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Abstract: To meet the demand of ship control, a new heading control tactic is explored using switching
theory. Different from the previous results, the stochastic noise and switched control are considered
in the Norrbin nonlinear mathematical model concurrently to discuss ship heading control. Then,
for the resulting systems, the adaptive control issue is addressed, while the dead-zone input is
embedded and unknown. By establishing switched state observers for the corresponding subsystems,
the conservatism of the common state observer can be reduced greatly, and the analysis can be
achieved under the switching signal satisfying the average dwell time (ADT). The “explosion of
terms” problem occurring in the backstepping technique is well remedied via an innovative tracking
differentiator (TD) technology, which is an innovation in itself. According to the theory proof, under
the developed control tactic, the resulting signals are then to be bounded in probability, with the
tracking goal being achieved well. The theoretical design result was analyzed, and the corresponding
validity is given through simulation experiments.

Keywords: ship heading tracking control; stochastic noise; dead-zone; tracking differentiator (TD);
average dwell time (ADT)

1. Introduction

Currently, the shipping industry is vigorously developing, and ship transport has
become one of the most effective and economical transportation methods to fulfill the
trading of bulk goods between regions and countries, so the study of ship control has
vital value [1–4]. Ship control is an important subject, as well as the application of control
theory in the area of navigation technology research. Along with the evolution of control
theory, various kinds of advanced control technologies and control theories have been
applied to the design of ship controllers and have achieved ideal control effects [5–11].
Backstepping-based adaptive control technology emerged in the 1990s as a useful tool for
analyzing and designing the controller of nonlinear systems. It has a relatively complete
adaptive control theory and a nonlinear robust control theory for systems with uncertain
parameters, and this method has been widely used in various works on ship operation
control. It is important to note that this technique has the precondition that the controlled
system functions are available or can be expressed as the product of uncertain constants
and known functions. However, the marine environment is complex and changeable,
and the ship mathematical model is also uncertain. At this time, when the ship control
model cannot meet these restrictions, the above control design method will no longer be
applicable. Therefore, many experts in the control field began to explore new technologies
to solve this problems. Intelligent control technology (neural network or fuzzy logic
system (FLS)) brings new research ideas to solve this kind of problem. The development
of adaptive intelligent control technology not only promotes the development of the
nonlinear control field, but also brings new hope for dealing with complex problems
in ship control systems [12–16]. For example, using intelligent control technology, the
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adaptive output feedback control problem of an intelligent ship autopilot systems was
addressed in [12]. It can be easily found that, in the backstepping design, the drawback
of the “explosion of terms” is inescapable, and this greatly increases the difficulty and
complexity of the calculations; thus, the resulting control tactics are sometimes not easy to
apply in engineering. In addition to the usual methods, such as dynamic surface control
(DSC) [17,18], it can be seen that the above problem was similarly managed by the tracking
differentiator (TD) technique in [19,20], and the expected control target was successfully
achieved. The TD technique has been proven to be a good tool, but few results on stochastic
systems, even on ship control, have been reported. This is an interesting and meaningful
work, which aroused our research interest.

In practice, the structure of a ship control system is intricate and changeable, with highly
nonlinear characteristics and model uncertainty. In the control process, the ship control
system is also susceptible to various external and stochastic noises, such as weather change,
water velocity, and draft depth in complex sea conditions. It is necessary to consider the
stochastic noise in the ship control performance when establishing the system mathematical
model, as the requirements of actual engineering technology on system accuracy become
higher and higher. The control of stochastic systems has become a vibrant research area
recently, and numerous theoretical and applied works have been published [21–24]. Despite
all these research achievements, however, there are few research results on the problem of
ship control systems with stochastic noise at present [25–27], and these results ignore the
switching mechanism in the analysis and control design. The switching control problem
under different wind levels and water velocities needs to be considered. The core of the re-
search of the switched system is to fuse discrete events and continuous time to analyze and
control the actual engineering problem, and many valuable methods have been published
simultaneously [28–32]. Compared with the deterministic ship control system, the research
on the ship control system, which can be cast into switched stochastic nonlinear systems,
has certain complexities and challenges, and such research is of practical significance for
ship control.

