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Abstract: This paper examines a new vibrating dynamical motion of a novel auto-parametric system
with three degrees of freedom. It consists of a damped Duffing oscillator as a primary system attached
to a damped spring pendulum as a secondary system. Lagrange’s equations are utilized to acquire
the equations of motion according to the number of the system’s generalized coordinates. The
perturbation technique of multiple scales is applied to provide the solutions to these equations up
to a higher order of approximations, with the aim of obtaining more accurate novel results. The
categorizations of resonance cases are presented, in which the case of primary external resonance is
examined to demonstrate the conditions of solvability of the steady-state solutions and the equations
of modulation. The time histories of the achieved solutions, the resonance curves in terms of the
modified amplitudes and phases, and the regions of stability are outlined for various parameters
of the considered system. The non-linear stability, in view of both the attained stable fixed points
and the criterion of Routh-Hurwitz, is investigated. The results of this paper will be of interest for
specialized research that deals with the vibration of swaying buildings and the reduction in the
vibration of rotor dynamics, as well as studies in the fields of mechanics and space engineering.

Keywords: non-linear dynamics; auto-parametric systems; perturbation techniques; fixed points;
stability non-linear analysis

1. Introduction

The dynamical motion of a pendulum in generality or the motion of any system
containing a pendulum is considered as one of the oldest scientific subjects in non-linear
dynamics. The planar motion of a simple pendulum has been investigated in several
research works that reveal its complicated behavior, e.g., [1-5]. The periodic motion of
a simple pendulum with a pivot point that moved on a vertical ellipse was investigated
in [1], in which some special cases were examined to show the different motions of this
point. On the other hand, the chaotic motion of a parametrically excited pendulum as a
mathematical model has been investigated numerically, experimentally, and analytically
in [2-4], respectively. The harmonic motion of the non-linear vibrations of an excited
auto-parametric system was studied in [5]. The harmonic balance method (HBM) [6] was
used to evaluate the response of this system in which its performance was studied.

The periodic solutions of the equations of motion (EOM) of a greatly damped pendu-
lum were investigated in [7] under some certain constraints, in which the behavior of the
pendulum led to chaos through a symmetrical pitchfork bifurcation. A global analytical
inspection of the pendulum is presented in [8-10], where the pendulum was subjected
to various applied external forces and moments. The dynamics of two planar flexible
pendulums attached to an excited horizontal platform were studied in [11]. The authors
asserted that the pendulum exhibited rotational and oscillatory motion simultaneously,
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in which the stability of the motion existed for the fixed in-phase and anti-phase states
simultaneously.

The HBM was used in [12] to obtain the analytic results of an auto-parametric system
connected to a non-linear elastic pendulum close to one of the arising parametric resonances.
The authors verified the attained results by the comparison with the numerical results. On
the other hand, the perturbation technique of multiple scales (PTMS) [6] has been used
in several scientific works, such as [13-21], to obtain the approximate solutions of the
controlling EOM of the corresponding dynamical systems. In refs. [13-15], the authors
investigated the motion of an elastic pendulum under the influence of excitation force
and moment, when its supported point moved in circular, Lissajous, and elliptic paths,
respectively. The possible fixed points and the corresponding steady-state solutions of the
stable points are gained. Some practical examples are presented in [15] to reveal the possible
movements of the pendulum’s pivot point. The rigid body (RB) motion as a pendulum
was investigated in [16] with a fixed pivot point, while its generalizations were examined
in [17,18] for the motion of a damped spring RB with linear and non-linear stiffness,
respectively, and when the movement of the supported pendulum’s point was constrained
to elliptic trajectories. The obtained solutions were sketched with the possible resonances
curves for different parameters of the investigated system. Another generalization is found
in [19], where the path of the suspension point had the form of a Lissajous curve. The
analytical results were compared with the numerical results, revealing a high consistency
between them and showing the accuracy of the analytical technique.

Recently, the motion of a three degrees of freedom (DOF) double pendulum was
examined in [20] under the existence of a harmonic excitation force and two moments.
The first pendulum was considered to be rigid, in which its first point was constrained to
move only in an elliptical path, while its second end was connected with a damped spring
pendulum. The attained solutions were plotted and verified with the numerical solutions.
On the other hand, the resonance curves corresponding to the stability and instability areas
of a two DOF system were investigated in [21]. It was considered that the motion was
constrained to a plane under the influence of two harmonic forces at the free end of a
damped elastic pendulum and one harmonic moment that acted at the suspension point.

The motion of a spring-damper pendulum in the presence of a resistance force besides
torque at an immovable suspension point and the force at the free end of the pendulum
with harmonic magnitude were investigated in [22]. The effectiveness of the fluid flow
properties, the buoyancy and drag forces, and an excitation force on the 2DOF spring-
damper were examined in [23]. All resonance cases were characterized, in which the
solutions at the steady state were verified in view of the conditions of solvability. The
dynamical motion of a tuned absorber was studied in [24], in which the PTMS was applied
to obtain the approximate solutions up to the third order for the case of a movable pivot
point on an ellipse with a stationary angular velocity. The modulation equations were
derived and reduced to two algebraic equations in order to investigate the stability of the
fixed points according to selected data of the considered system.

Several studies [25-31] have investigated the Duffing pendulum systems about the
primary and secondary resonances using analytical approaches or numerical analysis.
The responses of an auto-parametric system containing a spring, mass, and damper was
studied in [25] using the HBM. The approximate results of another auto-parametric system
consisting of a damped pendulum connected to a non-linear vibrating oscillator near the
region of principal resonance were investigated in [26]. In ref. [27], the author examined the
oscillations of a parametrically self-excited 2DOF dynamical system consisting of coupled
oscillators identified by self-excitation, with the non-linearity of a Duffing type. The
vibrational analysis of a mechanical system similar to an auto-parametric system subjected
to an external harmonic excitation was investigated in [28]. The authors reported that a
semi-active magnetic damper and a non-linear spring acted on the system to improve its
dynamics and control movements. The analytic solutions of this system were obtained
in [29] using the HBM, and they were verified according to comparison with the numerical
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results. The discussion of the vibration mitigation and energy harvesting of the same system
is found in [30], in which the concept of energy harvesting is closer to the vibration absorber
concept. In ref. [31], the dynamics of a pendulum suspended on a forced Duffing oscillator
were investigated using numerical analysis. The bifurcation analysis of the pendulum was
also performed.

