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Abstract: Functionally Graded Materials (FGMs) are designed for use in high-temperature applica-
tions. Since the mass production of FGM has not yet been made, the determination of its thermo-
mechanical limits depends on the compositional gradient exponent value. In this study, an efficient
working model is created for the thermal stress problem of the 2D-FG plate using Multi-gene Genetic
Programming (MGGP). In our MGGP model in this study, data sets obtained from the numerical
analysis results of the thermal stress problem are used, and formulas that give equivalent stress levels
as output data, with the input data being the compositional gradient exponent, are obtained. For
the current problem, efficient models that reduce CPU processing time are obtained by using the
MGGP method.

Keywords: multi-gene genetic programming; genetic programming; thermal stress problem;
compositional gradient exponent; functionally graded material

1. Introduction

As space technologies have evolved, the use of conventional composites has been
limited. Therefore, FGM is suggested as an effective material idea for ultimate thermal and
mechanical loads. FGM is metal on one side and ceramic on the other, and the composition
changes depending on the volume fraction. Thus, the thermal resistance of the ceramic and
the strength of the metal are utilized at the maximum level.

In the last two decades, many studies have been conducted on the determination of
the mechanical behavior of FGMs [1–8]. However, due to the difficulties encountered in
production, the use of FGMs in the industry has been limited [9,10]. Therefore, many studies
have focused on finding the optimum compositional gradient exponents that determine
the volumetric distribution theoretically [11–16].

However, although mass production has not yet been made for FGM, polymer and
metal-based FG materials have started to be produced with the spread of additive manufac-
turing methods and these studies have begun to take place in the technical literature [17–20].

Moita et al. [21] used a gradient-based optimization algorithm for material distribution
and sizing in free vibration and linear buckling problems of FGMs. Mantari and Monge [22]
used a new optimized hyperbolic displacement in combination with Carrera’s Compound
formulation for free vibration and buckling problems of FGM sandwich plates. Ashjari and
Khoshravan [23] investigated mass optimization of FGM for stress analysis of the bending
fraction. They applied genetic algorithms and herd optimization to the models they
designed. As a result, they emphasized that particle swarm optimization outperforms the
genetic algorithm when we look at the convergence rate and accuracy. Nazari et al. [24] tried
to estimate the core thickness and volume ratio and the three-dimensional natural frequency
of the FGM sandwich rectangular plate with the Meshless Local Petrov-Galerkin Method
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and Artificial Neural Networks (ANNs). Roque and Martins [25] used the Differential
Evolution (DE) algorithm as a guide to finding the optimum design in the free vibration
analysis of FG nanobeams. Correia et al. [26] optimized the minimum mass and minimum
material cost for the FGM plates. The Simulated Annealing (SA) method is used to find
the optimal design of the FGM. They emphasized that this model is easily applicable
for different metal and ceramic materials within the p-index and production constraints.
Maciejewski and Mroz [27] investigated the optimal composition of complex shaped FGM
for thermomechanical behavior. Nguyen and Lee [28] modeled a thin-walled FG beam
under buckling for beam section and material optimization.

Innovative materials, which are used in sensitive machine elements and materials
under critical operating conditions and whose structure can change according to the prob-
lem, are gaining more and more importance day by day. For this reason, optimization
approaches that reach the right result in effective time have been developed for different
problems at certain limit values. Studies aimed to find the optimum material composition
or lead the optimization in different methods such as artificial neural network, hybrid
algorithms, multi-object, iso-geometric, topology optimization [29–37]. Genetic program-
ming provides a formula by facilitating the solution path in numerical or non-numerical
problems, so that the solutions to be obtained as a result of long efforts are simplified.
The performance of genetic programming is tested and applied to capacity estimation,
hydrology, multidimensional problems. Since it is a new method, there are very few studies
in the field of FGM [38–44]. When the genetic programming applied in composite materials
is examined; There are studies such as coating quality, strength, and frequency of the
material. Some of these studies are exemplified below.

Gu et al. [45] used deep learning and genetic programming to predict the bond strength
capacity in adhesive joints used in composite plates. They emphasized that in both devel-
oped models, optimum structure and material design are estimated efficiently. According to
Dehestani et al. [46] estimated the microhardness of the Ni/Al2O3 nanocomposite coating
with the model created by combining genetic programming and genetic algorithm methods
in gene expression programming (GEP).

