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Abstract: Water-pumped storage systems have become an ideal alternative to regulate the intermittent
power delivered by renewable energy sources. For small-scale operations, a type of centrifugal pump
coupled to asynchronous machines represents an adequate solution due to their techno-economic
feasibility in addition to their ability to operate as reversible systems. This work provides a novel
port-Hamiltonian modelling approach to an integrated reversible hydropump–turbine system, that
can be switched from motor pump to turbine-generator by employing a conventional hydraulic
switch. Our modelling strategy provides a clear physical interpretation of the energy flow from
the mechanical to electrical domains. Then, the model was built with multi-domain storing and
dissipating elements and the interconnection of well-defined input–output port pairs. The system’s
internal energy, i.e., Hamiltonian function, can be exploited for energy-shaping control strategies.
The performance of our modelling approach is validated via numerical simulations.

Keywords: port-Hamiltonian framework; hydropump–turbine systems; nonlinear systems; multi-
domain modelling

1. Introduction

The increase in the worldwide energy demand due to population and productive
growth motivates the search for alternative renewable energy sources. However, intermit-
tent renewable energy sources, such as solar- and wind-based sources, have fluctuating and
unpredictable behaviours, which limit their optimal performance to supply electrical power
continuously. In order to tackle the aforementioned issue, the design and implementation
of bulk energy storage are required [1]. More specifically, hydraulic (mechanical) energy
storage by pumping water from a lower to an upper reservoir is presented as a potential
solution when the infrastructure and topography are adequate [2]. The storing-generating
system should be able to switch from the pump to turbine modes efficiently [2]. Storing the
energy in hydraulic repositories improves grid stability and facilitates the deployment of
intermittent renewable energy sources [1].

We make use of a type of centrifugal pump together with a squirrel cage induction
motor due to their wide operating range and low maintenance cost. In [3], a review of the
state-of-the-art on pumps running as a turbine is carried out. Such a study concludes that a
single-stage centrifugal pump is the configuration most recommended by researchers to
operate in the turbine mode due to the techno-economic considerations.

To maximize the application of reversible pump–turbine systems in power generation,
mathematical modelling strategies are necessary to adequately and simply describe the
physical behaviour of this system. Such modelling approaches should allow subsystems in
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different domains (electrical, mechanical, and hydraulic) to be easily coupled to each other,
in addition to facilitating the design of efficient control strategies.

Several models of centrifugal pumps with their advantages and disadvantages are
recapitulated by [4]. For instance, in [5], the general model of a solar-powered centrifugal
pump connected to an induction motor was introduced with a type of equivalent circuit op-
timization technique. The work of [6] suggests a modelling approach to a centrifugal pump
system where its input pressure depends directly on a quadratic form of its rotational speed.
The description of pumped storage systems found in [7] presents second-order differential
equations that consider the pump–turbine’s nonlinearities. Furthermore, in [8], a model
of variable speed doubly-fed induction-generator pumped storage power is presented,
which is described as a nonlinear eighth-order state equation with eight state variables.
Moreover, a five-order nonlinear dynamic system of the variable-speed pumped storage
power station was developed in [9], while in [10], a variable-speed pumped storage model
is shown via algebraic differential equations. In addition to the above mentioned examples,
a nonlinear model of a water distribution network based on a port-Hamiltonian description
is presented in [11]. Moreover, a Hamiltonian model of a hydro-power system is presented
in [12], which provides a theoretical basis for its safe and stable operation during transient
processes. Such a model is used later on in [13] where a passivity-based control is designed.
Their control strategy guarantees stability and efficient performance under different op-
erating conditions. In [14], an energy-based modelling approach is developed where a
solar-powered hydro pump system is coupled to a direct current motor. A model based on a
port-Hamiltonian approach to an asynchronous motor is introduced by [15,16], and later on
extended to the modelling of an asynchronous machine configured as a generator by [17]. A
trajectory tracking control strategy for the system in [17] is presented in [18]. Finally, in [11],
a controller for a water-distribution system is designed, using a port-Hamiltonian approach
to model the pump, allowing them to analyze stability, including nonlinear elements.

Here, we make use of the port-Hamiltonian formalism where the emphasis to the
power balance of the system with its storing and dissipating elements are key to under-
standing how the energy flows from one physical domain to another. The port-Hamiltonian
approach depends on well-defined power port-pairs that facilitate energy exchange per
domain. The formalism introduced by [19,20] is a Hamiltonian systems generalization with
structure preservation properties that allows modelling and the design of controllers using
energy shaping and damping injections. Under this framework, the structure preservation
also renders an asymptotically stable closed-loop system even with significant parameter
uncertainties for a wide variety of nonlinear systems [21,22].

