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Featured Application: The proposed method can be used to preliminarily determine the ratio-
nality of stator–structural topology and consider rotor–stator interference flow excitation without
the need for performing numerical simulations of three-dimensional unsteady CFD.

Abstract: Based on the computation and analysis of three-dimensional unsteady flow induced by
rotor/stator interactions, the characteristics of flow excitation towards bladed disks were studied,
including frequency components and circumferential wave components. By combining the resonant
condition of bladed disks, a design principle was derived for determining the stator structural period
from the view of averting resonance. The influences of different topologies on mistuned stators are
also studied, for which the sectional non-uniform mistuned stator showed a clear effect in lowering
the amplitude of formal excitation characteristics compared to tuned cases. A formula was developed
to predict frequency components and circumferential wave components in the wake of both tuned
and mistuned stators, making it easier to determine stator structural topologies in the design phase
without performing three-dimensional unsteady CFD.
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1. Introduction

Unsteady rotor/stator interference flow in aeroengines is the main excitation source
causing serious cycle fatigue damage for bladed disks [1].

In early analyses of structural forced-response vibrations in the aeroengine indus-
try, most designers used traditional Campbell diagrams to predict the forced resonance
speed of the blade and disk. Using Campbell diagrams to identify the resonance of rotor
structures is a rapid and convenient method for expressing the variation characteristics
of all components of rotor vibration in the whole speed range by taking the vibration
amplitude of monitoring points as a function of speed and frequency [2,3]. Campbell
diagrams only consider that the excitation component contains components equal to the
resonant frequency of the blade structure. These conditions are valid for the analysis of
a single blade structure. However, the Campbell diagram method does not consider the
effect of the circumferential wave spectrum on the resonance of the periodic symmetric
structure in aeroengines [4].

Resonance conditions for periodic symmetric bladed disk systems have been studied
previously. Xin [5] pointed out that the resonance conditions of a bladed disk need to meet
an equal excitation frequency (the natural frequency of a certain mode of the structure),
while the excitation order and the structure of the order mode shape nodal diameter must
also be equal. Yao [6] described the resonance conditions of the blade disk system as follows:
the excitation frequency is equal to the natural frequency, and the difference between the
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number of stators is equal to the number of blade nodal diameters of a certain mode. This
condition can be written as:

n = Ns ± kNr , k = 0, 1, 2, . . . , (1)

where Ns is the number of stator blades, Nr is the number of rotor blades, and n is the
number of mode nodal diameters that can be excited. Studies have shown that a more
general expression should be based on the resonance conditions of rotationally symmetric
structures obtained by Wildheim [7], written in the following form:

ksNs = kNr ± n, (2)

This flow-induced vibration condition of periodic symmetric structures can not only
be used for the periodic harmonic excitation of engine internal flow fields, but also for
periodic mistuned excitation.

Rotor–stator interference flow fields are another key point in bladed disk vibration
suppression. Zhao et al. [8] studied the effect of dynamic and static interference of clearance
flow in fluid machinery caused by changes in rotational speed; they found that controlling
the rotating speed within a reasonable range can effectively improve the characteristics
of the clearance flow. Faller and Alan [9] used a rotor–stator system experiment to quan-
titatively analyze the critical Reynolds number of the Ekman laminar boundary layer.
Owen and Bayley [10,11] also studied the influence of different rotating disc speeds on
flow through various experiments, obtaining the torque coefficient of the disc and making
theoretical predictions. Breard [12,13] used a 3D integrated time-domain code and con-
ducted parametric studies for a high-pressure turbine stage with 36 stator and 90 rotor
blades. For example, for individual parameters, the amplitude of the excitation could be
proportional to the imposed variation; thus, Bladh [14] performed investigations related
to the leakage-induced blade excitation from shrouded vane segments found in industrial
gas turbine compressors. The obtained results indicated that the excitation induced by the
inter-segment gap leakage flows is distinctly multi-harmonic and unexpectedly strong.

Structural mistuning means that the blades in a blade row are slightly different in struc-
ture (such as mass, stiffness, damping, geometric size, etc.); therefore, they have different
natural frequencies [15–18]. Studies on the influence of structurally mistuned components
on the fluid-induced vibration of inlet guide blades when introduced to the guide blade and
rotor blade showed that the non-uniform distribution of the guide blade could effectively
reduce the unsteady internal stress of the guide blade [19–23]. Figaschewsky et al. [24]
proposed a construction method of flow field detuning and measured the influence of
flow field detuning on blade and disc structures through modal force. Sullivan [25] and
Edwards [26] designed a non-uniform grid pitch for main helicopter suspension wings and
showed that the non-uniform grid pitch had a noise reduction effect.

