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Abstract: As the soil-resistance coefficient in a soft soil area is small, overlarge bending moment
may cause exceeding transverse deformation for the shield tunnel and cause structural diseases and
waterproof failure at the longitudinal segment joints. Hence, a new idea of cross-section design for
a minimum bending moment shield tunnel was proposed. This article has first put forward the
concept of a zero bending moment shield tunnel. Then, based on rational and feasible hypotheses,
a structural mechanical model and an analytical expression of axis for the cross-section of the zero
bending moment shield tunnel was obtained, and computational formulas of internal force and key
geometry parameters were given. Based on the case of the metro shield tunnel constructed in the
Shanghai soft soil area, the zero bending moment shield tunnel was designed, and its characteristics
were analyzed. Considering only one cross-section of shield tunnel can be adopted in one metro line,
the design method and procedure of the minimum bending moment shield tunnel were put forward.
Finally, taking one of the Shanghai metro lines as an example, a cross-section of a minimum bending
moment shield tunnel was designed, and its bending moment was compared with the bending
moment of a circular section shield tunnel, which had the same horizontal diameter. The comparison
revealed that the cross-section of the minimum bending moment can significantly reduce the bending
moment of shield tunnel.

Keywords: minimum bending moment; cross-section; shield tunnel; soft soil area; design method

1. Introduction

The cross-sections for most of the existing shield tunnels all over the world are gener-
ally circular [1–4]. Additionally, there are other cross-sections for shield tunnels, such as
transverse oval, rectangular, quasi-rectangular (applied in Ningbo Metro Line 3, Zhejiang
province, China), semicircle, horseshoe-shaped, double-circle-shaped, and tri-circle-shaped,
as shown in Figure 1. The main load for a shield tunnel as an underground structure is
the earth pressure [5]. Normally, the tunnel is subjected to larger vertical earth pressure
than horizontal earth pressure, and both vertical and horizontal earth pressure increase
as the depth of the ground increases. So, the cross-section of a shield tunnel inevitably
undertakes bending moment. Especially in the soft soil area, there is little horizontal soil
resistance at the side of the tunnel [6–8]. That means that when even lager transverse oval
deformation occurs, the difference between the vertical earth pressure and the horizontal
earth pressure is large. According to the design specification of metro [9,10], the largest oval
deformation for the new constructed shield tunnel upon the acceptance check was 5D‰,
where D represents the outer diameter of the tunnel. However, for some soil conditions,
the oval deformation will fail to meet this code, especially in the soft soil area.
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for some soil conditions, the oval deformation will fail to meet this code, especially in the 
soft soil area. 
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Figure 1. Typical cross-section of shield tunnels：(a) Circular; (b) Double-circle-shaped; (c) Tri-circle-
shaped; (d) Semicircle; (e) Horseshoe-shaped; (f) Transverse oval; (g) Rectangular; (h) Quasi-rectan-
gular. 

The tunnel is a slender underground structure, so the shield tunnel can be considered 
as a curved beam structure from the perspective of plane strain, and the length of the 
curved beam is far larger than the height of the curved beam. The deformation of the beam 
structure is mainly caused by bending moment. For the cross-section of the shield tunnel, 
the rotation of the segment longitudinal joint and the bending moment are the main fac-
tors that cause transverse oval deformation [11,12]. Besides, when the shield tunnel is un-
der the bending moment, the segment longitudinal joints are prone to segment corner 
damages and will stretch up [13,14], which will reduce the pressure stress on the water-
proof sealing washer or, even worse, the waterproof sealing washer will completely open, 
causing joint waterproof failure [15–18]. Figure 2 shows the excessive deformation of the 
segmental joints and the related water-leakage issues. Besides this, under bending mo-
ment, the connecting bolts at the segment longitudinal joints will be stretched. Under the 
over-large bending moment, plastic deformation will occur for the thread of the connect-
ing bolts, causing damages to the segment longitudinal joints [19–22]. One study [23] 
found that the segment joints were the weak parts of the test structure, through a full-
scale test analysis of the bearing capacity of the shield tunnel structure assembled by 

Figure 1. Typical cross-section of shield tunnels:(a) Circular; (b) Double-circle-shaped; (c) Tri-circle-
shaped; (d) Semicircle; (e) Horseshoe-shaped; (f) Transverse oval; (g) Rectangular; (h) Quasi-rectangular.

The tunnel is a slender underground structure, so the shield tunnel can be considered
as a curved beam structure from the perspective of plane strain, and the length of the
curved beam is far larger than the height of the curved beam. The deformation of the
beam structure is mainly caused by bending moment. For the cross-section of the shield
tunnel, the rotation of the segment longitudinal joint and the bending moment are the
main factors that cause transverse oval deformation [11,12]. Besides, when the shield
tunnel is under the bending moment, the segment longitudinal joints are prone to segment
corner damages and will stretch up [13,14], which will reduce the pressure stress on the
waterproof sealing washer or, even worse, the waterproof sealing washer will completely
open, causing joint waterproof failure [15–18]. Figure 2 shows the excessive deformation
of the segmental joints and the related water-leakage issues. Besides this, under bending
moment, the connecting bolts at the segment longitudinal joints will be stretched. Under the
over-large bending moment, plastic deformation will occur for the thread of the connecting
bolts, causing damages to the segment longitudinal joints [19–22]. One study [23] found
that the segment joints were the weak parts of the test structure, through a full-scale test
analysis of the bearing capacity of the shield tunnel structure assembled by joints, and the
plastic development of the segment joints easily caused structural damage. It illustrates
that most of the diseases are caused by the bending moment of the cross-section of the
shield tunnel [19,24–26]. In all of the existing studies, the properties of a determined
section of shield tunnel, as well as for other underground structures, such as culvert pipe
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and underground pipe (most of the pipe in the ground is circular), have been analyzed,
but whether the cross-section is suitable for resisting transverse deformation has not been
taken into consideration. From the above-mentioned diseases caused by bending moment,
it is necessary to design a rational cross-section in order to decrease the bending moment
as much as possible.
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Figure 2. The excessive deformation and related water-leakage of longitudinal segment joints:
(a) The excessive deformation of the segmental joint; (b) Longitudinal segment joint water-leakage;
(c) Segment corner water-leakage.