The main contribution of this work is related to a generalization of the integrated
reversible hydropump–turbine system model based on the port-Hamiltonian modelling ap-
proach. The physical elements of the system’s range from a lower and upper reservoir to a
penstock and a centrifugal pump that can be configured as a turbine. We make use of an ap-
proach based on energy due to the multi-domain characteristics of our proposed system that
consists of hydraulic-, electric-, and mechanical-storing and dissipating elements. Finally,
the selection of the pump or turbine operation is performed via a conventional hydraulic
switch. This novel modelling approach will allow the development of trajectory tracking
and energy-based controllers for small- and medium-scale hydropump generation systems.

The structure of this paper follows five different sections. In Section 2, a port-Hamiltonian
framework with its benefits in structure preservation properties, energy storage, and energy
dissipation is introduced. A newfangled model relative to the reversible pump–turbine
system that includes a centrifugal pump and an asynchronous machine is presented in
Section 3 using a port-Hamiltonian modelling approach. In Section 4, we validate the
proposed modelling approach of our reversible system via simulation results. Finally, in
Section 5, we provide our main concluding remarks and future research directions.
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2. Preliminaries

Firstly, we cover the bases of the port-Hamiltonian modelling framework of [19,20]
from which the modeling approach for the dual pump–turbine system is inspired.

Port-Hamiltonian Framework

We first recapitulate the port-Hamiltonian (PH) framework for a general class of
(non)linear physical systems. It describes the interconnection structure, dissipating ele-
ments, inputs and outputs related to power port pairs, and the energy function called
Hamiltonian. Via the PH formalism, we can model and control (non)linear hydraulic,
electrical, mechanical, electro-mechanical, and thermal systems. The clarity with which
power-preserving ports, dissipation, and energy-storage components is modeled involves
energy transfers between the physical system and the environment and characterizes the
PH framework [19,20].

A PH system corresponds (we assume
∂H(x)

∂x
= ∇x H(x) without a loss of generality

along this document) to the following:

ΣPH

{
ẋ = [J(x)− R(x)]∇x H(x) + g(x)u,

y = g(x)>∇x H(x),
(1)

where x ∈ RN is the state variable, and u ∈ RM and y ∈ RM are the input–output port
pair representing flows and efforts, respectively. In addition, the input, dissipation, and
interconnection matrices of (1) are given by the following:

g(x) ∈ RN×M, (2)

J(x) = −J(x)>, J(x) ∈ RN×N , (3)

R(x) = R(x)> < 0, R(x) ∈ RN×N , (4)

whereM≤ N . In a mechanical system, whenM = N , the system is fully actuated, and it
is under-actuated ifM < N . The function H(x) ∈ R is the energy of system, where the
Hamiltonian is obtained along the trajectories of ẋ as in (1). The time differentiation of
H(x) allows a recovery energy balance that is described as follows.

Ḣ(x) = −∇>x H(x)R(x)∇x H(x) +∇tH(x) + y>u ≤ y>u. (5)

The system (1) would be clearly conservative if Ḣ(x) = y>u, as well as passive when
Ḣ(x) ≤ y>u.

Since we already introduced a general PH approach, the energy-based modelling of
the asynchronous machine configured as a motor and generator follows.

3. An Energy-Based Model Relative to the Reversible Hydropump–Turbine System

This section provides a general description of our reversible hydropump–turbine sys-
tem. First, a model of a three-phase induction motor and the centrifugal pump is provided
by considering their coupled hydraulic and mechanical domains. Furthermore, the reverse
mode as a turbine-generator is provided. Finally, the two systems are coupled into a single
generalized model for the reversible hydro pump-turbine system. The modelling approach
is made in the PH framework such that the interconnection and dissipation elements are
clearly shown together with the input–output portpairs.

3.1. System’s Architecture

The reversible hydro pump-turbine system under study is shown in Figure 1, which
consists of a centrifugal pump driven by an induction motor. The hydropumping action is
meant to store potential energy by pumping water from a lower to an upper reservoir. The
induction motor is able to elevate a column of water via a penstock and hydraulic valve
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νh, which is connected to the bottom of the upper reservoir. It is assumed that electrical
power is provided to the induction motor via an AC grid or a DC grid in addition to power
converters. Finally, the centrifugal pump behaves as a turbine when the water in the upper
reservoir is used to generate and provide electrical power to the same AC or DC grid
that previously actuated the asynchronous motor. The turbine actuates the asynchronous
machine, which is now configured as a generator.