This paper focuses on the motion of a novel three DOF auto-parametric dynamical
system consisting of a damped spring pendulum as the secondary system suspended with
a forced non-linear Duffing damping oscillator as the primary system. The governing EOM
are derived using the second kind of Lagrange’s equations according to the generalized
coordinates of the considered system. The PTMS is used to solve the EOM analytically
up to the third order of approximation and to obtain more accurate results. All cases of
resonance are categorized, in which the case of primary external resonance is examined to
obtain the conditions of solvability besides the modulation equations. The time histories
of the modified amplitudes, the modified phases, the achieved results, resonance curves,
and the path’s projections on selected space planes are graphed to describe the impact
of the system’s parameters on the motion. The stability and instability regions in view
of the investigated resonance case are presented using the Routh-Hurwitz criterion [32].
The results of this work are generalized as the previous results in [5,31] for the case of the
motion of a rigid pendulum without any effectiveness of force and moment. These results
have a significant impact in special dampers mounted in buildings, applied in the opposite
directions of river vortices or earthquakes, and in the applications of pendulums that are
mounted on bridge towers.

2. Formulation of the Dynamical System

Let us consider the dynamical vibrations of an auto-parametric system consisting of
an excited Duffing oscillator with normal length ¢, static elongation Y, stiffness k1, and
mass M that is periodically forced to move vertically as a primary system. The secondary
system is a damped spring pendulum with normal length ¢;, static elongation X, stiffness
ko, and mass m. This spring is connected to the Duffing oscillator at a point O. Let Y (t)
denote the elongation of the Duffing oscillator and ¢ represent the rotation angle of the
spring that lies between the downward vertical Y;-axis and the direction of the spring’s
elongation X(t) (see Figure 1).

Moreover, we consider that the motion is influenced by external linear excitation forces,
Fy(t) = Fy cos(t) and F3(t) = F3 cos(Q3t), and an excitation moment My(t) = F, cos(Qyt)
that are acting on the masses M, m and at the point O, respectively. Here, (31, (), and Q)3
are the frequencies of F; (t), My(t), and F3(t), respectively. The investigated auto-parametric

system is damped by viscous forces and moments C; Y, C2gb, and C3X, in which Cq, Cy,
and Cjs are the respective coefficients of the viscous damping.

Based on the above description, we can write the potential energy V and kinetic energy
T as follows:

V =1k Y2+ ko X2 — Mg(ly+Y) —mg(lp+ Y) — mg(l; + X) cos ¢,
2 2 .2
T=3M+m)Y +im(l+X)2¢ + ImX @
—m(ly + X)Y¢sing +mXY cos ¢,

where g is the acceleration of Earth’s gravitational force and the dots are time derivatives.
The governing EOM can be derived using the following Lagrange’s Equations:

42~ () = 0,
i (55) — (3) = Qo @)
4(2h) — (%) = Ox
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Figure 1. Description of the system.

Here, L = T — V is the Lagrange’s function, (Y, ¢, X) and (Y, (,b, X) are the system’s
generalized coordinates and their corresponding velocities, respectively, and (Qy, Qg, Qx)
are the generalized forces which are formed as follows:

Qv =HF COS(Qlf) — C1Y,
Qp = Fcos(Mt) — Cao9, 3)
Qx =8 COS(Qgi’) — C3X.

Consider the following definitions of the dimensionless parameters:

— 2 _ k —~2_8 —~2_k 2 _ wy?
0" =gy, @8 =4, WT =00, Wit = oy,
— 2
2 _ w3 _ G _ _G _ G
%) ——22/ Cl—(m+M) Cz_mll w2 C3 = ey’

fl: ((r)n-i-M V@2 sz Q f3 mllwz ’ 4)
=g 2=z P3=7:, B = it y

T:wzt/ x_XZ £, y:Yl_lysr YS— (mil g XS—k/lo_g()"_Ysr

L =0+ Xs.

The substitution of Equations (1), (3) and (4) into the system of Equation (2) produces
the following dimensionless form of the EOM:

; L .2
() + wly — 2BE(D)p(x) sin — B(1 + )¢ (1) cos g “
+Bx(T) cosp — B(1+ x)¢p(T) sing + c1y(T) — 2 = f1 cos(O17T),
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(14 x)%¢(7) = (1 + x)j(7) sin¢ + 23 (7)(7) ©)
+2xx(T)p(T) + (1 + x) sing + c2¢(7) = fo cos(7),

X(T) + wix + (1 —l—x)d)z(r) +1(T) cos¢p — cos ¢ @)

+c3x(7) +1 = fzcos(O37).

The inspection of the system of Equations (5)—(7) shows that the governing EOM
consists of three non-linear ordinary differential equations (ODE) in terms of y, ¢, and x.

3. The Perturbation Technique

The main objective of the present section is to obtain the approximate analytic solutions
of the EOM (5)—(7) using the PTMS to address the cases of resonance, obtain the conditions
of solvability, and achieve the equations of the modulations. Therefore, we can approximate
the functions sin ¢» and cos ¢ in Equations (5)—(7) using a Taylor series according to their first
terms, for which these approximations are valid in a small neighborhood of the position of
static equilibrium [33]. Then, Equations (5)—(7) become:

i(7) + wdy — 285(0)9(r) (9 — §) — B + 1) (1 - ) .
HBE(T) (1= §) = B+ x)p(1)(@ — §) + c1y(1) =2 = frcos(Oy7),

(142%9(2) ~ (L-03() (9~ §) + () 25500 o
+(1+x)(p— —) + c2¢(T) = focos(Oy7),
(1) + B+ (14007 (0) + (1= 2)j(r) + Lt eai(r) = frcos(@ur). (10

Based on the motion in a small neighborhood of the static equilibrium position, we
consider a small parameter 0 < ¢ << 1, in which the parameters y, ¢, and x can be rewritten
in terms of new variables, ¢, ¢, and yx, respectively, according to the following forms:

y(1) =e¢(ne), o) =eo(rie),  x(1) =ex(Tre). (11)

According to PTMS, we can seek the approximate solutions of the variables ¢, ¢, and
x in the following forms [34]:

2

¢ = kZO &1 (10,71, ) +O(3),
>

0= L Eppalnm,m) +OE), (12)
2

X = kZO & xer1 (t0, 7, ) + O(€3),

where 1, = "t (n =0, 1, 2) are various time scales, in which 15 and 7y, T, are defined as
fast and slow time scales, respectively. Therefore, the time derivatives regarding T can be
transformed according to the time scales T, as the following chain rule:

d
dr — aT0+€aT1+8 2+O( )

= 2 T8+ 2

)+ O0(e3),

aToaTz

where terms of O(e3) and higher are neglected due to their minuteness.
As before, we consider the minuteness of the amplitudes of external forces and mo-
ments f] (j =1,2,3), as well as the coefficients of damping c;. Therefore, we can write:

fi= 83]?]', cj = ez'c“]- (j=1,273). (14)



Appl. Sci. 2022,12,1737

6 of 35

Furthermore, we consider the following:
B=¢p, (15)

where the amounts f;, 'cvj, a, E, and B are of order unity.

