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Abstract: Spectra of coherent edge radiation (CER) were observed at the S-band linac facility of
Kyoto University Free Electron Laser. A local maximum was observed in the CER spectrum on-
crest operation of the radio frequency (RF) field. As the phase of the RF field was shifted from the
crest, the frequency of the maximum decreased, and the CER spectrum approached a spectrum of
Gaussian-distributed electrons in a bunch. It was found that this strange spectrum can be explained
by a model in which a satellite pulse exists around a main pulse in the electron bunch. Furthermore,
it demonstrated that CER is an effective tool for monitoring the shape of the electron bunch.
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1. Introduction

Coherent radiation emitted by relativistic electrons is not only used for spectroscopic
measurements and imaging experiments as a high-intensity light source [1–3] but is also an
effective tool for evaluating the shape of an electron bunch. In particular, because the bunch
length is 1 mm or less in S-band linacs, high-intensity coherent radiation is generated in the
frequency range of sub-terahertz to terahertz (THz), where the electromagnetic waves can
be used optically [4]. Transporting the coherent radiation from a light source to detectors is
relatively simple; moreover, it can be measured quantitatively. Several studies have been
conducted on the electron bunch shape using various types of coherent radiation [5–8].
Coherent edge radiation (CER) propagates on the conical surface and can be extracted and
used simultaneously with other light sources [9,10]. Recently, a phenomenon whereby the
CER intensity was amplified on oscillation of a free-electron laser (FEL) was discovered [11].
It is expected that this phenomenon would elucidate the complete picture of the change of
the electron bunch shape due to the FEL interaction by observing the CER.

Subsequently, we constructed a measurement system for the CER generated at the
downstream bending magnet of the undulator straight section at Kyoto University Free
Electron Laser (KU-FEL) [12]. The CER beam was extracted from the FEL cavity by inserting
a flat mirror in front of the downstream cavity mirror, and the electron bunch shape was
evaluated from the CER spectrum when FELs did not oscillate. In our previous study [12],
we reported that the electron bunch had a Gaussian distribution in operations with an
electron energy of 30 MeV or less. When the electron energy was increased to 40 MeV, it
was observed that a strange maximum appeared in the spectrum of CER. When a phase of
the accelerator tube was shifted from the crest of the RF field, the maximum moved to the
low frequency side, and the spectrum had become similar to that for an electron bunch with
Gaussian distribution. Such a spectrum with a maximum suggested the presence of a dip
in the electron bunch shape. It was found that the observed spectrum could be explained
when the electron bunch comprised a main pulse and small satellite pulse. In this paper,
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we discuss the strange CER spectrum observed at KU-FEL and the satellite pulse model for
the electron bunch shape.

2. Materials and Methods
2.1. Infrared FEL Facility KU-FEL

As shown in Figure 1, the infrared FEL facility KU-FEL is based on a normal conducting
S-band linac with a thermionic radio frequency (RF) gun as the electron source [13]. A
multi-bunch electron beam with an energy of 8.4 MeV was generated in the thermionic
RF gun driven by a 10 MW klystron. After passing through a dog-leg type energy filter,
the electron beam is injected into a 3 m accelerator tube driven by a 20-MW klystron. The
electron beam bunches were compressed by passing them through a 180◦ arc section and
were injected into a 1.8 m hybrid planar undulator with a period of 33 mm for the FEL
oscillations. An optical cavity with a length of 5.039 m is installed on the extension of
the undulator straight line [14]. The maximum energy of an electron is 40 MeV, and the
duration of the electron beam macropulse can be up to 7.8 µs. Although the charge of the
electron beam micropulse increases from 20 to 50 pC owing to the back-bombardment
effects on the thermionic RF gun, the electron energy of the micropulse is kept constant
during the macropulse duration by applying amplitude-modulated RF pulses to the RF gun
and accelerator tube [15]. In this experiment, the electron beam was operated under the
electron energy of 40 MeV and macropulse duration of 6.9 µs. The K value of the undulator
was set to 1.28, and the wavelength of FEL oscillations was 4.9 µm.
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Figure 1. Schematic outline of KU-FEL and observation system for the CER beam.

The FEL power was varied by adjusting the phase of the RF field between the RF gun
and the accelerator tube. Figure 2 shows the FEL macropulse for some RF phase differences.
Here, the RF phase difference on the crest was defined as zero. As shown in Figure 2, the
FEL power was maximized near the crest and the maximum value was approximately
40 mJ. Therefore, the bunch length of the electron beam was expected to be minimal near
the crest.

