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Abstract: An improved numerical procedure is used to present the correlations between the shape param-
eters and Bond numbers of floating bubbles for a wider range of Bond numbers (5× 10−5 < Bo < 5000)
than the previously reported range of Bond numbers (0.003 < Bo < 241), and their asymptotic relations
as Bo → 0 and Bo → ∞. The proposed method is proven to be more precise and robust than the
conventional methods in comparison with previous numerical and experimental results. In addition, the
profile of floating bubbles and the related parameters are presented for a wide range of bubble sizes. The
shape parameters are divided into three distinct Bond number regions, and are fitted with a fifth-order
polynomial as a function of Bond number on a log-log scale for each region. The parameters show two
asymptotes, which can be expressed in a simple power law. In addition, the dimensionless maximum
depth of the floating bubble is obtained as H = 0.7291015 when Bo = 4.755563. These correlations and
asymptotic relations are expected to assist in the development of scale models of dynamic bubble-related
phenomena such as bubble bursting.

Keywords: floating bubble; shape parameter; Bond number; asymptotic relation; power law;
Young–Laplace equation

1. Introduction

Bubbles floating on a liquid can be seen in various places, and an understanding of the
related phenomena is important in the natural sciences and industrial fields. For example,
the bursting of floating bubbles in the ocean affects atmospheric circulation and marine
pollution [1–4]. In a nuclear power plant accident, the bursting of bubbles in the reactor
acts as a source of radionuclides [5,6]. Volcanic eruptions are caused by bubbles with sizes
measured in meters [7]. In food engineering, bubbles are involved in the release of foams
and flavors, e.g., champagne, espresso, and beer [8–11]. Recently, boiling heat transfer in a
complex nanofluid is closely related to bubble nucleation and growth [12,13].

Bubbles generated in a liquid rise due to buoyancy, and then burst after reaching
the liquid surface [14]. Bubbles floating on a liquid can remain in quasi-equilibrium for
some time before bursting. During this time, the thin liquid film that defines the surface of
the bubble gradually becomes thinner and unstable due to gravity, external disturbance,
and impurities [15]. After bursting, the dynamics of the bubble cannot be simulated by
the present numerical method, and the partial differential equations of the conservation
laws must be solved using the computational fluid dynamics techniques such as the finite
element method [16], the arbitrary Lagrangian–Eulerian moving mesh method [17], the
two-fluid two-phase flow model [18,19], and the adaptive multi-phase method [20]. As
shown schematically in Figure 1, the shape of the floating bubbles in the quasi-equilibrium
state can be divided into three curves, namely the cap, the cavity, and the meniscus. These
three curves meet at a junction point c. As the various dynamic phenomena that occur
when a floating bubble bursts depend largely on its initial shape, the accurate prediction
of this shape is important [21–27]. If the thickness and drainage of the liquid film can be
neglected, then the shape of the bubble in the quasi-equilibrium state is determined by
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the Young–Laplace equation representing the balance between the forces of hydrostatic
pressure and capillary action [28–32]. Floating bubbles vary in shape from spherical to
hemispherical, depending on their size. Therefore, the Bond number, Bo, is used as a
key parameter.
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Figure 1. The schematic configuration of a floating bubble.

Bashforth and Adams [28] presented a systematic theoretical equation for hydrostatic
pressure and capillary forces and obtained a series solution of drops of fluids. Subsequently,
Toba [29] calculated the shapes of floating bubbles by using a semi-graphical method.
At the same time, Princen [30] used the Table of Bashforth and Adams [28] to find the
junction point and calculate the shapes of bubbles of various sizes. Medrow and Chao [31]
numerically calculated the bubble shape for a broader range of the bubble sizes (which
corresponds to a range of 0.003 < Bo < 241, computed based on the parameter B values
of [31]), and derived an analytic solution using a perturbation technique for tiny bubbles
that are difficult to calculate numerically. Recently, Lhuissier and Villermaux [23] obtained
the bubble shape via a method similar to that of Toba [29]; however, there is no detailed
information on their numerical method and on the accuracy of their solution. Bartlett [32]
used a similar method to Princen [30] and presented the shapes of bubbles for Bond num-
bers between 0.1 to 100. Cohen et al. [33] developed a model considering the film weight
of giant soap bubbles and compared the results of numerical solutions and experiments.
Shaw and Deike [34] studied the coalescence of floating bubbles for a wide range of Bond
number, and characterized the evolution of the underwater neck and the surface bridge.
Miguet et al. [35] investigated the life of a floating bubble by exploring the role of drainage
and evaporation on film thinning. Despite a long period of study, the bubble sizes used
for analysis have been limited, and there is no rigorous evaluation of the accuracy and
robustness of the numerical methods used.

As bubble shape parameters play an important role in the theory describing various
dynamic phenomena related to floating bubbles [36], accurate prediction of the bubble
parameter is crucial, especially in a wide range of Bond numbers. For instance, the lifetimes
of floating bubbles are related to the surface area of the bubble film [15]. The jet velocity
generated when the bubble bursts is related to the depth of the cavity, and the amount of
aerosol emitted depends on the radius and height of the cap [23,27]. Koch et al. [5] used the
correlation between the dimensionless cap area and the dimensionless diameter to calculate
the number of film droplets generated in the bubble bursting process, and the correlation
between the dimensionless base radius and the dimensionless diameter to obtain the critical
film thickness. Teixeira et al. [37] employed a perturbation method for large bubbles to
obtain analytical expressions for bubble parameters as a function of the Bond number,
and compared their results with experimental data. Puthenveettil et al. [36] also derived
approximate analytical solutions for bubble parameters over a moderate range of Bond
number (0 < Bo < 1) and compared these with their experimental results. Moreover, to
the best of the present author’s knowledge, no study has yet been published detailing the
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correlations between the Bond number and various bubble parameters over an extensive
range of Bond numbers.

In the present work, an improved numerical procedure is proposed to calculate the
shapes of floating bubbles over a much wider range of Bond numbers than that examined
in the previous studies. The proposed method is validated against the earlier numerical
and experimental results to prove its accuracy and robustness. New correlations between
the Bond number and several important bubble parameters, along with their asymptotic
relations, are then provided.