In addition, the dead-zone characteristics of the marine steering gear actuator will
affect the control precision. In order to reduce the influence of the dead-zone characteristics
on the control system, many methods have been put forward by many scholars [33–36].
In order to ensure the safe navigation of the controlled ship heading systems, the dead-zone
should not be ignored in the control design, which is of vital value. It is a very challenging
problem to combine the auxiliary dead-zone compensation with the switching events and
apply it to the ship heading tracking control design with stochastic disturbance, which is
an important open issue to investigate in the ship control area.

This work intends to propose a useful adaptive control tactic for ship heading under
unknown actuator dead-zone input described by the switched stochastic nonlinear model.
Surpassing the existing results, the main novelties are as follows:

• When the environment disturbances are considered as stochastic components rather
than just deterministic disturbances, the induction of the Hessian terms in the analysis
of the Lyapunov function and the control design of the ship heading will introduce
more difficulties than the results in [12];

• A novel control tactic was developed for the ship heading, which can be used to study
the problem of the ship heading with or without stochastic noise. Compared with the
results in [19,20], the switching and stochastic disturbance were taken into account,
which is more in line with the actual problem and makes the design more challenging.
Such research has more practical significance and value than that of deterministic
disturbances on the safe navigation of a ship, since there are too many stochastic
factors during the voyage;

• The adaptive TD control tactics combined with the compensation signal smooths the
“explosion of terms” occurring in the work [17,35]. Furthermore, the tracking goal of
the considered ship heading was achieved with an improved control performance,
which ensures safe and stable sailing.
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2. Mathematical Preliminaries
2.1. System Model

The mathematical model of the ship system is described as:

Tḣ + h + τh3 = Kδ (1)

which is the Norrbin nonlinear mathematical model [3,12], where T and K denote the time
constant and rudder gain, h = ψ̇ is the yaw rate with ψ the heading angle, τ denotes the
Norrbin coefficient, and δ represents the rudder angle.

Considering that wind, waves, and ocean currents have a certain randomness in ship
sailing, the stochastic noise was not taken into account in the above model (1), which lacks
practical application. Furthermore, the dynamic equation of the nonlinear ship heading
control system could be switched control at different levels of speed. In order to study
the practical problems better, the aforementioned disturbance is denoted by a stochastic
process gT

σ(t)(ψ, h), which is unknown. Then, System (1) is rewritten into the switched
stochastic form:

Tσ(t) ḣ + h + τσ(t)h
3 = Kσ(t)δσ(t) + gT

σ(t)(ψ, h)ω (2)

where ω denotes the standard Brownian motion and σ(t) : [0, ∞) → L = {1, · · · , l}
describes the switching law.

Let x1 = ψ, x2 = h, and uσ(t) =
Kσ(t)
Tσ(t)

δσ(t), then we have the controlled switched

stochastic Norrbin nonlinear model:

dx1 =x2dt,

dx2 =(uσ(t) + fσ(t)(x2))dt +
1

Tσ(t)
gT

σ(t)(x1, x2)dω,

y =x1 (3)

where fσ(t) = − 1
Tσ(t)

x2 −
τσ(t)
Tσ(t)

x3
2 is an unknown smoothing function.

Remark 1. Note that the Norrbin model is often utilized to analyze the performance and related
control design of unmanned surface vehicles [3,12]. By contrast, the stochastic noise and switching
theory have not been taken into account, and this will have certain limitations on the research of
actual ship control problems. In actual navigation, uncertain stochastic influences and stochastic
motion will occur in the ship control system due to the influence of wind and waves. To exhibit
the influence of stochastic noise on heading tracking performance, the comparison test results are
shown in the following. Considering the complexity and variability of the internal mechanisms on
the switched stochastic nonlinear systems, the research of this work is more challenging and has
more practical significance.

Here, uk = Γk(vk) is the nonsymmetric and switched dead-zone nonlinearity in the
controlled system [35]:

uk = Γk(vk) =


mr,k(vk − br,k), vk ≥ br,k
0, −bl,k < vk < br,k
ml,k(vk + bl,k), vk ≤ −bl,k

(4)

in which mr,k, ml,k and br,k, bl,k are the nonsymmetric parameters of the dead-zone and are
positive and unknown. Similar to the idea in [35], the following expression is formulated
to carry out the tracking control smoothly:

uk = Γ′k(vk) + vk (5)
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in which vk = Γk(vk)− Γ′k(vk) is the error and Γ′k(vk) is an unknown smoothing function,
and there exists a constant v̄k satisfying |vk| ≤ v̄k. In order to facilitate the problem,
an unknown function σ′(vk) = Γ′k(vk)− vk is defined, then one obtains:

uk = Γ′k(vk)− vk + vk + vk

= vk + σ′(vk) + vk. (6)

For the actual controller, we let:

vk = vck − vφk; (7)

therefore, it yields:

uk = vck + σ′k(vk)− vφk + vk (8)

It should be noted that vφk and vck denote the introduced dead-zone input’s compen-
sator and the corresponding control law.