Shakeri [47] created a mathematical model with genetic programming and investigated
the relationship between the coating quality of the composite material and the coated
weight. With this model, the relationship between the coating material and coating time,
and coating quality is determined. According to Punugupati et al. [48] investigated the
effect of porosity on the flexural strength of composite material under load. Using MGGP,
they created an efficient model between flexural strength and ceramic porosity, and solid
loading. According to Sharif et al. [49] proposed a genetic programming model to reduce the
magnetic resonance of composite materials. They noted that the model in GP outperformed
the methods previously suggested in the literature. According to Demirbas et al. [50] found
the relationship between the thermo-mechanical behavior of GP and 1-D FG rectangular
plates and the material composition by constructing a model. They showed that the
formulas and equations reached by GP converged to the real values at a high rate and the
numerical analysis time became efficient.

In this study, an efficient working model was created by obtaining data sets with
compositional gradient exponent values in both directions using MGGP and equivalent
stress levels found by the finite difference method (FDM) of the 2D-FG plate. In these
models, the input data is the compositional gradient exponent and the output data are
equivalent stress levels, and formulas that give the relationship between input and output
with MGGP models are obtained, thus reducing CPU processing time.

2. Optimization Method and Materials
2.1. Functionally Graded Materials

Although composite materials are more efficient than conventional materials depend-
ing on the operating conditions, discontinuities in the material transition zones cause
cracks and stress concentrations. To regulate this situation, a gradual transition is achieved
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by providing volumetric control of the material in FGM, and stress concentrations and
discontinuity regions can be reduced. For these materials, it is important to determine the
optimum composition, that is, the composition gradient exponent, in order to provide the
desired properties in the desired area [51].

Figure 1 shows the variation of the compositional gradient exponent of the 2D-FGM
material. Here, the compositional gradient exponent values n, m represents the change in
the x-direction and y-direction, respectively. Equations (1) and (2) show the ceramic volume
ratio (Vc), and the metal volume ratio (Vm), respectively.

Vc(x, y) =
( x

l

)n(y
h

)m
(1)

Vm(x, y) = 1−Vc(x, y) (2)

In the 2D-FG plate problem discussed in this paper, stratification is performed accord-
ing to the power law and the variation of material properties is discussed according to the
Mori-Tanaka scheme [52], which is the mean-area micro-mechanical model. These models
are suggested theoretically and errors that may occur in FG production are not included in
the calculations [53].
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Figure 1. 2D-FGM rectangular plate for different boundary conditions [54].

2.2. Optimization Method
2.2.1. Genetic Programming

Genetic programming (GP) is established as an algorithm-based intuitive method
inspired by operators (crossing, mutation, and selection) that form the basis of the genetic
algorithm. However, individuals are mathematical functions operations keep going similar
to a tree structure. The simple tree structure of GP is shown in Figure 2. Nodes and depths
are indicated on the tree structure in Figure 2.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 4 of 15 
 

 
Figure 2. Simply tree structure of GP [55] 

Ramped half-and-half unitizes the full and grow method to form the tree structure. 
The full method finishes the length between the initiating node and end node with the 
specified maximum depth of the tree. In the grow method, the nodes are randomly 
selected until the maximum tree depth is specified. The half-and-half method, mixed-
method, uses 50% full method and 50% grow method. In different problem types, this 
method has been widely used in the literature [56]. 

In the Mutation process, the node point over the individual which is chosen 
randomly is changed. Then it will advance from the node point until the tree depth [57]. 
The mutation process is shown as before and after in Figure 3. 

 
Figure 3. Mutation (a) before (parent) and (b) after (offspring) tree structure. 

In the Crossover process, two individuals are selected in the population. Selected 
random nodes over the individual are modified between individuals. The crossover 
process is shown as before and after in Figure 4. 

Figure 2. Simply tree structure of GP [55].



Appl. Sci. 2022, 12, 8198 4 of 14

Ramped half-and-half unitizes the full and grow method to form the tree structure.
The full method finishes the length between the initiating node and end node with the
specified maximum depth of the tree. In the grow method, the nodes are randomly selected
until the maximum tree depth is specified. The half-and-half method, mixed-method, uses
50% full method and 50% grow method. In different problem types, this method has been
widely used in the literature [56].

In the Mutation process, the node point over the individual which is chosen randomly
is changed. Then it will advance from the node point until the tree depth [57]. The mutation
process is shown as before and after in Figure 3.
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In the Crossover process, two individuals are selected in the population. Selected
random nodes over the individual are modified between individuals. The crossover process
is shown as before and after in Figure 4.