Hence, if a kind of shield tunnel cross-section can be designed so that the theoretical
bending moment for any section is zero (namely “zero bending moment shield tunnel”),
the above-mentioned diseases of shield tunnels can be solved, which also contributes to the
reduction in segment reinforcement. In this article, a new idea of cross-section design for a
minimum bending moment shield tunnel is proposed. First, we put forward the concept of
a zero bending moment shield. Then, based on rational and feasible hypotheses, a structural
mechanical model and analytical expression of the axis for the cross-section of the zero
bending moment shield tunnel were obtained, and computational formulas of internal
force and key geometry parameters were given. Then, based on the case of the metro shield
tunnel constructed in the Shanghai soft soil area, the zero bending moment shield tunnel
was designed, and its characteristics were analyzed. Considering that only one cross-section
of shield tunnel can be adopted in one metro line, the design method and procedure of
the minimum bending moment shield tunnel have been put forward. Finally, taking one
of the Shanghai metro lines as an example, the cross-section of the minimum bending
moment shield tunnel has been designed. The pioneering work performed here shows
that a rational cross-section can greatly decrease the bending moment for underground
structures. For shield tunnels or buried pipe, the minimum bending moment cross-section
is similar to a vertical ellipse. The research results can be used as a reference for the design
of a shield tunnel or other underground structures.

2. Analysis of the Pressure Exerted on the Cross-Section of the Shield Tunnel
2.1. Hypothesis of the Earth Pressure Acting on the Shield Tunnel

According to structural mechanics, the rational axis (any section of the axis without
bending moment) of the arch is related to the loads that it bears. Since the vertical earth
pressure in the stratum is larger than the horizontal earth pressure, when the bending
moment of the cross-section of the shield tunnel is zero, the horizontal diameter should not
be equal to the vertical diameter. Therefore, when designing the reasonable axis of a shield
tunnel section (the bending moment at any section is zero), only the normal condition
is considered, which is convenient for analysis and calculation. The hypotheses on the
loading of the shield tunnel have been made, as follows:

(1) There is no horizontal soil resistance.
There is zero bending moment in the designed shield tunnel cross-section. Hence,

it can be approximately considered that no deformation takes place in the shield tunnel
and there is no horizontal soil resistance at the two sides of the tunnel.
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(2) Do not consider the weight of the shield tunnel structure.
As an underground structure bearing the soil pressure, the weight of the shield tunnel

is much smaller than the surrounding earth pressure that it bears. According to the design
specification of metro [10], the lining thickness should be 0.04~0.06 times larger than the
outer contour diameter of the tunnel and the buried depth is much larger than the thickness
of the segment. Hence, the bending moment of the tunnel structure that is caused by the
weight of tunnel is much smaller than the bending moment of the tunnel structure that is
caused by the surrounding earth pressure.

(3) Calculate the vertical earth pressure based on the earth-pillar theory and do not
consider the water pressure.

The soil is soft in the soft soil area, and it is impossible to make an arch. Also,
the permeability coefficient is small.

Based on the above hypotheses, the earth pressure surrounding the shield tunnel is
demonstrated in Figure 3. The pressure can be calculated as Equations (1)–(3).

P1 = γH (1)

P2 = γHk = P1k (2)

P3 = γak (3)

where a is the vertical diameter of the shield tunnel, b is the horizontal diameter at the
center of the vertical diameter of the shield tunnel, P1 is the vertical earth pressure, P2
is the horizontal earth pressure on top of the tunnel, P3 is the part of earth pressure that
occurs where the earth pressure at the bottom of the tunnel exceeds the earth pressure on
top of the tunnel, γ is the volume weight of the soil in the stratum. For the layers of soil,
take the average volume weight, H is the buried depth of the tunnel, k is the lateral earth
pressure coefficient.
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2.2. The Analysis of the Pressure Exerted on the Shield Tunnel

The simplified earth pressure unit is line loading (such as kN/m), the value of which
equals to the earth pressure value in a 3D condition (the unit is the unit for plane loading,
such as kN/m2). It can be learnt from Figure 3 that the structural mechanics model of the
way that the shield tunnel plane is subjected to pressure is the same as how symmetrical
structure subjects to symmetrical loading, which means analysis of one part will be enough.
In order to facilitate the structural mechanics analysis, the semi-structural analysis of
Figure 3, after clockwise rotation of 90 degrees, was analyzed, and the corresponding
structural mechanics model is shown in Figure 4. From the symmetrical relationship of the
structure, loading, and ΣX = 0, it can be assumed that the shear force at cross-section A
Q1 and B Q2 are both zero. Hence, it is required to design and calculate the axial equation
for the zero bending moment of the shield tunnel. Assuming the bending moment of
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cross-section A and cross-section B are both zero, the calculation model of the structural
mechanics of the rational axis of the shield tunnel cross-section is demonstrated in Figure 5.
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Based on ∑ MA = 0 and ΣY = 0, the axial force can be calculated as Equations (4)
and (5).