Remark 2. The dead-zone phenomenon is common and inevitable when the ship is in long-term
working conditions, and many results on ship control with the dead-zone phenomenon have been
reported [33,34]. Compared with them, the switching theory is considered in our work, and
accordingly, the switched dead-zone nonlinearities are given for different subsystems, which is less
conservative and more in line with the actual situation. The results developed in this work will have
a positive effect on the actual ship control and ensure safe and stable navigation.

2.2. Control Objective

The adaptive output feedback tracking controllers are constructed for ship heading
systems (3) with stochastic noise and dead-zone input (4) such that a desired signal yd(t)
can be followed by the output under the ADT τa, while the boundedness in the probability
of the resulting systems is guaranteed.

Assumption 1. The continuous desirable heading signal yd(t) is bounded, and likewise for ẏd(t).

Remark 3. The related adaptive backstepping control results require the knowledge of yi
d(t)

(i = 0, 1, · · · , j − 1), where j is the order of the controlled system. Assumption 1 only needs
yd(t) and ẏd(t), which is less stringent, and the resulting heading control scheme is more suitable
for actual ship control.

Lemma 1. Reference [22]: Consider the unknown function f (·) ∈ Ω. FLS WTS(·) is utilized
such that WTS(·) + δ(·), |δ(·)| ≤ ε with ε > 0 an approximate error; W = (w1, · · · , wP)

T and

S(·) = (s1(·),··· ,sP(·))T

∑P
i=1 si(·)

denote the ideal constant weight vector and the basis function vector; P > 1

is the fuzzy rules’ number, and si(·) = exp(−(·−µi)
T(·−µi)

η2
i

); in the Gaussian function, µi and ηi

are the center vector and width, respectively; i = 1, · · · , P.

Lemma 2. Reference [22]: For a stochastic system with the hypothesis that there exist constants
p1, p2, K∞ functions ō, o, a function V ∈ C2 : Rn → R+, for ∀x ∈ Rn, t ≥ 0, such that if{

ō(|x|) ≤ V(x) ≤ o(|x|),
LV(x) ≤ p1 − p2V(x),

(9)

hold, then the boundedness in the probability holds.
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Definition 1. Reference [32]: For N0 ≥ 0, τa > 0 and the switchings’ number occurring in
[T1, T2) (Nσ(T2, T1)) satisfying:

Nσ(T2, T1) ≤ N0 +
T2 − T1

τa
, (10)

then the switching signal σ(t) of the considered switched system has an ADT τa.

3. Main Results
3.1. Adaptive Output Feedback Control Design

A newly adaptive fuzzy controller based on a switched observer was designed by
incorporating the TD method into the backstepping technique. Firstly, we construct the
following switched state observers:

dx̂1 = (x̂2 − lk,1(x̂1 − y))dt,

dx̂2 = (uk − lk,2(x̂1 − y))dt, (11)

where x̂i are the estimates of xi, and constants lk,i > 0 (i = 1, 2) are chosen to make:

Ak =

[
−lk,1 1
−lk,2 0

]
strictly Hurwitz; hence, for ∀QT

k = Qk > 0, positive definite matrices Pk, AT
k Pk + Pk Ak =

−Qk hold.
Consider x̃i = xi − x̂i as the errors, which satisfy (i = 1, 2):

dx̃ = (Ak x̃ + Fk)dt + Gkdω, (12)

where Fk = [0, fk]
T , Gk = [0, 1

T gT
k ]

T with ‖GT
k Gk‖ ≤ σ̄, and σ̄ is the bounded constant.

The following tracking error variables are determined before the control design:

z1 =x1 − yd, (13)

z2 =x̂2 − α2d, (14)

ξi =zi − ϑi, i = 1, 2, (15)

where ξi is the new tracking error signal, and ϑi and α2d will be shown in detail in the
control design.