It can be seen that mistuning of a rotating structure has a good suppression effect on
flutter but may increase the forced response [27–29]. However, aerodynamic mistuned
designs for stator blades may be an effective way to reduce blade forcing responses [30].
Compared with symmetric cascades, the amplitude of forcing functions due to wake
passing presents an increase for blended rotors [31]: 10% detuning resulted in a lower
critical reduced frequency value compared to the baseline rotor, thereby demonstrating
enhancement of aerodynamic detuning stability [32]. Therefore, a geometrically mistuned
design was introduced into the stator to achieve changes in wake excitation characteristics
towards the blade disk system, including frequency components and circumferential wave
components. Combined with the resonant conditions of bladed disks, design principles
have been proposed for determining the stator structural period and the topology of
mistuned stators in order to suppress vibrations in bladed disk systems.
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2. Materials and Methods
2.1. Resonance Analysis Theory of Bladed Disk Systems

Blade disks typically exhibit a periodic symmetric structure, and their basic vibration
forms are fan-shape vibration and umbrella-shape vibration, which are both periodically
symmetrical. Fan-shape vibration is marked by some diameter lines with zero displacement
in the vibration mode; thus, it is also called nodal diameter vibration [1,2]. The two-nodal
diameter mode of a Rotor67 bladed disk system is shown in Figure 1. Umbrella-type
vibration is marked by some circular curves with zero displacement in the vibration mode;
thus, it is also called nodal circular vibration. This property can be determined from the
analytical expression of bladed disk system vibration.
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Figure 1. Rotor67 bladed disk two-nodal diameter mode.

2.2. Resonance Conditions of Bladed Disk Systems

For a bladed disk system with a blade number of Nr, if only the vibration perpendicular
to the disk surface is considered, the conditions under which the mode with nodal diameter
can be excited are [7]:

ωn = (kNr ± n)Ω k = 0, 1, 2, . . . , (3)

where ωn is the natural frequency of the mode whose nodal diameter number is n and Ω is
the rotation speed.

The left side of Equation (3) is determined by the characteristics of the bladed disk sys-
tem, and the right side is determined by the characteristics of excitation force. The resonance
conditions show that the resonance of a bladed disk system involves a common parameter
n, which is related to structure and excitation, in addition to the frequency. For a structure,
n is the parameter describing the vibration mode of bladed disk systems, i.e., the nodal
diameter number. For excitation force, n is the parameter describing the circumferential
wave number of excitation force.

If we set a stator (inlet guide vane, IGV) upstream of the bladed disk system, whose
blade number is Ns and angular velocity is ω, then the excitation frequency towards the
bladed disk system from the wake of the stator is:

f = ksNsΩ ks = 1, 2, . . . , (4)

The order of excitation is a multiple of the rotational speed; here, we define the engine
order (EO) as:

EO = ksNs , ks = 1, 2, . . . , (5)

The subsequent resonance condition is:

ksNsΩ = ωn = (kNr ± n)Ωk = 0, 1, 2, . . . ; ks = 1, 2, . . . (6)
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The conditions of n nodal diameter resonance become:

ksNs = kNr ± n k = 0, 1, 2, . . . ; ks = 1, 2, . . . (7)

The above equation shows that, after the dynamic characteristics of bladed disk system
are determined (Nr, n are determined), the period number of the stator becomes a key
factor in resonance.

2.3. Resonance Analysis of Bladed Disk Systems

The resonance conditions of a bladed disk system are given by Equation (3), which
involves two common parameters in structure and excitation: nodal diameter number
and frequency. Therefore, the resonance frequency and excitation frequency of a bladed
disk system with a change in n are drawn on the same nodal diameter frequency diagram,
and the intersection of the black and red line are the resonance points, as depicted in
Figure 2. In the Rotor67 bladed disk system, there are 22 blades, and the angular velocity is
16,043 r/min. The inherent frequencies of the Rotor67 bladed disk can be obtained using
finite element software (ANSYS). The ZZENF diagram [7] of the Rotor67 bladed disk can
then be obtained, as shown in Figure 2.
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Figure 2. ZZENF diagram of the Rotor67 bladed disk system. Zig-zag-shaped excitation line (red) in
the nodal diameters versus frequency diagram (black spot). Possible resonances are marked with
red circles.