N1 =
1
2

P2a +
1
6

P3a (4)

N2 =
1
2

P2a +
1
3

P3a (5)

where N1 is the axial force of cross-section A and N2 is the axial force of cross-section B.

3. The Design and Calculation of the Zero Bending Moment Shield Tunnel
Cross-Section
3.1. The Calculation of the Rational Axis for Shield Tunnel Cross-Section

The expression of the rational axis is required to be calculated when designing the
rational axis for the shield tunnel cross-section. In Figure 5, the left cross-section of the
shield tunnel is cross-section S, and its coordinate is (x, y). As in Figure 6, cross-section S is
composed of four parts, as follows:

Ms = N1x− 1
2

P2x2 − 1
6a

P3x3 − 1
2

P1y2 (6)

where Ms is the bending moment of cross-section S; x is the horizontal coordinate of
cross-section S; y is the vertical coordinate of cross-section S.
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Equation (6) shows that the first three bending moments Ms are all caused by the
loading on the Y-axis and the values are only associated the value of x; the fourth Ms is
caused by the loading along the X-axis, the value of which is only related with y. The first
three bending moments and the corresponding simply supported beam (as shown in
Figure 7) share the shame bending moment expression when subjected to the same loading
along the Y-axis. Assuming the bending moment expression of the simply supported beam
at horizontal coordinate x is as follows:

Mx = N1x− 1
2

P2x2 − 1
6a

P3x3 (7)

where Mx is the bending moment at the position of horizontal coordinate x.
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In order to realize the zero bending moment of the cross-section S, the vertical coordi-
nate for cross-section S can be calculated as Equation (8).

y =
√

2Mx/P1 =

√(
2N1x− P2x2 − 1

3a
P3x3

)
/P1 (8)

However, the bending moment of the right cross-section S is composed of five parts,
as shown in Figure 8. The bending moment of the cross-section S on the right of Figure 8
caused by the P1 loading in the left direction exerted on curve CS shares the same value as
the bending moment of the cross-section S caused by the P1 loading in the right direction
exerted on curve DC on the left of Figure 8. The two bending moments are in opposite
directions so they can offset each other. Therefore, Equation (8) can be applied to any
section in Figure 5.



Appl. Sci. 2022, 12, 1082 7 of 18

Appl. Sci. 2022, 12, x FOR PEER REVIEW 7 of 19 
 

However, the bending moment of the right cross-section S is composed of five parts, 
as shown in Figure 8. The bending moment of the cross-section S on the right of Figure 8 
caused by the 𝑃𝑃1 loading in the left direction exerted on curve CS shares the same value 
as the bending moment of the cross-section S caused by the 𝑃𝑃1 loading in the right direc-
tion exerted on curve DC on the left of Figure 8. The two bending moments are in opposite 
directions so they can offset each other. Therefore, Equation (8) can be applied to any sec-
tion in Figure 5. 

(x,y)
N x

Qx

c/2

S
C

D P1

P1

P2

N1

A

xP3/a

Y

X

P2

 
Figure 8. Internal force analysis for a section of zero bending moment shield tunnel cross-section 
2. 

3.2. The Calculation of the Horizontal Diameter of the Zero Bending Moment Shield Tunnel 
The horizontal diameter at the center of the vertical diameter of the shield tunnel is 

known as the center horizontal diameter, represented by b. From the calculating equation 
of the rational axis of the shield tunnel cross-section and the calculating equation of the 
bending moment of the corresponding simply supported beam, it can be learnt that, since 
the lateral earth pressure of the shield tunnel is larger at the top than at the bottom, the 
largest horizontal diameter of the shield tunnel does exist at the vertical diameter center 
but somewhere lower than the center itself. The largest horizontal diameter of the shield 
tunnel is represented as c. 

When x = a/2, the corresponding y = b/2, according to Equation (8), the calculating 
equation of b be calculated as Equation (9). 

𝑏𝑏 = 2�(𝑁𝑁1𝛾𝛾 −
1
4
𝑃𝑃2𝛾𝛾2 −

1
24

𝑃𝑃3𝛾𝛾2)/𝑃𝑃1 (9) 

For the maximum of 𝛽𝛽, the corresponding y = c/2. The calculating equation of c can 
thus be obtained. Assume 𝑀𝑀𝑥𝑥 is the derivative of 𝑥𝑥 to 𝑥𝑥, as shown in Equation (10). 