Substituting the new variables into Equations of system (11), the assumed solutions
(12), the transformations (13), and the use of the parameters of Equations (14) and (15) into
the EOM (8)—(10) and equating the coefficients of like powers of ¢ in each side obtains the
following groups of partial differential equations (PDEs):

Equations of order &:

o R 6
oo w
a;g}ngﬁffg 0. (18)
Equations of order ¢
if Wy =200 /saa" 19)
892%2 Wi+ ?—925022 - Zaizgrl 207 aizglrl' =

92 9 92 a o ~a2
$+w2§3: A_Z & & +[3( 471) 2p-2u

arg 1 E)T JdTHdTr 81’031'1 L 0707y (22)
92 ~ 0
_IB a-f—CZz +ﬁ¢ a-;PZI -0 ail +f1 COS(PH’O)/
P ¢s _ ¢ s PP Ca) & (Pz @ ¢1
EE +¢5 = ot} - 281'06"(2 - E}Toarl —4x 0T00T] ZX ZX
20 s €1 Ca éz _ 501 9x1 34’1 9xX1
X1 F2amen T 25g t e ~ 2 oy ZHE (23)
992 Ox1 991 9x2 a¢1 Ere) ¢? 9Py
“20m 0w~ Zam o PMow o0 ~dn o+ 9 ~ &5y
+f2 cos(p210),
) %G _ P 90 5 Pxa 50109 9¢1\2
Gn TWet 5 = — 58— 2anhn — 2anon 7 7 1(55) b
ﬁ_zazél_ 3Cz+¢2 51 — 1y — C: 1—|—fcos( 7).
aT 9790 aToa'['l 2 1¢2 32 3 P3to

The above nine PDE (16)—(24) can be solved sequentially one by one. Consequently,
the general solutions of Equations (16) and (17) are:

& = A0 f Ajeminm, (25)

1 = Age' ™ + Age™ T, (26)
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The substitution of Equation (25) into Equation (18) yields a nonhomogeneous equa-
tion, and its solution can be written in the form:

Xl — ABelanTO + A36—1w2T0 + 5 1 5 (AlelwlT() + Ale—lwng), (27)
wip —wj
where Aj (j =1, 2, 3) represent unknown complex functions of the slow time scales 11, T,
while Kj are the complex conjugates of these functions.

The substitution of the first-order solutions of Equations (25)~(27) into Equations (19)—(21)
yields secular terms. The elimination of these terms demands that:

. 8A1 lel
2iw ——A1 =0, 28
Wy — 1 (w% —a?) 1 (28)
Ay
5= =0 (29)

According to these conditions, the second-order solutions have the following forms:

32
w .
62 == ((0218_2(‘]2)A3elw2—r0 + CC, (30)
1 2
2 — — w1A2 {[ 1+2w(1) (;f)l wz)}A eil+w))T 4 [(1—210(1)—(;)%—60%)]
w1+ e 31
xAqet- wl To} Ay [((1;2:’22))A el(l+w)t 4 %A ell-w@2)n] 4 CC. ey

Here, CC. represents the complex conjugates of the preceding terms.

After grasping the above procedure, we can obtain another condition for eliminating
the secular terms by substituting the solutions from Equations (25)—(27), (30) and (31) into
Equation (21), in the following form:

. 0A B wh
2ie, 23— P@r oy (32)
M wi-w;

Therefore, the solution x» has the form:

— > 4.2
PO TS SR S L L NPT S (33)
R R R N

Making use of the previous solutions to Equations (25)—(27), (30), (31) and (33) and the
third-order approximate Equations (22)—(24), secular terms are produced. The eliminating
conditions of these terms required that:

C A, . BrwSA
21 28 4 oy Ay — D[R (80 4 11) + 37— 4ad) + 8edd] =0, (34
on 4(w? — w3)

-0A, e 6w} (ws—2wi+1) ~ A& 4
2i T + i Ay —(w% ) (w%fw%)z A1ArAq 72&]% (D) (wz
ArAzAs

_m%w%(w% —1) + wW3[6(1 — w3) + Bws (2w3 + 3wy —2)]} =0,

— 25w3 + 24)
(35)

3+ 264)2(602 + 2)

AsAsA, = 0. 36
(w02 12) 2A3A (36)

0A3 2wl A
2iwy—= + iczwrAs + M(l - Zw%) —
0T 2(w? — w2)2
1 2
Based on the previous conditions of Equations (34)—(36), the approximate third-order
solutions turn into:
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& = fieh®o  [2BAZ (w3-4)+6BAF] i
2T 2efpd) @A) 37)
_ 1 wy 22 4 Aqpiw2To
(e T P 2 hee e e
_ he o il wr—w)Ty o 3 A pi(l W —wa)T ds A2.,i(14+2w7)7
¢3 = 20-p22) +A3A2[d2 Aqe 17%2)%0 + 4 Aje 17@W2)T0) +A2{d6 Afe 170 (38)

_l_As[%Klei(l—wl-‘er)To+;T%Alei(1+wl+W2)T0]}+CC ,

- fip1%e'P170 f3¢iP3T0 dy — ot

- 2(wi-p?) (wi-p?) * 2(w3—pa?) + d12A1A27AZ€ 170

+A%[%A1€l(27w1)1—0 +%Alel(2+a}1)ro + %A3€l(27w2)rﬂ (39)
do A pi@tw)r _ _ BB(@3-1) aig

+ 7 Age 2)70 (=) (1) e2im] 4+ CC,,

X3

where d; (s =1,2,3,...,20) are functions of w; and w; (see Appendix A).
According to the removal conditions of secular terms, Equations (34)-(36), and the
following initial conditions, we can estimate the functions Aj (j=1,2,3):

y(0) = Bo1, y(0) =Bz, ¢(0) = Bos,

(P(O) = B04/ x(o) - BOS, x(O) = B06/ (40)

where By (k =1,2,...,6) are known values.

Now, we will investigate the arising cases of resonance according to the previous ap-
proximate solutions. These cases can be categorized into primary (main) external resonance,
which takes place at p; = wj, p2 = 1, p3 = wpy, and internal resonance, which occurs at
W] =Wy, w = —Wwy,w; =2,w; =—2,wr)=2,wy =—2.

