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Abstract: Owing to its vibration reduction and indirect signal amplification characteristics, a nonlinear
energy sink (NES) is used for crack identification of structures. The equation of a cracked simply
supported beam with an NES is derived and the influences of the crack properties on the dynamics
of the system are investigated. A pixel method is applied to estimate phase diagram areas and crack
parameters are identified based on the geometric features of the phase diagram. It is shown that the
phase diagram of the NES varies significantly with crack parameters. This is because of the higher
amplitudes generated by the absorbing NES with respect to the primary structure. In addition, the
NES can reduce the amplitude of the cracked beam without hindering crack identification. Moreover,
through introducing the NES, the system can produce a strongly modulated response, which can be
utilized for convenient crack detection. Two sets of crack identification indices are defined for the
system, generating a single-period response and a strongly modulated response. Contour maps of
identification indices based on the area of phase diagrams are obtained by varying crack location and
depth. The crack parameters are identified through the intersection of contour lines.

Keywords: nonlinear energy sink; crack identification; strongly modulated response; phase diagram;
geometric features

1. Introduction

Nonlinear energy sink (NES) is a type of device that can realize one-way irreversible
energy transfer and has various designs [1,2]. It has received much attention owing to
its broadband vibration absorption characteristics and lightweight property [3,4]. The
conventional NES transfers energy through a purely nonlinear elastic component and
dissipates it via damping. It has been both theoretically and experimentally verified
that the conventional NES can efficiently suppress vibrations of many kinds of primary
structures [5–8]. Since its discovery, the most important role of the NES has been vibration
absorption. Consequently, the main focus of research is its performance and robustness
enhancement for vibration control. Therefore, various improved versions such as vibro-
impact NES [9,10], multi-stable NES [11,12], lever-type NES [13], inertial NES [14], and
piecewise stiffness/damping NES [15–17] have been proposed.

Owing to its broadband energy transfer properties, the NES is suitable for use in
energy harvesting and has also exhibited various other useful properties. Different kinds
of piezoelectric and magnetoelectric energy harvesters combined with NES have been
proposed [18–21]. The NES was also used in a viscoelastic vibration isolation system,
achieving favorable results [22]. Generally speaking, the NES produces large amplitudes
during its operation, which is usually considered to be a drawback because it increases the
dimensions of the device. However, in this paper, this property is used to assist the crack
identification of structures.

Crack is a common structural damage that results in the deterioration of mechanical
properties. The evolution of a crack can lead to severe hidden vulnerabilities of engineering
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structures. Indices based on the linear vibration parameters such as natural frequency and
mode were used to detect cracks at an early age [23–25]. The harmonic response is currently
the most widely used nonlinear index [26,27], and other characteristics such as bifurcation
and nonlinear strength [28,29] were also developed. The orbits in phase diagrams are
sensitive to the change in mechanical properties of structures and are usually used to
qualitatively analyze cracks [30–32], as they contain displacement and velocity information
and show strongly nonlinear dynamic characteristics. Recently, phase diagrams have
also been employed to quantitatively determine crack parameters. Identification methods
based on orbital eccentricity, offset deviation [33,34], and area [35] of the phase diagrams
were developed.

In this work, the dynamic equation of a beam with a breathing crack and attached
to an NES is derived. The influences of the NES on the dynamics of the crack beam are
analyzed. The effect of indirect signal amplification and the induction of the strongly
modulated response are used for crack identification. The identification indices based on
the area of the phase diagram are defined and their variations with crack parameters are
obtained. The position and depth of the crack are estimated from the intersection point of
contour lines.

2. Dynamic Equation of a Breathing Cracked Beam-NES System

A simply supported beam with a breathing crack is shown in Figure 1. The length,
width, and height of the beam are L, b, and h respectively. The crack depth is a and the
distance of the crack from the left end of the beam is Lo, defining the crack position ratio as
β = Lo/L and the depth ratio as ξ = a/h.
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Figure 1. A simply supported beam with a breathing crack.