𝛽𝛽 =
𝑑𝑑𝑀𝑀𝑥𝑥

𝑑𝑑𝑥𝑥
= 𝑁𝑁1 − 𝑃𝑃2𝑥𝑥 −

1
2𝛾𝛾

𝑃𝑃3𝑥𝑥2 (10) 

From Figure 7, it can be learnt that 𝑥𝑥 ∈ [0, 𝛾𝛾]. When 𝛽𝛽 = 0, the corresponding 𝑥𝑥 
will obtain the maximum 𝑀𝑀𝑥𝑥. Hence, the maximum of y will be obtained based on the 
corresponding x when 𝛽𝛽 = 0, which is c/2. The value of 𝑥𝑥 conditional on 𝛽𝛽 = 0 can be 
calculated as Equation (11). 

𝑥𝑥 =
𝛾𝛾
𝑃𝑃3
��𝑃𝑃22 +

2
𝛾𝛾
𝑁𝑁1𝑃𝑃3 − 𝑃𝑃2� (11) 

where 𝑥𝑥 is the value corresponding to the condition 𝛽𝛽 = 0. 
Put 𝑥𝑥 obtained from Equation (11) into Equation (8), to obtain the calculating equa-

tion of c, as shown in Equation (12). 

Figure 8. Internal force analysis for a section of zero bending moment shield tunnel cross-section 2.

3.2. The Calculation of the Horizontal Diameter of the Zero Bending Moment Shield Tunnel

The horizontal diameter at the center of the vertical diameter of the shield tunnel is
known as the center horizontal diameter, represented by b. From the calculating equa-
tion of the rational axis of the shield tunnel cross-section and the calculating equation of
the bending moment of the corresponding simply supported beam, it can be learnt that,
since the lateral earth pressure of the shield tunnel is larger at the top than at the bottom,
the largest horizontal diameter of the shield tunnel does exist at the vertical diameter center
but somewhere lower than the center itself. The largest horizontal diameter of the shield
tunnel is represented as c.

When x = a/2, the corresponding y = b/2, according to Equation (8), the calculating
equation of b be calculated as Equation (9).

b = 2

√(
N1a− 1

4
P2a2 − 1

24
P3a2

)
/P1 (9)

For the maximum of β, the corresponding y = c/2. The calculating equation of c can
thus be obtained. Assume Mx is the derivative of x to x, as shown in Equation (10).

β =
dMx

dx
= N1 − P2x− 1

2a
P3x2 (10)

From Figure 7, it can be learnt that x ∈ [0, a]. When β = 0, the corresponding x
will obtain the maximum Mx. Hence, the maximum of y will be obtained based on the
corresponding x when β = 0, which is c/2. The value of x conditional on β = 0 can be
calculated as Equation (11).

x =
a
P3

(√
P2

2 +
2
a

N1P3 − P2

)
(11)

where x is the value corresponding to the condition β = 0.
Put x obtained from Equation (11) into Equation (8), to obtain the calculating equation

of c, as shown in Equation (12).

c = 2

√(
2N1x− P2x2 − 1

3a
P3x3

)
/P1 (12)

where c is the largest horizontal diameter of the shield tunnel.
Name the distance difference between the position of the vertical diameter conditional

on the maximum horizontal diameter and the position of the vertical diameter conditional
on the center horizontal diameter as eccentricity ∆. It can be calculated as Equation (13).

∆ = x− a
2

(13)
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where ∆ is the difference of vertical diameter position under the different conditions.

3.3. The Calculation of the Internal Force of the Zero Bending Moment Shield Tunnel

For shield tunnels whose cross-section is rational axis, the internal force of the cross-
section is only composed of the axial force and the shear force. Assume that the axial
force of the cross-section S is Qx and the shear force is Qx. Given that the angle of the
section will change as the coordinates change, the internal force of the cross-section S can
be disintegrated as the horizontal loading Fhx and the vertical loading Fvx (in Figure 9
the leftward and the upward are set as positive), as shown in Figure 9. First calculate the
position angle of the section S, then disintegrate the horizontal loading as Fhx, vertical
loading Fvx as axial force Nx, and shear force Qx (in Figure 8 the pressure exerted on the
section S direction and the direction where the slider rotates clockwise are set as positive).
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∑ X = 0, Fhx is calculated as Equation (14).

Fhx = P1y (14)

where Fhx is the loading of section S in a horizontal direction.
Fvx, Fvx is calculated as Equation (15).

Fvx = P2x +
P3

2a
x2 − N1 (15)

where Fvx is the loading of section S in a vertical direction.
Derivation of Equation (8) to x, ψ is calculated as Equation (16).

ψ =
dy
dx

=
1

2P1
·
√

P1

2N1x− P2x2 − 1
3a P3x3

·
(

2N1 − 2P2x− 1
a

P3x2
)

(16)

The expression of the angle α can be calculated as Equation (17).

α = arctan
dy
dx

= arctanψ (17)

where α is the angle between the tangent of cross-section S and the horizontal line.
According to the equivalent relation between Fhx, Fvx, and Nx, µ, Nx, Qx can be

calculated as Equations (18) and (19).

Nx = Fhxcosα− Fvxsinα (18)

where Nx is the axial force of cross-section S.