In this situation, we investigate the three primary external resonances, p; ~ wj,
p2 = 1, and p3 = w,, simultaneously. These resonances depict the closeness of p;, p and
p3 to wy, 1 and wy, respectively. Therefore, detuning parameters 0j (j=1,2,3) can be
introduced according to:

pp=wi+0, p=1+0, p3=wr+os. (41)

Since the detuning parameters are known as the distances from the oscillations to
the strict resonance [35,36], we can use the small parameter ¢ to express these parameters
as follows:

o= (j=123). (42)

Substituting parameters (41) and (42) into Equations (8)—(10) and removing the pro-
duced secular terms obtains the following conditions of solvability:

BPubA;
3
~ 4(wf-w3)
+8wiw3] — J;—le“’m =0,

TN — 6w (w272w2+1) - ApAsA.
2122 gy A, — Sl 2T A AR fafehs
T Py o e O S

x{6w? (w3 — 1) + w3[6(1 — W) + Bwa (2w3 + 3wy — 2)]} _3A (43)

203 (w3-4)

21'601%% + iculElAl — [—w% (4:60% + 11) + UJ%(7 — 461)%)

x (wh — 253 +24) — L1 =,

(207-1) 72, .6 _ [3+2wy(wy+2)]
G N _ [BH2wr(wp+2)]
P

. 03 .~
216()2% +1 C3a)2A3 — > (W2 12)
XA2A3K2 — %eﬁﬂl =0.
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It is obvious that these conditions constitute a system of three non-linear PDEs in
terms of the functions A; (j =1, 2, 3), in which Aj= A]'(Tl, T). Therefore, we can write
them in polar forms as follows:

Meiwj(ﬁ,fz), h: = 8%'

Aj= j i

Here, Ej and p; are real functions of the amplitudes and phases, respectively, for
the functions ¢, ¢ and x, while i j are the amplitudes of y, ¢, and x, as presented in the
assumptions of Equations (11) and (12).

Making use of the following modified phases:

0j(t, ) = 705 — (11, ) (45)

and the time derivative operators (13), we can transform the PDE system (43) into another
ODE system. The separation of the real and imaginary parts of the resulting system yields
the following six ODEs from the first order that describe the modulation equations in terms
of modified phases 6; and amplitudes /; in the following forms:

2 5]’!
h1% = oy + Ll 1)3 [—w? (4w? +11) + W3 (7 — 4w}) + 8wiw3] + 2](711 cos 6y,

4(wi-w3
% = —%hlcl + 2/[711 sir;Gzl, .
hz% = hyop — fmz(w% —2w?+1) + 16%?75}%74)
x (w3 — 25w3 +24) — 4&1%3’124) (W3 —1)+ J;—Z cos 6y, (46)
% = —%hzcz + J;—zzsh; 0>, i
hg% = h303 + % (w3 —3w?) + %[3 + 2w (wa +2)] + 52> cos 03,
% = —%h3C3 + 2%2 sin 03.

According to the conditions (40), we can solve the above modulation in Equation (46).
The time histories of the amplitudes 1; (j = 1,2,3) and the modified phases ¢; are portrayed
in Figures 2—4, according to the uses of the following data:

op =001, 0,=002 03=003 f; =0.00002, f,=0.002,
f3=0.00005, B=0.167, c¢1 =0.00188, ¢, = 0.0135,
c3= 00034, pr=wi+0o, pr=14+0, p3=wy+o0s.

These figures were calculated for different values of w; = (3.02,3.43,4.08),
wy = (4.43,5.72,6.68), and w3 = (7.07,7.75,8.37) as in the parts [(a), ()], [(c), (d)], and
[(e), (f)], respectively. The oscillations of the waves describing h; and h3 decrease with
increasing time, behaving in a decay manner as seen in Figures 2 and 4, while the variation
of the amplitude &, behaves in the form of steady-state motion as shown in Figure 3. On
the other hand, the variation of the modified phases 6; increases with time to a specified
value, then it tends to exhibit a stationary behavior, as portrayed in Figures 2—4. The
conclusion that can be made here is that the modified amplitudes and phases behave in a
stable manner.
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Figure 2. The amplitude’s modulation /; and modified phase 6;: (a,b) at w; =
(c,d) at @, = (4.43,5.72,6.68), (ef) at w; = (7.07,7.75,8.37).

(3.02,3.43,4.08),

Figures 5-7 illustrate the time histories of the attained approximate analytic solutions
of Y, X, and ¢ till the third order of approximation. These figures were drawn when the
previously used data with various values of @;(j = 1,2,3) were used. According to the
plotted curves in these figures, we can conclude that these curves have periodic or quasi-
periodic forms of wave packets, in which their amplitudes increase (see Figures 5 and 7)
and decrease, as shown in Figure 6, with the passage of time until the waves behave in the
form of stationary waves at the end of the examined period of time.
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Figure 3. The variation of i and 6, with 7: (a,b) atw; = (3.02,3.43,4.08), (c,d) at w, = (4.43,5.72,6.68),
(ef) at w3 = (7.07,7.75,8.37).

To follow up on the vibrations of the examined system to investigate whether it is
stable and to understand the specific transference of motion, the system of Equation (46)
permits us to focus on this knowledge. The plotted trajectories of the modified amplitudes
and phases are regarded as the best way to depict the system’s behavior.

The track projections on specific space planes are plotted in Figures 8-10, when
wy = 4.08, wy = 5.72, and w3 = 8.37, respectively. The curves of these figures have spiral
forms toward one point, in which the green, black, and red solid points in these figures
refer to a stable state. After the transient state, we find that all pathways tend to have
steady-state behavior.
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Figure 4. The time histories of the amplitude h3 and the phase 63: (a,b) at w; = (3.02,3.43,4.08),
(c,d) atwp, = (4.43,5.72,6.68), (e f) at w3 = (7.07,7.75,8.37).
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Figure 8. The amplitude modulation of /11, hy, h3 as a function of 61, 6,, 03: (a—c) at wy = 4.08.
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4. Solutions in the Steady State

The main objective of this section is to examine the oscillations of the considered
system in the steady state. It is known that this case is generated when the transient
processes disappear due to the presence of damping [37,38]. Then, we consider the zero

. . . ao; dh; .
value of the left hand side of Equation (46), i.e., d—t] =0, :Tt] =0 (j =1, 2, 3). Therefore,
we can easily obtain the following system of six algebraic equations:
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hor + %[—wﬂmﬁn) + w3 (7 — 4wd) +8wwd] + £ cosb; =0,
wy 2
——hlcl + 5 fl -sinfy =0,
6UJ hzhz 2 2 h3 4 2
hyoy — —N% (02 — 202 4+ 1) + —5 25— (wh — 25032 4 24
2026,12,18(‘”%_4) (w2 =)’ () — 2w +1) + 1603 (w3—2) (w3 — 253 +24) -
_ b ¢ 2 i3 _
S(wd—4) (w3 —1) + Zcosh, =0,

