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Abstract: The aim of this study is to develop an adaptive automatic control method for solving
the trajectory tracking problem for a biped robotic device (BRD) and taking into account that each
articulation is mobilized by a linear actuator. Each extremity of the BRD has three articulations
with a linear actuator enforcing the controlled motion for each articulation. The control problem
considers the task of tracking reference trajectories that define a regular gait cycle. The suggested
adaptive control form has state-dependent gains that drive the tracking error into an invariant
and attractive ellipsoidal with a center at the origin; meanwhile, the articulation restrictions are
satisfied permanently. The stability analysis based on a controlled Lyapunov function depending
on the tracking error leads to the explicit design of the state-dependent adaptive gains. Taking into
account the forward complete setting of the proposed BRD, an output feedback formulation of the
given adaptive controller is also developed using a finite-time and robust convergent differentiator
based on the super-twisting algorithm. A virtual dynamic representation of the BRD is used to test
the proposed controller using a distributed implementation of the adaptive controller. Numerical
simulations corroborate the convergence of the tracking error, while all the articulation restrictions
are satisfied using the adaptive gains. With the purpose of characterizing the proposed controller, a
sub-optimal tuned regular state feedback controller is used as a comparative approach for validating
the suggested design. Among the compared controllers, the analysis of the convergence of the mean
square error of the tracking error motivates the application of the designed adaptive variant.

Keywords: bipedal robots; restricted state; adaptive control; barrier Lyapunov function; gait analysis

1. Introduction

The development of BRDs has attained a significant degree of maturity over the
last three decades. Novel advances in mechanical design, electrical instrumentation, and
automatic control methods have forced BRDs to exert more complex activities such as
autonomous walking, climbing stairs, and jumping, among others [1]. Nowadays, there
is a scientific and technical trend in developing more efficient BRD configuration, which
includes using lighter and more resistant materials, faster digital processors, and more ad-
vanced electronic sensors and actuators [2]. This last aspect has attracted attention because
actuators’ characteristics define most BRD mobilization abilities. There are diverse actuator
options for BRDs, including permanent magnet and brushless motors, steppers, pneumatic
muscles [3], multi-motor drive systems [4], and more recently, linear actuators [5].

Linear actuators are devices that are conformed by an electrical motor (usually a DC
with a permanent magnet) connected to a ball-screw driving structure (Figure 1). This
device is used increasingly in robotics due to its working characteristics, including the
device scalability, setup versatility, stack setting, larger torque, the electrical equivalent
operation similar to DC motors actuators, and motion robustness concerning external
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perturbations, as well as long periods of activity. Using linear actuators for mobilizing BRD
has several advantages (compared to other actuation strategies). A heavy actuation device
can be placed near the hip joint, limiting the leg inertia, and some others [6]. Despite the
mentioned benefits, some drawbacks must be overcome if the linear actuators are going to
be considered a feasible variant for forcing the BRDs motion. Among others, linear actuator
dynamics are usually not considered in the device modeling description. The restricted
range of motion in the actuator (which implies limited articulation angular displacement)
are the main disadvantages that should be corrected.
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(a) Comparison of trajectory tracking perfor-
mance between the proposed and PID con-
trollers at the hip joint in the biped robot
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(b) Comparison of trajectory tracking per-
formance between the proposed and PID
controllers at the hip joint in the biped robot

Figure 1. Models considered for the BRD assuming the two configurations for the linear actuators forming a
structure in the device.

biped robot. The energy contributions of the individual subsystems can be calculated independently.
Hence, the equations of motion are obtained with the calculation of the Euler-Lagrange equations:

d
dt

(
∂

∂q̇i
L(q, q̇)

)
− ∂

∂qi
L(q, q̇) = τi − Ξi (1)

with the generalized forcing and dissipation terms τi ∈ R, Ξi ∈ R as well as the Lagrangian:
L(q, q̇) = T(q, q̇)−U(q). The derivation and principles behind this formalism can be found in any
textbook on classical mechanics. Except for the differentiation that can become cumbersome for
higher-order systems, the Euler-Lagrange equations formalism is straightforward to apply because
it is based on universal scalar energy functions. Based on the calculus for the Lagrangian and the
application of the Euler-Lagrange equations, the complete model for a single leg of the biped robot
satisfies the following differential equation:

M(q(t))
d2

dt2 q(t) + C
(

d
dt

q(t), q(t)
)

d
dt

q(t) + G(q(t)) = τ(t)− Ξ(t) (2)

Where q ∈ Q ⊂ R3 is the vector of positions including all joints of a single leg in the exoskeleton. 137

The inertia matrix is defined as M : R3 → R3×3, C : R3 ×R3 → R3×3 is the matrix of Coriolis 138

and centrifugal forces, G : R3 → R3 has the terms associated to the gravitational forces and 139

the term Ξ ∈ R3 is the vector that represents the effect of viscous and dried frictions, external 140

perturbations and modeling imprecision. 141

(a) (b)

Figure 1. Models considered for the BRD assuming the two configurations for the linear actuators
forming a structure in the device. (a) Comparison of trajectory tracking performance between the
proposed and PID controllers at the hip joint in the biped robot; (b) comparison of trajectory tracking
performance between the proposed and PID controllers at the hip joint in the biped robot.

All the benefits of using linear actuators as driving elements for BRDs have been
emphasized by various studies. The Technical University of Munich constructed the
humanoid robot LOLA [7]. They proposed the design of a linear actuator based on a ball
screw drive attached to the main structure by Cardan joints. It is used to maintain the
moment of inertia of the thigh. Furthermore, the WL family of robots, designed by Waseda
University, uses linear motion actuators for its Stewart platform-like mechanism that is
oriented as a novel biped walking type wheelchair [8,9]. The study introduced in [10]
describes a double linear ball-screw drive structure for the ankle joint. In comparison,
ref. [11] provides a design where both the knee and ankle possess single and double linear
actuator structures, respectively.

Most existing studies where the linear actuator has been the active driving element
of biped robots have not considered the electromechanical dynamics that characterize it.
Such dynamics include the motor’s temporal evolution and connection to the ball-screw
configuration. Moreover, the reported studies consider that the linear actuator has an
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unbounded range of linear displacement. Both characteristics are going to be analyzed in
this study and used as limitations for the automatic control design that may enforce the
exerting of a gait cycle (even if the BRD is suspended).

The problem of introducing linear actuator dynamics in the BRD augments the com-
plexity not only of its mathematical model but also of the automatic control design that
forces the regulated movement of the BRD [12]. In addition, the linear actuator attached
to the BRD also introduces a mechanical reconfiguration in the BRD because of the actua-
tor’s mechanical structure, which is now giving up a new mass distribution [13], forcing
new damping and restricting the angular displacement at each articulation of the BRD
(Figure 1). Including linear actuators in BRD electromechanical configurations introduces
novel challenges for the automatic control design. Despite the development of automatic
controllers for BRD that has been studied for a long time, the dynamical nature of linear
actuators implies some new design paradigms, where the actuator now plays a mechanical
role as well as exerting the driving force to the BRD [14,15].

The characteristics of linear actuators force an increase in the number of states in
the actuated BRD and bound the control action considering the limited velocity of the
linear actuator and the restricted screw movement range. These particular settings must be
considered in the control design requirements for BRD, which are adjoined to the presence
of modeling imprecision and external uncertainties. All these challenging aspects can be
overcome if the proposed control design is robust but, at the same time, can satisfy the
successful tracking of the designed reference trajectories that define the needed articulation
movements for the BRD. Most of the reported control designs for BRD have not considered
such restrictions. Furthermore, many studies have not considered BRD designs’ movement
restrictions at each joint. Hence, an imprecise gain tuning process for the controllers aimed
to mobilize each of the joints, and the robot may manifest unwanted effects in the curse of
the transient period. These reasons have motivated the design of automatic controllers that
may consider all the referred states or/and control limitations. Penalty state-dependent
function, convex set projections, composite state convex sets, and adaptive gain barrier
Lyapunov function have been considered the most preferable options to assess the effect of
state restrictions on the control design.