2.2. Observation System for CER Spectrum

The outline of the observation system for the CER is shown in Figure 1 [12]. The
CER beam is extracted from the optical cavity by inserting a flat mirror tilted at an angle
of 45◦ to the optical axis in the horizontal plane. The distance from the light source of
the downstream bending magnet to the flat mirror was 0.56 m. The effective area of the
deflection mirror projected onto the plane perpendicular to the optical axis was 20 mm2.
The electron beam generated CER at both the ends of the undulator, the exit of the upstream
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bending magnet, and the entrance of the downstream bending magnet in the undulator
straight section. However, the magnetic field at the end of the undulator was significantly
lower than that at the bending magnet, and the CER generated at the undulator was
negligible compared to that generated at the bending magnet [16]. The CER generated at
the upstream bending magnet was reflected to the inner surface of the vacuum chamber of
the undulator multiple times; therefore, it did not reach the flat mirror while maintaining
coherence. Therefore, only the CER beam generated at the downstream bending magnet
was extracted to the atmosphere through a vacuum window made of z-cut crystal quartz
with a thickness of 4 mm. The extracted CER beam was deflected by a concave mirror
with a diameter of 76 mm and radius of curvature of 1 m positioned at 0.8 m from the
radiation point and was transported to a Michelson interferometer. A nitrocellulose pellicle
with a thickness and diameter of 2 µm and 76 mm, respectively, identical to that of the
beam splitter used for the Michelson interferometer, was inserted between the concave
mirror and Michelson interferometer. The pellicle was coated by a nickel-based alloy,
and the transmittance and reflectance in the THz region were approximately 60% and
10%, respectively [12]. The component reflected by the pellicle is used as reference light.
A movable mirror with a diameter of 50 mm was employed to manipulate the optical
path difference of the interferometer by up to 100 mm. The autocorrelation signal was
concentrated by a parabolic mirror with a focal length of 76 mm and diameter of 51 mm
and measured using a pyroelectric energy meter (Sensor-und Lasertechnik Inc. (Wildau,
Germany), THz10) with a sensor diameter of 10 mm. A black polyethylene film with a
thickness of 60 µm was installed in front of the energy meter to suppress the unwanted
infrared radiation. The reference light was also measured by separate pyroelectric energy
meter with a different black polyethylene film.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 3 of 17 
 

 
Figure 2. Relationship between the RF phase difference and the measured FEL macropulse. 

2.2. Observation System for CER Spectrum 
The outline of the observation system for the CER is shown in Figure 1 [12]. The CER 

beam is extracted from the optical cavity by inserting a flat mirror tilted at an angle of 45° 
to the optical axis in the horizontal plane. The distance from the light source of the down-
stream bending magnet to the flat mirror was 0.56 m. The effective area of the deflection 
mirror projected onto the plane perpendicular to the optical axis was 20 mm2. The electron 
beam generated CER at both the ends of the undulator, the exit of the upstream bending 
magnet, and the entrance of the downstream bending magnet in the undulator straight 
section. However, the magnetic field at the end of the undulator was significantly lower 
than that at the bending magnet, and the CER generated at the undulator was negligible 
compared to that generated at the bending magnet [16]. The CER generated at the up-
stream bending magnet was reflected to the inner surface of the vacuum chamber of the 
undulator multiple times; therefore, it did not reach the flat mirror while maintaining co-
herence. Therefore, only the CER beam generated at the downstream bending magnet was 
extracted to the atmosphere through a vacuum window made of z-cut crystal quartz with 
a thickness of 4 mm. The extracted CER beam was deflected by a concave mirror with a 
diameter of 76 mm and radius of curvature of 1 m positioned at 0.8 m from the radiation 
point and was transported to a Michelson interferometer. A nitrocellulose pellicle with a 
thickness and diameter of 2 μm and 76 mm, respectively, identical to that of the beam 
splitter used for the Michelson interferometer, was inserted between the concave mirror 
and Michelson interferometer. The pellicle was coated by a nickel-based alloy, and the 
transmittance and reflectance in the THz region were approximately 60% and 10%, re-
spectively [12]. The component reflected by the pellicle is used as reference light. A mov-
able mirror with a diameter of 50 mm was employed to manipulate the optical path dif-
ference of the interferometer by up to 100 mm. The autocorrelation signal was concen-
trated by a parabolic mirror with a focal length of 76 mm and diameter of 51 mm and 
measured using a pyroelectric energy meter (Sensor-und Lasertechnik Inc. (Wildau, Ger-
many), THz10) with a sensor diameter of 10 mm. A black polyethylene film with a thick-
ness of 60 μm was installed in front of the energy meter to suppress the unwanted infrared 
radiation. The reference light was also measured by separate pyroelectric energy meter 
with a different black polyethylene film. 