The novelty of this study is as follows. A new method is developed by introducing
specific functions for accurately finding the location of the connection points on the bubble
surface regardless of the ODE solvers and their boundary points. An improved algorithm
to find the junction point is developed, based on a novel function to determine the type
of meniscus.

2. Theoretical Model

A slightly modified form of the theoretical model presented by Toba [29] and Medrow
and Chao [31] is used in the present work. Thus, the shape of the floating bubble is
described by the Young–Laplace equation:

∆p = σ

(
1
r1

+
1
r2

)
, (1)

where ∆p is the pressure difference across the interface, σ is the surface tension, and r1 and
r2 are the principal radii of curvature.

A half-section of an axisymmetric bubble floating on a liquid is presented, along with
its associated parameters, in Figure 1, where h > 0 is the depth of the cavity below the
undisturbed liquid surface, x∞ is the point where the meniscus meets the undisturbed
surface, and ϕ and α are the tangent angles of the cavity and meniscus curves, respectively.

If the thickness of the cap film is ignored, then the cap has a spherical shape with a
radius r0, and Equation (1) can be written as

∆p0 =
4σ

r0
, (2)

where ∆p0 denotes the pressure difference across the cap film. Furthermore, if the weight
of gas inside the bubble is neglected, then the cavity satisfies

∆p0 + ρgz = σ

(
1
r1

+
1
r2

)
, (3)

where ρ and g denote the liquid density and gravitational acceleration, respectively,
Similarly, the meniscus shape is given by

− ρgz = σ

(
1
r1

+
1
r2

)
. (4)

As the bubble shape is a surface of revolution about the z-axis, the principal radii of
curvature are given as

1
r1

=
sin ϕ

x
, (5)

1
r2

=
d sin ϕ

dx
. (6)

By using the capillary length, a =
√

2σ/ρg, the bubble parameters are nondimension-
alized as given by

x = aX, z = aZ, y = aY, h = aH, r0 = aR0. (7)
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Substituting Equations (2) and (5)–(7) into Equation (3) yields the dimensionless
ordinary differential equations (ODEs) for the cavity shape, given here as

d sin ϕ

dX
= 2Y− sin ϕ

X
+ B, (8)

dY
dX

= tan ϕ, (9)

where the parameter B represents the dimensionless pressure difference across the bottom
of the bubble, as defined by

B =
4

R0
− 2H. (10)

Equations (8) and (9) can be rewritten with an independent variable Y as

d cos ϕ

dY
= −2Y +

sin ϕ

X
− B, (11)

dX
dY

= cot ϕ. (12)

Application of the L’Hospital’s rule, i.e., lim
ϕ→0

sin ϕ/X = lim
ϕ→0

d sin ϕ/dX, then leads to

the first initial condition of Equations (8) as follows:

d sin ϕ

dX

∣∣∣∣
X=0

=
B
2

. (13)

The second initial condition of Equation (9) is simply given as

dY
dX

∣∣∣∣
X=0

= 0. (14)

Similarly, the relation α = π − ϕ is used to obtain the ODEs for the meniscus shape
as follows:

d sin α

dX
= −2Y− sin α

X
+ 2H, (15)

dY
dX

= − tan α. (16)

The boundary conditions of Equations (15) and (16) at X = X∞ are given as

sin α∞ = 0 and Y∞ = 0 (17)

At the junction point c, the geometrical relationship given in Equation (18) must
be satisfied:

R0 =
Xc

sin ϕc
. (18)

From Equations (10) and (18), the relation between H and B is given as

H =
2 sin ϕc

Xc
− B

2
. (19)

As the cap is spherical with a radius R0, its shape is given by

X = R0 sin ϕ, (20)

Y = Yc + R0(cos ϕc − cos ϕ). (21)



Appl. Sci. 2022, 12, 1804 5 of 22

The volume of the bubble is computed analytically via integration by parts [38]. The
volume of the cap is given by

Vcap = πH2
0

(
R0 −

H0

3

)
, (22)

where H0 = R0(1 + cos ϕc).
The volume of the cavity is given by

Vcavity = πX2
c

(
Zc +

1
R0

)
. (23)

The surface area of the cap is obtained as

Acap = 2πR0H0. (24)

However, there is no analytic form for the surface area of the cavity. It should be
numerically integrated as follows:

Acavity =
∫ X45

0

X
cos ϕ

dX +
∫ Yc

Y45

Y
sin ϕ

dY, (25)

where X45 and Y45 respectively denote the X and Y positions on the cavity at ϕ = π/4.
The Bond number is defined by

Bo =
ρgr2

e
σ

, (26)

where re denotes the equivalent spherical radius of the bubble.

3. Numerical Procedure

Given the parameter B, the shape of the floating bubble can be determined. Since
the bubble is symmetric about the z-axis, only half of it is needed. First, the shape of the
cavity shape between the bottom and the junction point c is calculated, then the shape of the
meniscus between the point c and the boundary point X∞ is determined. Finally, the shape of
the circular cap is quickly obtained. The junction point c between the cavity and the meniscus
is not given analytically and should be found via a numerical iterative method. The accuracy
of the bubble shape is significantly affected by the accuracy with which c is located.

The dimensionless height H is used to determine whether the guessed junction point c̃
matches the exact point c. Given the position of c̃, H is readily calculated from Equation (19).
Furthermore, after computing the meniscus shape, another height, H̃ = Y∞, can be obtained.
Thus, the bubble shape is considered to have converged when the error εH =

∣∣∣H − H̃
∣∣∣ falls

within a defined level of tolerance that indicates the accuracy of the numerical method used.