Step 0. Consider the stochastic Lyapunov function below:

Vk0 =
r
2
(x̃T Pk x̃)2, (16)

where r > 0 is a constant.
By combining (12) and (16), we obtain:

LVk0 =− r(x̃T Pk x̃)x̃TQk x̃ + 2r(x̃T Pk x̃)x̃T PkFk

+ rTr{Gk(2Pk x̃x̃T Pk + x̃T Pk x̃Pk)GT
k }. (17)

Here, FLS WT
0 S0 is introduced to approximate Fk, then:

Fk =WT
0 S0 + δ0, ||δ0|| ≤ ε0, (18)

where ε0 > 0.
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Under Young’s inequality, it yields:

2r(x̃T Pk x̃)x̃T PkFk ≤
3r
2

ν
4
3
0 ‖Pk‖

8
3 ‖x̃‖4 +

r
2ν4

0
(θ2 + ε4

0)

rTr{GT
k (2Pk x̃x̃T Pk + x̃T Pk x̃Pk)Gk}

≤3rn
√

n‖Pk‖2‖x̃‖2‖Gk‖2

≤3
2

rn
√

nν0‖Pk‖4‖x̃‖4 +
3rn
√

n
2ν0

σ̄2, (19)

where ν0 is a positive designed scalar.
According to (17) and (19), we have:

LVk0 ≤− Ξ‖x̃‖4 + D0, (20)

where Ξ = rλmin(Pk)λmin(Qk) − 3r
2 ν

4
3
0 ‖Pk‖

8
3 − 3

2 rn
√

nν0‖Pk‖4 and D0 = r
2ν4

0
(θ2 + ε4

0) +

3
2ν0

rn
√

nσ̄2.
Step 1. Consider the stochastic Lyapunov function below:

Vk1 = Vk0 +
1
4

ξ4
1. (21)

According to (13)–(15), we have:

dξ1 = (ξ2 + ϑ2 + α2d + x̃2 − ẏd − ϑ̇1)dt. (22)

By combining (21) and (22), we obtain:

LVk1 =− Ξ‖x̃‖4 + D0 + ξ3
1(ξ2 + ϑ2 + α2d + x̃2 − ẏd − ϑ̇1). (23)

Under Young’s inequality, we have:

ξ3
1ξ2 ≤

3
4

ν
4
3
11ξ4

1 +
1

4ν4
11

ξ4
2, (24)

ξ3
1 x̃2 ≤

3
4

ν
4
3
12ξ4

1 +
1

4ν4
12
‖x̃‖4, (25)

where ν1j (j = 1, 2) are positive designed scalars.
Substituting (24) and (25) into (23) leads to:

LVk1 ≤− (Ξ− 1
4ν4

12
)‖x̃‖4 + ξ3

1(
3
4

ν
4
3
11ξ1 + ϑ2 + α2d − α1 + α1

+
3
4

ν
4
3
12ξ1 − ẏd − ϑ̇1) +

1
4ν4

11
ξ4

2 + D0. (26)

In order to eliminate the traditional problem of the “explosion of terms”, we introduce
the TD technique in [20] to help the control design. Next, we let the virtual control function
α1 pass through the following TD:{

α̇2d = χ2
χ̇2 = −R2

2[a21 sinh(l21(α2d − α1)) + a22 sinh(l22χ2/R2)],
(27)

where R2, a21, a22, l21, l22 are positive arguments; α2d is the estimate of α1 with s2d = α2d− α1
denoting the generated estimation error. Via [20], the boundedness of the error can be
ensured by a suitable choice of the TDs’ design parameters. Thus, there exists a positive
constant sM such that |s2d| ≤ sM.
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Remark 4. It should be emphasized that, despite the generated estimation error s2d being bounded, it
still will have an influence on the control performance to some extent. Thus, it is reasonable and
necessary to establish the compensating signals and the corresponding new tracking errors (15) for
System (3).

Now, the compensating signal ϑ1 is established as:

ϑ̇1 = −κ1ϑ1 + ϑ2 + (α2d − α1), (28)

with ϑ(0) = 0 for t ∈ [0, T1]. This is a time-varying linear filter with bounded input
s2d = α2d − α1.