Barrier Lyapunov function (BLF) is considered a preferable option that could be related
to restricted articulation movement. The number of applications of BLF has grown in recent
years due to the benefits of restricted systems’ transient and steady operation. Diverse
classes of BLF have been around since the beginning of the previous century, considering
the logarithmic, integral, and tangent variants, just to list some of them.

Robotic devices with biped configurations controlled by adaptive gains defined by the
application of BLF have shown significant benefits over systems using traditional control
formulations such as state feedback, extended state approaches, sliding modes, and many
others. However, there is a growing number of applications using adaptive state-dependent
gains for the proposed controllers, which are calculated using controlled BLF. However,
no reported study proposes the application of adaptive controllers based on BLF for linear
actuators for BRDs.

This study introduces a novel design for a state-dependent adaptive controller for
a BRD, including the presence of linear actuators in the robot configuration. The control
design considers state restrictions in the linear actuator and all the BRD articulations while
tracking reference trajectories corresponding to developing a regulated gait cycle for a
BRD. The study also includes the dynamics of the DC motor that drives the linear actuator
motion.

The central objective of this study is to present the development of an adaptive
automatic control method to resolve the trajectory tracking control design related to a BRD
that considers that each articulation is driven by a regular electrical linear actuator. As a
consequence, the main contributions of this study are the following: (a) the development
of an adaptive state-dependent controller, which is estimated with the application of a
controlled BLF; (b) the formal stability proof, which yields the calculus of gains depending
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on the states, which ensure the solution of the reference tracking for the BRD, including the
linear actuator dynamics and (c) the numerical evaluations, considering the application of
a virtual BRD yield to confirm the effectiveness of the proposed controller.

This manuscript is organized according to the following strategy. The modeling
strategy presented in Section 2 details the method to include the linear actuator presence for
each articulation in the BRD. This section also shows the mathematical model of the BRD,
including the dynamics of the linear actuators driving the movement of each articulation
in the robot. Section 3 describes the proposed adaptive controller based on the application
of logarithmic BLF functions and its corresponding proof and a variant of the proposed
controller implementing the estimation of the tracking error via a set of super-twisting
robust differentiators. Section 4 details the virtual BpR designed to test the proposed
controller implemented in Sim-Mechanics/Matlab. The numerical evaluations of the
controller are presented in Section 5, where the proposed controller is compared with a
classical PID controller. Finally, in Section 6, the conclusions of this paper are presented.

2. Mathematical Modeling Strategy

Including linear actuators on the biped robot structure introduces two possible model-
ing strategies. The first one considers the passive mechanical structure as the core part to
be modeled and the linear actuators as the active section that provides the mobilization of
the mechanical parts. The second strategy includes using the linear actuator as part of the
mechanical structure. The difference between these strategies can be visualized considering
the mechanical and active sections shown in Figure 1.

This section presents the general characteristics of the modeling strategies. For both
models, this study considers the following characteristics:

• The biped robot can mobilize the legs on the sagittal plane,
• The contact points between the actuator tip and the structural section of the biped are

not dynamic. Then, there is no dynamic contact (stiffness-damping).
• The linear actuator for each articulation is a lead screw and nut structure, which is

developing the linear action related to the linear actuator.
• The actuator is activated by a DC motor, which is also considered part of the control

design.
• All articulations in the biped robot are static based on a rotational joint which is

justified using the argument related to the motion in the sagittal plane.
• The biped robot is suspended, and it does not have any impact contact with the

supporting surface. These kinds of robots are aimed to serve as a basis for exoskeleton
devices, which can contribute to the rehabilitation processes.

Considering that q ∈ Q ⊂ Rn is the vector of generalized coordinates and q̇ ∈ Q ⊂
Rn, then the kinetic energy T : Q × Q → R+, T = T(q, q̇) and the potential energy
U : Q → R+, U = U(q) for the complete system may be obtained from the aggregated
analysis of subsystems forming the biped robot. The energetic components of the individual
subsystems can be calculated independently. Hence, the equations of motion are obtained
with the calculation of the Euler–Lagrange equations:

d
dt

(
∂

∂q̇i
L(q, q̇)

)
− ∂

∂qi
L(q, q̇) = τi − Ξi (1)

Here, we present the generalized forcing–dissipation terms τi ∈ R, Ξi ∈ R, and the
Lagrangian: L(q, q̇) = T(q, q̇) − U(q). The principles justifying this formalism can be
consulted in classical mechanics textbooks. Except for the differentiation that may become
cumbersome for systems with many articulations, the Euler–Lagrange equations formalism
can be applied straightforwardly because it is based on energetic-based functions. Based
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on the calculus for the Lagrangian and the application of the Euler–Lagrange schemes, the
complete model for a single leg of the BRD satisfies the following differential equation:

M(q(t))
d2

dt2 q(t) + C
(

d
dt

q(t), q(t)
)

d
dt

q(t) + G(q(t)) = τ(t)− Ξ(t) (2)

where q ∈ Q ⊂ R3 is the vector of angular positions that includes all joints of a single leg in
the exoskeleton. The inertia matrix is represented by M : R3 → R3×3, C : R3 ×R3 → R3×3

is the matrix of Coriolis and centrifugal forces, G : R3 → R3 includes the terms related to
the gravitational forces. The time-dependent term Ξ ∈ R3 is the vector that represents the
effect of viscous and dried frictions, external perturbations and modeling imprecision.

2.1. Development of Mathematical Model 1

The mechanical section of the biped robot depicted in Figure 1a is made up of fixed
links that are interconnected by the linear actuator structures. This figure demonstrates the
configuration of the articulations in the BRD, which are restricted by the linear movement
of the actuator.

The expression of the kinetic energy of this first model corresponds to

T =
3

∑
k=1

T
m f

k

(
θ1,2, θ2,2, θ3,2, θ̇1,2, θ̇2,2, θ̇3,2

)
+

3

∑
k=1

Tma
k,1
(γ1, γ2, γ3, γ̇1, γ̇2, γ̇3)+

3

∑
k=1

Tma
k,2
(γ1, γ2, γ3, γ̇1, γ̇2, γ̇3)

(3)

where the individual kinetic energies for the masses in the biped robot are presented
below. The first section of individual kinetic energies corresponds to the masses of the fixed
mechanical sections of the BRD (solid links), i.e., T

m f
1
, T

m f
2

and T
m f

3
, respectively, for the

three sections of the device:

T
m f

1
=

1
2

m f
1

(
0.5L f

1

)2(
θ̇1,2
)2 (4)

T
m f

2
=

1
2

m f
2

(
L f

1

)2(
θ̇1,2
)2

+
1
2

m f
2

(
L f

2
2

)2(
θ̇2,2
)2 −m f

2 L f
1 L f

2 cos(θ1,2 − θ2,2)θ̇1,2θ̇2,2 (5)

T
m f

3
=

1
2

m f
3

(
L f

1

)2(
θ̇1,2
)2

+
1
2

m f
3

(
L f

2

)2(
θ̇2,2
)2

+
1
2

m f
3

(
L f

3
2

)2(
θ̇3,2
)2−

2m f
3 L f

1 L f
2 cos(θ1,2 − θ2,2)θ̇1,2θ̇2,2 + m f

3 L f
1 L f

3 cos(θ1,2 − θ3,2)θ̇1,2θ̇3,2−
m f

3 L f
2 L f

3 cos(θ2,2 − θ3,2)θ̇2,2θ̇3,2

(6)

The second section of individual kinetic energies corresponds to the fixed mechanical
sections of each linear actuator in the BRD, i.e., Tma

j,1
, j = 1, 2, 3, respectively, for the three

actuators of the device:

Tma
j,1
= Tr

ma
j,1
+

1
4

ma
j,1

(
La

j,1

)2((
γ̇j
)2
)
+ ma

j,1La
j,1

(
ẋa,r

j,1 cos
(
γj
)
− ẏa,r

j,1sin
(
γj
))