3.1. Improving the Accuracy of the Cavity Shape

The cavity shape can be obtained by integrating Equations (8) and (9) or Equations (11)
and (12) numerically. However, previous studies have shown that it is necessary to divide
the cavity into two [29,32,39] or three [31] parts in order to avoid divergence of Equations
(8) and (9) at ϕ = π/2. In the present study, when the cavity was divided into two
parts, the numerical error was found to increase rapidly as the bubble size decreased (see
Figure 6). Hence, the cavity shape was divided into the following three parts or intervals:
(I) 0 ≤ ϕ < π/4, (II) π/4 ≤ ϕ < 3π/4, and (III) 3π/4 ≤ ϕ < π, and Equations (8) and (9)
were applied to intervals (I) and (III), while Equations (11) and (12) were applied to interval
(II). However, because ϕ is not an independent variable in these equations, the numerical
integrations are not completely finished at ϕ = π/4 and ϕ = 3π/4. Hence, a conventional
method is to set an arbitrary far point X f (or Yf ) as a boundary condition of the ODEs and
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to finish the calculation when ϕ is just greater than π/4 (or 3π/4). Unfortunately, this leads
to potential errors at the endpoint X45 (or Y135) of the divided cavity depending on ODE
solvers. The conventional method works well on medium-sized bubbles, but produces a
severe error in large bubbles, especially at the position of X45, because the bottom of the
cavity becomes substantially flat. This error is not only affected by the boundary points X f
(or Yf ), but also by the tolerance of the ODE solver.

To remedy this problem, an improved method was proposed for accurately finding
the location of the connection points X45 and Y135 regardless of the ODE solvers and their
boundary points. In this approach, a monotonically increasing function f (x; φ) is defined
as follows:

function f (x; φ)
Integrate Equations (8) and (9) from X = 0 to x to find sin ϕ at the endpoint
return (sin φ− sin ϕ)

end function

An accurate position x = X45 is then found by solving f (x; π/4) = 0 in the interval
0 < x < X f using a root-finding technique. Here, the boundary point X f is any value
greater than X45; usually, X f ≈ 100 is appropriate for most of the bubble sizes considered
in this study. As shown in Figure 2b, X f does not affect the accuracy of the solution
obtained using this method at all. Once X45 has been determined, Equations (8) and (9)
are integrated again from X = 0 to X45 to obtain the first part of the cavity profile along
with the remaining Y45 and ϕ45. Similarly, the second part of the cavity and its endpoint
(X135, Y135, ϕ135) can be computed using the following function:

function g(y; φ)
Integrate Equations (11) and (12) from Y = Y45 to y to find cos ϕ at the endpoint
return (cos φ− cos ϕ)

end function
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Figure 2. Comparison of the bubble shapes obtained according to the boundary point X f of Equa-
tions (8) and (9) for a large bubble (B = 10−16 ) using (a) the conventional method, and (b) the
improved method involving the root-finding technique. The tolerance of the ODE solver is set to
10−9. The insets plot the cavity profiles up to 45 degrees and are not scaled.

The computed bubble shapes according to the position of the boundary point X f for a
large bubble (B = 10−16) are presented in Figure 2. Here, the bubble shapes are seen to vary
significantly depending on X f when the conventional technique is used (Figure 2a). When
the root-finding method is used, however, the bubble shapes not affected by X f (Figure 2b).

Similarly, the effect of ODE solver tolerances for the same size of bubble are presented
in Figure 3. Here, the bubble shape changes slightly according to the tolerance using the
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improved method (Figure 3b), but the results obtained using the conventional method
are unacceptable (Figure 3a). Therefore, it is essential to compute the connection point
accurately for large bubbles.
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3.2. Finding the Junction Point Based on the Type of Meniscus

There are two general approaches to finding the junction point c according to the
direction of integration of the meniscus. The first approach is to integrate the meniscus
from X = X∞ to Xc in the negative X-direction [29,31]. Here, X∞ is sought in an iterative
manner so that the derivatives of the meniscus and cavity profiles match at the junction
point c. However, it is difficult to compute the shape of the meniscus using this method
because the initial slope becomes zero when the exact initial condition, Z∞ = α∞ = 0 at
X = X∞, is applied. To circumvent this, Toba [29] and Freud and Freud [40] employed
Za = αa = 0.00001 at X = Xa < X∞ as an initial condition. Medrow and Chao [31] further
improved this method by using an approximate analytical solution of Za with the Bessel
function. Nevertheless, as these methods do not give an exact initial condition at X = X∞,
the accuracy of the solution is still limited.

The second approach is to integrate the meniscus from Xc to X∞ in the positive X-
direction [23,30,32]. Although this approach has the advantage of obtaining the X∞ position
more precisely, there is another difficulty in that the meniscus shape changes dramatically
around the junction point c, as shown in Figure 4.
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Hence, a method for effectively locating the junction point c is proposed herein by
using a specific function that distinguishes the type of meniscus shape. A conventional
bisection method for finding c narrows the interval by comparing the sign of H− H̃ at both
ends of the solution interval. At each iteration step, it is necessary to find the height H̃,
which is calculated differently depending on the meniscus type: if the meniscus profile is
convex, its minimum value is chosen; if the meniscus profile is monotonically decreasing,
an inflection point is selected. Interestingly, without calculating H̃, the bisection method
can become simpler by considering the meniscus type only. Hence, the following function
is defined to determine whether a meniscus is convex at a guessed junction point:

function is_meniscus_convex(c)
Integrate Equations (15) and (16) from X = Xc to Xmax to find sin αmax,

where Xmax > X∞ is any large value
return the logical value of (sin αc · sin αmax < 0)

end function

This function is then used to modify the bisection method as Algorithm 1:

Algorithm 1 Modified bisection method

Input: PL, PR
Output: Pc
for n = 1 to nmax

Pc = (PL + PR)/2
if is_meniscus_convex(Pc)

PR = Pc
else

PL = Pc
end if

end for

where P represents the X or Y value on the cavity. The maximum number of iterations is
given by nmax = log2

(∣∣P0
L − P0

R

∣∣/ε
)
. Here, ε and

[
P0

L , P0
R
]

are the error tolerance and initial
interval of the bisection method, respectively. If ϕc is between 90◦ and 135◦, the initial
interval is [Y90, Y135]; if ϕc is between 135◦ and 180◦, the initial interval is [X135, X180],
where X180 6= 0. However, if Y90 and X180 are not sufficiently accurate, this method may
fail to find the junction point c in the case of very small or large bubbles. The exact positions
of Y90 and X180 can be obtained by solving the equations g(y; π/2) = 0 and f (x; π) = 0,
respectively. Once the junction point c is obtained, X∞ can be found by using the following
function q(x), and then the meniscus shape:

function q(x)
Integrate Equations (15) and (16) from X = Xc to x to find sin α at the endpoint
return sin α

end function

This modified bisection method is more efficient and robust than the conventional
one because there are no expensive routines to find the minimum or inflection point of the
meniscus. Although a similar meniscus type to that used herein was previously used by
Princen [30], the method employed therein remained limited in terms of bubble size and
accuracy because it relied on Bashforth and Adam’s table [28].