—fhzcz + 3 L sinf, =0,

B wh3 2
I’Z3(T3 + (]72(0%) ((4]2 —3(411) +

—*h3C3 + 5 f3 sm93 =0.

h3hs

W[3 + 2(,02((4]2 + 2)] f3 COs 93 = 0

A closer look into this system shows that if we remove the phases 0; (j = 1,2,3), the
following non-linear algebraic equations of amplitudes and frequencies are obtained:

2
£2 = 4 {linor + - E (4 +11) + (7 — 4B) +8whR)] + i),

( 1*“’%)3
£z = H[hor — %(wthubrl) oty (wh — 2503 +24)
P s (epay T lof(g-4) 72T
6h3h
-y (@3 — )P+ ihad), (48)
2wl h3hs
f3 _4w2{[h303+(w%72w§)3< 3w1)+m

X (3 + 2wo (wy +2))]% + }Ih3c3}

For further investigation of the stability, we will examine the behavior of the dynamical
system in a region close to the fixed points. To complete this task, we will consider the
following forms of amplitudes and phases:

hi = hio+h11, ho=hog+hy1, hz = hzo+hs,

49
01 =010 +0611, 0r=0x+0y, 03=03+03, 49

where hyg, hao, h30, 010, 020, and 63 are the solutions in the steady state, while k11, hy1, h31,
611, 621, and 631 are the corresponding perturbations, which are assumed to be very small.

The substitution of Equation (49) into Equation (46) yields the following equations:

ho%9t = hyyoy — f71911 sin 619 + G1,

™ s+ cost

o %21 = Iy, — L921 sin ) + Gy, (50)
R VA L 201 cos 62,

h30 331 = h3103 — f o B31 sin 639 + G3,

d;lil =-1 Lhaics + 2%931 cos B3,

where:

G, = ﬂzw?hn)s[_w (4002 +11) + w3 (7 — 4w?) + 8w?w?],

4(wf -l

6(wi—1 hiyh
G2 = —% (2h20h30h31 + h%ohzl) 1632%% (w% - 25“)% + 24:)

_M 7 (2hoh1ohy + highat),

8(cf—4) (wf —3)”

h
G3 = 7[3;fjw(zj,wi;)2 ) (2haohaoho + h3gha1) + 7{; w2w321)3 (w} —3w?).
1 2
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Based on the minuteness of the perturbation functions hy1, hy1, h31, 611, 621, and 631,
we can express each solution in the form of a linear combination of Sy e (k=1,2,...,6),
where S and A are constants and the eigenvalue of the unknown perturbation, respectively.

If the solutions in the steady state (fixed points) k1o, hpo, h30, 610, 020, and 631 are
stable asymptotically, then the real parts of the roots of the following characteristic equation
must be negative:

AO 4 THA% 4 ToA* + T3A3 + TyA? +TsA + T = 0, (51)

where I'; are functions depending on the parameters hyg, hoo, h30, 610, 620, 030, f1, f2, and
f3 (see Appendix B).

Referring to the above, the substantial conditions for the stability of the solutions in
the steady state can be written according to the criterion of Routh-Hurwitz [32] in the
following forms:

I'h>0I1T,—I3>0,

F3(F1F2 — F3> + I (F5 — F1F4) >0,

Ty (ToT30y — I%T5 + 21415 — T3T6) + T3(Tals — [3Ty) + 42 (Falg — I4%) — T52 > 0,
—T5(Ty(—T1ToT5 4 T'32 + T1°Ty) + Ty (T2? — 2T4)T5 — [oI53T5 + I's?) (52)
+(T3% — T4 T3(Tal3 + 3T'5) + [1%(T30y + 2T5T5) )T — T1°Te2 > 0,

T (—T5(T4(—T1ToT5 + I3% + T1°Ty) 4 Ty (To? — 2T'y)T5 — [ol305 4 I's?)

+(T3% — T1T3(Tal3 + 3T5) + I'12(T3ly + 2T005) ) T — I1%T6%) > 0.

5. Non-Linear Analysis of Stability

The main aim of this section is to investigate the stability analysis of the considered
system using the non-linear stability approach of Routh-Hurwitz. The examined system is
exposed to various forces and moments, such as the excited harmonic forces F, F3 and the
moment M. It is found that the natural frequencies wj (j = 1,2,3), damping coefficients Cjs
and the parameters of detuning perform a crucial destabilizing role in the criteria’s stability.
To plot the stability diagrams of the system of Equation (46), the previous values of the
different parameters are used. The modified amplitudes /; (j = 1,2,3) are shown with the
detuning parameter o7 in Figures 11-14 for different values of w; when 0, = 03 = 0. The
outlined curves of these figures contain the possible fixed points. Resonance curves are
plotted in Figures 11-14 according to the previous data of parameters.

Each of the resonance curves has different stable and unstable regions with the var-
ious values of the natural frequencies w; and w; (see Figures 11-14). More precisely,
the inspection of parts of Figure 11 shows that the instability and stability ranges are
—0.1 < 7 < 0.009 and 0.009 < 07 < 0.1, respectively, as indicated in Figure 11 in blue.
On the other hand, when w; = 3.43, the red curves represent the instability and stability
ranges of —0.1 < 07 < 0.012 and 0.012 < 07 < 0.1, respectively, while the black curves
represent the areas of instability and stability when w; = 3.02, which are —0.1 < o7 < 0.014
and 0.014 < 07 < 0.1, respectively. The included curves of each part have different fixed
points associated with the different values of wj, as indicated in Figure 11. Moreover, the
instability regions decrease with an increase in the value of @i, due to the impact of the
natural frequency wj.

Figure 12 illustrates the different ranges of stability criterion, where the instability and
stability areas, indicated in blue, are determined according to the ranges —0.1 < o7 < 0.009
and 0.009 < o7 < 0.1, respectively. At w, = 5.72, the red curves show the instability
and stability areas with ranges —0.1 < 07 < 0.021 and 0.021 < o7 < 0.1, respectively,
while the black curves show the instability and stability areas at w, = 6.68, which are
—0.1 < 0y < 0.033 and 0.033 < 07 < 0.1, respectively.
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Figure 11. The change of the frequency responses of hy, hy, h3 with 0y at 0, = 0, 03 = 0: (a—c) when
@ = (3.02,343,4.08).