The natural frequency of a perfect simply supported beam is given by the following:

pn =
n2π2

L2

√
EI
ρA

(n = 1, 2, 3, · · · ) (1)

where EI and ρ are flexural rigidity and density of the beam, respectively, and A is the
sectional area. Thus, the stiffness of the simply supported beam is given by kc = mp2

1.
The flexibility change of the simply supported beam due to a crack is [36]

∆C =
18πL2

0
(
1− ν2)

Ebh2 g(ξ) (2)

where g(ξ) is a function of crack depth ratio, given by the following:

g(ξ) = 19.6ξ10 − 40.7556ξ9 + 47.1063ξ8 − 33.0351ξ7 + 20.2948ξ6

−9.9736ξ5 + 4.5948ξ4 − 1.04533ξ3 + 0.6272ξ2 (3)

Therefore, the stiffness of the cracked beam can be calculated as follows:

ko =
1

Co
=

1
∆C + 1

kc

(4)
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The dynamic equation of the simply supported beam with a breathing crack after
discretizing is obtained as follows [37,38]:

m
..
u + c

.
u + [ko + k∆C(1 + cos ωt)]u = f (5)

where m is the mass of the beam, c is the damping coefficient, ko is the stiffness of the beam
with an open crack, k∆C = (kc − ko)/2 is the change range of equivalent stiffness, f is the
exciting force, and ω is the exciting frequency. Figure 2 shows the cracked beam attached
to an NES.
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The distance between the force point and the left end of the beam is L1 and the NES is
placed at L2 from the left end of the beam. The dynamic equation is obtained as follows:
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where the mass of the beam is represented by m1 that equals m in Equation (5), m2 is the
mass of the NES, γ is the damping coefficient of the NES, k is the stiffness coefficient of the
NES, and υ is the displacement of the NES.

3. Crack Identification Based on Single-Period Response

The parameters are set as follows: beam length L = 1 m, width b = 0.02 m, height
h = 0.01 m, density ρ = 2750 kg/m3, modulus of elasticity E = 68.9 GPa, damping ratio
ζ = 0.01, Poisson’s ratio ν = 0.33, stiffness coefficient of NES k = 60000N/m, damping
coefficient of NES γ = 0.6N/(m/s), and mass ratio ε = m2/m1 = 0.02. NES is positioned
at the beam midpoint and the force is imposed at L1 = 0.3 m.

The Runge–Kutta method implemented in MATLAB is used in the numerical simula-
tion. The frequency responses are shown in Figure 3. In this case, f = 25 N; the crack depth
ratio is set to 0.3; and the position ratio is set to 0.1, 0.3, and 0.5, respectively.

As can be seen on the frequency response, for depth ratio ξ = 0.3 and with the
increase in crack position ratio β, the amplitude of the beam both with and without NES
gradually increases, while the corresponding frequency of the peak gradually decreases. In
comparison with Figure 3a,b, it can be seen that the amplitude of the beam decreases after
connecting the NES, and it is seen from Figure 3c that the amplitude of the NES is much
greater than that of the beam. Therefore, the identification of the crack parameters with the
assistance of the NES can not only protect the beam, but also amplify the detection signal,
which is useful for crack identification. The corresponding frequencies of the peak of the
beam without NES attached is 142.5 rad/s, 142 rad/s, and 140.5 rad/s with the three crack
parameters, and the corresponding frequency of the NES peak in the beam-NES system is
138 rad/s, 137 rad/s, and 136 rad/s, respectively. In order to compare the response of the
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beam and NES, the corresponding frequency at one of their maximum amplitudes is used
for excitation. The excitation frequency of the beam without NES attached is 140.5 rad/s
and that of the NES is 136 rad/s. Figure 4 shows the phase diagram.
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It can be seen that the area of the phase diagram of both the beam and NES increases
in varying degrees with the increase in the position ratio. The NES phase diagram is better
suited for crack identification because of its larger area. In order to identify the crack
when the amplitude of the beam is as low as possible, the excitation frequency is chosen as
133 rad/s. The phase diagrams of the beam and NES in the beam–NES system are shown
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in Figure 5. The waveforms of the beam and NES in the beam–NES system with different
crack parameters under the excitation of 133 rad/s are given in Figure 6.
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It can be seen in Figure 6 that, for the excitation frequency equal to 133 rad/s, the
amplitude of both the beam and NES in the beam–NES system increases with β. However,
the beam amplitude always remains low, while the NES amplitude increases greatly,
resulting in an obvious signal amplification effect.

Based on the above analysis, the change in crack parameters inevitably leads to a
change in the phase diagram. In addition, the phase diagram includes both the displace-
ment and velocity information, and thus has significant advantages for damage identifica-
tion with respect to those methods, which only use one of them. In other words, the phase
diagram is more sensitive to the emergence and evolution of cracks. The phase diagram
of NES is processed when the excitation frequency is 133 rad/s and is segmented with a
vertical line x = 0 and a horizontal line y = 0, as shown in Figure 7.