(7)

where Tr
ma

j,1
is

Tr
ma

j,1
=

1
2

ma
j,1

((
ẋa,r

j,1

)2
+
(

ẏa,r
j,1

)2
)

(8)
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The third section of individual kinetic energies corresponds to the mobile mechanical
sections of each linear actuator in the BRD, i.e., Tma

j,2
, j = 1, 2, 3, respectively, for the three

actuators of the device:

Tma
j,2
= Tr

ma
j,2
+

1
4

ma
j,2

(
La

j,1

)2((
γ̇j
)2
)
+

1
8

ma
j,2

(
L̇a

j,2

)2
+

1
8

ma
j,2

(
La

j,2

)2(
γ̇j
)2
+

ma
j,2La

j,1

(
ẋa,r

j,1 cos
(
γj
)
− ẏa,r

j,1sin
(
γj
))

+
1
2

ma
j,2 L̇a

j,2

(
ẋa,r

j,1 sin
(
γj
)
+ ẏa,r

j,1cos
(
γj
))

+

1
2

ma
j,2La

j,2γ̇j

(
ẋa,r

j,1 cos
(
γj
)
− ẏa,r

j,1sin
(
γj
))

+
1
2

ma
j,2La

j,1 L̇a
j,2
(
sin(γj − γj)

)
+

1
2

ma
j,2La

j,1La
j,2
(
cos(2γj)

)
+

1
4

ma
j,2La

j,2 L̇a
j,2
(
sin(γj − γj)

)
γ̇j

(9)

where Tr
ma

j,2
corresponds to

Tr
ma

j,2
=

1
2

ma
j,2

((
ẋa,r

j,2

)2
+
(

ẏa,r
j,2

)2
)

(10)

Correspondingly, the formal expression of the potential energy is defined as follows

V =
3

∑
k=1

V
m f

k
(θ1,2, θ2,2, θ3,2) +

3

∑
k=1

Vma
k,1
(γ1, γ2, γ3) +

3

∑
k=1

Vma
k,2
(γ1, γ2, γ3) (11)

The first section of individual potential energies corresponds to the masses of the fixed
mechanical sections of the BRD (solid links), i.e., V

m f
k
, respectively, for the three sections of

the device:
V

m f
k
= m f

k gy f
k (12)

The second section of individual potential energies corresponds to the fixed mechanical
sections of each linear actuator in the BRD, that is, Vma

j,1
, j = 1, 2, 3, respectively, for the

three actuators of the device:
Vma

j,1
= ma

j,1gya
ja (13)

The third section of individual potential energies corresponds to the mobile mechanical
sections of each linear actuator in the BRD, that is, Vma

j,2
, j = 1, 2, 3, respectively, for the

three actuators of the device:
Vma

j,2
= ma

j,2gya
jb (14)

The calculus of both the potential and kinetic energies in the BRD uses the estimation
of the centers of masses of the fixed sections in the robot x f

j and y f
j that correspond to

x f
1 =

1
2

L f
1 cos(θ1,2)

y f
1 =

1
2

L f
1 sin(θ1,2)

(15)

x f
2 = L f

1 cos(θ1,2)−
1
2

L f
2 cos(θ2,2)

y f
2 = L f

1 sin(θ1,2)−
1
2

L f
2 sin(θ2,2)

(16)

x f
3 = L f

1 cos(θ1,2)− L f
2 cos(θ2,2) +

1
2

L f
3 cos(θ3,2)

y f
3 = L f

1 sin(θ1,2)− L f
2 sin(θ2,2) +

1
2

L f
3 sin(θ3,2)

(17)
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The configuration of the linear actuators in the form shown in Figure 1 implies the
necessity of connecting the active length of the actuators with respect to the angular motion
obtained at each articulation in the legs of the BRD. These relationships are the following:

(
L f

1,1

)2
=
(

L0)2
+
(

La
1
)2 − 2L0La

1cos
(
γc

1
)

(
L f

2,1

)2
=
(

L f
1,3

)2
+ (La

2)
2 − 2L f

1,3La
2cos(γc

2)(
L f

3,1

)2
=
(

L f
2,3

)2
+
(

La
3
)2 − 2L f

2,3La
3cos

(
γc

3
)

(18)

Complementarily, the angles γj = π/2− γc
j with j = 1, 2, 3.

The corresponding coordinates for the fixed sections of the linear actuators are(
xa

ja, ya
ja

)
while the coordinates for the mobile section are defined by

(
xa

jb, ya
jb

)
, which

can be expressed as follows

xa
ja = xa,r

j,1 +
1
2

La
j,1sin

(
γj
)

xa
jb = xa,r

j,1 + La
j,1sin

(
γj
)
+

1
2

La
j,2sin

(
γj
)

ya
ja = ya,r

j,1 +
1
2

La
j,1cos

(
γj
)

ya
jb = ya,r

j,1 + La
j,1cos

(
γj
)
+

1
2

La
j,2cos

(
γj
)

(19)

where xa,r
1,1 = x′0, ya,r

1,1 = y′0; xa,r
2,1 = xb, ya,r

2,1 = yb and xa,r
3,1 = xd, ya,r

3,1 = yd. The relationships
for the coordinates of the fixed and mobile sections require the analysis of the connections
between the lengths of the actuators and the angular motions, which are

(
L0)2

= (x′0)
2 + (y′0)

2

(
L f

1,1 + L f
1,2

)2
= (xb)

2 + (yb)
2

(
L f

1

)2
+ L f

1

(
L f

2,1 + L f
2,2

)
cos(θ1,2 − θ2,2) +

1
4

(
L f

2,1 + L f
2,2

)2
= (xd)

2 + (yd)
2

(20)

The corresponding velocities for the fixed sections of the links in the BRD are the
following:

ẋ f
1 = −1

2
L f

1 sin(θ1,2)θ̇1,2

ẏ f
1 =

1
2

L f
1 cos(θ1,2)θ̇1,2

(21)

ẋ f
2 = −L f

1 sin(θ1,2)θ̇1,2 +
1
2

L f
2 sin(θ2,2)θ̇2,2

ẏ f
2 = L f

1 cos(θ1,2)θ̇1,2 −
1
2

L f
2 cos(θ2,2)θ̇2,2

(22)

ẋ f
3 = −L f

1 sin(θ1,2)θ̇1,2 + L f
2 sin(θ2,2)θ̇2,2 −

1
2

L f
3 sin(θ3,2)θ̇3,2

ẏ f
3 = L f

1 cos(θ1,2)θ̇1,2 − L f
2 cos(θ2,2)θ̇1,2 +

1
2

L f
3 cos(θ3,2)θ̇3,2

(23)
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The corresponding velocities of fixed and mobile masses for the linear actuators are
given by

ẋa
ja = ẋa,r

j,1 +
1
2

La
j,1cos

(
γj
)
γ̇j

ẋa
jb = ẋa,r

j,1 + La
j,1cos

(
γj
)
γ̇j +

1
2

L̇a
j,2sin

(
γj
)
+

1
2

La
j,2cos

(
γj
)
γ̇j

ẏa
ja = ẏa,r

j,1 −
1
2

La
j,1sin

(
γj
)
γ̇j

ẏa
jb = ẏa,r

j,1 − La
j,1sin

(
γj
)
γ̇j +

1
2

L̇a
j,2cos

(
γj
)
− 1

2
La

j,2sin
(
γj
)
γ̇j

(24)

Considering the basis of the linear actuators, the following restrictions hold for the
relationships between the time-varying lengths of the linear actuators:

((
ẋa,r

1,1

)2
+
(

ẏa,r
1,1

)2
)
= 0

((
ẋa,r

2,1

)2
+
(

ẏa,r
2,1

)2
)
=
(

L f
1,1 + L f

1,2

)2(
θ̇1,2
)2

((
ẋa,r

3,1

)2
+
(

ẏa,r
3,1

)2
)
=
(

L f
1

)2(
θ̇1,2
)2

+
(

L f
2,1 + L f

2,2

)2(
θ̇2,2
)2−

2L f
1

(
L f

2,1 + L f
2,2

)
cos(θ1,2 − θ2,2)θ̇1,2

(25)

The mathematical expressions of the linear positions and their corresponding velocities
are obtained using the configurations in the BRD and considering the relative motions of
all the linear actuator devices with respect to the fixed sections of the BRD.