The frequencies of bladed disk systems are not continuous with the nodal diameter
number; thus, if the intersection of the frequency diagram and excitation line falls on a
plumb line crossing an integer abscissa, this is the resonance point. The point EO = 13 in
Figure 2 is the intersection of the excitation line and a frequency diagram, and it is exactly
on the plumb line crossing the x-coordinate of 9; therefore, it is a resonance point. All the
resonance points are listed in Table 1.

The components of wake excitation of a stator are key to avoiding resonance after the
resonance conditions are determined. The period number of the stator should not only
ensure that the flow excitation does not contain the resonance frequency components, but
also the frequency component corresponding to the nodal diameter of the resonance mode.
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Table 1. Rotor67 bladed disk system resonance analysis table.

EO n EO·Ω( Hz) Ωn (Hz)

2 2 535 539

5 5 1337 1350

7 7 1872 1893

11 11 2941 3043

13 9 3476 3519

21 1 5615 5533

22 0 5882 5828

24 2 6417 6483

25 3 6685 6784

26 4 6952 7015

27 5 7219 7271

30 8 8022 7939

37 7 9893 9903

38 6 10,161 10,132

2.4. Unsteady Flow Field Calculations and Setting Excitation Monitor Points

An unsteady three-dimensional flow field was constructed based on the Rotor67
moving blade shape, and the NACA0012 symmetrical blade airfoil was used to build the
upstream stator (IGV). Inlet zone and outlet zone were built, which had a length of 10 times
the chord length of the rotor blade. In order to study the influence of different numbers of
stators on the excitation characteristics of the flow field, different topologies of stators were
designed. Monitoring points were set at the root, 50% height, and at the top of the blade.
At each height, the leading edge, blade basin, trailing edge, and blade back of each height
were numbered 1–12 on each rotor blade; a total of 264 monitor points were set on 22 rotor
blades, as shown in Figure 3.

The numerical simulations utilize the 3D unsteady Reynolds-Averaged Navier–Stokes
(RANS) solver ANSYS CFX which uses a finite volume method to compute the flow
field. Four sets of grids were designed to verify grid independence, with numbers of
N1 = 2 million, N2 = 3 million, N3 = 5 million, and N4 = 8 million. The CFD software CFX
was used for numerical simulations. Other conditions were set as follows: rotating speed
was 16,043 r/min; the total pressure at the inlet was 101,325 Pa; and the total temperature
was 288.15 K. According to the radial balance equation, the static pressure at the outlet was
set to 122,000 Pa at the height of the blade with a radius of 50%. The K-Epsilon turbulence
model was selected to transfer a transient stator at the junction and the wall function
was set to standard wall function. Other boundaries were set as the no-slip wall and tip
clearance was ignored. The total pressure value at point 5 (50% height, leading edge) was
chosen for comparisons. The results of the independent grid study are shown in Table 2.
The height of the first layer from the solid surface is set to 1 × 10−6 m to ensure that y+ is
approximately 1.0 and the total grid nodes are 3.14 (N2) million.
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Figure 3. Description of (a) mesh of the fluid domain and (b) monitoring points on the rotor.

Table 2. Results of the independent grid study.

Set Number of
Mesh Nodes

P-Total
at Point 5 (Pa) Error

N1 2,086,376 163,347 −4.5%

N2 3,138,914 168,072 −1.75%

N3 5,031,256 170,223 −0.05%

N4 8,122,370 171,066 ——

In order to ensure the accuracy of the circumferential excitation calculations, unsteady
calculations of the two rows were performed with the whole circle grid. Considering the
unsteady state calculation speed, the number of mesh nodes was set at the N2 level, which
varied slightly with different stator designs: the total number of grid nodes in the whole
fluid domain was between 3,000,000 and 3,200,000.

In the calculations of unsteady flow fields, the calculation results of steady flow field
were taken as the initial field. The time step number of each static sub-channel was set as
a = 40, and the single time step size was as follows (taking Ns = 11 as an example):

∆t =
1

rpm · a · Ns
=

1
16, 043÷ 60× 40× 11

= 8.4999× 10−6 s (8)

The convergence conditions of unsteady calculations are when the root-mean-square
of the total pressure at the residual converges to lower than 0.01%. Figure 4 shows the
contours of the pressure field behind the rotor blade and the cloud picture of the static
pressure field at 50% blade height. It can be seen from the figure that, under conditions of
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uniform air intake, the static pressure field at the compressor outlet at any time presents a
periodic distribution.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 7 of 19 
 

  

(a) (b) 

Figure 4. The (a) cloud picture of the pressure field behind the rotor blade; (b) cloud picture of static 

pressure field distribution at 50% blade height. 