2.3. Characteristics of the Measured CER Spectra 
The CER spectra were measured with the observation system by changing the RF 

phase between the RF gun and accelerator tube. The movable mirror of the interferometer 
was scanned at a step interval of 10 μm in a length of ±0.3 mm around the zero optical 

0 2 4 6 8 10 12

0

1

2

3

4

5

6

F
E

L
 p

o
w

e
r 

[ a
.u

. 
]

Time [s]

RF phase difference
  -9 [deg]
  -5 [deg]
  -1 [deg]
   3 [deg]
   7 [deg]
 11 [deg]
 15 [deg]

Figure 2. Relationship between the RF phase difference and the measured FEL macropulse.

2.3. Characteristics of the Measured CER Spectra

The CER spectra were measured with the observation system by changing the RF
phase between the RF gun and accelerator tube. The movable mirror of the interferometer
was scanned at a step interval of 10 µm in a length of ±0.3 mm around the zero optical path
length. The signal was measured four times for one position and the average values were
used as the power of the interferometer. The relative standard deviation of the averaged
signals was only 0.64%. Figure 3a shows the measured CER spectra for some RF phase
differences. As the spectral measurements were performed in air, dips appeared owing
to the absorption of water vapor at the frequencies of 0.56, 0.75, 0.99, 1.1–1.3, 1.4, and
1.6–1.7 THz in the CER spectra [17]. The CER spectra rapidly decreased below 0.2 THz.
This decrease was caused by a diffraction loss of the optical system for the CER beam [18].
In this experiment, the cutoff frequency f c of the diffraction loss was as high as 0.2 THz
owing to the misalignment of the detector [12]. As shown in Figure 3a, the intensity of the
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CER beam was maximized at the RF phase difference near the crest, and the maximum of
the CER spectrum on the crest appeared at a frequency of 0.6 THz. The high frequency
component of the CER spectrum decreased as the RF phase difference ∆ increased in the
region of ∆ > 0, and the CER spectrum at ∆ = 15◦ closed to the previously reported CER
spectrum when the electrons in the bunch were Gaussian distribution [12].
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Figure 3. (a) Relationship between the RF phase difference and measured CER spectrum. (b) Fitting
curve (red dotted curve) applying the least squares approximation to the measured CER spectrum
(black solid curve) for ∆ = +15◦.

Therefore, assuming that the electron bunch shape was the Gaussian distribution,
we evaluated the bunch length based on the measured spectrum at ∆ = +15◦. The CER
spectrum irradiated on the flat mirror, UCER(ω), and the observed CER spectrum, O(ω),
had the following relationship:

O(ω) =

[
1− e−(

ω
2π fc

)2
]

S(ω)T(ω)UCER(ω) (1)

where S(ω) and T(ω) are the sensitivity of the detector and transmittance of the optical
transport system, respectively [12]. The pyroelectric energy meter used in the experiment
had a flat sensitivity in the frequency range of 0.3–3 THz where the CER beam was not
affected by the diffraction loss. Therefore, the effect of S(ω) on the observed CER spectrum
is negligible. In addition to absorption by water vapor, it is necessary to consider the z-cut
crystal quartz window and the black polyethylene film for the transmittance of the optical
transport system. The crystal quartz has a substantially constant transmittance of 0.78 in
the frequency range of 3 THz or less [19]. The transmittance of the black polyethylene
gradually decreases with increasing frequency to 0.6 at 3 THz [20,21]; thus, it contributes to
the frequency dependence of the spectrum O(ω). Using the number of electrons in a bunch
(N), UCER(ω) can be expressed using the following equation [22]:

UCER(ω) = N(N − 1) f (ω)UER(ω) ≈ N2 f (ω)UER(ω) (2)
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where UER(ω) is the spectrum of edge radiation irradiated on the flat mirror and can be cal-
culated using the theory of edge radiation considering the shape of the flat mirror [10]. The
form factor f (ω) is calculated using the Fourier transform of the normalized longitudinal
electron distribution S(z) within the bunch [23],

f (ω) =

∣∣∣∣∫ ∞

−∞
exp

(
i
ω

c
z
)

S(z)dz
∣∣∣∣2 (3)

where c is speed of light. When the bunch is assumed to have a Gaussian distribution,
the form factor can be expressed with a root-mean-square (RMS) bunch length σz by the
following equation [24]:

f (ω) = exp
(
−ωσz

c

)2
(4)

The RMS bunch length can be evaluated by fitting the calculating UCER(ω) with
Equations (2) and (4) to the observed CER spectrum. As shown in Figure 3a, the observed
CER spectrum was affected by the absorption of the water vapor. Therefore, the RMS
bunch length was evaluated with the measured spectrum in a frequency set of 14 points
that were not affected by water vapor absorption; namely, 0.30, 0.45, 0.60, 0.70, 0.80, 0.90,
1.05, 1.27, 1.35, 1.47, 1.55, 1.82, 1.97, and 2.12 THz. The dotted curve shown in Figure 3b
is obtained by applying the least squares approximation to these data. The coefficient of
determination of this fitting curve is as high as 0.987, and it is considered that the electrons
in the bunch were in a Gaussian distribution. The RMS bunch length for ∆ = +15◦ was
evaluated to be 42.6 ± 1.1 µm. As the RMS bunch length was 53.7 µm at the electron
energy of 27.5 MeV, as reported previously [12], it was found that the RMS bunch length is
shortened by increasing the electron energy.

2.4. Change in the Form Factor for RF Phase

When the RF phase difference was +15 degrees, the electron bunch shape could be
approximated by a Gaussian distribution. Therefore, to investigate the dependence of
the electron bunch shape on the RF phase difference, a ratio of the spectrum at the phase
difference ∆ to the spectrum at the phase difference +15 degrees, O∆/O+15, was calculated.
Figure 4 shows a graph obtained by dividing the logarithm of this ratio by the angular
frequency. It was found that the function ln(O∆/O+15)/ω could be linearly approximated
in a frequency region ranging from 0.4 to 1.6 THz where the CER intensity was sufficiently
high and the diffraction loss was negligible. As the ratio O∆/O+15 was equal to the ratio of
the form factor, this function suggested that the form factor at the RF phase difference ∆,
f ∆(ω), could be expressed with coefficients α∆ and β∆ as the following equation:

f∆(ω) = Cq f+15(ω) exp
(

α∆ω2 + β∆ω
)

(5)

where f +15(ω) is the form factor at ∆ = +15◦ and can be approximated by Equation (4) in the
frequency region higher than 0.4 THz. Cq is a coefficient that depends on the ratio of the
electron number in the bunch that contributes to the form factor in the frequency region.
The form factor was given by using Equation (4) for Equation (5) with three coefficients (a∆,
b∆, and c∆) as the following equation:

f∆(ω) = exp
(

a∆ω2 + b∆ω + c∆

)
(6)

As the form factor had to be under 1 [24], a∆ was negative. Table 1 shows the co-
efficients a∆/(2π)2 and b∆/2π calculated, which were calculated using the least squares
method for the measured spectra shown in Figure 3. It was found that the coefficient of
determination was close to 1 in the fitting calculation for any spectrum and the form factor
could be expressed with Equation (6). The frequency at which the measured CER spectrum
was maximized was highest on-crest operation of the RF field. The frequency, fM, at which
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the calculated form factor was maximized was given by −b∆π/a∆ from Equation (6), and
it was also highest on-crest operation as shown in Figure 5. Furthermore, it was clarified
that fM was given by the quadratic equation of the RF phase difference near the crest of the
RF field.
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Table 1. Coefficients calculated by the least squares method for the measured spectra shown in
Figure 3.