Induction

Machine

Hydraulic

Machine

Upper

Reservoir

Rh

Ih

νhLower

Reservoir

hp

hr

Flow

hw

Power

Converter

Power Grid

Figure 1. General diagram of reversible hydropump–turbine system.

3.2. Motor Configuration of the Asynchronous Machine

In the Figure 2, the asynchronous machine model configured as a motor is presented
as in [15,16,23,24] in the d-q axis so the parameters of time dependence have been rewritten
in direct and quadrature axes. Consequently, the explicit time-dependent variable is
not presented anymore. We recapitulate here the PH modelling approach relative to the
asynchronous machine configured as a motor and generator previously published in [17].
The nonlinear dynamics of the asynchronous motor are described as follows:

λ̇sd = ωeλsq + Vsd − Rsisd , (6)

λ̇sq = −ωeλsd + Vsq − Rsisq , (7)

λ̇rd = (ωe −ωr)λrq + Vrd − Rrird , (8)

λ̇rq = −(ωe −ωr)λrd + Vrq − Rrirq , (9)

ṗM = δnpλ>r J2ir − RmM ωm − τL, (10)

where state variable pM ∈ R
[
kgm2/s

]
represents the generalized momentum. The stator

and rotor vector fluxes are given, respectively, by λs = col
(

λsd , λsq

)
and λr = col

(
λrd , λrq

)
,

where λs ∈ R2×1 [Wb], λr ∈ R2×1 [Wb] , and J2 is a skew-symmetric matrix such that the
following is the case.

J2 =

[
0 −1
1 0

]
. (11)
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Furthermore, in (6)–(10), we have Vsd , Vsq , Vrd , Vrq [V] and isd , isq , ird , irq [A], which are
the stator and rotor voltages and currents for each axis, respectively. Moreover, ωr [rad/s],
ωe [rad/s], and ωm [rad/s] are the rotor, synchronous, and mechanical shaft velocities, re-
spectively. In addition to this, the system’s dissipation factors, i.e., the stator and rotor
resistances and the rotor friction coefficient, are given by passive elements Rs [Ω], Rr [Ω],
and RmM

[
kgm2/s

]
. τL [Nm] is the torque input to the mechanical shaft. The electrical

domain’s active elements are represented by the stator and rotor self-inductance Ls [H]
and Lr [H], respectively, and the rotor and stator mutual-inductances Lm [H]. Moreover,
the number of pole pairs of the system is represented by np, and a constant rotational
inertia JmM

[
kgm2] from the mechanical domain. Finally, the stator voltage is given by

Vs [V], while Vr = 0 [V] represents the rotor’s voltage for a squirrel-cage induction motor.
In Table 1, all key values and physical quantities are provided for simulation purposes.

Table 1. Key parameters of the reversible hydropump–turbine system.

Parameter Symbol Value

IM Stator resistance Rs 1.115 (Ω)

IN Rotor resistance Rr 1.083 (Ω)

IM Stator inductance Ls 0.20965 (H)

IM Rotor inductance Lr 0.20965 (H)

IM Magnetization inductance Lm 0.2037 (H)

IM Number of pole pairs np 2

IM Rotational inertia JmM 0.02
(

kg m2
)

IM Rotor friction coefficient RmM 0.005752 (kg m2/s)

IM Nominal voltage Vs 460 (Vrms)

IM Operating frequency f 60 (Hz)

IM Mechanical speed ωm 1750 (rpm)

IM Number of phases factor δ 3/2

Pump rotational inertia JmP 0.008
(

kg m2
)

Pump friction coefficient RmP 0.005752 (kg m2/s)

Water density ρ 998.2 (kg/m3)

Gravitational constant g 9.81 (m/s2)

Fluid dynamic viscosity µ 0.00089 (Nm/s2)

Pipe length Lp 30 (m)

Pipe height hp 30 (m)

Reservoir height hr 5 (m)

Pipe crossection area Ap 0.005
(
m2)

Reservoir crossection area Ar 5
(
m2)

Pump Speed-flow constant Kh 191,000 (rad/m3)

Turbine Speed-flow constant Kh 91,000 (rad/m3)

Pump Speed-presure constant Ko 50 (kg/m)

Turbine Speed-presure constant Ko 25 (kg/m)
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Rr

Rs

isd(t)

− +

ωeλsq Ls − Lm Lr − Lm

−+

(ωe − ωr)λrq

ird(t)

Lm

+

−
Vsd

λrdλsd

Rr

Rs

isq (t)

−+
ωeλsd Ls − Lm Lr − Lm − +

(ωe − ωr)λrd

irq (t)

Lm

+

−
Vsq

λrqλsq

Figure 2. In the reference frame of a synchronously rotating asynchronous machine, we can represent
the two phases d-q via an equivalent circuit.