Figure 5a depicts the pressure timing signals of 12 monitor points on one blade within 

a cycle of compressor rotation (with the mean pressure removed). The frequency spectrum 

of pressure pulsation at each point can be obtained by Fourier transform. Figure 5b shows 

the circumferential pressure changes in the 12 monitoring points at a certain moment 

(when the mean pressure is removed). The circumferential wave spectrum of pressure 

changes at each position can be obtained by applying Fourier transform to the circumfer-

ential change curve of instantaneous pressure at the same time at each position. 

  

(a) (b) 

Figure 5. The (a) pressure time signals (one rotating period) at each monitoring point; (b) circum-

ferential pressure distribution at each monitoring point (at one moment). 

3. Excitation Characteristics of Tuned Stators and Blade Period Design 

The resonance conditions of the bladed disk system indicate that the frequency and 

circumferential wave spectrum of fluid excitation are key factors to induce bladed disk 

resonance. The characteristic components of these fluid excitations are directly influenced 

by the number of stator blades. 

3.1. Effect of Stator Blade Number on Excitation towards the Bladed Disk 

First, 11=
s

N  is taken as an analysis example. Figure 6 shows the frequency spectra 

of the monitoring points at the leading edge, basin, back, and railing edges of the rotor 

blade. In order to show the multiple relationships between the frequency of unsteady aer-

odynamic force and the fundamental frequency of the rotor speed, EO is adopted as an 

Figure 4. The (a) cloud picture of the pressure field behind the rotor blade; (b) cloud picture of static
pressure field distribution at 50% blade height.

Figure 5a depicts the pressure timing signals of 12 monitor points on one blade within
a cycle of compressor rotation (with the mean pressure removed). The frequency spectrum
of pressure pulsation at each point can be obtained by Fourier transform. Figure 5b shows
the circumferential pressure changes in the 12 monitoring points at a certain moment (when
the mean pressure is removed). The circumferential wave spectrum of pressure changes at
each position can be obtained by applying Fourier transform to the circumferential change
curve of instantaneous pressure at the same time at each position.
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3. Excitation Characteristics of Tuned Stators and Blade Period Design

The resonance conditions of the bladed disk system indicate that the frequency and
circumferential wave spectrum of fluid excitation are key factors to induce bladed disk
resonance. The characteristic components of these fluid excitations are directly influenced
by the number of stator blades.

3.1. Effect of Stator Blade Number on Excitation towards the Bladed Disk

First, Ns = 11 is taken as an analysis example. Figure 6 shows the frequency spectra
of the monitoring points at the leading edge, basin, back, and railing edges of the rotor
blade. In order to show the multiple relationships between the frequency of unsteady
aerodynamic force and the fundamental frequency of the rotor speed, EO is adopted
as an abscissa. The excitation components at the root, middle, and tip of the blade are
distinguished by different colors.
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Figure 6. Frequency spectra of monitoring points on the rotor (Ns = 11): (a) leading edge; (b) basin;
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Figure 6 shows that the main frequency components of pressure pulsation (with the
mean pressure removed) at each point correspond to the order excitation of stator wake, i.e.,
the order of excitation is the number of stator period 11 and its multiple, and the amplitude
at the leading edge is the largest. Except for the trailing edge, the relative amplitude of
frequency components at each point basically meets the law that the higher the order, the
smaller the amplitude. Generally speaking, the fluid pressure pulsation amplitude is the
highest at the blade root, followed by that at the middle of the blade, with the smallest at
the blade tip.

The frequency characteristics of excitation at the trailing edge have something in
common with the leading edge and the basin—the distributions are the same—but the
amplitude of each order is not consistent. The amplitude of EO = 22 = Nr and the excitation
component at the blade root are the largest, indicating that the excitation at the trailing
edge is more sensitive to the number of rotor blades. However, its overall amplitude is
much smaller than that of the leading edge and the basin, and the excitation components at
this place have little contribution to the pressure pulsation excitation components of the
blade disk system.

Pressure pulsation at the leading edge of the rotor blade is much larger than that at
other monitoring points, which has significant representativeness. Figure 7 shows the spec-
trum of primitive-level leading edge monitoring points in moving blades corresponding to
three different values (Ns = 10, 12, 13) in working conditions.
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By analyzing the excitation spectra generated by the above four conditions with
different static sub-periods (Figures 6 and 7), the following conclusions can be drawn:

(1) The excitation generated by the stator with the period number of Ns on the down-
stream rotor blade includes each frequency component corresponding to the wake
excitation order, namely, fk = ksNsΩ k = 1, 2, . . .;

(2) Among all amplitudes of the frequency components, order Ns is the largest, and the
amplitude of the other component (ksNs) decreases with the increase in ks;

(3) In general, the amplitude of EO = 3Ns is less than half that of the amplitude of the
main excitation (EO =Ns), while the higher-order amplitude becomes smaller.