Then, the following virtual control input is constructed:

α1 = −κ1z1 −
3
4

ν
4
3
11ξ1 −

3
4

ν
4
3
12ξ1 + ẏd. (29)

Substituting them into (26) results in:

LVk1 ≤− (Ξ− 1
4ν4

12
)‖x̃‖4 − κ1ξ4

1 +
1

4ν4
11

ξ4
2 + D0. (30)

Step 2. Define the stochastic Lyapunov function as:

Vk2 = Vk1 +
1
4

ξ4
2 +

θ̃2

2γ
, (31)

in which θ = maxk∈L{‖WT
k,1‖

2} is an unknown constant, θ̃ = θ − θ̂.
According to (14) and (15), we have:

dξ2 = (uk + lk,2 x̃1 − α̇2d − ϑ̇2)dt. (32)

By combining (31) and (32), we obtain:

LVk2 =LVk1 + ξ3
2(uk + lk,2 x̃1 − α̇2d − ϑ̇2)−

1
γ

θ̃ ˙̂θ. (33)

In light of the above description, it yields:

ξ3
2uk = ξ3

2(vck + σ′k(vk)− vφk + vk), (34)

then the FLS is utilized to develop the control issue on the dead-zone input:

ξ3
2(σ
′
k(vk) + vk) =ξ3

2(W
T
k,1Sk,1 + δk,1 + vk),

≤ 1
2a2 ξ6

2θST
k,1Sk,1 +

a2

2
+

3
4

ξ4
2 +

1
4

ῑ4

≤ 1
2a2 ξ6

2θ +
a2

2
+

3
4

ξ4
2 +

1
4

ῑ4, (35)

where |δk,1 + vk| ≤ ῑ, and the property of 0 < ST
k,1Sk,1 ≤ 1 is used here.

Similarly, we have:

ξ3
2lk,2 x̃1 ≤

3
4

ν
4
3
22l

4
3
k,2ξ4

2 +
1

4ν4
22
‖x̃‖4, (36)

where ν22 is a positive designed scalar.
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It can be obtained by simple calculation and sorting that:

LVk2 =− (Ξ−
2

∑
j=1

1
4ν4

j2
)‖x̃‖4 − κ1ξ4

1 + ξ3
2(

1
4ν4

11
ξ2 +

3
4

ν
4
3
22l

4
3
k,2ξ2 + vck − α̇2d

− ϑ̇2) + ξ3
2(

1
2a2 ξ3

2θ +
3
4

ξ2 − vφk)−
1
γ

θ̃ ˙̂θ + D0 +
a2

2
+

1
4

ῑ4. (37)

On the same principle, the following compensating signals ϑ2 are designed and taken
into account:

ϑ̇2 = −κ2ϑ2. (38)

Then, substituting the following constructed actual control input:

vck =− κk,2z2 −
1

4ν4
11

ξ2 −
3
4

ν
4
3
22l

4
3
k,2ξ2 + α̇2d, (39)

vφk =κ̄k,2ξ2 +
3
4

ξ2 +
1

2a2 ξ3
2 θ̂, (40)

and the adaptive law into (37):

˙̂θ =
γ

2a2 ξ6
2 − βθ̂, (41)

we have:

LVk2 =− (Ξ−
2

∑
j=1

1
4ν4

j2
)‖x̃‖4 −

2

∑
j=1

κjξ
4
j −

β

2γ
θ̃2 + D, (42)

where D = D0 +
a2

2 + 1
4 ῑ4 + β

2γ θ2 and κ2 ≤ min{κk,2 + κ̄k,2}.

3.2. Stability Analysis

The properties of the main result are presented in Theorem 1.

Theorem 1. For the ship heading control system (3) with asymmetric dead-zone, via ADT
τa > (log µ/p2) with µ = max{ λmax(Pk)

λmin(Pq)
, k, q ∈ L} and σ(t), the convergence of z1 is obtained

under the proposed control scheme (29) and (39)–(41); meanwhile, the resulting signals are bounded
in the probability.

Before showing the analysis of Theorem 1, the following Lemma 3 is given to develop
the proof, which can easily verify that the constructed compensating signals (28) and (38)
are bounded.

Lemma 3. The system defined in (28) and (38) has states bounded by ‖ϑ(t)‖ ≤ sM
2κ0

(1 −
e−2κ0(t−T1)), then:

lim
t→∞
‖ϑ(t)‖ ≤ sM

2κ0
, (43)

where κ0 = 1
2 mini(κi − 1).