According to [25], the model is extended here with a parameter (constant) that rep-
resents the asynchronous machine’ phases defined as δ > 0 and shown in (10). In [25],
the phase constant is δ = {1, 3/2} for a two- and a three-phase asynchronous machine,
respectively.

We follow a PH framework of [15,16]; then, a matrix form can represent a asynchronous
machine configured as a motor. The underlying dynamics (6)–(10) (d-q reference frame)
are shown below. The Hamiltonian (energy) function is described as follows:

H̃(λ, pM) =
1
2
(δJmM )−1 p2

M +
1
2

λ>L−1λ (12)

where an inductance matrix L is defined as follows:

L =


Ls 0 Lm 0
0 Ls 0 Lm

Lm 0 Lr 0
0 Lm 0 Lr

, (13)

and with momenta pM as in (10), constant δ, and the system’s fluxes λ ∈ R2×2 is given by
λ = col(λr, λs). Then, the system’s PH framework of the asynchronous machine configured
as a motor (see (6)–(10)) is as follows:

ΣM

{
˙̃x =

[
J̃(x̃)− R̃(x̃)

]
∇x̃ H̃(x̃) + g̃(x̃)ũ

ỹ = g̃>(x̃)∇x̃ H̃(x̃),
(14)

where J̃(x̃) is the skew-symmetric matrix:

J̃(x̃) =

0 0 0
0 0 δnp J2λr
0 δnpλ>r J2 0

; (15)

and the positive semi-definite matrix R̃(x̃) is defined as follows.
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R̃(x̃) =

Rs I2 0 0
0 Rr I2 0
0 0 δRmM

. (16)

Finally, the input matrix is described as follows: g̃(x̃) is

g̃(x̃) =

I2 −J2λs 0
0 −J2λr 0
0 0 −1

; (17)

with (ũ, ỹ) being the so-called port pair. In (16) and (17), I2 is a 2× 2 identity matrix.

3.3. A Reversible Hydropump–Turbine System

The use of pumps as turbines for hydroelectric generation in small-scale systems has
expanded due to the low implementation costs; see for instance [1–3]. In addition to the
reversibility advantages, the pumped-turbine system shown in Figure 1 allows a single
hydraulic machine to be coupled to an electric machine (e.g., an induction motor), as well
as a single-stage centrifugal pump system. In this work, we use the hydraulic machine’s
model of a centrifugal pump. The hydro-actuated pump as a turbine system provides the
driving torque to the generator (desired configuration of the asynchronous machine. On the
other hand, the motor (second desired configuration of the asynchronous machine) is also
able to actuate the pump system such that a pumping action is delivered. The reversibility
is commanded by a simple switch system to be defined later on.

3.3.1. Hydro-Centrifugal Pump Domain

We first provide the modelling approach of the hydraulic system of Figure 1 configured
as a hydro-centrifugal pump; i.e., the flow of the water proceeds from the lower to the
upper reservoir.

Given the flow of the water in system Q
[

m3/s
]

together with the pressure of the
centrifugal pump Ps [Pa], their dynamics are given by the following, respectively:

IhQ̇ = Ps − RhQ− ρghw − Pr, (18)

Ṗr =
1

Ch
Q, (19)

with hw (m) being the height of the water in the hydraulic system such that hw =
[
0,
(
hp + hr

)]
,

with hp (m) being the pipe height, and hr (m) denoting the reservoir height. Further-
more, the water density is given by constant ρ = 998.2 (kg/m3), the gravity accelera-
tion constant is g = 9.81 (m/s2), the hydraulic inertance is Ih = ρLp/Ap (kg/m4), the hy-
draulic resistance in the penstock is Rh = 8πµLp/A2

p (kg/ms4), the hydraulic capacitance in
the penstock is Cp = Ap/ρg (kg/m4s2), and the hydraulic capacitance in the repository is
Chr = (Ar/ρg)

(
H
(
hw − hp

))
(kg/m4s2), which exists if hw > hr. Finally, the total hydraulic

capacitance in the system is given by Ch = Cp + Chr (kg/m4s2), with Lp (m) denoting the
length of the pipe in the penstock, Ap

(
m2) and Ar

(
m2) denoting the cross-section of the

pipe and the repository, respectively, µ = 0.00089 (Nm/s2) denoting the dynamic fluid’s
viscosity, and Pr (Pa) denoting the pressure in the repository and penstock in the centrifugal
pump outlet.

