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Featured Application: The present study measures aerodynamic drag effects on microspheres for
the purpose of improving the accuracy of microsphere flight modeling. Applications that will
benefit from improved accuracy include microscopic ballistic testing and projectile gene delivery.

Abstract: The acceleration of microparticles to supersonic velocities is required for microscopic ballis-
tic testing, a method for understanding material characteristics under extreme dynamic conditions,
and for projectile gene and drug delivery, a needle-free administration technique. However, precise
aerodynamic effects upon supersonic microsphere motion at sub-300 Reynolds numbers have not
been quantified. We derive drag coefficients for microspheres traveling in air at subsonic, transonic,
and supersonic velocities from the measured trajectories of microspheres launched by laser-induced
projectile acceleration. Moreover, the observed drag effects on microspheres in atmospheric (760 Torr)
and reduced pressure (76 Torr) are compared with existing empirical data and drag coefficient models.
We find that the existing models adequately predict the drag coefficient for subsonic microspheres,
while rarefaction effects cause a discrepancy between the model and empirical data in the supersonic
regime. These results will improve microsphere flight modeling for high-precision microscopic
ballistic testing and projectile gene and drug delivery.

Keywords: particle motion; high-speed imaging; laser-based launcher; drag coefficient; subsonic
flow; supersonic flow

1. Introduction

Accurate knowledge of a projectile’s velocity is essential for improving the accuracy
of its impact dynamics. Over the trajectory of the projectile’s flight, its deceleration rate
varies due to the evolution of the surrounding fluid flow conditions [1]. These conditions
are reflected in the projectile’s drag coefficient (CD), making the quantification of CD as
a function of the projectile’s velocity useful for modeling its flight and impact velocity.
This is of particular importance to the laser-induced projectile impact test (LIPIT) [2–4],
an emerging microscopic mechanical characterization method utilizing supersonic micro-
projectiles to apply localized ultrahigh-strain-rate inelastic stimulus to a specimen. In LIPIT,
it is essential to quantify the velocity of the micro-projectile as it impacts the specimen to
determine the kinetic energy it delivers. Improved quantification of CD will enable the
impact velocity, and kinetic energy at impact, to be modeled more accurately. Moreover,
improved knowledge of CD can benefit projectile gene [5–8] and drug [9–11] delivery,
where a DNA-, RNA-, or drug-coated microprojectile’s impact velocity determines its
penetration depth into the soft tissue substrate. Precise depths must be reached to achieve
the desired gene therapy or pharmacological effect. For instance, administration through
the skin requires that the projectiles carry sufficient kinetic energy to pass through the skin’s
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stratum corneum and reach the viable epidermis [7,9–11]. By improving the accuracy of
CD modeling, calibration of the instruments launching these projectiles may be improved
so that the genes or drugs are delivered to the target tissue with greater efficacy.

In both micro-ballistic characterization and projectile delivery of genes and drugs, micro-
spheres often travel at supersonic Mach numbers (M) and low Reynolds numbers (Re < 300).
Prior methods of quantifying CD for spheres within this high-M, low-Re experimental
space have included wind tunnel testing [12–14] and ballistics [15]. To access Re < 300, these
methods have typically used macro-scale spheres (0.8 < diameter (Dp) < 25 mm) in low
air pressure environments (P < 5 Torr) [12–15]. However, quantifying CD in near-vacuum
conditions may suppress fluid flow characteristics that affect microsphere flight in the
atmospheric pressure conditions of micro-ballistic characterization and projectile delivery
of genes and drugs. In this work, we use laser-induced projectile acceleration to quantify
CD for microspheres (3.7 ≤ Dp ≤ 7.6 µm) in P = 760 and 76 Torr at 0.3 < M < 2.2 and
5 < Re < 300 and compare the results with existing empirical data and CD models. While
the models agree with empirical data in the subsonic regime, we found their accuracy
to diminish with increasing rarefaction in 1.2 < M < 4 and Re < 300 conditions. These
findings will benefit future work seeking to improve modeling of microsphere velocity
in order to increase the efficacy of micro-ballistic characterization and projectile gene and
drug delivery, where the projectile’s impact velocity and kinetic energy must be known
with confidence.