3.2. The Circumferential Wave Distribution Characteristics of Excitations and the Influence of the
Stator Blade Number

Firstly, take Ns = 11 as an example. For a bladed disk system with Nr blades, the
maximum nodal diameter number of its nodal mode vibration is:

nmax =

{
Nr
2 , Nris even

Nr−1
2 , Nris odd

(9)

When Nr = 22, the maximum nodal path number is 11. Therefore, when analyzing the
circumferential wave components of the excitation, according to the resonance conditions,
the cycle wave number can be set to 11. Figure 8 shows the circumferential wave spectrum
distribution pressure at the monitoring points at the leading edge, basin, back, and trailing
edges. The excitation components at the root, middle, and tip of the blade are distinguished
by different colors.

It can be seen from Figure 8 that harmonic excitation from 1 to 11 is reflected in the
pressure circumferential wave spectrum distribution, and the components correspond-
ing to 11 (Ns = 11) are dominant, except at the trailing edge which also exhibits the
smallest amplitude.

The circumferential wave spectrum at the trailing edge is complicated. The reason for
this phenomenon is that the excitation at the trailing edge is more sensitive to the number
of rotor blades (Nr = 22). However, its overall amplitude is much smaller than that of the
leading edge and the basin, and the excitation components here have little contribution to
the pressure pulsation excitation components of the blade disk system.

Figure 9 shows the wave spectra of pressure amplitudes for four monitoring points
at the middle height of the rotor blade corresponding to three working conditions with
different stator numbers (Ns = 10, 12, 13).
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By analyzing the excitation spectrum generated by different stator blade numbers
(Figures 8 and 9), the following conclusions can be obtained:

(1) The circumferential wave distribution of the excitation generated by the stator
structure with the set period number on the downstream rotor structure contains vari-
ous harmonic components; the main harmonic components are:Ns, |Ns − Nr|, 2Ns − Nr,
3Ns − Nr, and 3Ns − 2Nr. It is not difficult to find that the expression of harmonic exci-
tation above is consistent with the expression of nodal diameter numbers derived from
Equation (3), namely:

n = ±(ksNs − kNr), (10)

where k = 0, 1, 2, . . .; ks = 1, 2, . . . Thus, the main harmonic component of the circum-
ferential wave distribution of the excitation generated by the stator (blade number Ns) is
given by Equation (10);

(2) In the excitation spectrum, the amplitude of harmonic excitation corresponding to
ks = 1, k = 0 is the largest, and other components’ amplitudes decrease with the increased
order of the excitation spectrum. This is consistent with the relative magnitude of the
frequency component.
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Figure 9. Circumferential wave spectrum of monitoring point pressure on rotors with different stator
blade numbers at: (a) the leading edge; (b) the basin; (c) the back; and (d) the trailing edge.

3.3. Stator Number Design to Avoid Bladed Disk Resonance

In this section, the Rotor67 bladed disk system is taken as an example to illustrate how
to determine the period number of the stator (IGV) in order to avoid resonance.

For bladed disks with 22 blades, as in this study, the main frequency components of
wake excitation generated by the stator with the number of structural periods are:

f = EO ·Ω = ksNsΩ, ks = 1, 2, 3 (11)

The main excitation components from the stator wake are:

n = Ns
n = Nr − Ns = 22− Ns

n = 2Ns − Nr = 2Ns − 22
n = 2Nr − 3Ns = 44− 3Ns

n ≤ Nr

2
= 11, (12)

Consider three options, Ns = 13 , 14 , 15. Tables 3 and 4 give the frequency component
and circumferential wave components, respectively, in the excitation of the flow field of
rotational static interference corresponding to these three different choices.
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Table 3. Stator wake excitation frequency components with respective periods.

Ns
EO

ks=1 ks=2 ks=3

13 13 26 39

14 14 28 42

15 15 30 45

Table 4. Excitation harmonic components in the wake of the stator with respective periods.

Ns 22−Ns 2Ns−22 |44−3Ns|

13 13 26 39

14 14 28 42

15 15 30 45

By comparing Tables 2 and 3 with the resonance analysis results of the bladed disk
structure (Table 1), it can be seen that:

(1) When Ns = 13, the excitation component with excitation order 13 and circumferential
wave number 9 will excite the modal resonance with nodal diameter n = 9;

(2) When Ns = 15, the excitation component with the excitation order of 30 and the
circumferential wave number of 8 will excite the modal resonance with nodal diameter
n = 8;

(3) When Ns = 14, the excitation does not contain the frequency component or circumfer-
ential wave component that causes resonance. Therefore, for the Rotor67 blade disk
with 22 moving blades, resonance can be avoided with an upstream stator Ns = 14.