Qx = −Fhxsinα− Fvxcosα (19)

where Qx is the shear force of cross-section S.
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4. Cross-Section Design and Case Analysis for Minimum Bending Moment Shield
Tunnel in Soft Soil Area
4.1. Brief Introduction for Shanghai Metro Shield Tunnel

Taking the Shanghai soft soil area as an example, the minimum bending moment
shield tunnel is designed according to its stratum characteristics, as shown in Figure 10.
The circular cross-section tunnel lining of the shield tunnels with non-staggered installation,
which is widely used in Shanghai’s single-line metro, is assembled with non-staggered
installation precast segments. The outer diameter of the segment ring is 6.2 m, and the
thickness and width of the segment are 0.35 m and 1.2 m, respectively. The segment is
precast using high-strength concrete (C55 grade), of which the Poisson’s ratio and thr
elastic modulus are 0.18 and 35.5 GPa, respectively. The segment ring is composed of six
segments, which is shown in Figure 11. Straight bolts, with a mechanical property grade of
5.8, are adopted for the circumferential and longitudinal connection of the segment rings.
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Shanghai, as the representative saturated soft soil ground area in China, has shield
tunnels that mainly go through soil 3©, 4©, 5©, 6©, especially soil 3©, 4©. Table 1 shows the
physical parameters measured by some engineering test of corresponding stratum. These
data indicate that the main soil that the shield tunnel goes through features large water
content, large compressibility, and low strength. Such soil also features high sensibility.
When a shield tunnel is constructed in such soil, the horizontal soil resistance is very
small [27,28], which is one of the reasons why the beyond-limit oval deformation of the
shield tunnel easily occurs. So, it is necessary to try to design a rational cross-section of
shield tunnels constructed in soft soil with less bending moment.
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Table 1. Shanghai geological soil parameters.

Soil Layer Unit
Weight/kN/m3

Moisture
Content/%

Void
Ratio

Liquid
Limit/%

Plastic
Limit/% Cohesion/kPa

Internal
Friction
Angle/◦

Compression
Modu-

lus/MPa

Poisson
Ratio

3© Mucky
silty clay 19.6 39.7 1.123 35.4 20.5 9 16.5 3.36 0.3

4© Mucky
clay 18.8 49.4 1.392 43.2 23 13 10.5 2.27 0.33

5© Silty clay 20.1 34.8 0.996 36.9 20.7 17 14 4.27 0.31

6© Clay 20.5 23.3 0.695 34 18.5 44 15.5 6.58 0.3

Suppose the coefficient of lateral earth pressure k is calculated as Equation (20).

k =
µ

1− µ
(20)

where µ is the Poisson’s ratio.
Then the coefficient of lateral earth pressure is 0.4286–0.4925.

4.2. Analysis for Cross-Section Key Parameters of Zero Bending Moment Shield Tunnel

For the properties of soft soil, the vertical earth pressure on the crown of the tunnel is
considered as the earth-pillar theory earth pressure, calculated by Equation (1). Assume
that the thickness of soil above the tunnel crown is 12 m, the vertical diameter of the cross-
section axis of the tunnel is 6 m (the central axis position of the outer and inner diameter
of the tunnel cross-section is taken as the design diameter). The average unit weight of
soil is 19.5 kN/m3. According to the proposed design method for the cross-section of the
zero bending moment shield tunnel, cross-section key parameters of the zero bending
moment are obtained based on different lateral earth pressure coefficients, as shown in
Table 2. When the lateral earth pressure coefficient k increases, the eccentric distance ∆
of the zero bending moment shield tunnel remains the same, and the center horizontal
diameter b and the maximum horizontal diameter c both increase. Assume that the lateral
earth pressure coefficient is 0.46, cross-section key parameters of the zero bending moment
shield tunnel under a different thickness of soil above the tunnel crown is shown in Table 3.
With the increase in the thickness of the soil above the tunnel crowns, the eccentric distance
∆, the center horizontal diameter b, and the maximum horizontal diameter c all decrease.
The data in Tables 1 and 2 indicate that both the center horizontal diameter b and the
maximum horizontal diameter c are smaller than the vertical diameter a. The calculation
results indicate that there is zero shear force for any section of the cross-section of the
zero bending moment, which means that there is no shear deformation at the segment
longitudinal joints. The minimum axial force N1 is apparent at the crown of the tunnel,
and the maximum axial force N3 is apparent at the level of maximum horizontal diameter.
N2 is the axial force at the tunnel invert.

Table 2. Key parameters for no bending moment shield tunnels with different coefficients of lateral
earth pressure.

H/m k P1/kPa P2/kPa P3/kPa a/m b/m c/m N1/kN N2/kN N3/kN ∆/m

12 0.42 222.00 93.24 46.62 6.00 4.347 4.350 326.34 372.96 482.83 0.0997
12 0.44 222.00 97.68 48.84 6.00 4.450 4.452 341.88 390.72 494.19 0.0997
12 0.46 222.00 102.12 51.06 6.00 4.550 4.552 357.42 408.48 505.30 0.0997
12 0.48 222.00 106.56 53.28 6.00 4.648 4.650 372.96 426.24 516.17 0.0997
12 0.50 222.00 111.00 55.50 6.00 4.743 4.746 388.50 444.00 526.81 0.0997
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Table 3. Key parameters for no bending moment shield tunnels with different buried depths.