In the selection process, like the evolution algorithm, GP works with the logic which
is selecting the strongest in nature. Individuals are selected with identified fitness function
and fitness value. Later, selected individuals are copied to a new generation. Fitness
function is evaluated by the Root Mean Square Error (RMSE) on both the training set and
the test set. The fitness function is shown in Equation (3), and n is the data size, yactual is y
values from the data set, ypred is the estimated y value obtained by entering the values of
the solution. The complexity of the model is calculated as in Equation (4) in proportion to
the depth of the tree and the number of nodes. C is tree complexity, d is the depth of the
solution tree, and n is the number of nodes at depth.

Fitness =

√√√√∑n
1

(
ypred − yactual

)2

n
(3)

C =
d

∑
k=1

n ∗ k (4)

2.2.2. Multi Gene Genetic Programming

MGGP process, unlike GP, produces more than one gene simultaneously and combines
these genes with the help of a bias to form a linear function. Moreover, all other processes
are applied in the same way.

For example, Table 1 shows how model 1 produces the
(
σeqv

)
1 equation to illustrate

multi-gene genetic programming in more detail. Simultaneously, MGGP, which produced
four genes, is progressed until four depths of the tree. The created four functions are
multiplied with weights for the model as a linear function then formulation is finished
with adding weight bias value to function. Overall genes, genetic programming operators
are applied.
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Table 1. Model 1
(
σeqv

)
1 example for the illustration of the overall model in MGGP [58].

Gene 1 Gene 2 Gene 3 Gene 4

Genotype
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1
4
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2.2.3. Experimental Design

In our numerical analysis problem, the ceramic material of the 2D-FG plate is ZrO2
and the metal material is Ti-6Al-4V. The dimensions of the plate are l = 100 mm and
h = 100 mm and the thickness is t = 1 mm. Since the plate thickness is thinner than
the other dimensions, all stresses and deformations occurring throughout the thickness
are neglected during the analysis, so the problem is considered as 2D. Two different
boundary conditions are applied to the 2D-FG plates. In the first boundary condition
(model 1), with an initial temperature of 298 K, a heat flux of 50 kW/m2 from the BD
edge is applied to the plate until the temperature at the AC edge is 600 K. In the second
boundary condition (model 2), with an initial temperature of 298 K, 50 kW/m2 heat fluxes
from the BD and CD edges are applied to the plate until the temperature at the AC edge
is 600 K. The heat transfer analysis problem is solved with the time-dependent Fourier
heat conduction equations and the temperature distribution matrix for the last time step
is transferred to the Navier’s equations of elasticity and the thermo-mechanical behavior
is determined. FDM is used in numerical analysis and datasets are obtained for MGGP.
The input values of the MGGP are analyzed for 200 different values, with compositional
gradient exponents in the range of n and m = 0.0001–1.5. In the analyzes made with FDM,
it has been recorded that the CPU time is approximately 2 h. Optimization in thermal
stress analysis is made by taking

(
σeqv

)
1 (the greatest of the greatest value of equivalent

stress levels),
(
σeqv

)
2 (the smallest value of the greatest value of the equivalent stress

levels),
(
σeqv

)
3(the greatest value of the smallest value of the equivalent stress levels),(

σeqv
)

4 (the smallest value of the smallest value of the equivalent stress levels) value
into consideration [59]. These are added as output values into the dataset in MGGP.
Determined input and output values, i.e., datasets, are split with randomly selected 70%
of the datasets for training and the other 30% for the test set.

In this study, a model which used the GPTIPS code of Matlab is created for MGGP [59].
Unfortunately, a definite method to determine MGGP setting parameters’ value is not
possible [50]. The parameters of MGGP, are based on a trial-and-error approach, are
shown in Table 2. The divide (/) function is protected, i.e., it returns ‘1’ when it is divided
by ‘0’.

Table 2. MGGP Setting Parameters.