According to the calculations of the graphed curves in Figures 13 and 14, we can
state that three different peak fixed points are produced when w, has different values
for the resonance curves of h; and h3, which are varied with 7. The instability and the
stability areas become —0.1 < 07 < 0.009 and 0.009 < 7 < 0.1, respectively, denoted in
blue (see Figures 13 and 14), while at w, = 5.72, the red curves indicate the instability and
stability areas —0.1 < 07 < 0.021 and 0.021 < ¢y < 0.1, respectively. On the other hand,
the black curves represent the areas of instability and stability when w, = 6.68, which are
—0.1 < 07 <0.033 and 0.033 < 7 < 0.1, respectively.
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Figure 13. The variation of the frequency response hy with o7 at 0 = 0, 03 = 0 when w, = (4.43,
5.72,6.68) .
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Figure 14. The variation of the frequency responses h3 with o7 at 0o = 0, 03 = 0 when w; = (4.43,

5.72,6.68).

To clarify the properties of the non-linear amplitudes of the system of Equations (46)
and to examine their stabilities, we consider the following transformations [39]:

where:

] ]

Aj = [Uj(t, ) +iVi(t1, )] €97; (j=1,2,3)

(53)
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Substituting the operators (13) and the previous transformation (53) into the system of
the ODE (46), we can equate the real parts and the imaginary parts with zero to obtain of
the following system:

du; _

1 = v1 {01 + Gs[~w? (4w? +11

+ 8wiw3] } — Guy,
Lf;;l = u1{(71+G4[ 2(4601 +11

2
3)
w%) + 8w1w2] } + Cl 101 —

~— —

2 4&}1
;%2 =vp[0p — G5 (uf +0%) + Gs (u% +v%) + Gy (uf +03)] — C22u2, 54)
8 s or + Ga 1 +93) — Go(13 +03) — G (1 +93)] ~ oo — 4,
2 = 03[03+ Gs + Go (u3 + 93)] — Gus,
2 = 3oz — Gy — Go (1 +03)] — Gos — 2,
where:
_ P M _ (wh-2sadiay
TN O g O i ¢
_ 3(wi-1) _ P wS 32wy (wr+2)]
Gr = 8(ws—4)’ G = 4(w?— w%f’ Go = 8wi(wyr+2)

The modified amplitudes can be subsequently rationalized through the time in various
parametric regions; the properties of the amplitudes are presented in phase plane curves
shown in Figures 15-20, taking into account the data from previously used parameters.

Parts of Figures 15-20 explore the changing of the new justified phases u; and v;
(j =1,2,3), as stated in the system of Equation (54), via T as shown in parts (2) and (b). The
projections of the modulation equation trajectories on the phase planes u;v; are graphed
in part (c) of these figures. The indicated curves of Figures 15-20 are calculated when
w1 = (3.02,3.43,4.08) and w, = (4.43,5.72,6.68), respectively, besides the values of the
detuning parameters g = 0.01, 0 = 0.02, and 03 = 0.03.

The inspection of parts of Figures 15 and 18 shows the time histories of 11, v; and the
projections of the modulation equation trajectory on the phase plane u1v;. Itis clear that 11, v;
and 110 increase gradually when time increases, and they behave in the form of a straight
line due to the system of Equation (54). Conversely, the decay behavior of the waves de-
scribing the variation of uy, v, u3, and v3 is shown in Figures 16a,b, 17a,b, 19a,b, and 20a,b,
for different values of w; and w,. Spiral curves are plotted in the planes u,v; and u3vs in
Figure 16¢. Figure 16¢ in line with the equations of the system of Equation (54).
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Figure 15. The modified amplitudes via T and the projections of the modulation equation tracks on
the phase plane u1v1: (a—c) when @y = (3.02,3.43,4.08).
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Figure 16. The modified amplitudes via T and the projections of the modulation equation tracks on
the phase plane u,v;: (a—c) when @y = (3.02,3.43,4.08).
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Figure 18. The modified amplitudes via T and the projections of the modulation equation tracks on

the phase plane u1v1: (a—c) when @, = (4.43,5.72,6.68).
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Figure 19. The modified amplitudes via T and the projections of the modulation equation tracks on
the phase plane u,v;: (a—c) when @, = (4.43,5.72, 6.68).
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Figure 20. The modified amplitudes via T and the projections of the modulation equation tracks on
the phase plane u3v3: (a—c) when @, = (4.43,5.72, 6.68).



Appl. Sci. 2022,12,1737

31 0f 35

6. Conclusions

This work focused on the dynamical motion of a novel three DOF auto-parametric
system consisting of the main motion of a non-linear Duffing oscillator and the secondary
motion of a spring pendulum. The governing EOM of the system were obtained using
Lagrange’s equations and solved using PTMS up to the third approximation. The solvability
conditions and the equations of the modulations were obtained in view of the examined
primary external resonance case. The curves of time histories and resonance were drawn,
taking into consideration the selected values of some data. The non-linear analysis of the
solutions in the steady state was presented and interpreted. The stability and instability
areas were plotted to clarify their corresponding regions. The properties of the non-linear
amplitudes of the modulation system and their stabilities were clarified and examined. The
achieved results of this work can be applied to deal with the vibration of swaying buildings
and to reduce the vibration of rotor dynamics, as well as in the fields of mechanics and
space engineering. These outcomes generalized those of previous works in [5,31] for the
absence of an applied force and moment in the unstarched arm of a pendulum.
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Appendix A

d1 = w1 {20 (wy — 2)wy + 203 (wa — 1) (wa + 1) + wy(was — 2) (2w, — 1)
X (w3 +1) + w5+ wp(24 4+ wa(—21 — 2(wp — 4)wy))] — 2wy (wy — 1)
X[1 4wy (=7 4 w2 (6 + (w2 = 3)wn))]},

dy = (w1 = 2)°[1 = (1 - w1 — wp)Jwa(w} — w3),

d3 = w1 {2w}(wy — 2)wp — 2w} (wy — D (w2 4+ 1) + wa(wy —2)(2wy — 1)