RF Phase
Difference
(Degree)

a∆/(2π)2 b∆/2π Coefficient of
Determination

−9 −1.09 × 10−24 ± 2.08 × 10−26 8.50 × 10−13 ± 2.86 × 10−14 0.9934
−5 −1.20 × 10−24 ± 1.80 × 10−26 1.31 × 10−12 ± 2.52 × 10−14 0.9944
−1 −1.24 × 10−24 ± 1.81 × 10−26 1.51 × 10−12 ± 2.58 × 10−14 0.9938
3 −1.30 × 10−24 ± 1.93 × 10−26 1.49 × 10−12 ± 2.64 × 10−14 0.9942
7 −1.18 × 10−24 ± 1.98 × 10−26 1.12 × 10−12 ± 2.72 × 10−14 0.9939

11 −1.05 × 10−24 ± 1.97 × 10−26 6.29 × 10−13 ± 2.64 × 10−14 0.9948
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Figure 5. Dependence of fM on RF phase difference ∆. The fitting curve (broken red line) is given by
fM = −2.66 × 109∆2 + 6.06 × 1011.
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3. Evaluation of the Electron Bunch Shape by Using Electron Distribution Models
3.1. Pseudo-Voigt Distribution

Although the form factor given by Equation (6) was evaluated from the measured CER
spectrum in a limited frequency region, it contained information on the rough longitudinal
shape of the electron bunch. Therefore, by simplifying the longitudinal structure of the
electron bunch, we investigated the outline of the electron bunch. When the electron bunch
shape is symmetric, S (z) is given with the square root of the form factor by the following
equation [25]:

S(z) =
1

πc

∫ ∞

0

√
f (ω) cos

(ω

c
z
)

dω (7)

Here, the right side of Equation (7) is the inverse Fourier transform for the square root
of the form factor. That is, when a Fourier transform for a function g is expressed as F[g],
the following equation holds:

S(z) = F−1
[√

f (ω)

]
(8)

Using the convolution theorem for the Fourier transform

F−1[g1 · g2] =
1

2π
F−1[g1] ∗ F−1[g2] (9)

g1(x) ∗ g2(x) ≡
∫

g1(x− y)g2(y)dy (10)

S (z) can be expressed with Equation (6) as the following equation [26]:

S(z) =
e

1
2 c∆

4π2 F−1
[
e

1
2 a∆ω2

]
∗ F−1

[
e

1
2 b∆ |ω|

]
(11)

If both a∆ and b∆ are negative, the righthand side in Equation (11) is a convolution of
the Gaussian and Lorentz function. Therefore, under this assumption, S (z) can be described
with a Voigt function V(z;σ,γL) as the following equations:

S(z) =
e

1
2 c∆

4π2 V(z; σ, γL) (12)

σ = c
√
−a∆ (13)

γL = −1
2

b∆c (14)

As it is difficult for the Voigt function to capture the outline of the distribution, a
pseudo-Voigt function consisted of elementary functions is often used instead of the Voigt
function in spectroscopy [27,28]. When the full width at half maximum of the Voigt function
is defined as wv, S (z) can be approximated as the following equation [29,30]:

S(z) = e
1
2 c∆

4π2 VpV(z; wV , η)

= e
1
2 c∆

4π2

[
(1− η) 2

wV

√
ln 2
π e
− 4 ln 2

w2
V

z2

+ η 2wV
π(w2

V+4z2)

]
(15)

where η represents the ratio of the Lorentz component, and the pseudo-Voigt function is
physically meaningful in the case of 0 ≤ η ≤ 1.

Nevertheless, herein, we consider the case in which η is negative. As the asymptotic
behavior of the pseudo-Voigt function becomes negative in the case of η < 0, it is not usually
treated as a distribution function. However, it is possible to avoid the negative distribution
function by making a section in which the electrons are distributed finitely and by adding a
positive constant term. When the behavior of the form factor in the low frequency region is
ignored, it is possible to add a Gaussian distribution term with a large standard deviation
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instead of the positive constant term. The physical meaning of the additional term is
a background composed of low density electrons around the main components of the
electron bunch, which has been actually observed in linear accelerators [31]. Figure 6 shows
an electron distribution given by a pseudo-Voigt function with a negative η and its form
factor. To avoid the negative electron distribution, a Gaussian distribution with a standard
deviation of 5.0 mm, which is 100 times the standard deviation of the pseudo-Voigt function,
is added as an additional term. As shown in Figure 6, there is a local maximum of the
form factor at a frequency that is away from zero. The coefficient b∆ in Equation (6) was
negative in the observed CER spectrum, therefore, the function of the electron distribution
in the bunch could not be expressed as in Equation (11). However, by using a pseudo-Voigt
function with a negative η, it is possible to reproduce a structure similar to the observed
CER spectrum.
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Figure 6. (a) Electron distribution based on a pseudo-Voigt function with wV = 90 µm and η = −0.8.
The area and standard deviation of the additional Gaussian distribution are 5.4 and 100 times the
Gaussian distributions that constitute the pseud-Voigt function, respectively. (b) Form factor spectrum
calculated for the electron distribution in (a).