Parameters GP

Population Size 100
Runs 100

Number of generations 100
Maximum Tree Depth 4

Maximum Gene 4
Crossover Rate 0.14
Mutation Rate 0.84

Direct Reproduction Rate 0.02
Initialization Ramped Half and Half

Functions +, −, *, square, tan, exp, log, sqrt, cube, negexp, neg, abs
Fitness function RMSE

In general, to express the optimization method, the model is created with the
training set data. And then, one of the MGGP operators is selected according to the
determined fitness value. The initial model is updated until stop criteria are met. When
the stopping criteria are met, it means a new model is created. The new model is analyzed
using the test data. And if the results are reasonable, the program is stopped. Otherwise,
the program continues from the training set. The flow diagram of optimization is shown
in Figure 5.
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3. Application in GP Programming

Performance of MGGP can be determined by fitness, maximum error, minimum error,
and standard deviation. These are created after training value and test value. Table 3 shows
the simulation results of Model 1 and Model 2. In Model 1, best fitness value

(
σeqv

)
1,

maximum error value
(
σeqv

)
2, minimum error value

(
σeqv

)
1 and standard deviation(

σeqv
)

4 are found in training results. In Model 2, best fitness value
(
σeqv

)
4, maximum error

value
(
σeqv

)
1, minimum error value

(
σeqv

)
4 and standard deviation

(
σeqv

)
3 are found

in training results. In Model 1, best fitness value
(
σeqv

)
4, maximum error value

(
σeqv

)
2,

minimum error value
(
σeqv

)
1 and standard deviation

(
σeqv

)
4 are found in test results. In

Model 2, best fitness value
(
σeqv

)
4, maximum error value

(
σeqv

)
1, minimum error value(

σeqv
)

4 and standard deviation
(
σeqv

)
3 are found in test results. When we look at these

values, we see that best produced equivalent stress value is
(
σeqv

)
1 for Model 1 and

(
σeqv

)
4

for Model 2.

Table 3. Simulation results.

Model 1 Model 2

Equivalent Stress Criteria Training Test Training Test

(
σeqv

)
1

Fitness 0.143 0.157 15.486 20.877
Max 0.287 0.321 26.223 62.125
Min 0.063 0.073 6.254 6.816
S.D 0.047 0.054 3.864 8.614

(
σeqv

)
2

Fitness 0.925 0.916 1.860 1.979
Max 2.000 2.087 3.889 4.173
Min 0.237 0.260 0.934 0.898
S.D 0.391 0.377 0.647 0.767

(
σeqv

)
3

Fitness 1.082 1.156 0.668 0.780
Max 1.343 1.380 0.800 0.929
Min 0.763 0.815 0.328 0.400
S.D 0.113 0.106 0.093 0.104

(
σeqv

)
4

Fitness 0.218 0.143 0.617 0.658
Max 0.692 0.287 1.284 1.393
Min 0.162 0.165 0.299 0.285
S.D 0.066 0.047 0.191 0.206
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Table 4 contains information on tree structures of the best models of Model 1 and
Model 2. When all stress values are examined, gene and tree depths are reached at maxi-
mum values. When tree depth investigated by complex structure and node number, least
node and minimum complex structure are seen in

(
σeqv

)
3 for Model 1 and in

(
σeqv

)
4 for

Model 2. When all the models are studied, the most complex structure and maximum
number of nodes occurred in

(
σeqv

)
1 of Model 2.

Table 4. Information about trees of the best models.

Equivalent Stress Criteria Model 1 Model 2

(
σeqv

)
1

Node 22 42
Complexity 56 129
Tree Depth 4 4

Gen 4 4

(
σeqv

)
2

Node 29 21
Complexity 82 53
Tree Depth 4 4

Gen 4 4

(
σeqv

)
3

Node 18 19
Complexity 44 50
Tree Depth 4 4

Gen 4 4

(
σeqv

)
4

Node 24 17
Complexity 64 43
Tree Depth 4 4

Gen 4 4

In our study, the best equations of MGGP are shown in Table 5. As we have explained
in the other tables, the most complex equations are seen in

(
σeqv

)
1 in Model 2. All equations

can be used as a guide in optimization for researchers.

Table 5. Equations of best models.

Dataset Equations

M
od

el
1

(
σeqv

)
1

24.2tanh
(

m1
1
4

)
− 64.2tanh

(
m1

1
2

)
− 3.74n1 +

5.16 tanh(m1)
2
(

n1 + m1
1
2

)
− 7.47m1

1
2 + 427(

σeqv
)

2
6.56n1 + 8.97m1 + 54.3 exp(−2m1)−

162 exp(−1.26m1) exp(−n1m1)|n1||m1|+ 116(
σeqv

)
3

760tanh
(

tanh
(

m1
1
2

))
+ 707 exp

(
−m1

1
2

)
+ 36.9m1tanh(exp(n1)) +

31.9n1tanh(n1m1)− 613(
σeqv

)
4

10.1tanh(n1) + 28.6tanh(m1)tanh(n1)− 5.76m1
3/2tan h(m1)