3.3.2. Mechanical Domain

The dynamics of the rotational momentum of the impeller and the pump shaft are
defined as follows:

ṗmP = −τh − RmP ωmP + τM. (20)

where pmP = JmP ωmP , τh (Nm) is the torque due to hydraulic action, τM (Nm) is the
asynchronous machine’s torque, RmP (Nms) is the rotor friction coefficient, ωmP (rad/s)
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is the mechanical angular speed, and JmP (kg/m2) is the mechanical inertia of the pump
impeller and shaft.

3.3.3. Hydro-Mechanical Coupling Domain

Inspired by [13,14], we assume here a coupling between the mechanical and hydraulic
domains via a linear relation between the hydraulic flow Q and the angular speed ωmP via
a constant Kh (rad/m3) given by the following.

Kh =
ωmP

Q
=

Ps

τh
. (21)

For our centrifugal pump, we furthermore assume here that the pump’s output torque
and its angular velocity are connected via a constant: Kr

(
kg m2) such that the following is

the case.

τh = Krω2
mP

. (22)

It follows from (21) and (22) that a new constant Ko = KhKr (kg/m) represents the
coupling between the pressure and mechanical angular velocity. This means that the
hydraulic pressure can be written as in [6] by:

Ps = Koω2
mP

. (23)

Then, the power conversion between the hydraulic and mechanical domains in Watts
(W) is P = PsQ = τhωmP = Koω2

mP
Q, resulting in τh = KoωmP Q, which is the coupling

between hydraulic and mechanical domains. Furthermore, constant Kh as in (21) allows the
definition of an apparent mass inertia and dissipating elements between the hydraulic and
the mechanical domain. For instance, the coupled mechanical and hydraulic mass inertia
Jam and Jah as well as coupled mechanical and hydraulic dissipating element Ram and Rah

are defined as follows:

Jam = JmP +
Ih

K2
h

, (24)

Ram = RmP +
Rh

K2
h

, (25)

Jah = Ih + JmP K2
h, (26)

Rah = Rh + RmP K2
h, (27)

and they are the equivalent relationships for the hydraulic domain.

3.3.4. Hydropump System

We define the state variables of the hydro pump system of Figure 1 as x̌ = col
(

P̌r, Q̌, p̌mP

)
,

and its energy (Hamiltonian) function is as follows:

Ȟ(x̌) =
1
2

Ch P̌2
r + Chgρhw P̌r +

1
2

Jah Q̌2 +
1
2

p̌2
mP

Jam

, (28)

with the dynamics of P̌r as in (19), Q̌ as in (18), and p̌mP as in (20). Given the partial
derivatives of (28):

∇x̌ Ȟ(x̌) =

 ∇P̌r
Ȟ(x̌)

∇Q̌ Ȟ(x̌)
∇ p̌mP

Ȟ(x̌)

 =

Ch P̌r + Chgρhw
Jah Q̌
ωmP

, (29)

we can rewrite the dynamics of (18)–(20) as follows:
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˙̌Pr =
1

Ch Jah

∇Q̌ Ȟ(x̌), (30)

˙̌Q = − 1
Ch Jah

∇P̌r
Ȟ(x̌)− Rah

J2
ah

∇Q̌ Ȟ(x̌) +
KoωmP

Jah

∇ p̌mP
Ȟ(x̌), (31)

˙̌pmP = −KoωmP

Jah

∇Q̌ Ȟ(x̌)− Ram∇ p̌mP
Ȟ(x̌) + τM. (32)

which, in turn, are computed and simplified as follows:

ΣP



 ˙̌Pr
˙̌Q

˙̌pmP


︸ ︷︷ ︸

˙̌x

=


0

1
Ch Jah

0

− 1
Ch Jah

−Rah

J2
ah

KoωmP

Jah

0 −KoωmP

Jah

−Ram


︸ ︷︷ ︸

J̃(x̌)−R̃(x̌)

 ∇P̌r
Ȟ

∇Q̌Ȟ
∇ p̌mP

Ȟ


︸ ︷︷ ︸
∇x̌ Ȟ(x̌)

+

0
0
1


︸︷︷︸
ǧ(x̌)

[
τM
]︸ ︷︷ ︸

ǔ

y̌ = ǧ>(x̌)∇x̌ Ȟ(x̌) = ωmP

(33)

with (ǔ, y̌) = (τM, ωmP) being the system’s port pair (input and output, respectively), and
matrices J̌(x̌) and R(x̌) satisfying J̌(x̌) = − J̌(x̌)>, and Ř(x̌) = Ř(x̌)> � 0, respectively.
Clearly, the power balance, ˙̌H(x̌) ≤ 0, for (33) holds.