Although there are numerous spectra described by the pseudo-Voigt function in the
frequency domain, few physical quantities distributed by the pseudo-Voigt function in the
time domain have been reported. The electrons in the bunch rotate 90◦ counterclockwise in
a phase space by passing through the 180◦ arc section [32], which consists of two axes, the
position in the traveling direction and the energy. The fact that the electron bunch had a
distribution described by the pseudo-Voigt function suggests that the electron energy after
passing through the acceleration tube had the pseudo-Voigt function distribution.

3.2. Satellite Pulse Model for Electron Bunch

The electron distribution expressed by a pseudo-Voigt function with a negative η could
describe the observed CER spectrum by adding a term that made the electron distribution
positive. However, the proportion of the electrons that form the main peak of the electron
bunch is reduced by the additional component with a larger variance, and the CER power
is significantly reduced although the total charge in the electron bunch remains unchanged.



Appl. Sci. 2022, 12, 626 9 of 16

The CER energy on-crest operation of the RF field was 0.12 mJ per macropulse, which was
approximately 0.6 times the energy calculated with the CER theory. Most of the electrons
contributed to the formation of the main pulse in the electron bunch, and a more realistic
model of the electron distribution would be needed to describe the measured spectrum.
As shown in Figure 6, a dip appears beside the main peak in the pseudo-Voigt function
with a negative η. As the absolute value of η is larger, the dip is deeper and the frequency
at which the form factor is maximized is higher. It is noted that the dip of the electron
distribution in the bunch concerns the local maximum appearing in the CER spectrum. In
fact, electron distributions in the bunch with a dip structure have been reported at some
linac facilities [33–35].

Therefore, as a simple model that can create a dip in a bunch shape, we consider a
satellite pulse model in which a small pulse exists around a main pulse with most of the
electrons. For simplicity, the electron distributions of the two pulses are assumed to be
Gaussian. Furthermore, it is assumed that the RMS bunch length of the satellite pulse
is larger than that of the main pulse and the charge of the satellite pulse is 0.3 times or
less than that of the main pulse. Based on these assumptions, the contribution of the
satellite pulse to the CER power is less than 1/10 that of the main pulse, and only the
bunch shape of the main pulse contributes to the high frequency components of the CER
spectrum. Figure 7 shows the RMS bunch length σM of the main pulse evaluated by fitting
the measured CER spectrum to Equation (4) in the frequency region of 1–2 THz. The RMS
bunch length evaluated from the CER spectrum behaved non-linearly with respect to the
RF phase difference and became minimal near the crest. As the electrons in the bunch
rotated 90◦ in the phase space by passing through the 180◦ arc, the energy distribution of
the electron bunch after passing through the accelerator tube was considered to have the
same dependence on the RF phase difference as the electron distribution in the undulator
straight section. It was confirmed that the relationship between the RMS electron bunch
length and the RF phase difference evaluated with the CER spectra was similar to the
relationship between the RMS energy spread and the RF phase difference, which was
reported at a linear accelerator facility [36].
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Figure 7. Evaluated RMS bunch length of the main pulse for the measured CER spectrum at ∆ = +15◦

in the satellite pulse model.

Next, we consider the satellite pulse in the electron bunch. The satellite pulse has
three independent parameters: the RMS bunch length σS, the distance from the main pulse
∆p, and the ratio of the charge to the main pulse rc. A deep dip is required to increase the
frequency of the local maximum in the CER spectrum. When a constant d1 is expressed
with ∆p as