2.1.1. Tendon-Driven Actuation Principle

The expected behavior of the linear screw-lead and nut device as a linear actuator on
the biped robot can be described in the following form: first, an electrical DC motor transfers
the rotational motion to a ball screw where the nut is locked in rotation. This configuration
allows free space for displacement along the screw axis, using an anti-rotation mechanism.
This configuration has been used in diverse linear actuators. This study considered a
similar structure. The generated linear displacement of the nut is transmitted over a
specific link, which is eventually driving the rotational joint by the associated rotational
torque. This configuration permits a single actuation architecture that reproduces tendon
routing, therefore reducing friction. Notice that the friction effect associated with the force
transmission tendons is the major source of friction in complex mechanical biped robot
configurations. In the case of the BRD considered in this study, the activity of the linear
actuator operates at the level of rotational torque that mobilizes each articulation. Noticing
that each articulation is driven by two main forces (the linear actuator and gravitational),
the following relation is considered:

τi =

[
~ri, ma

i
d2

dt2~xs

]
−

Na
i

∑
j=1

[
~rCM,j, mj~g

]
(26)

where~ri is the vector from the articulated joint and the point of actuator insertion on the
robot link, ma

i is the mass of the mobile section in the linear actuator, ~xs is the displacement
of the same mobile section, Na

i is the number of links placed below the analyzed joint,
which induces torque action,~rCM,j is the vector connecting the coordinates of the joint and
those of the center of mass of each link J, mJ is the mass of the link and ~g is the gravity
vector.

2.1.2. Actuator Dynamics

An electromechanical actuator (EMA) is made of an electric DC motor (that corre-
sponds to the electrical section) and an associated mechanical gearbox (that defines the
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mechanical section). EMAs are categorized in both rotative and linear stages. A linear
actuator is as follows: geared and direct-driven linearly operated EMA. The geared linear
electromechanical actuator generally consists of a DC motor with a lead-screw (or ball-
screw or roller-screw) and a nut assembly. The motor shaft connects to the lead screw
using a shaft coupling or a transformation gearbox. The DC motor transforms the electrical
energy to the respective rotational motion of the shaft. Hence, the lead screw converts the
rotary motion into proportional linear motion. The motor shaft rotates either anti-clockwise
or clockwise, depending on the voltage input polarity. Once the rotational motion is trans-
ferred to the lead screw, the nut assembles the needed motion (XN), either forward or
backward, depending on the forced rotational direction of the shaft.

In the direct-driven linear actuator (considering both electrical and mechanical sec-
tions), the nut is the rotational element, and the lead screw represents the translational
element. The lead screw structure is accommodated inside the actuator itself, considering
the technical composition of the DC motor. The interiorly threaded nut is placed inside
the rotor. The rotor and the nut rotate when the engine receives electrical energy. This
rotational motion of the nut forces the linear lead-screw motion. The shaft attached to
the ending section of the lead screw has slotted grooves. This configuration restricts the
rotational motion of the associated lead screw simultaneously with the nut. In terms of their
functionalities, the two mentioned actuators are not significantly different. Nonetheless,
the direct-driven EMA has a compact size compared to the geared EMA. This configuration
makes the direct-driven EMA a suitable and appropriate technical option for aerospace,
robotics, and other industries.

Modeling a single EMA is crucial for developing a multi-element set of actuators oper-
ating as HRA. This section presents the mathematical model of a direct-driven linear EMA.
The electric circuit implies that the supplied electrical power using a given voltage (Va)
forces the current ia flow whose conduction is opposed by the conducting path resistance
(Ra), inductance (La) and a back electromechanical force or e.m.f. for short (Vb), which is

equivalent to Ke
dθm

dt
. The voltage balance is expressed as:

Ke
d
dt

θm + La
d
dt

ia + Raia = Va (27)

Here Ke represents the back e.m.f parameter. The parameter θm characterizes the
angular variation of the DC motor. In the mechanical part, inertia, damping, and frictional
settings are concentrated parameters. When the electromagnetic torque performed by the
electrical section is supplied to the mechanical section of the actuator (lead-screw and

nut) rotational element, it moves at a given rate of
d
dt

θm, which corresponds to the given
moment of inertia Jm. The angular speed of both sections, the rotor and the nut are the
same because they are attached to each other [13].

The variables labeled as xs and xl represent linear variations of the lead screw and the
load correspondingly. The matrix Ks defines the relative stiffness existing between the lead
screw with respect to the nut. The damping between the bearing and rotor is defined by
the variable Cs. The produced torque τm is operating in opposition by damping torque τd,
load torque τl and the inertial torque τi. Therefore, the electromagnetic-related torque is
balanced by the other three developed torques [16], that is:

τm = τd + τl + τi

τm = Ktia τd = D
d
dt

θm τi = J
d2

dt2 θm

τl =
Cs · l
2π

(ẋs − ẋl) +
Ks · l
2π

(xs − xl)

(28)

where D is viscous damping at the armature. The torque τm produced as a function of
the current ia that passes through the armature appears in (28). The matrix Kt defines the
torque constant. Equivalently, the inertial, damping, and load torques are described in
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the subsequent expressions in (28), respectively. In that equation, the term
l

2π
is used for

converting the angular displacement of the nut to linear displacement of the lead screw,
where l is the screw lead. The substitution of τm, τd, τl and τi in (28) and bringing the
electrical relationship in (27) yields:

Ktia = D
d
dt

θm +
Cs · l
2π

(ẋs − ẋl)+

Ks · l
2π

(xs − xl) + J
d2

dt2 θm

Ke
d
dt

θm + Raia + La
d
dt

ia = Va

(29)

with xs = (l · θ)/(2 · π) the relationship between the angular displacement and the dis-
placement of the linear actuator (considering the lead screw configuration). In terms of the

movement efficiency, the following relationship is also valid
d
dt

xs = Γr
d
dt

θ
1

η · τi
, where Γr

is the resistive torque, and η is the ball-screw efficiency.
The application of the assumption describing the class of interaction between the tip

of the actuator and the link in the biped robot results in xs = xl . Using the state variable
theory for each actuator τi with the definitions χA

1,i = θm,i, χA
2,i = θ̇m,i and χA

3,i = ia,i and the
corresponding parameters (labeled with a superscript i) yields the following model for the
actuator:

d
dt

χA
1,i = χA

2,i

d
dt

χA
2,i =

Di
Ji

χA
2,i +

Kt,i

Ji
χA

3,i

d
dt

χA
3,i = −

Ke,i

La,i
χA

2,i −
Ra,i

La,i
χA

3,i +
Va,i

La,i

(30)

The pushing force of the linear actuator can be estimated as FA
i =

(
mA

i
d
dt

χA
2,i

)
,

therefore the torque τi = L f
i,1 · FA

i · sin(δi) produced by this force over the joint i corresponds
to δi = π − θm,i − γc

i .