2. Materials and Methods

In this work, we derived CD from the measured trajectories of silica microspheres
(Dp = 3.7 and 7.6 µm) launched at initial velocities ranging from 90 to 770 m/s in two
different air pressures (P = 760 and 76 Torr) using LIPIT. Experiments were conducted in 25 ◦C
air, corresponding to a 346 m/s speed of sound [16] and air viscosity [16] of 1.8× 10−5 Ns/m2.
Air density [16], ρ, was 1.2 kg/m3 in P = 760 Torr and 0.12 kg/m3 in P = 76 Torr. In
LIPIT, which is illustrated in Figure 1a, microspheres are dispersed on the surface of a
launch pad consisting of glass, gold, and crosslinked polydimethylsiloxane (PDMS) layers
at respective thicknesses of 210 µm, 70 nm, and 30 µm. A 1064 nm laser pulse incident upon
the underside of the launch pad locally ablates the gold film, causing a rapid expansion
of the PDMS layer above it. This ablation launches the microsphere, whose flight is
illuminated by ultrafast sub-picosecond white-light pulses at even time intervals (noted as
∆t in Figure 1a) and captured in a multi-exposure stroboscopic image, as in Figure 1b. v0 is
the microsphere’s velocity at the first exposure within the field of view, as noted in Figure 1a.
Each individual microsphere was launched through a single 115 × 115 µm opening in a
solid baffle positioned between 1 and 2 mm from the launch pad. The baffle blocked the
propagation of shock waves produced by the ablation event, thereby ensuring that the
air behind the baffle would remain undisturbed until the microsphere’s arrival through
the opening. The exposures at t = t0 and t = tn in Figure 1a represent the first and last
exposures within the camera’s field of view, where n ranged from 5 to 17. After calibrating
the multi-exposure image using a calibration target in the focal plane, the positions of all
exposures from t = t0 to t = tn were measured to establish the microsphere’s trajectory.
The distance and time between the t = t0 and t = tn exposures ranged from 330 to 1175 µm
and from 0.98 to 9.20 µs, respectively. To illustrate the nonlinearity of the microspheres’
trajectories, the positional deviation from a microsphere of constant velocity is presented in
Figure 2a for microspheres at v0 ≈ 520 m/s for each of the three experimental conditions.
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Figure 2. (a) Positional deviation, ∆z(t), from a constant-motion reference of v0 ≈ 520 m/s, where
∆z(t) = v0t − z(t) and actual position, z(t), is measured from a multi-exposure stroboscopic
image, as in Figure 1b. (b) Velocity-position data corresponding to the data in (a) fit with an
exponential decay fitting function (Equation (1)). Error bars correspond to a 95% confidence interval
(±2 standard deviations).

We used a central difference approximation of the first derivative to convert the
microsphere’s position-time trajectory into velocity-position data, as shown in Figure 2b. We
then performed a regression fit of the velocity-position data using Equation (1), achieving
an average R2 value of 0.96 across all experiments. Equation (1) is an exponential decay
function giving velocity as a function of position and assuming an exponential loss of kinetic
energy. The fitting parameters of Equation (1) are v0 and β, the exponential decay parameter.
Despite the sub-10 µs timescales of the measured portion of flight, the microspheres
exhibited sufficient velocity drop to assess deceleration with confidence. A velocity drop
of at least 1% of the initial velocity (∆v/v0 ≥ 1%) over the measured range is necessary in
order to accurately calculate a microsphere’s deceleration [17]. This condition was satisfied
in all tests conducted in the present work. Microspheres launched in the three conditions
(Dp = 3.7 µm, P = 760 Torr; Dp = 7.6 µm, P = 760 Torr; Dp = 3.7 µm, P = 76 Torr) at 0.3 < M < 2.2
exhibited ∆v/v0 ranges of 7.2–22.3%, 5.2–10.5%, and 1.6–6.0% and Knudsen numbers (kn)



Appl. Sci. 2022, 12, 6622 4 of 9

of 0.018, 0.009 and 0.18, respectively. Each flight yielded a single, constant β value, which is
consistent with the methods of prior CD studies [15,17–20]. By derivation from the drag
force equation (Equation (2)), β is directly proportional to CD by Equation (3), in which ρ,
A, and m correspond to air density, particle cross-sectional area, and particle mass. The
added mass and Basset history forces were neglected due to the high density ratio between
the particle and the surrounding gas [21].

v(z) = v0e−βz (1)

FD = m(dv/dt) = −1
2

CDρAv2 (2)

CD = 2βm/ρA (3)