The areas of the left and right sides of the phase diagram in Figure 7a and the up- and
downsides in Figure 7b are calculated. The ratio of the right part to the left part of the
phase diagram area is defined as index Srl and the area ratio of the downside to the upside
is defined as Sdu. The dependence of these indexes on β and ξ is shown in Figures 8 and 9.

Figures 8 and 9 show that the index Srl gradually increases, while the index Sdu
gradually decreases with the increase in either crack depth or location. Therefore, the
degree of damage and the location of cracks can be qualitatively estimated using the value
of one of the indices. However, different crack parameters correspond to a single contour
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line with a single index value and a crack cannot be identified by one index alone. In order
to accurately detect the crack, the intersection point of the contour line of the two indexes
is used. Four groups of damaged conditions are selected to verify the feasibility of the
method. The values of Srl and Sdu for different crack parameters are given in Table 1.
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Table 1. Values of Srl and Sdu under different crack parameters.

β ξ Srl Sdu

0.35 0.1 1.003 0.99920
0.4 0.15 1.00138 0.99761

0.25 0.3 1.00358 0.99724
0.2 0.4 1.00354 0.99569

The contour lines of Srl and Sdu corresponding to the crack parameters are selected
from Figures 8 and 9, respectively. As shown in Figure 10a, the contour lines of Srl = 1.003
and Sdu = 0.9992 are extracted. When the two contour lines are placed in one figure, it
can be seen that the two contour lines intersect at a single point, and the corresponding
horizontal and vertical coordinates of the point are crack parameters β and ξ. Similarly,
other crack parameters can be extracted, as shown in Figure 10b–d.
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Figure 10. Crack parameter identification for a single-period response; (a) β = 0.35, ξ = 0.1; (b) β = 0.4,
ξ = 0.15; (c) β = 0.25, ξ = 0.3; (d) β = 0.2, ξ = 0.4.

4. Crack Identification Based on Strongly Modulated Response

Systems can generate a kind of strongly modulated response after the introduction of
an NES, and this response is sensitive to the change in system parameters. For this reason,
it can be used for crack detection. Figure 11 shows strongly modulated responses, obtained
by setting the excitation amplitude to 18 N. In this case, the depth ratio is set to 0.3 and the
position ratio is set to 0.15, 0.35, and 0.45.
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Figure 11. Frequency responses of beam and NES with different crack parameters; (a) beam without
NES, (b) beam with NES, (c) NES.

The results show that the amplitude of the beam increases with the increase in the crack
position ratio, regardless of NES attachment. The corresponding frequency of the resonance
peak decreases, consistent with the law of single-period response. Compared with the
single-period response, the amplitude of the beam decreases significantly. However, the
amplitude of the NES is only slightly higher than that of the beam without NES. Therefore,
when the strongly modulated response occurs, the NES has a stronger protective effect
on the beam; however, the signal amplification effect decreases. Moreover, there is no
significant difference between the resonance peak frequencies of the beam with and without
NES, which is about 140 rad/s. The waveforms of the beam with three damage parameters
are shown in Figure 12.

It can be seen in Figure 12 that the beam response changes significantly after NES is
connected. Before the NES is connected, the beam generates a single-period sine motion
and, with the increase in the position ratio β, the amplitude of the waveform gradually
increases. After connecting the NES, the waveforms of the beam and NES show strongly
modulated responses, and their amplitude only changes slightly with the position ratio
of the crack. The phase diagrams of the beam without NES attached and the NES in the
beam–NES system for different crack parameters are shown in Figure 13 for an excitation
frequency equal to 140 rad/s. It can be seen that the phase diagram area corresponding to
the NES changes significantly.

It can be seen from Figure 13 that the phase diagram of the beam without NES is
elliptical, and the area of the phase diagram increases with the increase in the position ratio.
The phase diagram of NES in the beam–NES system is manifestly different, with the shape
changed from an ellipse to a ring. With the increase in the position ratio, the area of the
small white circle gradually decreases and the area of the black ring increases. The area of
the small white part is denoted as Ss and the area of the black ring, which is enclosed by
the outermost black contour line and the boundary line of the small white circle, is Sl. The
changes in Ss and Sl with β and ξ are shown in Figures 14 and 15, respectively. In order to
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verify the feasibility of crack identification using Ss and Sl, four groups of parameters are
selected. The values of Ss and Sl under different crack parameters are given in Table 2.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 9 of 14 
 

 

 
Figure 12. Waveforms of the system for ξ = 0.3, β = 0.15, 0.35, and 0.45; (a) beam without NES, (b) 
beam with NES; (c) NES; red line: β = 0.15, blue line: β = 0.35, black line: β = 0.45. 