X (w3 +1) 42wy (wr — 1)1+ wp (=7 + wa (6 4 (wy — 3)w2))]},

dy = (w1 42) (w2 = 2)w (w§ — w3)[1— (1+w; — wz)Z]Z,

ds = w3 [—1— 6wy — 10w? + 4wt — (1 + 6wy — 4w?)w3],

do = (w1 +2)(1 4 2w1)? (w? — w?)?[1 = (1+2w1)?, )

d7 = wi {205 (wy — 1) (wa + 1)? + 2wbwy (wy +2) + w3 (Wi 4 1) [1 + w2 (2 + Buws)]
—wi{5 + wp[24 4 w7 (21 + 4wy (wp + 3))]} 4 2w3 (wa + 1){1 + W [7 + w2 (5 + w;
X (3+202))]} + wiwa{ 2 + w3 [20 + w2 [16 + wa(—P(wa +2) +2(3 + w2))]1}
—20w3w1 [1+ w2[8 + w2 (13 + w2 (9 + Blws +2) + wa(wz +4)))]]},
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ds = (w1 — 2) (w2 + 2wz (W} — w3)*[1 = (1 - w; + wz)z)]r _

do = w1{20? (wy — 1) (wa + 1)* + 2wy (wy +2) + @3 (w3 + 1) (1 + wa(2 + Pws))
—wi[5 + wp(24 4 wa (21 + 4wr (wp + 3)))] — 2w3 (wa + 1) [1 + wa (7 + ws
X (5 + w2 (3 4 2w2)))] + wiwa[—2 + w3[20 4 w; (16 + wy (—P(wa +2) +2(3 + w2)))]]
1203w [1 4 wa (8 + wa(13 + wa (9 + Blwa +2) + wa(wa +4)))]},

d1g = (w2 +2)w (w5 — w%)z[l — (1+w + ),

dip = w1 [—3 — 4wy + w} + 403 + wi — (1+ w) (3 +wy)w3],

d12 = (CLJ1 + 2) (w% — w%)z,

ds = {1+ Jarld - w4+ Q+w)wr)] + 3[-2+ 2+ )]},

dig = (w1 —2) (W} — wd)[wf — (2 - w1)?),

dis = wl{—l + G4+ wi(—4+ (2 — wp)wy)] + L2+ (w; — 2)w1]w§},

dig = (w1 +2)(w? — wd)[w} — (24 w1)?],

d17 = [—1 + (2 - 3(4)2)602]

thg = wa(wy —2)[wd — (2 — w)?],

di9 =1+ (24 3wy)wo,

dyo = wy(wp +2) (w3 — (24 wp)?].

Appendix B

f sin 9]0 fz sm 920 f3 sin 930
I = Z[Cl TOTGE Tar T g T haw J

I, = m{fl [4 sin 01 sin B30k f3 + h30(% sin B¢ sin 6y fo + hzo(l sin 019cq
—|—}1 sin 61p¢co + 411 sin 910C3 - 1 cos 9101/1 — 1 cos 910(71) Yws] + h10w1 {fz < sin 6y sin 630 f3
—|—h30( sin 6pgcq + i sin 0pc; + i sin 0pc3 + 5 COS 9201/2]130 COS 9201/3]’120
5 COS 9201/4h10 COS 92002> wy) + hyo (f3 ( sin O3pc3 — COS 030 (1/5h20 + V6 + 0’3))

+cq ( sin 93()f3 + 3 (Cz + C3)h30602 + 1(12(811‘1 930f3 + C3h30w2))} },

I'; = m {f1 ( fz (sin 019 sin g sin 930f3 + h3g (sin 019 sin Brgcq + h3g (Sil’l 019 sin By
+h3g (sin 610 sin Bxpc3 — 2 cos 01 sin Oxgv1 + 2 cos B sin Bzohgovz — 2.cos By sin Glohgovg
—2cos 920 sin 910]1%01/4 — 2cos 910 sin 9200’1 — 2cos 920 sin 9100’2) a)z) + hzo (sin 910 sin 930C3f3
—2 cos 019 sin B3 f311 — 2 cos O3 sin 910f3h%01/5 — 2cos B3 sin 01 f3v4 — 2 cos B¢ sin B3 f3071
—2 cos 030 sin 61 f303 — 2 cos B1gcahzgor wr — 2 cos O1gczhzgriws + ¢3 sin Byg(sin B3 f3
—l—(Cz + 03)h30w2) “+c2 (sin 019 sin 930f3 + ”130(C3 sin 019 — 2 cos 619 (1/1 + 0'1))602)))
+hygwq (Cz (f3h20 (Sll‘l 030c3 — 2 cos O3 (h20V5 + Vg + 0’3)) + sin 920f2 (Sil‘l 930f3 + C3h30a)2))
+f2(f3 (2 cos 09 sin O30h3,v2 — 2 cos Oy sin O30h?vs + h3,(—2 cos b sin O39v3 — 2 cos B39
X sin 9201/5) —2cos 930 sin 9201/6 —2cos 920 sin 9300’2 —2cos 930 sin 9200’3) +c3 [sin 920
x sin B3 f3 + 2 cos Oaph3g (h oV2 — h20U3 — h%owl — 0'2)602} )+ (f2 (sin 00 sin B3¢ f3 + h3p

(sm 020c2 + sin Bpc3 + 2 cos By (h§01/2 - h%OV;J, - h%owl - 0’2)(02)) + hyo (fg, (sin 030c3
+2 cos b3 (3,5 — V6 — 03) ) +2¢2(sin O30 f3 + c3hz0w2))) },

m{ 16 sin 910 sin 920 sin 930C3f1f2f3 — 3 [Vlflfg Ccos 910 sin 930
(fz sin 920 — C3h20) + f1f2f3 COos 920 sin 910 sin 930 (h301/2 201/3) f1f2f3 sin 910
X (cos O sin B30h3,vs + cos O30 sin O0h3,v5) + f1 f3 cos O30 (cos O1gh311v5 — sin 619
X sin 920f21/6) + f1f3cos by (hzo cos B39 (1/11/6 + 1/5]’1%0(71 + 1/60’1) — 01 sin Oy (fz sin 6y
+eshag)) — fifafs sinB19(cos Oy sin 83905 + cos 030 sin 02003)] + 1 f1f3h20v103
x cos 019 cos 030 (1 + 01)] + § f2f3h1owicz cos g sin 039 [2hdv2 — h3, (v3 + H3yva) |
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+% Ccos 920 Ccos 030f2f3h10h%0v21/5w1 + %fzfg,hlowl Ccos 920 Ccos 930 [h%O (h%oll41/5
+h3yv3Vs + V3V ) —h3yvave + h3,vavs] — § cos O sin O30 f2 f3h1002w1
+}1f2f3h10w1 cos B cos 03 [h%O ((721/5 + 1/30'3) + V02 + 03 (h101/4 — 0y — h%ol/z)]

— %C3f1f2h30£02 (1/1 Ccos 910 sin 920 + h%ovz CcOoSs 920 sin 910) — %f1f2w2 cos 920 [C3 sin 910
X (h%ohgo’(h; + ”l%oh3003) + 201 h3q cos B9 (h%ovz — h%ovg — h%0"04)] — Lcos 019 sin By
X 03f1f2h3001w2 — %fleWZ cos 01( cos Oy [h300'1 (h%ovz + h%ovg + h%ovz;) + h30010’2}
‘|“31*263f1 Cos 920 [O'szfzhgo sin 910 + 4f3h10w1 (2]1%01/2 — h%OV3 — h%Oh%OV‘l) sin 930]