H/m k P1/kPa P2/kPa P3/kPa a/m b/m c/m N1/kN N2/kN N3/kN ∆/m

6 0.46 111.00 51.06 51.06 6.00 4.984 4.992 204.24 255.30 277.03 0.1652
9 0.46 166.50 76.59 51.06 6.00 4.699 4.703 280.83 331.89 391.52 0.1244

12 0.46 222.00 102.12 51.06 6.00 4.550 4.552 357.42 408.48 505.30 0.0997
18 0.46 333.00 153.18 51.06 6.00 4.395 4.397 510.60 561.66 732.05 0.0713
28 0.46 518.00 238.28 51.06 6.00 4.282 4.282 765.90 816.96 1109.14 0.0483

The corresponding cross-sections for Tables 1 and 2 are in Figure 12, which are similar
to a vertical ellipse. The axial forces for the zero bending moment tunnel are shown as
Figure 13 (for the vertical symmetry of the axial forces, only axial forces at the range
between 0◦ and 180◦ are given). The difference values of the horizontal diameters between
any cross-sections of the zero bending moment tunnel are smaller than any difference value
between the horizontal diameters of the zero bending moment tunnel and circular tunnel.
So, any cross-section of the zero bending moment tunnel is adopted for the metro shield
tunnel, and its maximum bending moment is smaller than the circular cross-section.
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Figure 13. Axial force for zero bending moment shield tunnel with vertical diameter of 6 m: (a) 

Different coefficients of lateral earth pressure; (b) Different thickness of overlaying soil. 

4.3. Cross-Section Design for the Minimum Bending Moment Shield Tunnel 

The above analysis indicates that the cross-section of the zero bending moment shield 

tunnel is related to the assumed earth pressure. However, usually one metro line only 

adopts one tunnel cross-section in light of practical construction, and tunnel buried depth 

and soil properties of the ground are changed along the metro line. Therefore, it is neces-

sary to evaluate the earth pressure mode and corresponding length for the shield tunnel. 

Suppose the shield tunnel has n kinds of engineering conditions, which are shown in Ta-

ble 4. Taking every condition into account, the cross-section axis of the minimum bending 

moment shield tunnel can be calculated as Equation (21). 

𝑦 =
𝑦1𝑙1 + 𝑦2𝑙2 + 𝑦3𝑙3+. . . . . . +𝑦𝑛𝑙𝑛

𝐿
 (21) 

in which 𝐿 is the total length of the metro shield tunnel and is calculated as Equation 

(22). 

𝐿 = 𝑙1 + 𝑙2 + 𝑙3+. . . . . . +𝑙𝑛 (22) 

where 𝑦𝑖 refers to Equation (8) and can be calculated as Equation (23). 

Figure 12. Zero bending moment shield tunnel cross-section with vertical diameter of 6 m: (a) Differ-
ent coefficients of lateral earth pressure; (b) Different thickness of overlaying soil.
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Different coefficients of lateral earth pressure; (b) Different thickness of overlaying soil. 
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4.3. Cross-Section Design for the Minimum Bending Moment Shield Tunnel

The above analysis indicates that the cross-section of the zero bending moment shield
tunnel is related to the assumed earth pressure. However, usually one metro line only
adopts one tunnel cross-section in light of practical construction, and tunnel buried depth
and soil properties of the ground are changed along the metro line. Therefore, it is necessary
to evaluate the earth pressure mode and corresponding length for the shield tunnel. Sup-
pose the shield tunnel has n kinds of engineering conditions, which are shown in Table 4.
Taking every condition into account, the cross-section axis of the minimum bending mo-
ment shield tunnel can be calculated as Equation (21).

y =
y1l1 + y2l2 + y3l3 + . . . . . . + ynln

L
(21)

in which L is the total length of the metro shield tunnel and is calculated as Equation (22).

L = l1 + l2 + l3 + . . . . . . + ln (22)

where yi refers to Equation (8) and can be calculated as Equation (23).

yi = f (P1−i, P2−i, P3−i, li) (23)

Table 4. Design parameters for different engineering conditions.

Engineering Condition P1 P2 P3 l

1 P1-1 P2-1 P3-1 l1
2 P1-2 P2-2 P3-2 l2
3 P1-3 P2-3 P3-3 l3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n P1-n P2-n P3-n l4

In order to apply the cross-section design theory of the minimum bending moment
shield tunnel, this proposed design flow chart is presented as Figure 14.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 13 of 19 
 

𝑦𝑖 = 𝑓(𝑃1−𝑖 , 𝑃2−𝑖 , 𝑃3−𝑖 , 𝑙𝑖) (23) 

In order to apply the cross-section design theory of the minimum bending moment 

shield tunnel, this proposed design flow chart is presented as Figure 14. 

 

Figure 14. Design flow chart for shield tunnel using the concept of minimum bending moment. 

Table 4. Design parameters for different engineering conditions. 

Engineering Condition P1 P2 P3 l 

1 P1-1 P2-1 P3-1 l1 

2 P1-2 P2-2 P3-2 l2 

3 P1-3 P2-3 P3-3 l3 

…… …… …… …… …… 

n P1-n P2-n P3-n l4 

4.4. Case Analysis for Minimum Bending Moment Shield Tunnel 

The shield tunnel of one metro line in Shanghai passes through soft soil ③, ④, ⑤, 

and ⑥, as shown in Table 1, all of which feature a small soil-resistance coefficient, so it is 

important to consider reducing the bending moment as much as possible. According to 

the line design, the thickness of the overlying soil ranged between 6.5 and 28.8 m, com-

bined with the geological investigation data of the tunnel, several designs have been made 

based on the different working conditions for the shield tunnel of this metro line. The 

cross-section parameters of the zero bending moment shield tunnel under different work-

ing conditions were obtained as presented in Table 5. Finally, the cross-section of the 

shield tunnel conditional on the minimum bending moment is shown in Figure 15. The 

shape of the cross-section of the shield tunnel conditional on the minimum bending mo-

ment was similar to a vertical ellipse. 