Figure 10 presents the frequency spectrum and circumferential wave spectrum of
excitation at the primary-level leading edge monitoring point in the moving blade under
the working condition of Ns = 14, based on three-dimensional unsteady flow field analysis.
Their components are completely consistent with the values in Tables 2 and 3, and the
relative amplitude of each component is also consistent with the above analysis results.
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Using the same method, the rationality of the stator number Ns = 16 ∼ 20 (i.e.,
whether or not it will cause resonance) can be judged. Through numerical analysis, it has
been shown that this method can determine the rationality of the stator–structural period



Appl. Sci. 2022, 12, 8495 13 of 19

without the need to perform numerical simulations of three-dimensional unsteady flow
induced by rotor/stator interactions.

4. Excitation Characteristics of Mistuned Stators and Its Effect in Reducing
Excitation Amplitude
4.1. Mistuned Stator Pattern and Naming Rules

In this paper, two types of mistuned stator distribution have been defined: asymmetric
mistuned stators and sectional non-uniform mistuned stators.

Asymmetric mistuned means that the whole circle of blades is divided into two
sections with the angles between blades in each section being the same, whereas the angles
between blades in another half are different. As shown in Figure 11a, the stator cascade
is divided in two halves: one where the blade angle is θ1 = 2π/N1 and the other where
the blade angle is θ2 = 2π/N2. For the asymmetric mistuned stator, we define the name
as:IGV = Ns(N1/N2). Therefore, the asymmetric mistuned stator in Figure 9 should be
named: IGV = 12(10/14).
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Figure 11. Two types of mistuned stators: (a) asymmetric mistuned stator and (b) sectional non-
uniform mistuned stator.

Sectional non-uniform mistuned means the whole circle of blades is divided into
M sections, where there are x = N1/M blades in each section. One blade in the same
phase of each section is chosen, and this is adjusted in the same direction with the same
angle ∆θ or displacement ∆d (along the rotation axis), as shown in Figure 11b. For the
sectional non-uniform mistuned stator, the name can be defined as: IGV = Ns(M/x, ∆θ)
or IGV = Ns(M/x, ∆d). Therefore, the asymmetric mistuned stator in Figure 9b should be
named: IGV = 12(4/3, ∆θ).

In order to study the excitation characteristics of different mistuned stators, four
different mistuned forms of stator were designed, as shown in Table 5.

Table 5. Four different mistuned forms.

Case No. Mistuned Type Name

I Asymmetric IGV = 11(10/12)
II IGV = 12(10/14)

III
Sectional non-uniform

IGV = 12(4/3, 5◦)
IV IGV = 12(6/2, 5 mm)

4.2. Asymmetric Mistuned Stators and Their Effect on Excitation towards Bladed Disks

Figure 12 presents a comparison of the wake excitation frequency spectrum on bladed
disk systems under the two asymmetric mistuned stator conditions of i: IGV = 11(10/12)
and ii: IGV = 12(10/14), with tuned conditions: Ns = 11 and Ns = 12.
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Compared to the tuned stator, the main components of the asymmetric design’s wake
excitation amplitude were reduced, whereas the components increased. The components
can be described in three parts.

(1) The parts include: fundamental frequency EO = N1, EO = N2, and its mul-
tiplication frequency of the fundamental frequency. The amplitudes of these two fun-
damental frequencies are close, about one-half of the amplitude of the tuned EO = Ns
component, namely:

f =

{
k1N1Ω k1 = 1, 2, . . .
k2N2Ω k2 = 1, 2, . . .

, (13)

(2) The adjacent frequency components of EO = N1, EO = N1, and their multiplication
frequency’s adjacent components are:

f =

{
(k1N1 ± 1)Ω k1 = 1, 2, . . .
(k2N2 ± 1)Ω k2 = 1, 2, . . .

, (14)

(3) Odd order excitation components with a small amplitude are:

f = (2k− 1)Ω k = 1, 2, 3, . . . , (15)

This phenomenon can be explained from the perspective of energy: in the case of
tuned stators, the order of flow excitation is dominated by EO = Ns and its multiple
components, which is relatively simple, and the energy concentration leads to a higher
amplitude. When the stator is mistuned, the main components of the excitation order are
transformed into a frequency band related to EO = N1 and EO = N2. Compared to the
tuned case, the energy is dispersed, resulting in a significant decrease in amplitude.