The overall procedure for calculating a floating bubble shape is summarized in Algorithm 2.
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Algorithm 2 The improved numerical procedure for calculating the shape of a floating bubble

Input: B
Output: Floating bubble shape and parameters
Calculate the first part of the cavity profile C1 by integrating Equations (8) and (9) from ϕ = 0 to
π/4 and by solving f (x; π/4) = 0.
Calculate a part of the cavity profile C2

′ by integrating Equations (11) and (12) from ϕ = π/4 to
3π/4 and by solving g(y; 3π/4) = 0.
if is_meniscus_convex(P135)

Find Y90 by solving g(y; π/2) = 0.
Find the junction point Yc by using the modified bisection method in [Y90, Y135].
Calculate the rest of the cavity profile C2 by integrating Equations (11) and (12) from Y = Y45

to Yc.
else

Find X180 by solving f (x; π) = 0.
Find the junction point Xc by using the modified bisection method in [X135, X180].
Calculate a part of the cavity profile C3 by integrating Equations (8) and (9) from X = X135

to Xc.
Set the rest of the cavity profile as C2 = C′2 ∪ C3.
end if
Calculate the meniscus profile Cm by integrating Equations (15) and (16) from α = αc to α∞.
Calculate the cap profile C0 by computing Equations (20) and (21) from ϕ = ϕc to π.
Combine the profiles to obtain the floating bubble shape: C = C1 ∪ C2 ∪ Cm ∪ C0.

4. Results and Discussion

In the present study, the ODE solver employs a variable step, the 4th and 5th-order
Runge–Kutta algorithm using Dormand and Prince pairs [41]. A range of the Bond num-
bers, i.e., 5× 10−5 < Bo < 5000, is applied to the improved numerical method. Accordingly,
the results obtained using the conventional and improved methods are compared in the
following subsection. Then the present results are compared with those of previous compu-
tational and experimental studies.

4.1. Comparison between the Conventional and Improved Methods

The conventional and improved methods are compared for large bubbles in Figure 5.
Here, it can be seen that a smaller value of B corresponds to a larger bubble size (Figure 5a).
Thus, when B = 1 × 10−7, the bubble shapes obtained using the two different methods
are almost identical. However, when B = 1 × 10−14, there is a slight difference between
the two results, and when B = 1 × 10−22, the two methods show a significant discrepancy
in the obtained bubble shapes. The cause of inaccuracy in the conventional method is
demonstrated in Figure 5b, where the dimensionless cap radius R0 is seen to increase
abnormally as the parameter B decreases in the conventional method.

The conventional and improved methods are compared for small bubbles in Figure 6.
Here, when B = 1000, the bubble shapes obtained using both methods are almost identical
(Figure 6a). However, when B = 2000 and 3000, the conventional method raises the
bubble in a non-physical manner because the bisection method does not converge and
gives a negative value of H. As shown in Figure 6b, when B is small, the dimensionless
absolute height |H| is the same in both methods; however, as B becomes larger, |H|
fluctuates significantly in the conventional method. These results clearly demonstrate that
the improved method should be used to calculate large or small bubbles robustly.
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merical results in Table 1. Various bubble parameters were previously calculated in the 
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Figure 5. Comparison of the conventional (red) and the improved (black) methods for large bubbles.
The tolerance of the ODE solver is set to 10−12. (a) Floating bubble shapes for the following three
large bubble sizes: B = 1 × 10−7, 1 × 10−14, and 1 × 10−22. (b) The dimensionless cap radius R0 is
plotted with respect to the parameter B.
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Figure 6. Comparison of the conventional (red) and the improved (black) methods for small bubbles.
The tolerance of the ODE solver is set to 10−12. (a) Floating bubble shapes for the following three
small bubble sizes: B = 1000, 2000, and 3000. (b) The dimensionless absolute height |H| is plotted
with respect to the parameter B.

4.2. Comparison of the Present Results with the Earlier Numerical and Experimental Results

The present computational results are compared with the previously published nu-
merical results in Table 1. Various bubble parameters were previously calculated in the
range of B = 1–20, B = 0.28–8, and B = 4× 10−8–50 by Toba [29], Princen [30], and Medrow
and Chao [31], respectively. However, Princen [30] used the parameter β in place of B,
where the relationship between these is given by

B =
√

8/β and X = (x/b)
√

β/2, (27)

where X denotes the dimensionless parameter of the present work, and (x/b) denotes
the dimensionless parameters of Princen’s work. The computed parameters in Table 1
agree well with one another, with the exception of Toba’s parameters. This is because Toba
employed a semi-graphical technique of limited accuracy. The earlier methods used an
approximate analytical solution for tiny bubbles [31] or an interpolation method with a
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pre-calculated Table [30], so the sizes considered were narrow. Medrow and Chao [31]
used the boundary conditions of Za = 0.00001 and sin α∞ ≤ 0.0001. Princen [30] searched
the junction point until both ∆Xc and ∆Zc were less than ε = 0.5× 10−5. In contrast, the
present calculations maintain an accuracy of |sin α∞| < 5× 10−20 and εH < 5× 10−8, thus
providing much more precise results.

Table 1. Comparison of the present numerical results with those of Toba [29], Princen [30], and
Medrow and Chao [31] for the selected bubble parameters.