∆p = d1(σS + σM) (16)
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the intensity of each pulse at the intersection of both the pulses is 5% of its peak value in
the case of d1 = 2.5, and a dip becomes sufficiently deep. Figure 8 shows the CER spectra
calculated in the cases of σS = 2σM, 3σM, and 4σM. The transmittance and diffraction loss
of the optical transport system shown in Equation (1) are taken into consideration in these
CER spectra calculated for some rc. As shown in Figure 8, it can be noted that the frequency
of the maximum of the CER spectrum at d1 = 3 shifts to the high frequency side and
exceeds 0.6 THz as rc increases. Moreover, the modulation in the CER spectrum grows as rc
increases. The observed CER spectrum had a maximum on-crest operation at a frequency
of approximately 0.6 THz, but there was no significant modulation in the CER spectrum. It
is estimated that rc was 0.15 from the CER spectrum calculated by changing rc. Therefore,
the CER spectra are calculated by changing ∆p in conditions of σS = 3σM and rc = 0.15 as
shown in Figure 9. It is noted that the coordinates of the maximum move counterclockwise
in the graph as the distance between the main and satellite pulses increases from zero.
The frequency of the maximum is maximized when the distance is 10.5σM. Therefore, we
compare the calculated CER spectrum in the case of (σS, ∆p, rc) = (3σM, 10.5σM, 0.15) to the
measured CER spectrum near the crest, O−1, as shown in Figure 10a. The electron bunch
shape in this condition is shown in Figure 10b. The coefficient of determination of the
calculated CER spectrum for the set of frequencies used in Section 2.3 is as high as 0.983, it
was found that the satellite pulse model can effectively reproduce the CER spectrum near
the crest.
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Figure 8. Calculated CER spectra for several rc in the cases of σS = (a) 2σM, (b) 3σM, and (c) 4σM.
Here, σM is 38.0 µm and d1 is 2.5.
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Figure 9. Calculated CER spectra for several ∆p with σS = 3σM and rc = 0.15.
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Figure 10. (a) Calculated CER spectrum in the satellite pulse model (red curve) and the measured
CER spectrum for ∆ = −1◦ (black curve). The parameters σS, ∆p, rc are 3σM, 10.5σM, and 0.15,
respectively. (b) Electron distribution at the aforementioned parameters in the satellite pulse model.

As described in Section 2.2, the electron distribution in the bunch can be approximated
by the Gaussian at the RF phase difference of +15 degrees. Figure 9 shows that the distance
between the main and satellite pulses is almost zero at this RF phase difference. As proved
in Appendix A, when the satellite pulse has a lower energy than the main pulse, the distance
between the main and satellite pulses changes from the initial state on-crest operation by
an amount proportional to the square of the RF phase difference. In fact, the frequency of
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the maximum of the form factor fitted by Equation (6) was given as a quadratic function of
the RF phase difference. Therefore, the distance between the main and satellite pulses can
be given by

∆p = −d2∆2 + 10.5σM (17)

where a constant d2 is determined so that ∆p becomes zero at ∆ = +15◦. Figure 11 shows
spectra fitted for ∆ = −5◦ and +7◦ with ∆p calculated by Equation (16) and σM shown in
Figure 7. The ratio rc is assumed to be 0.15 in these fittings. The coefficients of determination
for these fitting curves are 0.988 for ∆ = −5◦ and 0.991 ∆ = +7◦, respectively. Although
the satellite pulse model does not describe the complex structure of the measured CER
spectrum, it can explain that there is a frequency fluctuating local maximum due to the
RF phase difference in the CER spectrum. It was confirmed that this simplified model is a
good representation of the outline of the electron bunch shape.
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Figure 11. Fitting curves for the CER spectra at (a) ∆ = −5◦ and (b) ∆ = +7◦ (red curves). The
measured spectra are indicated by black curves in the figures.

4. Discussion

We observed the CER spectra generated by electron beams passing through the down-
stream bending magnet of the undulator straight section at KU-FEL. It was observed that
the CER spectrum had a local maximum on-crest operation of the RF field at the electron
energy of 40 MeV. The frequency of the maximum depended on the RF phase difference
between the electron gun and the accelerating tube. The frequency was maximized near the
crest and decreased in proportion to the square of the RF phase difference from the crest.
The form factor evaluated from the measured CER spectrum was proportional to a function
whose exponent was given by the quadratic equation of the frequency. These experimental
results suggest that the longitudinal electron distribution in the bunch can be approximated
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by the pseudo-Voigt function in the real space. Although there are many phenomena in
which the Voigt distribution appears in the frequency space as in the Raman spectroscopy,
it is rare that a distribution in the real space is described by the pseudo-Voigt function.