Figure 13 presents a comparison of wake excitation circumferential wave spectrum
on bladed disk systems under the two asymmetric mistuned stator conditions of i:
IGV = 11(10/12) and ii: IGV = 12(10/14), with tuned conditions: Ns = 11 and Ns = 12.

Compared to tuned stators, amplitude of main circumferential wave excitation induced
by asymmetric mistuned stators was reduced, although the components increased.

Combined with the resonance conditions of the Rotor67 bladed disk detailed in Table 1,
after mistuning the stator, the amplitude of excitation decreased significantly, but the order
excitation that could arouse resonance increased.

With Ns = 11, for example, the excitation frequency components that may arouse
resonance include the excitations of EO = 11 and EO = 22 for the tuned case. However, in
the case of asymmetric mistuned stators, IGV = 11(10/12), the amplitude of EO = 11 is
halved and that of EO = 22 becomes zero. However, the new order excitation components
that may arouse resonance are as follows: EO = 5, 7, 13, 21, 24, 25, 27, 30, 37. Similar results
can be obtained from the analysis of IGV = 12(10/14).
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Compared to the tuned cases, the number of components may arouse rapidly increas-
ing resonance; asymmetric mistuned stators are not suitable for application.
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4.3. Sectional Non-Uniform Mistuned Stators and Their Effect on Excitation towards Bladed Disks

A total of six sectional non-uniform mistuned stators were designed, as shown in
Table 5.

Notably, in case IV, the 12 stator blades are divided into six sectors along the circum-
ferential direction, and 1 blade in each sector moves 5 mm away from the rotor along the
axial direction.

It can be seen from Figure 14a that, compared to the tuned situation, the wake exci-
tation component amplitude of the sectional non-uniform mistuned stator was reduced,
whereas the components increased. With sectional non-uniform mistuned stators, the mini-
mum periodic cycle turned to a 1/M circle; thus, the fundamental frequency of excitation
changed into NsΩ/x instead of NsΩ. The original fundamental frequency components
NsΩ still exist, although with a lower amplitude. The components can be written as:

f = ks MΩ =
ksNsΩ

x
ks = 1, 2, . . . , (16)

Appl. Sci. 2022, 12, x FOR PEER REVIEW 16 of 19 
 

   
(a)                                     (b)         

Figure 14. Frequency spectrum and circumferential wave spectrum comparison of the tuned and 
two other types of sectional non-uniform mistuned stators: (a) frequency spectrum and (b) circum-
ferential wave spectrum. 

For case III, the minimum symmetric periodic number changed from 12 ( 12=sN ) to 
4 ( 4=M ); thus, the quadruplicated frequency 4= ⋅ Ωf  appears, which is 4=EO , and 
its multiple components in the EO diagram. Similarly, in case IV, EO = 6 and its multiple 
components appear. 

Figure 14b shows the circumferential wave spectrum of the tuned case and sectional 
non-uniform mistuned stator case III and IV. Compared to the asymmetric mistuned sta-
tor cases in Figure 13, sectional non-uniform mistuned stators bring fewer circumferential 
wave components. Combining Equation (3) with Equation (16), the circumferential wave 
spectrum of the sectional non-uniform mistuned stator case can be written as: 

( ) 0,1,.. , 1,2,..= ± − = =s r sn k M kN k k , (17)

If 12sN = , 22rN = , and 1,2,3,4sk = , the circumferential wave spectrum of the 
tuned case can be written as Equation (18). In order to arrange the amplitude from large 
to small, the formula is arranged from 1 to 4 according to the value of sk : 

s 10
2 2
2 3 8
4 2 4

− =

− =
=

− =

− =








r

s r

r s

s r

N N

N N
n

N N

N N

, (18)

Similarly, for mistuned stator case III, 4M = , 1, 2,3, 4,5,6=sk , and the circumfer-
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For case III, the minimum symmetric periodic number changed from 12 (Ns = 12) to
4 (M = 4); thus, the quadruplicated frequency f = 4 ·Ω appears, which is EO = 4, and
its multiple components in the EO diagram. Similarly, in case IV, EO = 6 and its multiple
components appear.
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Figure 14b shows the circumferential wave spectrum of the tuned case and sectional
non-uniform mistuned stator case III and IV. Compared to the asymmetric mistuned stator
cases in Figure 13, sectional non-uniform mistuned stators bring fewer circumferential
wave components. Combining Equation (3) with Equation (16), the circumferential wave
spectrum of the sectional non-uniform mistuned stator case can be written as:

n = ±(ks M− kNr) k = 0, 1, . . . , ks = 1, 2, . . . , (17)