B Authors Xc Yc ϕc R0 V H

50
Medrow 0.0026045 0.07970 178.13 0.07975 0.0002672 0.07921
Present 0.002604455 0.07958193 178.1285 0.07974769 0.000267229 0.07909536

20
Toba 0.016 0.194 175.3 0.196 0.0041 0.184

Medrow 0.016011 0.19481 175.32 0.1963 0.004108 0.1897
Present 0.01601056 0.1947944 175.3211 0.1962769 0.004107305 0.1896872

8
Princen 0.09101 0.44341 168.443 0.45428 0.05846 -
Present 0.09100837 0.4434090 168.4433 0.4542754 0.05846040 0.4026157

7
Toba 0.117 0.493 166.5 0.502 0.0863 0.433

Medrow 0.11520 0.49307 166.88 0.5076 0.08463 0.4401
Present 0.1152068 0.4930890 166.8816 0.5075995 0.08463203 0.4401145

4

Toba 0.284 0.722 158.4 0.772 0.3680 0.592
Princen 0.28217 0.72309 158.574 0.77245 0.36408 -
Medrow 0.28217 0.72310 158.57 0.7724 0.3641 0.5892
Present 0.2821735 0.7230909 158.5740 0.7724442 0.3640805 0.5891839

2

Toba 0.655 0.989 145.9 1.169 1.67 0.711
Princen 0.65599 0.98789 146.014 1.17354 1.67520 -
Medrow 0.65598 0.98782 146.02 1.174 1.675 0.7042
Present 0.6559949 0.9878898 146.0140 1.173535 1.675189 0.7042526

1
Toba 1.159 1.161 134.2 1.621 5.51 0.734

Medrow 1.1603 1.15854 134.56 1.629 5.505 0.7281
Present 1.160338 1.158526 134.5617 1.628556 5.505488 0.7280821

0.5
Princen 1.71400 1.23904 125.860 2.11488 13.7728 -
Medrow 1.7140 1.23890 125.87 2.115 13.77 0.6956
Present 1.714005 1.239067 125.8599 2.114874 13.77346 0.6956826

0.4
Princen 1.89485 1.25155 123.611 2.27520 17.6919 -
Medrow 1.8948 1.25152 123.61 2.275 17.69 0.6790
Present 1.894856 1.251574 123.6100 2.275215 17.69363 0.6790378

0.001
Medrow 6.5244 1.14954 101.91 6.668 565.2 0.2994
Present 6.524375 1.149610 101.9076 6.667858 565.2013 0.2994464

4 × 10−8 Medrow 13.947 1.07121 95.66 14.02 5527 0.1427
Present 13.94652 1.071357 95.6803 14.01534 5523.744 0.1427007

The experimental results of Teixeira et al. [37] are compared with the present numerical
results for selected bubble parameters in Figure 7a, where the parameters are plotted with
respect to the Bond number based on the cap radius, i.e., Bo0 = ρgr2

0/σ. Here, the present
computations are seen to agree well with the experimental results, except for the H∗ values.
For this parameter, the numerical results obtained using Surface Evolver S/W [42] have
shown a similar trend to the present computations, as described in [37]. Meanwhile, the
experimental results of Puthenveettil et al. [36] are compared with the present numerical
results for selected parameters in Figure 7b, where Zm denotes the height of the bubble top
above the undisturbed surface. All parameters are normalized with respect to the equivalent
bubble radius Re. The experimental results agree well with the present computation, except
that the present computation overestimates the experimental data for R0/Re. Notably, the
numerical results of Puthenveettil et al. [36] also overestimate R0/Re by a similar amount.
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The presently computed profiles for bubbles of various sizes (red outlines) are com-
pared with the experimental photographs obtained by Teixeira et al. [37] and Puthen-
veettil et al. [36] in Figure 8. In addition, the present predictions for the angle of the
junction point (θc) are compared with those measured by Teixeira et al. [37] in Table 2.
Teixeira et al. [37] used a soap solution (σ = 0.0282 N/m), and the images were taken in
the range of Xc = 1 to 32.5 mm (Figure 8a). Here, the calculated bubble shapes are seen to
match the experimental images well, although the results in Table 2 indicate slightly differ-
ent values for the angle of the junction point (θc). Specifically, the present computational
work predicts θc to be about 1− 2 degrees higher than that measured by Teixeira et al. [37]
Meanwhile, the experimental investigations of Puthenveettil et al. [36] were performed on
various liquids (e.g., water and ethanol), and the photographs were taken for Bo = 0.004 to
2.46 (Figure 8b). However, when the Bond numbers measured by Puthenveettil et al. [36]
were used in the present computations, the resulting numerical profiles for large bubbles
were quite different from the experimental photographs. Hence, the Bo values used in
the present work were adjusted in order to provide a better match between the predicted
and measured profiles. These adjusted Bond numbers are compared with those measured
from Figure 8b in Table 3. Here, similar Bond numbers are predicted and measured for
the two tiny bubbles, but the present computations predict much higher Bond numbers
than those measured for the two large bubbles. While Teixeira et al. [37] measured the
bubble cap radius and the junction angles to obtain an alternative form of Bond number
(Bo0), Puthenveettil et al. [36] calculated Bo by measuring the volume of a bubble from the
experimental image. It is expected that obtaining Bo is more complicated than obtaining
Bo0 because the lower part of the floating bubble is immersed in the liquid, whereas the
upper part is not. Therefore, the discrepancy in Table 3 is thought to be due to experimental
errors or the limitations of the current theoretical model.
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Figure 8. Comparison of the presently computed bubble profiles (red outlines) with the experimental
photographs obtained by (a) Reprinted with permission from [37]. Copyright 2015 American Chemi-
cal Society (from top to bottom Xc = (a) 1, (b) 2.1, (c) 4.2 and (d) 32.5 mm) and (b) Reprinted from [36],
with the permission of AIP Publishing.

Table 2. The angle of the junction point (θc ) as measured experimentally by Teixeira et al. [37] and as
predicted in the present work.