2.2. Development of Mathematical Model 2

Considering that the actuators are considered part of the mechanical section of the
biped robot, let us consider the model presented in Figure 1. This section develops the
geometrical analysis that integrates the mechanical section and the actuator’s dynamic
movement. Considering the model in Figure 1 and studying the section corresponding to
the hip section, the following relations are valid:

θ1 = θ1,1 + θ1,2 (31)

The fixed relation between (x0, y0) and (x′0, y′0) yields

θ1,1 = atan
(

y′0 − y0

x′0 − x0

)
(32)

Now consider that the length of the selected linear actuator for the hip section La
1 is

given by La
1 = La

1,1 + La
1,2. In view of the mechanical relation between (x0, y0), (x′0, y′0) and

(xa, ya), the following equation is produced:

(La
1)

2 =
(

L0
)2

+
(

L f
1,1

)2
− 2L0L f

1,1cos(θ1) (33)
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In view of (33), γ1,2 = 0.5π − θ1,2, the following relations are valid:

cos(γ1,2) =
y0 − ya

L f
1,1

=
y0 − yb

L f
1,1 + L f

1,2

=
y0 − y1

L f
1

sin(γ1,2) =
x0 − xa

L f
1,1

=
x0 − xb

L f
1,1 + L f

1,2

=
x0 − x1

L f
1

(34)

Using a similar geometrical study for the knee study, the following angular equation
is valid:

θ2 = θ2,1 + θ2,2 (35)

The static relation given for (xb, yb) and (x1, y1) yields

θ2,1 = atan
(

yb − y1

xb − x1

)
(36)

Taking into account the length of the selected linear actuator for the knee section, La
2 is

given by La
2 = La

2,1 + La
2,2. In view of the mechanical relation between (xb, yb), (x1, y1) and

(xc, yc), the following equation is produced:

(La
2)

2 =
(

L f
1,3

)2
+
(

L f
2,1

)2
− 2L f

1,3L f
2,1cos(θ2) (37)

In view of (37), γ2,2 = 0.5π − θ2,2, the following relations are valid:

cos(γ2,2) =
y1 − yc

L f
2,1

=
y1 − yd

L f
2,1 + L f

2,2

=
y1 − y2

L f
2

sin(γ2,2) =
x1 − xc

L f
2,1

=
x1 − xd

L f
2,1 + L f

2,2

=
x1 − x2

L f
2

(38)

For the ankle analysis, the corresponding angular equation is valid:

θ3 = θ3,1 + θ3,2 (39)

The static relation given for (xd, yd) and (x2, y2) yields

θ3,1 = atan
(

yd − y2

xd − x2

)
(40)

In view of the length of the selected linear actuator for the ankle section, La
3 corresponds

to La
3 = La

3,1 + La
3,2. Considering the mechanical relation between (xd, yd), (x2, y2) and

(xe, ye) yields:

(La
3)

2 =
(

L f
2,3

)2
+
(

L f
3,1

)2
− 2L f

2,3L f
3,1cos(θ3) (41)

According to (41), γ3,2 = 0.5π − θ3,2, the following relations are valid:

cos(γ3,2) =
x2 − xe

L f
3,1

=
x2 − x3

L f
3

sin(γ3,2) =
y2 − ye

L f
3,1

=
y2 − y3

L f
3

(42)

According to the mechanical relations described in this section, the kinetic and po-
tential energies can be obtained in the form presented in the Mathematical Model 1. The
calculus is omitted just to avoid unnecessary repetition of similar information.
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Notice that integrating the actuator as an active element of the mechanical section
simplifies the analysis of the actuator effect. Indeed, one may notice that mathematical
modeling of the actuator dynamics for this case corresponds to τm in (28), with τd = τl = 0.
Therefore, the model for the actuation system inside the actuator (which is operating here
as a prismatic joint) satisfies the dynamics presented in (30) with Di = 0.

Despite that this second model appears as a more simple version of the mathemat-
ical description of the BRD, it could be more complicated to use in the control design
formulation.

3. Automatic Control of Biped Robot with Linear Actuators

This section demonstrates how to implement linear actuators as part of the biped robot
structure. The modeling strategy considers two options,

3.1. Control Realization for Biped Robot Using Linear Ball Screwdrivers as Actuation Devices

The dynamic model of a single leg presented in (2) can be represented (with ζα := q

and ζβ :=
d
dt

q) as follows [17,18]:

d
dt

ζα(t)=ζβ(t)
d
dt

ζβ(t)= f (ζ(t), t) + g(ζα(t))τ(t) + Υ(ζ(t), t)

y(t) = ζα(t)

(43)

with ζ> = [ζ>α , ζ>β ], where ζ ∈ X ⊂ R2n, X is an open subspace of the state space, ζα ∈ Rn

is a vector formed with the angles describing the angular motions related to each joint in
the BRD. The vector ζβ ∈ Rn represents the derivative of the angular motions for each
joint with respect to time. The variable y represents the available output information that
can be measured from the biped robot. The vector filed f : X × R+ → Rn defines the
internal dynamics of the BRD. The structure of this function can be obtained using the Euler–
Lagrange method. This study does not study the interactions between contacting surface
and the BRD. The mathematical properties of the field f guarantee the local Lipschitz
condition given here:

‖ f
(
ζ1)− f

(
ζ2)‖ ≤ L f ‖ζ1 − ζ2‖,

ζ1 ∈ X, ζ2 ∈ X, L f ∈ R+ (44)

The matrix g : Rn → Rn×n defines how the input action modifies the dynamics of the BRD.
The structure of this matrix corresponds to the inverse of the inertia matrix for the BRD,
which is positive definite. This matrix satisfies the following inequality (45) uniformly on
t ≥ 0 (using the Frobenius matrix norm):

0 < g− ≤ ‖g(ζα)‖F ≤ g+ < +∞
g− ∈ R+, g+ ∈ R+ (45)

The term Υ : X×R+ → Rn represents the uncertainties/perturbations, and it belongs to
the following set:

Ξ =

{
Υ| sup

t≥0, ζ∈Rn
‖Υ‖2 ≤ Υ0 + Υ1‖ζ‖2

}
(46)

Because of the nature of the mechanical structure, it must satisfy the angular displacement
restrictions for all the components of the state vector:

−∞ < ζ−α,i ≤ ζα,i ≤ ζ+α,i < +∞, ζ−α,i, ζ+α,i ∈ R (47)
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This study assumes that an upper limit exists ζ+, given as follows:

(max
i

ζ+i )n

λmin{P}
= ζ+ (48)

where ζi characterizes the motion restriction for the ith angular displacement and P ∈ Rn×n

is a positive definite weighting matrix. Such a matrix may be used to impose some specific
articulation restrictions. Therefore, ζ+ provides the bounds for the BRD states according to
the following relationship:

‖ζ‖2
P ≤ ζ+ (49)

The term Υ corresponds to Υ = M−1Ξ. A biped robot actuated with linear ball
screwdrivers gains postural force. Usually, an individual driver is placed at each articulation
forming the configuration observed in Figure 1.

3.2. Output Feedback Control of Biped Robot

This section details all the elements in the automatic control design, including the
implementation of the output feedback form, the implementation strategy as well as a brief
sketch of the stability proof for the close loop dynamics.

The aim of this study is to develop an output feedback control u = u(t) for a biped
robot such that

‖ζa(t)− ζ∗a (t)‖ ≤ β0 , ∀t > T > 0 (50)

Here, T is a given time, and the positive scalar β0 defines the quality of the tracking
trajectory for the reference trajectory ζ∗a , which satisfies the following ordinary differential
equation:

d
dt

ζ∗α(t)=ζ∗β(t)
d
dt

ζ∗β(t)=h
(

ζ∗α(t), ζ∗β(t), t
) (51)

Here the vector field h : X × X × R+ → Rn is a locally Lipschitz function, which
characterizes the reference trajectories. The reference trajectories are proposed to satisfy the
same bounds that are admitted for the angular displacements of each joint, that is

−∞ < ζ−α,i ≤ ζ∗α,i ≤ ζ+α,i < +∞, ζ−α,i, ζ+α,i ∈ R (52)

Defining the trajectory tracking error δ(t) ∈ R2n, which is given by δ = ζ − ζ∗, where
ζ∗ = [(ζ∗α)>, (ζ∗β)

>]>. Hence, the dynamics of δ(t) are given by:

d
dt

δ(t)=Aδ(t) + B( f (ζ(t), t) + g(ζα(t))τ(t))

+B
(

Υ(ζ(t), t)− h
(

ζ∗α(t), ζ∗β(t), t
))

A =

[
0n In
0n 0n

]
B =

[
0n
In

] (53)

The matrices A and B satisfy a companion controllable form with the correct dimen-
sions.