If Ns = 12, Nr = 22, and ks = 1, 2, 3, 4, the circumferential wave spectrum of the tuned
case can be written as Equation (18). In order to arrange the amplitude from large to small,
the formula is arranged from 1 to 4 according to the value of ks:

n =


Nr − Ns = 10
2Ns − Nr = 2
2Nr − 3Ns = 8
4Ns − 2Nr = 4

, (18)

Similarly, for mistuned stator case III, M = 4, ks = 1, 2, 3, 4, 5, 6, and the circumferential
wave spectrum is:

n =


Nr − 5M = 6M− Nr = 2

M = 4
Nr − 4M = 6

2M = 8
Nr − 3M = 10

, (19)

Additionally, for mistuned stator case IV, the circumferential wave spectrum is:

n =


Nr − 2M = 10

M = 6
Nr − 3M = 4
4M− Nr = 2

5M− Nr = 2Nr − 6M = 8

, (20)

According to Table 1, when Ns = 12, components in wake excitation EO = 24 and
circumferential wave number n = 2, which can excite the eleven-order modal resonance of
a bladed disk with a nodal diameter of two. The resonance conditions can be described
as follows:

fNs=12 = 2 · Ns ·Ω = 24 ·Ω = ω2,11, (21)

The amplitude of excitation force is 1313 Pa, as shown in Table 6.

Table 6. Comparison of the excitation force amplitudes of three stator structures.

Excitation
Order Tuned Mistuned Stator Case III

IGV = 12(3/4,5◦)
Mistuned Stator Case IV

IGV = 12(6/2,5 mm)

EO = 24 1313/Pa 529/Pa 925/Pa

Compared to the tuned case, excitation components with EO = Ns = 12 as the
fundamental frequency still exist; however, the amplitude of each component decreases
significantly. Meanwhile, the number of new frequency components added in sectional
non-uniform mistuned stator cases is fewer than in asymmetric mistuned stator cases.
Table 6 shows the comparison of excitation amplitude at EO = 24. Compared to the
tuned case, the resonance excitation amplitude of sectional mistuned stator cases III and IV
reduced to 40.3% and 72.7%, respectively.

Referring to the resonance conditions in Table 1, with mistuned stator case III, no
new component corresponding to resonance condition was created. Additionally, with
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mistuned stator case IV, EO = 30 and n = 8, corresponding to the twelve-order modal
resonance of bladed disks appearing.

For the Rotor67 bladed disk in this study, if the number of stator blades was set as
Ns = 12, the sectional non-uniform mistuned stator case III: IGV = 12(3/4, 5◦) could signif-
icantly reduce the amplitude of excitation force at the resonance point without introducing
a new resonance frequency.

5. Conclusions

In this study, a Rotor67 bladed disk was developed. Combined with the resonant
condition, the bladed disk’s resonance condition has been detailed while considering both
model frequency and nodal diameter number. Based on the calculations and analyses of
three-dimensional unsteady rotor–stator interference flow fields, the induced flow excita-
tion of tuned and mistuned stator cases towards bladed disks has been studied. The main
conclusions are as follows:

(1) The excitation components of rotor–stator interference flow field on a bladed disk
can be described by frequency components and circumferential wave components.
The main frequency components can be written as f = ksNsΩ, whereas the main
circumferential wave components can be written as n =|(ksNs − kNr)|, among which
ks = 1, 2, 3; k = 0, 1, 2. Components corresponding to ks = 1 are the main excita-
tion, both for frequency and circumferential wave components, and the amplitude
decreases with the increase in ks.

(2) Referring to the Rotor67 bladed disk in this study, Ns = 14 was chosen as the structural
period number for stators; flow excitation here will not cause resonance. Through
numerical analysis, it was shown that this method can determine the rationality of
the stator–structural period without the need for performing numerical simulations
of three-dimensional unsteady flow induced by rotor/stator interactions.

(3) Compared with tuned stators, mistuned stators break up the wake energy by changing
the topology of the blade. Therefore, the maximum amplitude of the wake excitation
component decreases; however, the number of excitation components increases.

(4) Two types of mistuned stators were studied: asymmetric mistuned and sectional
non-uniform mistuned stators. Asymmetric mistuned stators decrease the excita-
tion amplitude, although the components may induce resonance increases which
renders them unsuitable for application. Sectional non-uniform mistuned stators can
significantly reduce the amplitude of excitation without introducing too many new
components, which shows potential in suppressing vibrations.
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