Remark 5. The relevant proof is easily confirmed and thus is omitted here.

Next, we begin the proof of Theorem 1 via the ADT approach.
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Proof. Choosing appropriate parameters r, ν0, νi2(i = 1, 2) such that:

Ξ−
3

∑
i=1

1
4ν4

i2
≥ c0 > 0, (44)

defining:

p2 =min
k∈L
{4κi,

2c0

rλ2
max(Pk)

, β, i = 1, 2},

p1 =max
k∈L
{ r

2ν4
0
(θ2 + ε4

0) +
3

2ν0
rn
√

nσ̄2 +
a2

2
+

1
4

ῑ4 +
β

2γ
θ2} > 0,

and defining Vk(X) as the whole stochastic Lyapunov with X = [x̃T , ξT , θ̃], then (42) can be
rewritten as:

LVk(X) ≤ p1 − p2Vk. (45)

Furthermore, it is easily obtained that ō(‖X‖) ≤ Vk(X) ≤ o(‖X‖).
Next, the following piecewise differentiable function is considered to develop the

analysis:

W(t) = ep2tVσ(t)(X(t)), (46)

and then, for k, q ∈ L, it follows from the fact Vk(X(t)) ≤ µVq(X(t)), during [tk, tk+1), that
one furthermore obtains:

E{W(tk+1)} ≤ µ[E{
∫ tk+1

tk

p1ep2tdt}+ E{W(tk)}]. (47)

Then, integrating (47), we have:

E{W(T−)} ≤[E{W(0)}+ E{
Nσ(T,0)−1

∑
k=0

µ−k
∫ tk+1

tk

p1ep2tdt}

+ E{µ−Nσ(T,0)
∫ T

tNσ(T,0)

p1ep2tdt}]µNσ(T,0). (48)

Then, τa > (log µ/p2 − δ) can be obtained by considering 0 < δ < p2 − (log µ/τa) and
ADT τa > (log µ/p2). Combining it with (10), we have Nσ(t)(T2, T1) ≤ (p2−δ)(T2−T1)

log µ + N0.
Taking k to be 0, 1, · · · , Nσ(T, 0), the following hold:

E{
∫ tk+1

tk

p1ep2tdt} ≤ E{e(p2−δ)tk+1

∫ tk+1

tk

p1eδtdt}, (49)

and:

E{W(T−)} ≤ E{W(0)µNσ(T,0)}+ E{µ1+N0 e(p2−δ)T
∫ T

0
p1eδtdt}. (50)

ConsideringW(t) yields:

E{ō(‖X(T)‖)} ≤ E{Vσ(T−)(X(T−))}

≤ eN0 log µe(
log µ

τa −p2)TE{o(‖X(0)‖)}+ µ1+N0
p1

δ
. (51)
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The following (52) holds:

1
µ1+N0

E{Vσ(T−)(X(T−))} ≤ 1
µ1+N0

eN0 log µE{o(‖X(0)‖)}+ p1

δ
. (52)

where τa > (log µ/p2) and 0 < e−δ(T−t) ≤ 1 are used. Therefore, according to Lemma 2,
the boundedness can be concluded.

Furthermore, for ∀T > 0, we obtain:

1
4

E{|ξ4
1(T)|} ≤ eN0 log µe(

log µ
τa −p2)TE{o(‖X(0)‖)}+ µ1+N0

p1

δ
(1− e−δT), (53)

considering that τa > (log µ/p2),

lim
T→∞

E{|ξ4
1(T)|} ≤ 4µ1+N0

p1

δ
≤ ε4, (54)

where ε is a positive constant, and then, in accordance with (15) and Lemma 3, we can
obtain:

lim
T→∞

|z1| ≤ ε +
sM
2κ0

, (55)

This completes the proof.