 

 

Figure 12. Waveforms of the system for ξ = 0.3, β = 0.15, 0.35, and 0.45; (a) beam without NES,
(b) beam with NES; (c) NES; red line: β = 0.15, blue line: β = 0.35, black line: β = 0.45.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 9 of 14 
 

 

 
Figure 12. Waveforms of the system for ξ = 0.3, β = 0.15, 0.35, and 0.45; (a) beam without NES, (b) 
beam with NES; (c) NES; red line: β = 0.15, blue line: β = 0.35, black line: β = 0.45. 

 

 
Figure 13. Cont.



Appl. Sci. 2022, 12, 11398 10 of 13Appl. Sci. 2022, 12, x FOR PEER REVIEW 10 of 14 
 

 

Figure 13. Phase diagrams of the beam without NES and NES in the beam–NES system for different 
crack parameters; (a) phase diagram of beam without NES for β = 0.15, (b) phase diagram of NES 
for β = 0.15, (c) phase diagram of beam without NES for β = 0.35, (d) phase diagram of NES for β = 
0.35, (e) phase diagram of beam without NES for β = 0.45, (f) phase diagram of NES for β = 0.45. 

It can be seen from Figure 13 that the phase diagram of the beam without NES is 
elliptical, and the area of the phase diagram increases with the increase in the position 
ratio. The phase diagram of NES in the beam–NES system is manifestly different, with the 
shape changed from an ellipse to a ring. With the increase in the position ratio, the area of 
the small white circle gradually decreases and the area of the black ring increases. The 
area of the small white part is denoted as Ss and the area of the black ring, which is en-
closed by the outermost black contour line and the boundary line of the small white circle, 
is Sl. The changes in Ss and Sl with β and ξ are shown in Figures 14 and 15, respectively. In 
order to verify the feasibility of crack identification using Ss and Sl, four groups of param-
eters are selected. The values of Ss and Sl under different crack parameters are given in 
Table 2. 

 
Figure 14. Variation in index Ss with β and ξ. 
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Table 2. Values of Ss and Sl under different crack parameters.

β ξ Ss Sl

0.45 0.3 4383 138,387
0.2 0.4 6436 126,320
0.1 0.1 6173 117,276
0.4 0.4 2696 141,408

The required contour lines are extracted from Figures 14 and 15. The contour lines of
Ss = 4383 and Sl = 138,387 are drawn on the same plot in Figure 16a, and the horizontal
and vertical coordinates of the intersection point are then the required values of β and ξ. In
Figure 16a, two lines are close to each other, but do not intersect. Similarly, the other cracks
can be detected, as shown in Figure 16b–d. It can be seen that, although the contour lines
are close together, they intersect at a single point in each case.
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5. Conclusions

The NES is not only capable of reducing the vibration amplitude of a cracked beam, but
can also indirectly amplify the identification signal. Using a method based on the geometric
characteristics of the phase diagram, we investigate crack identification with NES.

First, the stiffness of the breathing cracked beam is defined as a function that changes
periodically with time and, combined with the additional flexibility formula, the dynamic
equation of the cracked beam is derived. Then, an NES is attached to the beam and the
dynamic equation of the breathing cracked beam–NES system is obtained. The influence of
crack parameters on the dynamic characteristics of the system is studied for single-period
and strongly modulated responses.

It is shown that the amplitude of the beam is only slightly reduced by attaching the
NES as the single period response is produced, while the amplitude of the NES is relatively
large. Therefore, the area of NES is more suitable to be used for crack identification. When
strongly modulated responses occur, the amplitude of the beam is greatly reduced by
attaching the NES. Although the amplitude of NES in the beam–NES system increases
slightly with the variation in crack parameters, the phase diagram of NES is significantly
changed and very sensitive to changes in crack.

The area of the phase diagram is calculated by the pixel method. In the case of the
single-period response, indexes Srl and Sdu are defined, while in the case of the strongly
modulated response, indexes Ss and Sl are defined. The contour maps of the two groups of
indexes, which vary with the crack position and depth, are drawn and the position and
depth of the crack are acquired from the intersection point of contour lines.
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