The controller design considered in this study assumes that the control form satisfies
the following linear form with a state-dependent gain

τ(t) = g−1(ζa(t))
(

K(t)δ̂(t)− h
(

ζ∗α(t), ζ∗β(t), t
)
− f (ζ(t), t)

)
(54)

Notice that this formulation appears to be a class of adaptive state-dependent feedback
for the class of biped robot. In the controller form, δ̂ is the tracking error using the
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estimates of ζβ. The gain of the suggested controller is defined as K(t) = [KP(t) KD(t)]
with KP ∈ Rn×n and KD ∈ Rn×n.

The linear control form has well-known efficient tracking characteristics, and its

implementation requires measuring
d
dt

y(t). The possibility of obtaining the estimation of
such derivatives online usually implies important technical resources such as additional
sensors. A feasible alternative is instrumenting a class of RED, which can yield an accurate

estimation of the time derivative of
d
dt

y(t) [19]. This study uses the significant benefits of
the STA method, which has proven to be one of the more efficient alternatives to obtain an
accurate estimation of the time derivative of the output information, while it can be used
as part of output feedback control forms [20].

For a scalar variable, the STA operating as a RED can be detailed as follows. Consider
that w1(t) = r(t), with r(t) ∈ R being the signal that must be differentiated, and w2(t) =
d
dt

r(t) describes its time-derivative. Assuming that
∣∣∣∣

d2

dt2 r(t)
∣∣∣∣ ≤ r+, it is feasible to propose

the following auxiliary dynamic representation

d
dt

w1(t) = w2(t),
d
dt

w2(t) =
d2

dt2 r(t) (55)

The set of differential equations (55) consists of the state-space description for r(t).
The STA used to obtain the derivative of r(t) satisfies

d
dt

w̄1(t) = w̄2(t)− λ1|w̃1(t)|1/2sign(w̃1(t))
d
dt

w̄2(t) = −λ2sign(w̃1(t))

w̃1 = w̄1 − w1; d(t) =
d
dt

w̄1(t)

(56)

where w̄1 and w̄2 are the STA variables and λ1, λ2 > 0 are its gains [19]. The time-dependent
signal, d(t), represents the output of the RED in (56). Here,

sign(ν) =





1 i f ν > 0
[−1, 1] i f ν = 0
−1 i f ν < 0

(57)

3.3. Adaptive Output-Feedback Controller Including the Joint Restrictions and Actuator Dynamics

The dynamics of each articulation in system (43) can be presented as the composition
of n-subsystems as follows:

d
dt

ζα,i(t)=ζβ,i(t)

d
dt

ζβ,i(t)= fi(ζ(t), t) + gi,i(ζα(t))τi(t) +
n

∑
j=1,j 6=i

gi,j(ζα(t))τj(t) + Υi(ζ(t), t)

τi(t) = L f
i,1 ·
(

mA
i

d
dt

χA
2,i

)
· sin

(
π − χA

1,i − γc
i

)

d
dt

χA
1,i = χA

2,i

d
dt

χA
2,i =

Di
Ji

χA
2,i +

Kt,i

Ji
χA

3,i

d
dt

χA
3,i = −

Ke,i

La,i
χA

2,i −
Ra,i

La,i
χA

3,i +
Va,i

La,i

(58)
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where ζa,i and ζb,i are the i− th and (n + i)− th states of (43). The nonlinear forms fi(·) and
gi,i(·) are the functions corresponding to the states ζa,i as well as ζb,i. Additionally, γi(·, ·)
describes the corresponding uncertain section of the studied subsystem. The positioning of
the linear actuator and the movement dynamics of each articulation in the biped robot (43)
presented in Figure 1 establishes a relationship between torques at the analyzed i-th joint.
This fact is represented in (58).

Based on the definition for the tracking error introduced in (53), the individual tracking
error for each angular joint in the biped robot satisfies:

d
dt

δi(t) = δi+n(t)

d
dt

δi+n(t) = fi(ζ(t), t) + gi,i(ζα(t))τi(t)−

hi
(
ζ∗a (t), ζ∗b (t)

)
+

n

∑
j=1,j 6=i

gi,j(ζα(t))τj(t) + Υi(ζ(t), t)

(59)

Here, the Lipschitz function hi
(
ζ∗a (t), ζ∗b (t)

)
is the i − th component of h

(
ζ∗a (t), ζ∗b (t)

)
.

Notice that each tracking error δi admits the following bounds

δ−i := ζ−α,i − ζ+α,i < δi < ζ+α,i − ζ−α,i =: δ+i (60)

Based on the restrictions estimated for each δi, the application of asymmetric output-
based BLF yields the construction of the proposed controller that drives the corresponding
tracking error towards the invariant zone near the origin.

The convergence for the trajectory tracking error δ in (59) can be justified by the
arguments described in the next theorem:

Theorem 1. Consider the BRD system (43), with the control law proposed in (54) and the gains
adjusted as in

d
dt

KP,i(t) = −λP,iP1,iδi|δi| − αi

(
KP,i(t)− K∗P,i

)

d
dt

KD,i(t) = −λP,iP1,i
d
dt

δ̂i|δi| − αi

(
KD,i(t)− K∗D,i

) (61)

where δ̂i is the estimated derivative of δi. Hence, the controller uses the time-derivative of the
tracking error obtained by the implementation of the STA as RED given in (56). If there are positive
constants αi, λ1,i, λ2,i, then the Lyapunov inequalities have positive-definite solutions P1,i matrices:

A>1,iP1,i + P1,i A1,i ≤ −Q1,i

A1,i =

[ −λ1,i 1
−2λ2,i 0

]
, Q1,i = Q>1,i > 0, Q1,i ∈ R2×2 (62)

and if there are positive gains K∗P,i, K∗D,i that can be selected in such a way that the Riccati equations
described by

P2,i(A2,i + αi I) + (A2,i + αi I)
>P2,i + P2,iR2,iP2,i + Q2,i ≤ 0 (63)

have positive definite P2,i matrices as solutions with

A2,i =

[
0 1
−K∗P,i −K∗D,i

]
, R2,i = Λa,i + Λb,i

Q2,i = 4λmax

{
Λ−1

b,i

}
I2×2 + Λ̄a,i,

Λ̄a,i = LiΛa,i, Li ∈ R+

Λa,i = Λ>a,i > 0, Λb,i = Λ>b,i > 0
Λa,i, Λb,i ∈ R2×2 αi ∈ R+

(64)
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hence, δ> = [δ1, . . . , δn, δn+1, . . . , δ2n] is globally ultimately bounded with the ultimate bound
given by

lim
t→∞

E>(t)P2E(t) ≤
n

∑
i=1

γi
αi

(65)

where

P2 =




P2,1 02×2 · · · 02×2
02×2 P2,2 · · · 02×2

...
...

. . .
...

02×2 02×2 · · · P2,n


 (66)

and γi = 2λmax

{
Λ−1

b,i

}
(Υ0).

The proof of this theorem is presented at the end of this manuscript.

3.4. Actuator Dynamics and Voltage Determination

In view of the relationships presented for the linear actuator and the control actions
obtained in the main theorem of this study,

τi = L f
i,1 · FA

i · sin(δi) = L f
i,1 ·mA

i
d
dt

χA
2,i · sin(δi) = L f

i,1 ·mA
i

(
Di
Ji

χA
2,i +

Kt,i

Ji
χA

3,i

)
· sin(δi) (67)

Using the STA, one may substitute χA
2,i by its estimate χ̂A

2,i, and then the proposed
controller may be represented as follows:

τ̂i = L f
i,1 ·mA

i

(
Di
Ji

χ̂A
2,i +

Kt,i

Ji
χA

3,i

)
· sin(δi) (68)

To obtain the requested voltage in the linear actuator, let us introduce the difference
between the needed torque ∆τi = τ∗i − τ̂i, which satisfies the following dynamics

d
dt

∆τi =
d
dt

τ∗i −
d
dt

(
L f

i,1 ·mA
i

(
Di
Ji

χ̂A
2,i +

Kt,i

Ji
χA

3,i

)
· sin(δi)

)
(69)