4. Simulation Study and Discussion

The switched control of the above ship heading control system (3) is governed by the
speed as:

σ(t) =


1, low speed
2, medium speed
3, top speed

(56)

Correspondingly, the parameters of the nonlinear ship heading control system from [17,35]
were used, namely T1 = 30 s, K1 = 32 s−1, τ1 = 40 s2; T2 = 63.69 s, K2 = 11.4 s−1,
τ2 = 30 s2; T3 = 80.47 s, K3 = 5.1 s−1, τ3 = 25 s2. For the stochastic noise,
g1 = 0.5x1 sin(x2x3), g2 = 0.25x2

1x2 cos(x2), and g3 = 0.1x1x3 were chosen.
For the dead-zone, we assumed that:

u1 = Γ1(v1) =


1(v1 − 2), v1 ≥ 2
0, −3 < v1 < 2
2(v1 + 3), v1 ≤ −3

(57)

u2 = Γ2(v2) =


0.8(v2 − 3.5), v2 ≥ 3.5
0, −2 < v2 < 35
1(v2 + 2), v2 ≤ −2

(58)

u3 = Γ3(v3) =


1(v3 − 4.5), v3 ≥ 4.5
0, −4 < v3 < 4.5
1.5(v3 + 4), v3 ≤ −4

(59)

The initial condition [x1(0), x2(0), x̂1(0), x̂2(0), θ̂(0)]T = [0.01, 0.01, 0.01, 0.01, 0.01]T

was set to run the simulation. What is more, we set κ1 = 1, κ2 = 0.1, κ12 = 0.5, κ22 = 0.2,
κ32 = κ̄12 = κ̄22 = 1, κ̄32 = 2, γ = 0.1, a = 2, β = 1, and ν11 = 1, ν12 = 5, ν22 = 10, r = 0.5.
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Constants l1,1 = 4, l2,1 = 2, l3,1 = 2, l1,2 = 6, l2,2 = 10, and l3,2 = 8 were chosen such that
the matrices A1, A2, A3 were Hurwitz. Then, by choosing Q1 = Q2 = Q3 = I2, we have:

P1 =

[
0.8750 −0.5000
−0.5000 0.4792

]
, P2 =

[
2.7500 −0.5000
−0.5000 0.3750

]
, P3 =

[
2.2500 −0.5000
−0.5000 0.4062

]
.

then we can compute µ = max{2, 2.347} = 2.347. Then, τa = 13 > (log 2.347/0.067) is
obtained from Theorem 1.

The obtained results are described in Figures 1–15. Figure 1 clearly indicates the
heading tracking performance of System (3), and it can be seen that the system output
follows the desired tracking signal yd = 10 sin(0.08t) very well under the proposed TD-
based control method. Figures 2 and 3 give the system states and the corresponding
observer states under the switched state observers, which shows that the unmeasured
system states can still be well estimated by the designed switched state observers when the
unknown switched actuator dead-zone inputs (57)–(59) are presented in the ship heading
control system (3). The adaptive law is depicted in Figure 4. Figure 5 indicates the switched
controllers under the switching signal described by Figure 6, which satisfies the calculated
ADT τa. All of this means that the desired control result can be fulfilled very well via the
developed control algorithm.
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Figure 1. Tracking effect of System (3).
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Figure 2. Responses of states x1 and x̂1.
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Figure 3. Responses of states x2 and x̂2.
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Figure 4. Adaptive law.
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Figure 5. Control effect of System (3) under TD2.
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Figure 6. Switching signal.
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Figure 7. Influence of stochastic noise on the tracking effect under TD2.
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Figure 8. Control effect of System (3) without TD.
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Figure 9. Control effect of System (3) with DSC.
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Figure 10. Tracking effect of System (3) with different TDs.
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Figure 11. Control effect of System (3) under TD1.



Appl. Sci. 2022, 12, 1985 15 of 19

0 20 40 60 80 100 120 140 160 180 200

Time(sec)

-10

-5

0

5

10

15

20

25

30

35

Figure 12. Control effect of System (3) under TD3.
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Figure 13. Control effect of System (3) without stochastic noise under TD1.
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Figure 14. Control effect of System (3) without stochastic noise under TD2.
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Figure 15. Control effect of System (3) without stochastic noise under TD3.