Image in Figure 8a
θc

Teixeira et al. [37] Present

(a) 25.7 26.6
(b) 38.5 39.6
(c) 52.5 54.7
(d) 83.9 84.2

Table 3. The Bond numbers (BO) measured by Puthenveettil et al. [36] and those of the present
computational work.

Image in Figure 8b
Bo

Puthenveettil et al. [36] Present

Top Left 0.004 0.004
Top Right 0.03 0.03

Middle 0.5 0.63
Bottom 2.46 3.5

4.3. Important Bubble Parameters and Profiles for a Wide Range of the Bond Numbers

The present numerical results for important bubble parameters in a wide range of
Bond numbers (10−40 < B < 1000, corresponding to 8× 10−6 < Bo < 5723) are listed
in Table 4. The relative tolerance of the ODE solver is set to TOL = 2.22× 10−16. For
the range of B considered here, the present computations satisfy |sin α∞| < 10−19 and
εH < 7× 10−8. Thus, the present method computes the boundary condition of the meniscus
more accurately and converges the position of the junction point more precisely than the
earlier methods. As a result, the present method provides highly precise and robust
numerical results for a wide range of bubble sizes.
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Table 4. The present numerical results for important bubble parameters.

B Bo Xc Zc ϕc H H0 R0

1000 7.999957 × 10−6 6.531920 × 10−6 1.426955 × 10−7 179.9064 0.003999773 5.333294 × 10−9 0.003999968
500 3.199932 × 10−5 2.612705 × 10−5 8.835825 × 10−7 179.8129 0.007998500 4.266541 × 10−8 0.007999744
300 8.888362 × 10−5 7.257102 × 10−5 3.674190 × 10−6 179.6881 0.01332701 1.975148 × 10−7 0.01333215
200 0.0001999733 0.0001632667 1.131729 × 10−5 179.5322 0.01998027 6.665443 × 10−7 0.01999600
150 0.0003554713 0.0002902067 2.500423 × 10−5 179.3762 0.02662265 1.579731 × 10−6 0.02665720
100 0.0007995738 0.0006526751 7.571394 × 10−5 179.0643 0.03986447 5.329410 × 10−6 0.03996813
80 0.001248960 0.001019346 0.0001385365 178.8304 0.04974934 1.040468 × 10−5 0.04993789
60 0.002218939 0.001810413 0.0002997670 178.4404 0.06611566 2.464071 × 10−5 0.06652007
30 0.008836790 0.007193843 0.001842383 176.8804 0.1297692 0.0001958917 0.1321897
20 0.01973977 0.01601056 0.005107188 175.3211 0.1896872 0.0006540912 0.1962769
16 0.03062309 0.02474611 0.008773140 174.1542 0.2317490 0.001263504 0.2429617
10 0.07610977 0.06055737 0.02561974 170.6915 0.3420357 0.004930032 0.3743891
7 0.1483636 0.1152068 0.05297453 166.8816 0.4401145 0.01324675 0.5075995
4 0.3924363 0.2821735 0.1339070 158.5740 0.5891839 0.05338361 0.7724442
2 1.085626 0.6559949 0.2836372 146.0140 0.7042526 0.2004702 1.173535
1 2.399762 1.160338 0.4304443 134.5617 0.7280821 0.4858354 1.628556

0.5 4.422484 1.714005 0.5433848 125.8599 0.6956826 0.8759713 2.114874
0.2 8.186136 2.454823 0.6454278 117.9642 0.6195963 1.476051 2.779336
0.1 11.82990 3.007428 0.6984155 113.8375 0.5582908 1.959115 3.287901

0.03 19.73677 3.948336 0.7613356 108.9106 0.4642022 2.820973 4.173604
0.002 44.66426 6.005879 0.8378743 102.8796 0.3236288 4.787607 6.160882

2 × 10−5 109.3486 9.416629 0.8949651 98.35707 0.2101250 8.134374 9.517693
4 × 10−8 240.5064 13.94652 0.9286565 95.68030 0.1427007 12.62814 14.01534
3 × 10−12 537.2599 20.80127 0.9520342 93.82031 0.09593434 19.45857 20.84759
2 × 10−18 1197.575 30.99599 0.9677704 92.56740 0.06445970 29.63729 31.02714
1 × 10−25 2310.565 42.99781 0.9767552 91.85180 0.04648970 41.63011 43.02028
1 × 10−40 5723.091 67.57905 0.9852057 91.17865 0.02958871 66.20297 67.59335

B X90 Xh V A X∞ sinα∞ εH

1000 0.001999997 2.592758 × 10−5 3.351005 × 10−8 5.026523 × 10−5 0.6035815 −1.525375 × 10−22 2.676590 × 10−8

500 0.003999979 9.281963 × 10−5 2.680740 × 10−7 0.0002010577 1.730274 −7.698510 × 10−22 1.453944 × 10−8

300 0.006666568 0.0002463152 1.241013 × 10−6 0.0005584724 2.985969 −3.153570 × 10−22 7.827400 × 10−9

200 0.009999667 0.0005332463 4.187953 × 10−6 0.001256470 3.535465 −1.123335 × 10−21 1.095687 × 10−8

150 0.01333254 0.0009204409 9.925456 × 10−6 0.002233493 5.149609 −2.827164 × 10−22 2.132361 × 10−9

100 0.01999733 0.001979302 3.348354 × 10−5 0.005023872 6.959408 −2.696805 × 10−23 4.713860 × 10−10

80 0.02499480 0.003009708 6.536818 × 10−5 0.007847453 6.050189 −3.036618 × 10−22 3.593450 × 10−9
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Table 4. Cont.