Figure 14. Design flow chart for shield tunnel using the concept of minimum bending moment.

4.4. Case Analysis for Minimum Bending Moment Shield Tunnel

The shield tunnel of one metro line in Shanghai passes through soft soil 3©, 4©, 5©,
and 6©, as shown in Table 1, all of which feature a small soil-resistance coefficient, so it is
important to consider reducing the bending moment as much as possible. According to the
line design, the thickness of the overlying soil ranged between 6.5 and 28.8 m, combined
with the geological investigation data of the tunnel, several designs have been made based
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on the different working conditions for the shield tunnel of this metro line. The cross-
section parameters of the zero bending moment shield tunnel under different working
conditions were obtained as presented in Table 5. Finally, the cross-section of the shield
tunnel conditional on the minimum bending moment is shown in Figure 15. The shape of
the cross-section of the shield tunnel conditional on the minimum bending moment was
similar to a vertical ellipse.

Table 5. Design parameters for different conditions.

Engineering
Condition H/m K P1/kPa P2/kPa P3/kPa l/m a/m b/m c/m N1/kN N2/kN N3/kN ∆/m

1 7 0.429 136.50 58.56 50.19 2755 6.00 4.697 4.703 225.87 276.06 320.98 0.1489
2 10 0.429 195.00 83.66 50.19 5933 6.00 4.481 4.484 301.16 351.35 437.20 0.1149
3 10 0.493 195.00 96.14 57.68 4340 6.00 4.803 4.807 346.09 403.77 468.67 0.1149
4 13 0.429 253.50 108.75 50.19 2045 6.00 4.360 4.362 376.45 426.64 552.88 0.0935
5 13 0.493 253.50 124.98 57.68 6473 6.00 4.674 4.676 432.61 490.29 592.68 0.0935
6 16 0.493 312.00 153.82 57.68 5423 6.00 4.591 4.592 519.13 576.81 716.42 0.0788
7 16 0.449 312.00 140.09 52.53 2807 6.00 4.381 4.383 472.80 525.33 683.70 0.0788
8 19 0.493 370.50 182.66 57.68 680 6.00 4.533 4.534 605.65 663.33 840.00 0.0681
9 19 0.449 370.50 166.35 52.53 1470 6.00 4.326 4.327 551.60 604.13 801.64 0.0681
10 22 0.449 429.00 192.62 52.53 1620 6.00 4.286 4.287 630.40 682.93 919.49 0.0599
11 25 0.429 487.50 209.14 50.19 784 6.00 4.159 4.160 677.61 727.80 1013.92 0.0535
12 28 0.429 546.00 234.23 50.19 1980 6.00 4.135 4.136 752.90 803.09 1129.02 0.0483
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Figure 15. Comparison between minimum bending moment shield tunnel cross-section and circular
shield tunnel cross-section in Shanghai.

The finite element software Midas GTS NX was adopted for the numerical simulation
analysis in order to compare the bending moments of two differently shaped shield tunnel
cross-sections due to the surrounding earth pressure shown in Figure 15 (take the bending
moment for the tension on the inner side of the tunnel as positive). With reference to
one metro line in Shanghai that travels through soft soil areas, simulation analysis was
conducted for four working conditions, where the thickness of the overlying soil of the
shield tunnel was 7 m, 13 m, 19 m, and 25 m. Due to the constant cross-section shape
of the shield tunnel, the 2D model was utilized to simulate the cross-section bending
moment [29,30]. The 2D plane strain model was utilized to simulate the different soils,
and the soil constitutive model was a modified Mohr–Coulomb model. The soil parameters
and material properties were the same as those of the soft area of the above-mentioned
metro line in Shanghai, as shown in Table 6. The beam element model was utilized to
simulate the tunnel lining with reference to the Shanghai metro shield tunnel in light of the
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dimension and mechanical parameters, as shown in Figure 11. The interaction between the
tunnel and the soil was simulated using a compressed elastic spring, as shown in Figure 16,
the vertical elliptical cross-section can be taken as an example.

Table 6. Soil mechanical parameters for different stratums.

Soil Layer Thickness/m
Unit

Weight
/kN/m3

Moisture
Content/%

Void
Ratio Cohesion/kPa

Internal
Friction
Angle/◦

Compression
Modu-

lus/MPa

Poisson
Ratio

Clay 4.5 20.5 23.3 0.695 44 15.5 6.58 0.30
Mucky silty clay 6.5 19.6 39.7 1.123 9 16.5 3.36 0.30

Mucky clay 29 18.8 49.4 1.392 13 10.5 2.27 0.33
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Figure 16. The interaction between the tunnel and the soil of the numerical simulation model.