+1176f2 [2h10£d1f3 (2]’[%01/21/5 Ccos 920 Ccos 930 — €307 COS 920 sin 930) — sin 2910C3f1h301/1602}
+%f2f3h10a)1 cos By cos 039 [h%OV5 (1/3 + h%ol/z;) + Vg (l’l%ovg, — h%ovz + h%owl)]
+%f2f3h10a)1 cos by cos O3 [h%o (oavs5 +v303) + 02 (Ve — 03) + 03 (h10V4 — h%ol/z)]
+%f1f2hgoa)zvz COs 920 <C3 sin 910 — 2?11 COs 910) — %flfzh\gowz [Cg COSs 920 sin 910

X (”1%003 —2}1%004 — (72) — cos Gwzsin 92003(71 + cos 920h%00103] + %f1f2wzh3o cos 019

X €os by [h1004 (Ul + 0’1) + 01 (h30272 + h2003) + 0’2(01 + (71)] + c2(31n 010f2f3h10

X (% sin f39c3 — %wlfl cos B3 (h%()VS —+ vg + 0'3) fz (% cos 01 sin B sin 930f3

+hag (11—6 sin? 010c3 + sin 261 [— % (v + 01)} )w2 + hag (fg, [— % (cos 619 sin O3p1q

+ cos 039 sin 010h3,v5] +c3 (% sin 619 sin O30 f3 + cos B1ph30 {— s+ (71)} wz) ) ))
+C1 (sin 910f1 (fz (% sin 01g sin 930f3 + h3g {Tlé (sin 019c2 + sin 910C3)} — % cos By (h%ol/:;
—|—h%01/4 + 0 — h%OVQ) ) wz) — %hzo f3 (1176 sin 93063 cos 930 (h%ol/5 + Vg + 0’3)) + %CQ

X (sin 30 f3 + c3hzowz))) + hiows (ca( fahao (%6 sin B39 c3 — § cos B39 (h3(vs + v + 0'3))

+% sin 019 fo(sin O3 f3 + hapwacs))+ f2 (f3 (% (COS 050 sin 930}1%01/2 — €os By sin 930]’1%01/4
—h3,(cos B sin 303 + cos B39 sin B10v5) — cos B39 sin B10v — cos B sin O3902 — cos B39
X sin 9100’3)) +c3 (1% sin 01 sin 930f3 + cos Oroh3g (% (h§01/2 — h%OV_O, - h%ov4 - 0’2)602) ) ) ))},

_ 1 1 : 2 ; 4

F5 = Tiolaohsow ot {f1 (fz (f3(§ [COS 920 (COS 910 sin 930]1102)1 U4 + COS 930 sin 9101’1200305)
+ cos 010 (cos B39 sin 6200106 + 13,0104 €S B0 sin B30 ) + ve cos B30 (h3,v4 cos b sin b1
+071 cos B9 sin By) + cos B1¢ cos Oy sin B3yv105 + cos B cos O3 sin H1902 v
+ cos 619 (0’10'2 cos By sin O3y + v103 cos O3 sin 920) + 03 cos O3 (h%004 cos by sin B9
+071 cos B39 sin By +02073 cos B2 cos O3 sin 61g] + cos 920h§00 (— %vl cos 019
X sin 039 + % cos B39 sin 61011%005 — %[cos 030 (sin B19ve — 03 sin B19) — o1 cos B¢ sin B39
+h%0 (COS 0> cos B39 sin 910]’1%00405 + cos 019v1 (COS 050 sin 03003 + cos O3 sin 92005)
+v3 cos B9 (v cos B39 sin B1g + o cos B¢ sin B3 ) + cos 619 cos B3¢ sin Ox9v507

+ cos B cos B3 (v507, sin 019 + v303sin 1) ))] + ¢3 (sin 630 f3 {% (— cos by sin O00;
+ cos By sin By (h%ovz - h%ovg — h%ov4 — (72) — €os 61 sin Br01 + cos B cos Bxphzg
X (% [h1gv104 — B3g02 (01 + 071) + h3y03(v1 + 01) + B3gva01 + v10% + 0102)w2>)
402 (f3(cos 19 cos O30hag (h3yvs(v1 + 01) + (v1 + 1) (v6 + 03)) | + f2sin b

X [11—6 (— cos 010 (v7 sin B39 + 7 sin B39) — sin 610h%005(cos 030 + Vg cOS O30)
— c0s 030 sin 01003 ) — c3(cos 019 sin O30 3620 (01 + 07)] + sin b2 f2

X (317 sin 0 sin 630 f3 — ¢ cos B10h30 (01 + Ul)wz) ) )) + c1(c2(sin b0 f2 f3h10

X 35 (sin 039c3 — 2 cos O30 (h3v5 + vs + 03) )wy + sin b1 f1 (31—2 3ha0 (sin B30c3

—2¢0s 030 (h350 + v6 + 03) ) +25 sin O fo(sin O30 f5 + C3h30w2)) )

. 1 . .
+f2(f3(sin b0 f1 [ 1 (cos 629 sin 030 (3,02 — h3,v4) — h3 (03 cos By sin B39
+0s5 COs 930 sin 920) — COS 930 sin 92006 — COs 920 sin 9300’2] - %Ughlo Ccos 930

X sin Byq cos by {%(”1%0406 + Vg0 — h%ovz(vl + 0'1) — h%ov4a3 + 0203
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+h3 (300205 + h3y04vs + V306 + 0205 + v303) | )wi )+ 15 3 (fah10wi cos B2 sin O3
X (h%ovz — h%ovg — h%0’04 — 0'2) + (% sin GlOfl (% sin 920 sin 93()f3 —+ cos 920]’130

x| 35 (13902 = Wyvs — yvs — 02) | w2 ) )},

T6 = fromnimara; J1./2f3{c2 sin 619 5in 629(0.01652¢3 sin B39 — 0.03152 cos B30 (vsh3, + ve
+03)) + cos 0 (sin 030c53[0.03125 (v2h3, — v3h3, — vah2, — 02)] + 0.0625 cos B39
X (0.06251/31/5}1%002 - Vzh%o(l/é +03) + 1/4]’1%00’3 + 0r03 + 0.0625}1%01/21/5}1%0 + 1/41/5h%0
+v3V6 + V503 + 1303)))) + €os O30 (sin O9cz (sin O3pc3[—0.03125(v1 + 07)]
+ cos 030 (v5h3,[0.0625(v1 + 07)] 4 0.0625(v1 + 071) (V6 + 03) ) ) + cos O (sin O3¢5
% (0.0625v1v4h3) — 0.0625(v2h3 (11 + 01) + vahigon + vion + 0102)))) }.
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