3.3.5. Hydroturbine System

In the case of turbines, the hydraulic flow’s direction is opposite to the hydropump
system (arrow pointing downwards in Figure 1). The rotation of the impeller and shaft
of the hydraulic machine is due to the effects of the hydraulic pressure, contrary to the
actuation of the induction motor when working as a hydropump system. This means that
if we define the Hamiltonian function Ĥ(x̂) as follows:

Ĥ(x̂) = Ĥ
(

P̂r, Q̂, p̂mT

)
=

1
2

Ch P̂2
r + Chgρhw P̂r +

1
2

Jah Q̂2 +
1
2
(Jam)

−1 p̂2
mT

, (34)

the dynamics of the state variables x̂ = col
(

P̂r, Q̂, p̂mT

)
of the system are given by the

following:

˙̂Pr = −
1

Ch Jah

∇Q̂ Ĥ(x̂), (35)

˙̂Q =
1

Ch Jah

∇P̂r
Ĥ(x̂)− Rah

J2
ah

∇Q̂ Ĥ(x̂)− KoωmT

Jah

∇ p̂mT
Ĥ(x̂), (36)

˙̂pmT =
KoωmT

Jah

∇Q̂Ĥ(x̂)− Ram∇ p̂mT
Ĥ(x̂) + τM, (37)

where ωmT is the angular speed of the pump configured as a turbine. The dynamics (35)–(37)
can be rewritten in the PH framework such that the following is the case:
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ΣT



 ˙̂Pr
˙̂Q

˙̂pmT


︸ ︷︷ ︸

˙̂x

=


0 − 1

Ch Jah

0

1
Ch Jah

−Rah

J2
ah

−KoωmP

Jah

0
KoωmP

Jah

−Ram


︸ ︷︷ ︸

Ĵ(x̂)−R̂(x̂)

 ∇P̂r
Ĥ

∇Q̂Ĥ
∇ p̂mT

Ĥ


︸ ︷︷ ︸
∇x̂ Ĥ(x̂)

+

0
0
1


︸︷︷︸
ĝ(x̂)

[
τM
]︸ ︷︷ ︸

û

ŷ = ĝ>(x̂)∇x̂ Ĥ(x̂) = ωmT

(38)

with an input–output port pair (û, ŷ) = (τM, ωmr ). We clearly see in (38) that the following
is the case. Ĵ(x̂) = − Ĵ(x̂)>, and R̂(x̂) = R̂(x̂)> � 0. Finally, power balance, ˙̂H(x̂) ≤ 0,
holds with Ĥ(x̂) as in (34).

Remark 1. The dynamics of (30)–(32) and (35)–(37) represent the pressure in the penstock, and
the flow and speed of the impeller of the system are shown in Figure 1. For instance, the only
difference between the dynamics of Q̌ as in (31) and Q̂ as in (36) is the direction of the flow due to
the reversibility of the hydropump–turbine system.

3.3.6. A Reversible Hydropump–Turbine System (Main Result)

In this section, we propose the modelling approach of the reversible hydro pump-
turbine system connected to the asynchronous machine of Section 3.2. The coupling is
performed via an interconnecting shaft between the hydropump and the asynchronous
machine. It is assumed here that the rotational inertia of the mechanical domain is a
consolidation of both the shaft and the impeller of the pump as well as the shaft and the
rotor of the asynchronous machine. The apparent mass inertia and the dissipating elements
between the hydraulic and the mechanical domain in (24)–(27) are redefined as follows.

Jam = JmP + JmM +
Ih

K2
h

, (39)

Ram = RmP + RmM +
Rh

K2
h

, (40)

Jah = Ih + (JmP + JmM )K2
h, (41)

Rah = Rh + (RmP + RmM )K2
h. (42)

Now, given the dynamics of the induction motor ΣM as in (14), the dynamics of the
hydro pump system ΣP as in (33), and the dynamics of the hydro turbine system ΣT as in
(38), and if we defined the switch S = 1− 2s, where s = 0 for pump mode and s = 1 for
turbine mode, we are able to rewrite (ΣM, ΣP, and ΣT) in one single system with a new
state vector x̄ defined as follows:

x̄ = col
(

λ>s , λ>r , pM, Pr, Q
)

, (43)

and a Hamiltonian function H̄(x̄) given by the following:

H̄(x̄) = H̃(x̃) + Ȟ(x̌)

=
1
2

ChP2
r + ChgρhwPr +

1
2

Jah Q2

+
1
2

λ>L−1λ +
1
2
(Jam)

−1 p2
M−P, (44)
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with H̃(x̃) as in (12) and Ȟ(x̌) as in (28); moreover, pM−P is the mechanical momentum of
the motor-pump rotor. The resulting system takes the following form:

ΣPT


˙̄x = [ J̄(x̄)− R̄(x̄)]∇x̄ H̄(x̄) + ḡ1(x̄)ū1 + ḡ2(x̄)ū2,

ȳ = col
(

ḡ1(x̄)>∇x̄ H̄(x̄), ḡ2(x̄)>∇x̄ H̄(x̄)
)

,
(45)

where the skew-symmetric matrix J̄(x̄) is

J̄(x̄) =



0 0 0 0 0
0 0 δnp J2λr 0 0

0 δnpλ>r J2 0 0 −S
Koωm

Jah

0 0 0 0 S
1

Ch Jah

0 0 S
Koωm

Jah

−S
1

Ch Jah

0


(46)

and the positive semi-definite matrix R̄(x̄) is

R̄(x̄) =



Rs I2 0 0 0
0 Rr I2 0 0
0 0 Ram 0
0 0 0 0

0 0 0
Rah

J2
ah

. (47)

and the following, respectively.

ḡ1(x̄) =


I2 0
0 −δnp J2λr
0 0
0 0
0 0

, and ḡ2(x̄) =


−J2λs 0
−J2λr np J2λr

0 0
0 0
0 0

,

The inputs vectors of the system (45) result in ū1 = col(Vs, ωm) and ū2 = col(ωe, ωm).
Furthermore, in (45), we consider that for control purposes, the input matrix should
be ḡ1 because it naturally provides the input–output port pair for the corresponding
input–output, (Vs, is), (ωm, τ).

A modelling of the reversible hydropump–turbine system ΣPT has been presented,
as shown in (45). It follows the design and implementation of numerical simulations to
validate the performance of our system in an open-loop setting. Control actions in order
to optimize the efficiency of the energy extraction and energy generation of the reversible
system are out of the scope of this paper.

4. Results of Simulations

The system presented in this paper has been simulated in order to obtain validation
data. Table 1 shows the main parameters for pump-turbine components. The initial
conditions are as follows.

col
(

λsd , λsq , λrd , λrq , pM−P

)
= col(0, 0, 0, 0, 0). (48)

We have chosen three different scenarios where the initial conditions for the pressure
Pr(0) and flow Q(0) are defined accordingly. Furthermore, we assume that Q ≥ 0 and
ωm ≥ 0 for all scenarios even though the direction (sign) changes in a real system for the
pump or the turbine mode.

First, the system is operated as a hydropump system, i.e., s = 0 in (45). The initial
conditions for the flow and the water height are Q(0) = 0.0

(
m3/s

)
, Pr(0) = 0.0 (Pa), and
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hw = 0.0 (m). Figure 3 shows the resulting dynamics of rotor speed ωm, hydraulic flow Q,
hydraulic pressure Pr, and water height hw in the penstock and the reservoir. The water
increases its pressure and height in the pipeline at t ≤ 70 [s]. Then, the reservoir begins to
be filled at t > 70 [s] and due to the cross-section area; i.e., Ar � Ap (see Table 1) both Pr
and hw have a lower increasing rate. We finally see in the first scenario how the hydraulic
flow grows faster during the first seconds, and later on, such an acceleration rate decreases
(12 < t < 75 )(s) due to the impulse pressure and the accumulated pressure in the system.

The second scenario simulates the hydroturbine system, i.e., s = 1 in (45). The
simulation results are shown in Figure 4. The initial conditions for the simulation are
Q(0) = 0.0

(
m3/s

)
, Pr(0) = 3.4275× 105 (Pa), and hw = 35 (m), which means that the

upper reservoir is full of water. The asynchronous machine starts its operation as a motor
in 0 ≤ t < 10 (s). Then, valve νh is opened such that the hydro turbine system is engaged
at t ≥ 10 [s]. The rotor speed increases above the synchronous speed, which means that the
asynchronous machine delivers electricity to the power grid (Figure 1). In Figure 5 , we see
how the hydraulic flow reaches a stable value while the pressure in the upper reservoir
decreases together with the water head of the system.