The estimation of the derivative applied in the equation
d
dt

∆τi yields the following
representation:

d
dt

∆τi =
d
dt

τ∗i −
(

L f
i,1 ·mA

i

(
Di
Ji

d
dt

χ̂A
2,i +

Kt,i

Ji

d
dt

χA
3,i

)
· sin(δi)

)
+

(
L f

i,1 ·mA
i

(
Di
Ji

χ̂A
2,i +

Kt,i

Ji
χA

3,i

)
· cos(δi)

d
dt

δi

) (70)

The expression given in (70) can be alternatively expressed as follows
d
dt

∆τi = ΦA
i (t) +

ΓA
i (t)Va,i(t), where the expressions for ΦA

i (t) and ΓA
i (t) are given here

ΦA
i (t) =

d
dt

τi +


 L f

i,1mA
i (JiKt,iKe,i − Di)

JiLa,i
sin(δ)

+
L f

i,1mA
i Di

Ji
cos(δ)

d
dt

δ


χ̂A

2,i +


 L f

i,1mA
i (Kt,iRa,i − JiDiKt,i)

JiLa,i
sin(δ)

+
L f

i,1mA
i Kt,i

Ji
cos(δ)

d
dt

δ


χA

3,i

(71)
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and

ΓA
i (t) =

L f
i,1mA

i Kt,i

JiLa,i
sin(δ) (72)

Thus, the dynamic evolution of the error can be written as:

d
dt

∆τi = FA
i

(
δ, ˆχA

2,i, χA
3,i, t

)
+ GA

i (δ, t)Va,i (73)

A potential solution to Va,i(t) is

Va,i(t) = −
[
ΓA

i (t)
]−1[

ka
i sign(∆τi ) + FA

i

(
δ, ˆχA

2,i, χA
3,i, t

)]
(74)

Notice that it is straightforward to prove that the proposed voltage is enforcing the
finite-time reproduction of the needed torque for controlling the proposed BRD.

4. Virtualize Finite Time Convergence of the Biped Robot

The evaluation of the proposed controller for the considered BRD with linear actuators
was conducted using a virtual representation of the device as well as the linear actua-
tors. The designed representation of the robot, which was originally developed in the
SolidWorks® Computer Assisted Design software served to test the proposed differentiator
as well as the controller. The design was made considering parameters that agree with
actual materials such as aluminum. All the elements in the BRD were designed considering
the actual dimensions of an adult of 1.85 m height. The adaptive controller proposed in this
study was evaluated using the MATLAB® software using the Simulink® environment with
its SimMechanics Toolbox®. The simulation algorithm was developed with the following
settings: numeric integration with the fixed step of 10 µs seconds using the Runge–Kutta
solver. The control algorithm was developed on a personal computer with a Core I7 proces-
sor, 32 GB of RAM memory, no additional graphic processing unit, and running Windows
10 as an operating system.

The evaluation of the developed controller considers a comparison with the classical
Proportional-Integral-Derivative (PID) controller. This selection considers the compensa-
tion ability for external perturbations that this extended state feedback control form has.
The parameters of this controller are modified using the self-tuning algorithm for the PID
formulation proposed in Matlab. This algorithm performs a frequency-response estimation
experiment, injects signals into the system to be controlled, and measures the output. The
method also considers the resulting calculated frequency response for tuning the given
PID gains for the controlled system. The application of such a tuning algorithm permits a
fair comparison with the developed controller, which is considered the main contribution
of this study. When some other parameters produce lesser mean square values for the
tracking errors, they may increase the power connected to the controller’s application. The
evaluation of the trajectory tracking results considers only a single lower limb, showing the
benefits of the controller application.

5. Numerical Evaluations

Figure 2 depicts the numerical results related to the tracking result for the reference
trajectory for the left-hip articulation of the BRD using the selected PID and the adaptive
controllers. These results confirm that both controllers show similar tracking outcomes. A
high-quality tracking of the reference trajectories is attained after 0.2 s for both controllers.
The equivalence in the tracking is no longer valid, considering that the proposed adaptive
controller tracks the reference without exhibiting fast oscillations as the regular PID en-
forces. PID cannot provide an efficient, robust tracking of the references, highlighting the
suggested controller’s benefits. The three articulations validate this fact on the left side of
the biped robot. Consequently, the tracking error converges to a characterized invariant set,
which characterizes this study’s main result. Figure 2a–c detail the evolution of angular
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displacements for the hip, knee and ankle, respectively, including the comparison of PID
and the proposed adaptive controller. These individual comparisons confirm that the
adaptive controller tracks each reference with smaller oscillations around the reference
trajectories.
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Figure 2. Position tracking for each joint, comparing the proposed adaptive controller (red) scheme
with a regular PID controller (green) for the hip (a), knee (b) and ankle (c).

Figure 3 depicts the evolution of the tracking deviations generated with the adaptive
and the regular PID controllers. The comparison validates that the selected PID controller
produces oscillations with larger amplitudes around the zero value when the time increases.
These oscillations confirm that despite the fact that the PID controller may work robustly
concerning external perturbations and uncertain modeling sections, there is no efficient
tracking of the reference (measured in terms of the tracking errors). At the same time,
implementing the adaptive gains improves the tracking quality. Even when the differ-
ences between the tracking errors produced by the PID and the adaptive controller are
insignificant, their values are relevant in the BDR performing the gait cycle process.

Figure 4 shows the temporal evolution of the Euclidean norm for the tracking deviation
produced with the implementation of both controllers, the PID, and the proposed adaptive
form. These norms are presented simultaneously here to evaluate the adaptive control
quality. The comparison highlights that the suggested controller drives the tracking error
toward the origin, implementing both adaptive and PID forms. The more significant norm
produced by the PID controller also proves that the adaptive form induces better tracking
of the reference trajectory, which yields a better gait cycle developed by the suggested
biped robotic device. This figure also shows that the adaptive control form produces a
minor mean square error, significantly improving traditional control forms such as the PID.
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Figure 3. Tracking error signal comparison between the proposed adaptive controller (red) scheme
and the regular PID controller (green) for the hip (a), knee (b) and ankle (c).
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Figure 4. Tracking error signals norm.

Figures 5 and 6 compare the torque evolution measured at all three joints in a particular
leg of the biped robot. This comparison exhibits similar temporal evolutions for both
controllers (for both PID and adaptive structures) for the three articulations. The individual
torque obtained for each articulation is larger if the PID controller is compared with the
adaptive form. Notice that such comparison confirms that the adaptive form enhances the
tracking in both senses, the better tracking quality and the corresponding smaller energy
(Figure 6).

Figure 6 also highlights the high energy consumed by the PID controller, while the
adaptive controller is significantly smaller in comparison. The temporal evolution of the
control norm motivates the inclusion of the adaptive controller for mobile robots, such as
the biped structure considered in this study, with the linear actuators as driving elements.
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Figure 5. Tracking control signal comparing the proposed adaptive controller (red) scheme with the
regular PID controller (green) for the hip (a), knee (b) and ankle (c).
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Figures 7 and 8 show the comparison of the torque enforced by both controllers,
adaptive and PID forms. Notice that these reference torques are different due to the back-
stepping formulation using either the PID or the adaptive control forms, which limits the
ability to obtain a unified comparison of all three trajectories. The numerical outcomes
correspond to the tracking of the reference PID and adaptive torques for hip, knee, and
ankle articulations of the biped robot. In all these comparisons, the adaptive controller
performs better in the tracking of the reference trajectories.

The reference tracking for the requested torques attains a similar time (0.12 s), which
is smaller than the needed time for the position tracking. The equivalent quality tracking
for torques in the PID case is not as good as in the case of the adaptive control form.
Considering that the adaptive control structure forces a better tracking of the reference
torque, the better tracking of the reference angular motion is even more justified. PID
cannot provide an efficient tracking of the reference torques, highlighting the benefits of
the suggested controller. This fact is confirmed for all three articulations in the biped robot
structure corresponding to the calculated torques. The tracking errors for both torques
produced by adaptive and PID converge to a particular invariant set that is part of this
study’s main result for such variables. The individual comparisons of torques confirm
that the adaptive controller tracks each reference torque with smaller oscillations around
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the reference torques. Notice also that tracking both torques at each articulation seems to
correspond to the tracking of the reference position for each joint. This fact confirms the
interplay between the linear actuator performance and the articulation motion in the biped
robot joint.
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Figure 7. Comparison of the control evolution for the tracking problem based on the application of
the adaptive controller (red) for the hip (a), knee (b) and ankle (c).
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Figure 8. Comparison of the control evolution for the tracking problem based on the application of
the PID controller (green) for the hip (a), knee (b) and ankle (c).