3 +

1.28 exp(m1)tanh(n1)
2 + 0.655

M
od

el
2

(
σeqv

)
1

100 exp
(
− (2m1)

n1+0.0557

)
+ 58.4n1

3m1 exp(−m1)−
5.78m1(m1 + 0.116)

(
n1

2 − 9.29
)
+ 66.4m1

(n1+0.116)(n1+m1+0.117) + 326

(
σeqv

)
2

399− 252 exp
(
−n1 −m1

1
2

)
− 29.3 exp(−2m1)−

153tanh
(

m1
1
2

)
exp(−tanh(n1))− 29.1 exp(tan h(n1)

1
2 )

(
σeqv

)
3

602m1
3/4 − 59.4tanh

(
m1

1
2 exp(−m1)

)
−

tanh(tanh(n1))
(

m1 −m1
1
2

)
− 380m1 + 93.1(

σeqv
)

4
107tanh(m1)− 4.29 exp(−n1) + 54 exp(−2m1 exp(−n1))−

14.6n1tanh(n1m1)
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The results obtained from the numerical analysis results are compared with the values
obtained in genetic programming. Considering the order of the input data, graphs are
created with the equivalent stress value, which is our output data. It is important that the
figures in the graphics are similar to each other in order to check whether the program is
working correctly. When we look at all the graphics, it is remarkable that they are similar
to each other.

Figure 6 shows the graph of the actual and predicted values of the training simulation
results of all equivalent stresses of Model 1, and Figure 7 has test simulation results. In
error graphs, it is desired that the actual value and the predicted value be very close to each
other. For both training and test simulation results, the actual and predicted values in the
graphs converged.
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Table 6. RMSE minimum and maximum error values for Model 1.(
σeqv

)
1

(
σeqv

)
2

(
σeqv

)
3

(
σeqv

)
4

RMSE 0.067 0.246 3.6078 0.1631
Min Error 0.00103 0.007 0.0014 0.0005
Max. Error 0.2129 0.9059 12.0658 0.5662

Error Rate (%) 0.0125 0.4884 1.395 2.752

The RMSE, error rate, minimum and maximum error values of the Model 2 achieved
from actual and predicted values of all equivalent stresses are shown in Table 7. When
Model 2 examined by these criteria,

(
σeqv

)
3 values reached the best solution and

(
σeqv

)
1

values reached the worst solution.

Table 7. RMSE minimum and maximum error values for Model 2.(
σeqv

)
1

(
σeqv

)
2

(
σeqv

)
3

(
σeqv

)
4

RMSE 6.428 0.960 0.350 0.295
Min Error 0.065 0.020 0.001 0.002
Max Error 30.90 2.478 1.384 0.96

Error Rate (%) 1.02 0.42 0.15 2.12

To determine the average duration of the numerical solution, an average time estimate
is made by choosing the largest, medium, and smallest values of values between 0.0001–1.5.
These time expressions are shown in Table 8. Based on these times, the average times are
2049.47 s in Model 1 and 842.00 s in Model 2. Regardless of the data set formation time of
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MGGP, one n-m compositional gradient exponent value is reached in less than one second
after the model is created, and thus CPU time is reduced and work time saved.

Table 8. Numerical solution times of model 1 and model 2.

n-m Start End Time (s) Average
Time (s)

Model 1
1.5–1.11 13:31:25 14:19:40 2895.00

2049.670.77–0.66 15:12:31 15:40:08 1657.00
0.001–0.005 16:31:12 16:57:49 1597.00

Model 2
1.5–1.11 09:45:58 10:08:33 1356.00

842.000.77–0.66 10:14:57 10:36:36 699.00
0.001–0.005 10:46:27 11:04:18 471.00

4. Conclusions

For structural analysis of FGM, composite gradient exponent values and equivalent
stress values, which affect thermo-mechanical behavior, have worked well. A useful
equation is established in MGGP to save work and time. In accordance with this purpose,
equations are founded in MGGP. The performance of these equations is evaluated with
two different models. When the equation’s performance is evaluated, considering the
RMSE value, it is solved in an average of 97.95% in model 1 and model 2 with an average
of 97.99 accuracies. Due to the rapid progress of the technology and change in the usage
conditions, it has become very important to reach the optimum product quickly. Established
equations can be used in optimization studies because of their high accuracy and fast design.
Our study will contribute to the literature in this aspect and will guide researchers.
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