Finally, the operation of the reversible hydropump–turbine system corresponds to
the third simulated scenario. The simulation results are shown in Figure 5. The initial
conditions are Q(0) = 0.0

(
m3/s

)
, Pr(0) = 3.1825 × 105 (Pa), and hw = 32.5 (m). The

system operates first as a hydropump system at t ≤ 10 (s) when the asynchronous machine
configured as a motor is powered by the electrical network. The water level rises with the
pressure in the upper reservoir, which is initially half-loaded. Then, the pumping action is
switched off, and the hydraulic valve νh in the penstock is closed at t = 85 (s). Both actions
co-occur. Similarly to the second scenario, the asynchronous machine starts its operation
as a motor in 100 ≤ t < 115 (s). The hydraulic valve νh opens at t = 115 (s). It follows
that the hydroturbine system configuration begins it operation at t = 115 (s). The action
over the hydro pump as a turbine system increases the velocity of the rotor ωm above the
synchronous speed, creating a negative slip in the motor that induces a reverse current
in the asynchronous machine’s stator. Consequently, the machine ultimately powers the
electrical network since it is configured as a generator. It is commonly known that the
electrical network regulates the voltage and frequency of the induction generators, which
means that a bank of capacitors is unnecessary.
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1500
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2000

0 10 20 30 40 50 60 70 80 90 10
0

0

1

2

3
10 5

0 10 20 30 40 50 60 70 80 90 10
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0 10 20 30 40 50 60 70 80 90 10
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Figure 3. First scenario: operation of the hydro pump system, i.e., s = 0. The initial conditions
are Q(0) = 0.0 (m3/s), Pr(0) = 0.0 (Pa), and hw = 0.0 (m), which is the minimum capacity of the
penstock and the upper reservoir system.
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Figure 4. Second scenario: operation of the hydro turbine system, i.e., s = 1. The initial conditions
are Q(0) = 0.0 (m3/s), Pr(0) = 3.4275× 105 (Pa), and hw = 35 (m), which is the maximum capacity
of the penstock and the upper reservoir system.
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Figure 5. Third scenario: operation of the reversible hydropump–turbine system with s = 0 at
t ≤ 85 (s), and s = 1 at t ≥ 100 (s). Both hydraulic and electromechanical systems are switched off
between 85 < t < 100 (s). The asynchronous machine and the hydraulic system are switched
on at t = 100 (s) and t = 115 (s), respectively. The initial conditions are Q(0) = 0.0 (m3/s),
Pr(0) = 3.1825× 105 (Pa), and hw = 32.5 (m).

We also show the electrical and hydraulic power generation for the third scenario in
Figure 6. As expected, the electrical power is more significant than the hydraulic power
for the hydropump system’s operation. During the hydroturbine system’s operation, the
opposite occurs, meaning that the hydraulic power is greater than the electric power. The
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differences in magnitude between electrical and hydraulic power are due to dissipating
elements in the system. The change in direction of the electrical power is because it
is generated by power and delivered to the grid. Finally, notice the peaks of power at
t = (0, 100) (s) produced by the start of the asynchronous machine configured as a motor
similar to the second scenario.

0 20 40 60 80 10
0

12
0

14
0

16
0

18
0

20
0

-1500

-1000

-500

0

500

1000

1500

Hydraulic Power
Electric Power

Figure 6. Power transformation of third scenario: The system works in pumping mode at t ≤ 85 (s)
taking energy from the electric network, which is converted into mechanical (hydraulic) energy. Both
hydraulic and electromechanical systems are switched off between 85 < t < 100 (s). At t = 100 (s),
the asynchronous machine is switched on again in the motor mode, taking energy from the electric
network. Then, at t = 115 (s), the hydraulic system is also switched on, inducing the system to
start its operation in the generator-turbine mode. Subsequently, mechanical energy is converted into
electrical energy, which is supplied to the power grid. The initial conditions are Q(0) = 0.0 (m3/s),
Pr(0) = 3.1825× 105 (Pa), and hw = 32.5 (m).

5. Conclusions

A PH approach to the reversible hydro pump-turbine system has been presented,
which is meant to store energy and generate electrical power depending on the user’s
desired application. It is clear how the multi-domain characteristic of our model allows a
clear interpretation of energy (and power) flow and dissipation thanks to the energy-based
approach. The system is reversible thanks to a switch that allows the operation mode to
change. The switch naturally falls into the interconnection matrix of the PH modelling
approach. Our numerical simulations have confirmed the system’s operation for both
modes: pump and turbine. It is clear how the system’s internal energy is contained in the
Hamiltonian function. Such Hamiltonian could be shaped with control strategies in order to
reach a desired operating point. Then, the new operation point could be attained with key
control strategies. For future work, a physical implementation is key in order to validate our
model and to test its operation in a real-life system. These validation tests will be performed
on a hydraulic and electromechanical test bench that is being prepared for implementation
at the time of writing this manuscript. Furthermore, our long-term research objective is to
design and implement passivity-based and trajectory-tracking control strategies. Such a
closed-loop system would exploit the PH structure for the reversible pump-turbine system.
The control objectives will be focused on the power point tracking of the efficiency curves
of the asynchronous machine and the centrifugal pump.
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