Figure 9 depicts the comparison of the torque’s deviation from their corresponding
reference torques. This comparison shows a similar control tracking performance for both
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controllers (PID and adaptive forms) with similar quality. Nevertheless, the comparison
seems to offer a similar quality to the torque tracking, but the improved position tracking
exhibited by the adaptive form justifies its application for enforcing a more efficient gait
cycle for biped robots.
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Figure 9. Torque evolution obtained with the application of a regular PID controller (green) and the
proposed adaptive controller (red) for the hip (a), knee (b) and ankle (c).

Figure 10 illustrates the temporal evolution of the Euclidean norm for the torque track-
ing error enforced with the pair of studied controllers (PID and adaptive structures). These
norms are shown simultaneously in the same figure. Such comparison may highlight that
the proposed controller drives the torque tracking error toward the origin by implementing
both adaptive and PID forms. Nonetheless, both norms shown in this figure also prove
that the adaptive form induces a good tracking of torque as the adaptive form does, but the
adaptive formulation yields a better gait cycle developed by the suggested biped robotic
device.
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Figure 10. Norm of the tracking errors with the application of the regular PID and the adaptive
controllers.

Figure 11 renders the square of voltage needed to drive the tracking of torque as well as
the position. The temporal evolution of the voltage proves that the adaptive form requires
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half of the energy associated with the electrical source compared to the PID structure. This
main characteristic is one of the most motivating aspects of the adaptive controller included
in this study, considering the mobile nature of the biped robotic device.
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Figure 11. Norm of the voltage evolutions with the application of the regular PID and the adaptive
controller proposed in this study.

With the aim of numerically evaluating the performance of both controllers, the L2
norm of the control and error signals at each articulation (Table 1) were calculated.

Table 1. Norm L2 of the error and control signals of both joints.

Characteristics Controller
Adaptive PID

Je,h 2.5892× 104 9.0636× 103

Jc,h 7.4752× 105 9.6471× 106

Je,k 1.8016× 104 1.1642× 103

Jc,k 8.1580× 105 1.0912× 106

Je,a 2.8016× 104 1.2569× 103

Jc,a 9.0570× 105 1.1258× 106

The evaluation of the performance index Je was obtained as Je =
∫ t f

0
|δ2(t)|dt, where

δ is the vector of errors at the hip, the knee and the ankle. In the same way, Jc was obtained

as Jc =
∫ t f

0
|τ2(t)|dt, where τ is the vector of the control signals for the articulations. These

comparisons also confirm the benefits of using the proposed controller with state-dependent
gains.

6. Conclusions

The following are the final main remarks derived from this study:

• This study proposes a new adaptive controller for a class of simplified biped robots
with state restrictions that are handled with the application of state-dependent gains
in a class of state feedback controllers.

• The proposed controller was inspired by a traditional state feedback formulation that
contains gains that are adjusted using the online evaluation of the tracking error and
its derivative. Intending to simplify the implementation of the proposed controller,
the application of a robust and exact differentiator based on the STA contributed to
the state feedback, resulting in a class of output-based controllers with gains that also
depend on the estimated derivative of the tracking error.

• The stability analysis resulted in the time-dependent gain adjusting law, which may
guarantee the tracking of the reference trajectories.
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• The application of the proposed controller justified the exertion of a regular gait cycle
for a simulated biped robot that was developed in a virtualized version of the BRD
that satisfies the dimensions of an averaged human being.

Proof. Consider the Lyapunov candidate function given by

V
(
ξ, E, k̄1, k̄2

)
=

n

∑
i=1

Vi
(
ξi, Ei, k̄1,i, k̄2,i

)

Vi
(
ξi, Ei, k̄1,i, k̄2,i

)
:= V1,i(ξi) + V2,i(Ei) + V3,i

(
k̄1,i, k̄2,i

)
(75)

with V1,i(ξi) = ξ>i P1,iξi, V2,i(Ei) = E>i P2,iEi and V3,i
(
k̄1,i, k̄2,i

)
= π1,i k̄2

1,i + π2,i k̄2
2,i where

k̄1,i = KP,i(t)− K∗P,i and k̄2,i = KD,i(t)− K∗D,i. The term referred to as ξi is described by

ξi =
[
|δ1,i|1/2sign(δ1,i) δ2,i

]>
. The time derivative of each function Vi

(
ξi, ei, k̄1,i, k̄2,i

)
is:

d
dt

Vi(t) = 2ξ>i (t)P1,i
d
dt

ξi(t) + 2E>i P2,i
d
dt

Ei+

2π1,i k̄1,i
d
dt

k̄1,i + 2π2,i k̄2,i
d
dt

k̄2,i

(76)

Notice that V1,i(ξi) is continuous; however, it is not differentiable if δ1,i = 0. The
ideas proposed by [20] are reconsidered here for handling the class of no regular Lyapunov
functions. Let us continue the analysis of the second stage V2,i(Ei). From the calculus of the

full-time derivative for the second function, one obtains
d
dt

V2,i(t) = 2E>i (t)P2,i
d
dt

Ei(t) using

Dini’s derivative. The direct substitution of
d
dt

ξi and
d
dt

Ei in the expression corresponding

to the full-time derivative of Vi(t) yields:

d
dt

Vi(t) ≤ ξ>i (t)
[

P1,i Ai,1 + A>i,1P1,i

]
ξi+

E>i (t)
[

P2,i(A2,i + αi I) + (A2,i + αi I)
>P2,i

]
Ei(t)+

E>i (t)[P2,iR2,iP2,i + Q2,i]Ei(t)− αiVi(t)+

γi + 2k̄1,i(t)
{

π1,i
d
dt

k̄1,i(t) + ei(t)M>a P2,iEi(t)
}
+

2k̄2,i(t)
{

π2,i
d
dt

k̄2,i(t) + ei+n(t)M>b P2,iEi(t)
}

(77)

The differential inclusion (77) appears after the application of Young’s inequality
X>Y + Y>X ≤ X>Λ−1X + Y>ΛY X,Y ∈ Rs×q with 0 < Λ = Λ> ∈ Rs×s [21].

Considering the satisfaction of the condition for the existence of positive definite
solutions for the given Lyapunov equations as well as the Riccati algebraic equations given
in the theorem statement and in consideration of the adjusting laws for the gains k̄1,i(t) and

k̄2,i(t) in (61), inclusion (77) transforms into:
d
dt

V2,i(t) ≤ −αiV2,i(t) + γi.

Considering the solution of the inclusion for
d
dt

V2,i(t), and the application of the

comparison Lemma, it led straightforwardly to V2,i(t) ≤ V2,i(0)e−2αit+
γi
αi

(
1− e−2αit

)
. Con-
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sidering the case when the inclusion transforms to the equivalent ordinary differential
equation, by redefining Vi(t) as Veq

i (t), it can be proven that

V(t) ≤
n

∑
i=1

√
V1,i(0)− 2t

n

∑
i=1

κ1,i +
n

∑
i=1

(
V2,i(0)e−αit +

γi
αi

(
1− e−αit

))
(78)

Clearly, when t ≥ T with T =

n

∑
i=1

√
V1,i(0)

2
n

∑
i=1

κ1,i

, the following inequality can be justified

V(t) ≤
n

∑
i=1

(
V2,i(T)e−αi(t−T)

)
+

n

∑
i=1

γi
αi

(
1− e−αi(t−T)

)
(79)

If the upper limit is calculated, t→ ∞ results in lim
t→∞

V(t) ≤
n

∑
i=1

γi
αi

. This result finishes the

proof.
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