60 0.03332100 0.005150905 0.0001547967 0.01394203 6.122253 −3.366391 × 10−22 7.635189 × 10−9

30 0.06656836 0.01842589 0.001230227 0.05552427 7.955407 −1.988549 × 10−22 3.939505 × 10−9

20 0.09967012 0.03801315 0.004107305 0.1240385 8.408457 −4.855708 × 10−23 6.727939 × 10−9

16 0.1243594 0.05600981 0.007936283 0.1924426 9.236173 −1.191350 × 10−21 3.836083 × 10−9

10 0.1974393 0.1218416 0.03109598 0.4785621 9.861832 −3.807630 × 10−22 5.996772 × 10−9

7 0.2785360 0.2086884 0.08463203 0.9340670 10.87842 −2.663932 × 10−22 3.687912 × 10−9

4 0.4664155 0.4271852 0.3640805 2.483857 11.63113 −6.332112 × 10−23 5.348933 × 10−9

2 0.8182227 0.8158624 1.675189 6.968744 12.57281 −8.638849 × 10−22 6.609880 × 10−9

1 1.278940 1.265220 5.505488 15.69547 12.89420 −3.031094 × 10−21 1.564443 × 10−8

0.5 1.796671 1.728766 13.77346 29.45927 13.99436 −1.192995 × 10−21 9.942357 × 10−9

0.2 2.507679 2.341705 34.68663 55.64825 14.57138 −6.057025 × 10−21 1.638346 × 10−8

0.1 3.046686 2.803791 60.25804 81.40699 15.50268 −9.881551 × 10−22 1.074786 × 10−8

0.03 3.973631 3.606096 129.8547 138.0179 17.51656 −8.436210 × 10−22 2.649258 × 10−9

0.002 6.017921 5.421926 442.0626 319.0965 18.42952 −1.661529 × 10−21 1.674617 × 10−8

2 × 10−5 9.421791 8.550337 1693.416 794.3151 21.75908 −7.942353 × 10−21 2.212266 × 10−8

4 × 10−8 13.94893 12.82268 5523.744 1764.149 25.96071 −2.333522 × 10−20 3.959115 × 10−8

3 × 10−12 20.80236 19.40908 18,442.52 3967.061 33.13493 −5.203562 × 10−21 2.737275 × 10−8

2 × 10−18 30.99649 29.33207 61,375.84 8881.418 43.50420 −2.452283 × 10−20 2.283753 × 10−8

1 × 10−25 42.99807 41.10880 164,482.9 17,177.59 54.76092 −8.969384 × 10−20 6.884084 × 10−8

1 × 10−40 67.57916 65.37684 641,194.2 42644.47 80.35356 −1.015233 × 10−20 1.705349 × 10−8
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The calculated bubble shapes for 10−40 < B < 1000 are presented in Figure 9, where
each shape is drawn at equal intervals on a log scale of B. In the interval of B = 10−40 to
10−4, the bubble exhibits an almost hemispherical shape, and the cavity is virtually flat
(Figure 9a). However, in the interval 10−4 < B < 0.1, the shape becomes less hemispherical
as the bottom of the bubble continues to descend into the liquid (Figure 9b). In the interval
0.1 < B < 10, the shape continues to change from hemispherical to that of a bisected rugby
ball (Figure 9c). Interestingly, the depth H is found to increase to a maximum value and
subsequently decrease within this interval. In the interval 10 < B < 100, the bubbles
have acquired a nearly spherical shape and are seen to protrude only slightly above the
undisturbed liquid surface (Figure 9d). Finally, in the interval 100 < B < 1000, the bubbles
are almost spherical and are almost entirely submerged in the liquid (Figure 9e).
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Figure 9. The computed bubble shapes for 10−4 < B < 1000, where each shape is drawn at equal
intervals on a log scale of B. (a) Twenty bubbles for B = 10−40–10−4 (Bo = 5723–83.6). (b) Fifteen
bubbles for B = 10−4–0.1 (Bo = 83.6–11.8). (c) Twenty bubbles for B = 0.1–10 (Bo = 11.8–0.076).
(d) Twenty bubbles for B = 10–100 (Bo = 0.076–8× 10−4). (e) Twenty bubbles for B = 100–1000
(Bo = 8× 10−4–8× 10−6).
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4.4. Correlations and Asymptotic Behaviors of the Bubble Parameters

The log–log plots of the various bubble parameters with respect to the Bond number
for the interval of 5× 10−5 ≤ Bo ≤ 5000 are presented in Figure 10. Each plot can be
divided into the following three regions: (I) 5× 10−5 ≤ Bo ≤ 0.1, (II) 0.1 ≤ Bo ≤ 100,
and (III) 100 ≤ Bo ≤ 5000. The parameters for each interval are fitted with a fifth-order
polynomial on the log-log scale according to Equation (28):

log10 Π ≈
5

∑
i=0

ci
(
log10 Bo

)i, (28)

where Π denotes the dimensionless bubble parameters. The coefficients ci are presented in
Table 5.
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Table 5. Coefficients of the fifth-order polynomial for fitting the bubble parameters.

Parameter Interval c0 c1 c2 c3 c4 c5

Xc

5 × 10−5 < Bo < 0.1 −0.1735 0.8713 −0.07803 −0.02357 −0.003523 −0.0002078
0.1 < Bo < 100 −0.2107 0.7763 −0.1426 −0.001089 0.02162 −0.004812

100 < Bo < 5000 −0.1349 0.6468 −0.09254 0.02825 −0.004265 0.0002566

Zc

5 × 10−5 < Bo < 0.1 −0.5639 0.6232 −0.3526 −0.09327 −0.01357 −0.000821
0.1 < Bo < 100 −0.5699 0.6353 −0.2707 0.01518 0.02576 −0.006322

100 < Bo < 5000 −0.5019 0.5271 −0.2434 0.06047 −0.007931 0.0004324

θc

5 × 10−5 < Bo < 0.1 1.561 0.5498 0.02396 0.005715 0.0006714 0.00003092
0.1 < Bo < 100 1.517 0.4145 −0.1141 −0.02333 0.01714 −0.002079

100 < Bo < 5000 1.529 0.4392 −0.1993 0.04873 −0.006298 0.0003392

R0

5 × 10−5 < Bo < 0.1 0.03884 0.3443 −0.08807 −0.02505 −0.003558 −0.000201
0.1 < Bo < 100 0.05469 0.4101 0.00479 0.01815 −0.00413 −0.0004402