3. Results and Discussion

By varying microsphere velocity, microsphere diameter, and air pressure, we quanti-
fied CD at a range of flow conditions, reflected by Re and M, spanning from 5 to 300 and
0.3 to 2.2, respectively. Figure 3 presents CD vs. Re colored according to M for the three
combinations of Dp and P. It is apparent from Figure 3 that in P = 760 Torr, CD changes
non-monotonically near M = 1. In the supersonic regime, CD increases with decreasing M.
Figure 3b illustrates how pressure drag mainly contributes to drag force in this regime due
to the large low-pressure region in the wake of the detached bow shock, which contains a
toroidal recirculation region downstream of the sphere [22,23]. As the supersonic velocity
decreases, the angle of the shock wave increases, causing the low-pressure region in its
wake to expand [23,24]. Expansion of the low-pressure region incurs greater pressure drag
and results in an increase in CD. As the microsphere decelerates through the transonic
regime (estimated to be 0.8 < M < 1.2), the additional drag created by the shock wave is lost,
resulting in a reduction in CD. Due to differing microsphere diameters, this transition occurs
at lower Re values for the Dp = 3.7 µm, P = 760 Torr case than the Dp = 7.6 µm, P = 760 Torr
case. As the microsphere’s velocity continues to decrease below M = 0.8, the flow separa-
tion point moves to the downstream side of the microsphere and the low-pressure zone
in the microsphere’s wake reduces in volume [22,23,25,26]. While the reduction of the
low-pressure region induces a decrease in pressure drag, the concurrent increase in friction
drags results in a monotonic net increase in CD. In the P = 76 Torr case, we do not observe
a distinct change in CD during the transonic regime due to the weakened contribution of
the bow shock in reduced pressure. The error bars [27], representing a 95% confidence
interval of two standard deviations, are the largest for the P = 76 Torr condition. By imple-
menting the method of sequential perturbation to calculate error [27], it was found that
the uncertainty in deceleration accounted for most of the error in CD. As noted previously,
the ∆v/v0 values are smallest for the P = 76 Torr condition, yielding the least accurate
measurement of deceleration among the three experimental conditions. The CD vs. Re
results in Figure 3 can be used to model microsphere velocity for micro-ballistic mechanical
characterization and for projectile delivery of genes and drugs, ultimately determining
impact velocity in both applications. In the former, the specimen impact velocity provides
the microsphere’s kinetic energy upon impact. In the latter, the skin impact velocity [10]
may be utilized in a theoretical penetration model [28] to estimate the tissue depth reached
by the penetrating microsphere [9,10,29]. Future studies of projectile gene and drug deliv-
ery may achieve greater efficacy by including the present work’s quantification of CD in
such penetration models.
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The “standard drag curve” for spheres illustrates CD vs. Re in subsonic, incompressible
flow [30]. Many empirical and semi-empirical models, which are functions of Re only,
have been developed to approximate the standard drag curve [31–42]. The model given
by Equations (4) and (5) is recommended by Clift, Grace, and Weber [30] as the most
accurate approximation. This approximation is provided in Figure 3 and shows reasonable
agreement with the subsonic P = 760 Torr results from the present work for M < 0.8. This
and other approximations of the standard drag curve [31–42] overestimate subsonic CD
for the P = 76 Torr condition because they are purely functions of Re and do not account
for Kn, where Kn describes the degree of rarefaction by the ratio of the molecular mean
free path of the fluid to the diameter of the sphere [1,23,30,43–46]. The Kn value for the
P = 76 Torr condition was 0.18, corresponding to the transitional-flow regime between
slip-flow and free-molecule flow [30]. A slip correction factor [30] of C = 1.45, given by
Equation (6), may be implemented to the standard drag curve approximation in the case
of P = 76 Torr, where continuum flow is assumed despite the Kn value indicating rarefied
transitional-flow. Slip correction factors are negligible for the P = 760 Torr cases, where flow
conditions are nearer to continuum flow. By dividing the standard drag curve by 1.45, the
approximation is shown in Figure 3 to agree with the empirical results for the P = 76 Torr
condition at M < 0.8.

Standard drag curve approximation:

CD =
24
Re

[
1 + 0.1315Re(0.82−0.05 log10 Re)

]
, 0.01 < Re ≤ 20 (4)

CD =
24
Re

[
1 + 0.1935Re(0.6305)

]
, 20 ≤ Re ≤ 260 (5)
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Slip correction factor:

C = 1 + Kn
[
2.514 + 0.8e−0.55/Kn

]
(6)

Recognizing the difficulty of accurately measuring aerodynamic force empirically
under high-M, low-Re conditions, Nagata et al. [23] used direct numerical simulation
to model CD vs. Re within the ranges 0.3 < M < 2.0 and 50 < Re < 300. Of the CD
models considered by the authors, Carlson and Hoglund’s (Equation (7)) showed the best
agreement with the simulation results in both subsonic and supersonic conditions. Thus, in
Figure 3, the Carlson-Hoglund model is provided for the three experimental conditions in
the present work. The model was developed to be valid across the subsonic, transonic, and
supersonic regimes, although no specific range of validity is given by the authors [47]. It
does not require implementation of the slip correction factor, as it accounts for Kn through
the M/Re proportionality [47]. The model shows reasonable agreement with the M < 0.8
results from the present work.