The soil model of this article was designed to be 80 m wide and 40 m tall, constituted
by three types of soil. From the top to the bottom, the soils were clay, mucky silty clay,
and mucky clay and the thickness of the soils were 4.5 m, 11.5 m, and 29 m, respectively.
The soil model was divided into 17,055 mixed grids. The radius of the circular cross-section
tunnel model was 3 m and was divided into 38 grids through size control. The long-axis of
the vertical elliptical cross-section tunnel model was 6 m long and the short-axis was 4.4 m
long. It was divided into 62 grids through size control. The grid division of the numerical
simulation model is shown in Figure 17.
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The maximum bending moment and the minimum bending moment of the two
differently shaped cross-sections of the tunnel under the different working condition were
obtained using the simulation analysis, as shown in Table 7. It can be learnt through
Table 7 that the bending moments of the two differently shaped cross-sections increased
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as the thickness of the overlying soil increased, and the bending moment increased more
obviously in the case of the circular cross-section. As for the conditional on the same
working condition, compared to the circular cross-section, the vertical elliptical cross-
section featured a much smaller bending moment. Also, as the thickness of the overlying
soil increased, the decrease in the bending moment of the vertical elliptical cross-section
was more obvious.

Table 7. Maximum and minimum bending moments of two different bending moment shield tunnel
cross-sections for different conditions.

Engineering
Conditions H/m

Minimum Bending Moment
Shield Tunnel Cross-Section

Circular Shield Tunnel
Cross-Section

Max
Bending

Moment/kN·m

Min
Bending

Moment/kN·m

Max
Bending

Moment/kN·m

Min
Bending

Moment/kN·m
1 7 218.644 −164.328 362.403 −327.64
2 13 245.091 −208.737 567.907 −538.893
3 19 331.966 −275.233 779.613 −755.177
4 25 422.12 −350.606 995.103 −969.411

When the thickness of the overlying soil of the tunnel was 25 m, the bending moment
diagram of two differently shaped cross-sections is shown in Figure 18. It can be seen from
Figure 18 that the maximum values of the two differently shaped cross-sections both appear
at the bottom of the tunnel arch, while the minimum bending moment values both appear
at the waist of the tunnel. The maximum bending moment value of the circular cross-
section tunnel was 995.103 kN·m and the minimum bending moment value was −969.411
kN·m. On the other hand, the maximum bending moment value of the vertical elliptical
cross-section tunnel was 422.12 kN·m and the minimum value was −350.606 kN·m. When
compared with the circular cross-section, the maximum bending moment of the vertical
elliptical cross-section was 57.58% less while the minimum value was 67.83% less.
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The cross-section shape of the zero bending moment shield tunnel in this article was
obtained by methods of rational assumptions. In addition, with the consideration that,
normally, metro lines are constructed with only one shield tunnel of one cross-section,
the weighted average method was used to obtain the minimum bending moment shield
tunnel cross-section shape. As a result, the bending moment of the similar vertical elliptical
cross-section shield tunnel obtained in the simulation was not zero. However, it can be
learnt from the numerical simulation calculation, by means of the improvement of the
cross-section shape of the tunnel, that the bending moment was significantly decreased
compared to the circular tunnel, which makes it favorable both in the case of the transverse
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deformation of the tunnel structure and in the case of longitudinal segment joint failure.
One of the Shanghai metro tunnels mainly passes through soft soil, so the soil resistance is
small. It is necessary to design a rational cross-section to decrease the bending moment.
According to the primary design drawing, the buried depth was from 6.5 to 28.8 m. Ac-
cording to the geological investigation data, the engineering conditions were divided into
12 types, and the critical parameters of the cross-section for the corresponding zero bending
moment shield tunnels were calculated, which are shown in Table 5. According to Equation
(21), the minimum bending moment shield tunnel was obtained, as shown in Figure 15.
The cross-section of minimum bending moment shield tunnel was similar to a vertical
elliptical cross-section, and it is obviously different from the circle. Table 7 shows that
with this shield tunnel, with this peculiar cross-section, its bending moment can be greatly
reduced in soft soil area.

5. Conclusions

(1) Given that the bending moment of the cross-section of the shield tunnel constructed
in the soft soil area tends to easily lead to beyond-limit oval deformation of the
cross-section and induce diseases and waterproof failure in terms of the segment joint
structure, this article puts forward the concept of designing a zero bending moment
shield tunnel for the first time.

(2) Based on the characteristics of the surrounding rocks of the tunnel and rational as-
sumption conditions, this article obtains the structural and mechanical calculation
model of the rational axis for the zero bending moment shield tunnel and the expres-
sion of the rational axis. In addition, the internal force and key parameters calculating
the equations of the zero bending moment shield tunnel are advised here in this article.

(3) Taking the shield tunnel constructed in the Shanghai soft soil area as an example,
we designed and analyzed the zero bending moment shield tunnel. The results
indicate that if the vertical diameter a remains the same, as the lateral earth pressure
coefficient k increases, the center horizontal diameter b and the maximum horizontal
diameter c both increase, but still less than the vertical diameter a; however, if the
center horizontal diameter b remains the same, as the buried height of the tunnel
increases, the vertical diameter a increases and the shear force of the zero bending
moment shield tunnel is zero.

(4) Normally, one metro line can only use one shield tunnel with one cross-section shape.
Given this, the shield tunnel cross-section design methods and procedures based on
the minimum bending moment are proposed here. We took the parameters of the soils
that one metro line shield tunnel in Shanghai passes through as an example and used
the weighted average to obtain the minimum bending moment tunnel cross-section of
that metro line. The numerical simulation analysis indicates that the similar vertical
elliptical cross-section shield tunnel features a significantly smaller bending moment
compared to that of the circular shield tunnel.
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