However, a negative electron distribution appears in the pseudo-Voigt function with a
negative ratio η. Therefore, we proposed a satellite pulse model consisting of two pulses
with a large and small amount of charge as a practical model for the electron distribution.
This model shows that the frequency at which the CER spectrum is maximized depends on
the interval between the two pulses. It is preferable to evaluate the electron bunch shape
using the Kramers–Kronig relation for more complex spectral structures [25,33]. However,
the accuracy of the measurement for the low frequency components of the CER spectrum
is low due to the cutoff of the optical transport system and the sensitivity of the detector,
and it is difficult to accurately reproduce the electron bunch shape. The satellite pulse
model is effective in describing the outline of the electron distribution in the bunch despite
its simplicity.

As described above, it is possible to investigate the longitudinal distribution in the
electron bunch by observing the CER spectrum. We improved the flat mirror so that the
CER during FEL oscillations can be observed without damaging the FEL oscillation, and
we observed that the FEL oscillations cause changes in the CER spectrum. Furthermore, in
order to remove the influence of absorption by water vapor, we will consider placing the
CER observation system under dry air. The measurements of the CER spectrum during
FEL oscillations will elucidate the effect of the FEL interactions on the longitudinal electron
bunch shape. The CER is the best tool to understand how the electron bunch is influenced
by the FEL interaction.
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Appendix A

Here, consider an electron bunch that is accelerated near the crest of the RF field by
accelerator tubes. The initial state before the acceleration is represented by the subscript
i, and the final state after acceleration is represented by the subscript f. In addition, the
subscript 0 is added to the center value of the electron distribution, and the slight change
from the center value is represented by δ. As reported in [37,38], the interaction between
an electron and an electric wave of the accelerator tube can be described by a Hamiltonian

H = γ−
√

γ2 − 1− α cos ψ (A1)

α =
eEz

kmec2 (A2)

where ψ is the phase of the wave as seen by the electron, me is the rest mass of an electron,
k is π the RF wave number, and Ez is the peak field of the longitudinal electric wave. The
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normalized energy of the electron γ is assumed to be sufficiently larger than 1; therefore,
that the following approximation holds:

γ−
√

γ2 − 1 ∼=
1

2γ
(A3)

As the Hamiltonian is conserved before and after the acceleration, the following
relationship holds:

1
2γi
− α cos ψi =

1
2γ f
− α cos ψ f (A4)

Furthermore, the central energy of the final state, γf0, is given by the following
equation:

γ f 0 =
1

1
γi0

+ 2α
(

cos ψ f 0 − cos ψi0

) (A5)

First, we consider variation of energy in the final state caused by the variation of the
phase in the initial state δψi. Assuming that δψi does not influence the phase in the final
state near the crest operation, the energy in the final state is given with variation of energy
owing to the phase in the final state, (δγf)ψ, by

γ f = γ f 0 +
(

δγ f

)
ψ

∼=
1

1
γi0

+ 2α
[
cos ψ f 0 − cos ψi0

(
1− 1

2 δψ2
i

)] (A6)

where, because ψi is almost zero near the crest operation, the following approximation is
used:

cos ψi = cos(ψi0 + δψi) ∼= cos ψi0

(
1− 1

2
δψ2

i

)
(A7)

Furthermore, by expanding Equation (A6) using the relationship δψi << 1, the energy
in the final state is given by

γ f
∼= γ f 0

[
1− γ f 0α cos ψi0δψ2

i

]
(A8)

By comparing Equations (A6) and (A8), the following relationship is derived:(
δγ f

)
ψ

∼= −γ2
f 0α cos ψi0δψ2

i (A9)

Next, we consider the variation of energy in the final state caused by the variation of
the energy in the initial state δγi. By replacing γi0 with γi = γi0 + δγi in Equation (A5), the
following equation is derived:

γ f = γ f 0 +
(

δγ f

)
γ

∼= γ f 0

(
1 +

γ f 0

γi0
δγi

)
(A10)

Using Equations (A9) and (A10), the variation of energy in the final state is given by

δγ f =
(

δγ f

)
γ
+
(

δγ f

)
ψ

∼= γ2
f 0

(
δγi
γi0
− α cos ψi0δψ2

i

)
(A11)

As the second term in Equation (A11) is a negative, the energy deviation δγf decreases
in proportion to the square of the phase deviation of the initial state if δγi is positive.
The electron distribution rotates 90◦ counterclockwise in the phase space by the 180◦ arc,
therefore, the energy deviation is converted into the longitudinal position in the bunch. It
was proved that the distance between the main and satellite pulses changes in proportion
to the square of the RF phase difference between the electron gun and accelerator tube from
the crest.
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