Carlson-Hoglund model:

CD =

(
24
Re

)(1 + 0.15Re0.687)(1 + e(0.427/M4.63)−(3.0/Re0.88)
)

1 + (M/Re)
(
3.82 + 1.28e−1.25Re/M

)
 (7)

To assess the model’s validity in the supersonic regime, the M > 1.2 results of the
present work are provided in Figure 4 alongside the combined empirical data of Kane [12],
Wegener and Ashkenas [13], Aroesty [14], and Bailey and Hiatt [15] within the ranges
1.2 < M < 4 and Re < 300. These data, derived from wind tunnel and ballistic experiments,
accessed Re < 300 by testing macro-scale spheres (0.8 < Dp < 25 mm) in low air pressure
environments (P < 5 Torr) [12–15]. Using the M/

√
Re flow regime metric [30,48], the

data were found to fall within the transitional-flow regime. The transition between the
transitional-flow and slip-flow regimes occurs at M/

√
Re = 0.1. With data points colored

according to M/
√

Re, it is apparent that data approaching the slip-flow regime show better
agreement with the Carlson-Hoglund model. Since the model is a function of Re and M, it
is provided in Figure 4 as a shaded range for 1.2 < M < 4. The data in best agreement with
the model are the Dp = 7.6 µm, P = 760 Torr data, which fall within the slip-flow regime
(0.01 < M/

√
Re < 0.1).

These findings join other studies [1,23,43–46] in illustrating that CD is not solely a
function of Re, but also of metrics that reflect changing flow conditions, such as M and Kn.
The increasing deviation of the M > 1.2 empirical CD data from the Carlson-Hoglund model
in Figure 4 is attributed to the suppression of flow characteristics in increasingly rarefied
conditions. For instance, the drag force incurred by the bow shock may be diminished in
increasingly rarefied supersonic flow. Thus, while Figure 3 attests to the Carlson-Hoglund
model’s accuracy for modeling CD at M < 0.8, Figure 4 indicates that the model is less
accurate for M > 1.2 rarefied flow conditions, including the transitional-flow regime.
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Figure 4. Drag coefficient, CD, vs. Reynolds number, Re, at 1.2 < M < 4 for the three supersonic
experimental conditions are displayed with the data of Kane [12], Wegener and Ashkenas [13],
Aroesty [14], and Bailey and Hiatt [15]. The shaded region indicates the Carlson-Hoglund model’s
range for 1.2 < M < 4. Data points are colored according to the M/

√
Re flow regime metric from 0.1

to 0.7, where increasing values correspond to increasingly rarefied conditions. Data points in black
with M/

√
Re < 0.1 belong to the slip-flow regime.

4. Conclusions

In this work, we used LIPIT to launch Dp = 3.7 and 7.6 µm microspheres in P = 76 and
760 Torr and quantified CD across 5 < Re < 300 and 0.3 < M < 2.2. While prior methods of
accessing the 1.2 < M < 4 and Re < 300 experimental space accessed the transitional-flow
regime, our study broadened the range of flow regimes by accessing the transitional-flow
and slip-flow regimes. We illustrated the diminishing accuracy of the Carlson-Hoglund
model with increasing rarefaction in 1.2 < M < 4 and Re < 300 conditions. The diminish-
ing accuracy was attributed to the suppression of drag-inducing flow characteristics in
increasingly rarefied conditions. The results of this work will be useful to the fields of
micro-ballistic mechanical characterization and projectile gene and drug delivery, as the
Carlson-Hoglund model may be more accurate in modeling CD for M > 1.2 and Re < 300
in the continuum and slip-flow regimes than in the transitional-flow and free-molecule
flow regimes. The results also attest to the accuracy of the Carlson-Hoglund model, and
the standard drag curve in modeling CD for M < 0.8 and Re < 300. These models may be
used to estimate the velocity and energy of a microsphere at any point during its flight,
including the moment of impact, which is critical for applications such as micro-ballistic
mechanical characterization and projectile gene and drug delivery.
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