82.99%± 0.3101 and 76.2%± 0.8355, while
IQST estimation of concurrence is 91.04% ± 0.0102 and 87.27% ± 0.0284 for entanglement.
The same measurements of concurrence and entanglement with the birefringent tape
are 14.57% ± 0.112 and 4.77% ± 0.124 for DQST, and IQST estimation of concurrence is
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49.57% ± 0.005 and 34.99% ± 0.0109 of entanglement. Errors associated with entanglement
and concurrence calculations represent the shot noise error in the measured coincidence
counts and the uncertainty in the settings of the angles of the wave plates to set projection
operators. The results for the birefringent tape appear different in the reconstructed density
matrices in Figure 2c,d, between direct and the inverse technique. We attribute these
differences to the superior accuracy of the inverse numerical optimization, IQST, compared
to direct quantum state tomography, DQST.

Figure 2. (a) DQST density matrix without the tape, (b) IQST density matrix without the tape,
(c) DQST density matrix with the tape, (d) IQST density matrix with the tape.

The transparent 3M scotch tape is applied to a standard microscope slide and scanned
in a transverse plane with 10 µm resolution. The photo of the tape is shown in Figure 3a,
and the same section of the tape between two cross polarizers is shown in Figure 3b. The
density matrix, concurrence, and entanglement were recorded for each pixel. The 2D
DQST images of concurrence and entanglement are shown in Figure 3c,e, (Equations (2), (8)
and (11)). The inverse numerical optimization technique, IQST is used to image levels of
concurrence and entanglement, and are shown in Figure 3d,f, respectively (Equations (7),
(8) and (11)). The SNR in the IQST Figure 3f was measured at 48 db while in the direct-QST,
Figure 3e, it was measured at 8 db. In our work, we define the SNR as the ratio of average
and standard deviation of pixels measured in a region of the glass slide. The factor that most
influences the SNR is the acquisition time. Coincidence counts were measured for each
pixel over one second. Reduction of experimental noise is clearly evident from Figure 3e,f.
The image enhancement in Figure 3f is a result of an inverse numerical optimization
technique that reduces experimental noise and provides positive, semidefinite unit trace
density matrix [23]. The optimization technique improves overall image quality and detail
resolution. Average entanglement of DQST pixels without the birefringent tape is 62.32%
with standard deviation of 7.96%, while pixel distribution in the IQST technique image is
86.36% with standard deviation of 1.79%.
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Figure 3. (a) 3M scotch tape, (b) tape between cross-polarizers, (c) DQST concurrence image, (d) IQST
concurrence image, (e) DQST entanglement image, (f) IQST entanglement image.

4. Discussion

In this paper, we present and compare the first experimental images and characteriza-
tion of a birefringent material using direct quantum state tomography, DQST, and inverse
numerical optimization, IQST, post-processing techniques. Images of concurrence and
entanglement are reconstructed from the density matrix. These images reflect the computed
entanglement between two qubits for each pixel and are a measure of the level of birefrin-
gence. Direct and inverse techniques are used to compare concurrence and entanglement
image quality. Well-defined enhancement of images of entanglement and concurrence
of a 3M tape are presented using the IQST technique of the 3M tape in images of entan-
glement and concurrence, Figure 3d,f, respectively, compared to the DQST, Figure 3c,e.
Figure 4 shows the cross-section of the calculated entanglement taken at the position of the
small double-sided arrow between Figure 3e,f. These results highlight the experimental
noise reduction achieved by using numerical optimization techniques and overall image
enhancement.

Classical optical techniques were used in reference [24] to image carcinoma cells of
lung tissue via polarization sensitive optical coherence tomography (PS-OCT). The authors
reported a birefringence signature. Similar classical polarization techniques were applied
to imaging of other cancerous tissues [25,26], where birefringence was clearly visible in the
malignant tissues. The technique described in this work has the potential to characterize
birefringence of similar malignant tissues by means of polarization sensitive measurements
using density matrices of two-level quantum entangled photons.
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Figure 4. The cross-section of entanglement image, Figure 3e,f, taken at position of the small double-
sided arrow.
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