100 < Bo < 5000 0.04825 0.3953 0.04915 −0.01243 0.001658 −0.0000919

H
5 × 10−5 < Bo < 0.1 −0.1509 0.1079 −0.2103 −0.05746 −0.007922 −0.0004377

0.1 < Bo < 100 −0.1561 0.1188 −0.1691 −0.03095 −0.0007063 0.006116
100 < Bo < 5000 0.2356 −0.3661 −0.0688 0.01897 −0.002739 0.0001626

H0

5 × 10−5 < Bo < 0.1 −0.6643 1.432 −0.0471 −0.01573 −0.002533 −0.000158
0.1 < Bo < 100 −0.7411 1.215 −0.2392 −0.02608 0.03433 −0.005775

100 < Bo < 5000 −0.6902 1.182 −0.319 0.07998 −0.01055 0.0005778

Acap

5 × 10−5 < Bo < 0.1 0.1727 1.777 −0.1352 −0.04078 −0.006091 −0.000359
0.1 < Bo < 100 0.1118 1.626 −0.2344 −0.007935 0.0302 −0.006215

100 < Bo < 5000 0.1562 1.578 −0.2698 0.06755 −0.008896 0.0004859

Vcap

5 × 10−5 < Bo < 0.1 −0.8076 3.187 −0.1962 −0.06074 −0.009259 −0.0005546
0.1 < Bo < 100 −0.9542 2.794 −0.5047 −0.02876 0.07281 −0.01439

100 < Bo < 5000 −0.7944 2.578 −0.525 0.1361 −0.01844 0.001031

Interestingly, Xc can be well expressed even with a single “bending function” for
5× 10−5 < Bo < 5000, as given by Equation (29):

log10 Xc ≈ 0.01864 + log10

(
Bo

1.2787

)
− 0.4889 log10

[
1 +

(
Bo

1.2787

)]
. (29)

The curves fitted by the three fifth-order polynomials and by the single bending
function are compared in Figure 11, where both correlations are seen to fit the numerical
data well.
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Two asymptotes appear in Figure 10 as the Bond number goes to zero or infinity. These
were obtained numerically via the following simple power law:

Π ∼ a · Bob, (30)

where the coefficients a and b are shown in Table 6.

Table 6. Coefficients of the power law for asymptotic relations.

Parameter Limit a b

Xc
Bo → 0 0.8163 1
Bo → ∞ 0.9063 0.4983

Zc
Bo → 0 1.646 1.395
Bo → ∞ 0.8945 0.01123

θc
Bo → 0 33.09 0.5
Bo → ∞ 81.56 0.009909

R0
Bo → 0 1.414 0.5
Bo → ∞ 0.9104 0.4978

H
Bo → 0 1.409 0.4997
Bo → ∞ 2.197 −0.4978

H0
Bo → 0 0.2357 1.5
Bo → ∞ 0.7787 0.5136

Acap
Bo → 0 2.094 2
Bo → ∞ 4.454 1.011

Vcap
Bo → 0 0.2467 3.5
Bo → ∞ 1.246 1.517

It is noted that R0 can be rewritten in a more straightforward form as

R0 ∼
√

2Bo as Bo → 0. (31)

Furthermore, the asymptotes can be expressed approximately as a power of Bo1/2:
As Bo → 0 , Xc ≈ O(Bo), θc ≈ O

(
Bo1/2

)
, H ≈ O

(
Bo1/2

)
, H0 ≈ O

(
Bo3/2

)
, Acap ≈

O
(

Bo2), and Vcap ≈ O
(

Bo7/2
)

.

As Bo → ∞ , Xc ≈ O
(

Bo1/2
)

, Zc ≈ O(1), θc ≈ O(1), R0 ≈ O
(

Bo1/2
)

, H ≈ O
(

Bo−1/2
)

,

H0 ≈ O
(

Bo1/2
)

, Acap ≈ O(Bo), and Vcap ≈ O
(

Bo3/2
)

.
The height of the undisturbed surface above the bubble bottom has a maximum value

of H = 0.7291015 when Bo = 4.755563, as shown in Figure 10.

5. Conclusions

In this study, an improved numerical method was proposed in order to calculate
the shape of a floating bubble more precisely and robustly than the conventional method.
The proposed method divides the cavity into three parts and accurately finds the location
of the connection points at ϕ = π/4, π, 3π/4, and π by defining specific functions and
solving them via the root-finding technique. The type of meniscus was used in order to
simplify the conventional bisection method, and the improved method was validated by
comparison with previously published numerical and experimental results. The bubble
shapes and parameters were then obtained precisely for a more extensive range of Bond
numbers (5× 10−5 < Bo < 5000), compared to the previously reported range of Bond
numbers (0.003 < Bo < 241). The dimensionless maximum depth of submergence of the
bubble below the undisturbed liquid surface was determined as H = 0.7291015 when
Bo = 4.755563. The log–log plots of the parameters were divided into three distinct
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regions of the Bond number, and each interval was fitted with a fifth-order polynomial
function. Interestingly, it was possible to fit the parameter Xc with a single correlation for
the entire range of Bond numbers. In addition, the asymptotic relations were presented
with a simple power law as the Bond number tended to zero or infinity. Moreover, it
was possible to approximate most of the bubble parameters to a power of Bo1/2. The
correlations and asymptotic equations presented herein are expected to be helpful in
scaling models of dynamic bubble-related phenomena such as aerosols and atomization
when a bubble bursts.
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Nomenclature

A dimensionless area of the bubble
B dimensionless pressure difference across the bottom of the bubble
Bo Bond number
g gravitational acceleration, m/s2

H dimensionless depth of the bubble below the undisturbed liquid surface
p pressure, Pa
re equivalent spherical radius of the bubble, m
r0 radius of the bubble cap, m
r1, r2 principal radii of curvature, m
V dimensionless volume of the bubble
Greek symbols
α tangent angle of the meniscus curve
ϕ tangent angle of the cavity curve
ρ density, kg/m3

σ surface tension, N/m
Subscripts
c the junction point
∞ the point where the meniscus meets the undisturbed liquid surface
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