In order to further exhibit the developed work, we performed some comparison tests
to justify its implementation under the same conditions:

(i) The influence of stochastic noise on heading control:
This work discusses the ship heading tracking with stochastic noise, which is more in

line with the actual navigation environment. In order to illustrate the influence of stochastic
noise more clearly and intuitively, the corresponding test results without/with different
levels of stochastic noises are presented. In Figure 7, the heading tracking control results of
the ship control system for three cases are described under the developed control algorithm:
the control system (3) with small stochastic noise, the control system (3) with larger stochas-
tic noise, and the control system (3) without stochastic noise, respectively. By comparison,
it can be seen that the stochastic noise has a certain effect on the heading tracking control
in the actual navigation environment. Therefore, it is necessary to consider the stochastic
noise in the ship control when establishing the ship heading system mathematical model
and then carry out the heading tracking control;

(ii) The comparison of the TD method with other methods:
To better illustrate the impact of the TD method on the control performance, we

performed the following experimental tests, respectively.
Firstly, the method without the TD feature was applied to control the ship heading

system (3), and the corresponding control result of the heading tracking with controllers is
shown in Figure 8, which indicates that the controllers developed without the TD feature
can still provide effective heading tracking control performance. However, it should be
noted that there is the undesired problem of the “explosion of terms” occurring in the
control design. The structure of such a heading control scheme is thus complicated, and
the term of ∑1

j=0
∂α1

y(j)
d

y(j+1)
d is involved, while the knowledge of yd(t) and its first two-order

time derivatives ẏd(t), ÿd(t) is needed; therefore, more computational work is required,
which is not conducive to practical engineering applications.

Secondly, the commonly used method of dealing with the “explosion of terms”,
the DSC method, was also employed to carry out the heading tracking control for Sys-
tem (3), and the corresponding tracking control result is described in Figure 9. In this
way, the problem of the “explosion of terms” was avoided successfully; however, in the
commonly used DSC method, the boundary s2d = α2d − α1 results from the filter are not
considered and compensated, which will have a certain influence on the control perfor-
mance. Our TD-based control method considers the boundary s2d and introduces the
compensating signals (28) and (38) to compensate this.

From the above results, we can see that, under the same conditions, both of these
methods can develop the heading tracking control of System (3) and achieve the control
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goal successfully, but the TD method can give a better control performance and is more
conducive to practical engineering applications;

(iii) The effect of the TD feature on control performance:
To illustrate the effect of the TD feature on the control performance, three TDs were

chosen in the following experimental tests, defining: TD1: R2 = 10, a21 = 1.5, a22 = 5,
l21 = l22 = 1; TD2: R2 = 100, a21 = 5, a22 = 10, l21 = l22 = 0.5; TD3: R2 = 1,
a21 = a22 = 0.5, l21 = l22 = 5, respectively; the corresponding comparison results are exhib-
ited in Figures 10–15.

Firstly, Figure 10 clearly shows the heading tracking performance for System (3) with
different TDs. This is followed by the corresponding controller performances obtained
in Figures 5, 11 and 12. Furthermore, we illustrate the effect of the TD feature on the
controller performance when stochastic noise is not present in System (3), and the test
results are given in Figures 13–15. From the above comparison results, it follows that the TD
feature will have a certain effect on controller performance for the ship heading system (3)
whether there is stochastic noise or not. By comparison, we can conclude that, by the
appropriate parameter selection of the TD, the desired heading tracking performance and
control performance can be ensured.

From the above experiment results, we can obtain the following conclusions:
(1) Stochastic noise in complex sea conditions does have an impact on the system

performance, especially when there is a huge stochastic effect resulting from excessive
wind and waves, and it will have a terrible impact on the control system. Therefore, it is of
great practical significance to consider the stochastic noise in system modeling and study
the related control issues for safe navigation;

(2) The novel TD-based adaptive heading tracking control scheme has a simple struc-
ture, and it only needs the knowledge of yd(t) and its one-order time derivative ẏd(t),
while the drawback of the “explosion of terms” is cleverly prevented by taking the boundary
s2d = α2d − α1 in the designed compensating signals into account; thus, the computational
work is reduced greatly, which is very conducive to practical ship control;

(3) The developed TD-based control scheme can achieve a good control effect by means
of proper parameter selections. However, the parameter tuning is a nontrivial and tedious
task. In order to obtain the desired heading control performance, large R2, a21, a22 and
small l21, l22 are needed, but it should be noted that, too large R2, a21, a22 and too small
l21, l22 will result in bad heading tracking and controller convergence.

5. Conclusions

Switched adaptive heading control under stochastic noise and an unknown dead-zone
was considered. The ship control model under stochastic noise was established, and the
tracking controller was constructed. Via the incorporation of switched state observers,
the switched adaptive output feedback tracking control tactic was proposed. The TD
technique was innovatively introduced to dispose of the “explosion of terms” occurring in
ship control. Finally, a theoretical analysis verified the control model.
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