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Abstract: In this paper, we study the existence and stability of collinear and noncollinear equilibrium
points within the frame of the perturbed restricted problem of 2 + 2 bodies by a planetesimal
belt. We compare and investigate the corresponding results of the perturbed and unperturbed
models. The impact of the planetesimal belt is observed on collinear and noncollinear equilibrium
points. We demonstrate that all equilibrium points are unstable, and we numerically investigate
the noncollinear equilibrium points. Finally, we emphasize that the proposed problem is a credible
model for describing the capture of small bodies by a planet.
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1. Introduction

In the field of celestial mechanics, the circular restricted three-body problem (CRTBP),
where an infinitesimal body moves under the influence of two primaries without affecting the
motion of the primaries, has been extensive used. For details and investigations, see [1-4].
The dynamics of the combined system of two primaries and two minor bodies, called
the restricted 2 + 2 body problem (R2+2BP), was analyzed in [5,6]. In this model, two
equations of the motion of the CRTBP are coupled with each other by mutual gravitational
interactions. This model, or the dual-satellite-like model, helps with studying the dynamic
behavior of binary asteroids in the presence of two primaries. Whipple studied R2+2BP
and found 14 pairs of equilibrium points [5]. The study of R2+2BP with different disturbing
forces produced more precise and accurate data about the system’s dynamic behavior.

Many researchers incorporated different effects of R2+2BP to analyze the perturbed
dynamics of the system. For example, Kumar et al. studied the generalized R2+2BP by
considering the second primary as a straight segment, and showed that length parameter
has a subsequent effect on the location of all equilibrium points [7]. Kalvouridis and
Mavraganis [8] found R2+2BP dynamics in the presence of the photo gravitational effect,
and Kalvouridis [9] studied the impact of oblate in R2+2BP. The families of a periodic orbit
in R2+2BP were discussed by Spurgin [10], who found that the orbits are stable. The stability
of R2+2BP was evaluated by Milani and Nobili [11], who showed that the integral of the
system, which is similar to RTBP, does not result in hill stability. The restricted 2 + 2 problem
with a homogeneous axis-symmetric ellipsoid was described by El-Shaboury [12], who
also found 16 solutions in the neighborhood of triangular equilibrium points. A ring-
shaped disk-like region formed from dust, comets, asteroids, etc., in the space having
considerable mass exerts some gravitational force and affects the dynamic behavior of
infinitesimal bodies.

Appl. Sci. 2022, 12, 424. https:/ /doi.org/10.3390/app12010424

https://www.mdpi.com/journal/applsci


https://doi.org/10.3390/app12010424
https://doi.org/10.3390/app12010424
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0003-4397-8992
https://orcid.org/0000-0002-4445-1052
https://orcid.org/0000-0002-2515-3762
https://orcid.org/0000-0002-2800-4527
https://orcid.org/0000-0001-9569-2297
https://doi.org/10.3390/app12010424
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app12010424?type=check_update&version=1

Appl. Sci. 2022,12, 424

20f19

In our solar system, the asteroid belt and kuiper belt are dust-belt-like structures. Dust-
belt-like structures are also present in the Proxima Centauri system. Many researchers have
studied the effect of the asteroid belt in CRTBP [13-16], and found that these perturbations
exhibit significant changes in the equilibrium position. In this paper, we investigate some
new aspects of R2+2BP, along with the disk-like belt effect on the potential function; as
such, we found the change in the equilibrium positions. Moreover, we analyze the variation
in the distance of the equilibrium location of a minor body P; and P, for y; = yj from
its neighboring equilibrium point L;,i = 1,2,3,4,5) versus mass ratio p. The effects of
perturbed equilibrium points are compared with those of the unperturbed 2 + 2 body
problem. We discuss the stability of the perturbed system with the help of eigenvalues for
the particle P;.

In general, the restricted 2 + 2 bodies problem is formulated as a credible model to
show the capture of small bodies by a planet. In particular, two primaries are considered
to revolve in a circular mutual orbit and two infinitesimal bodies, where neither of them
affects the primaries’” motion. If the small bodies are temporarily captured in the Hill sphere
of the smaller primary, they may become close enough to each other to exchange energy
so that one of them becomes regularly and permanently captured. The aforementioned
descriptions are considered the major applications of the restricted 2 + 2 bodies problem,
which motivated us to study a more generalized model for this problem.

This paper is organized as follows: In Section 2, we formulate the restricted 2 + 2
body problem in the presence of the planetesimal belt effect. In Section 3, the variation
in equilibrium points against mass ratio y is described and we compare the perturbed
equilibrium points with unperturbed equilibrium points. Furthermore, a stability analysis is
performed in Section 4, and in Section 5, we discuss the results and provide our conclusions.

2. Formulation of the Model

The restricted 2 + 2 body problem consists of two primaries, M; and M, with unit-
less masses 1 — y and y, respectively. They are assumed to move on circular Keplerian
orbits around their common center of mass under their mutual gravitational force. Two
infinitesimal bodies, P; and P>, of dimensionless masses j1 and jio, respectively, move in the
gravitational field while mutually attracting each other without perturbing the primaries.
The perturbed mean motion #n can be considered as in [15-18],

2Mbi’c

=1+ 3/
(r2+1T2)2

where M, is the total mass of the planetesimal belt, and 7. is the dimensionless reference
radius of the planetesimal belt. The gravitational potential of the planetesimal-belt-like
system is expressed as in [19,20],

M,
(R? + [a+ V22 + b22)2

where R is the minor body’s radial distance, a is the flatness parameter, b is the core
parameter, and z is the coordinate of the planetesimal belt in a direction of Z-axis. The
potential reduces to the system of a point mass with the condition a = b = 0. Restricting
the condition to the XY plane (i.e., Z = 0) and defining T = a + b, we have the unit less
potential written as,

¢(R,z) =

M,

¢p(R,0) = ————.
(R2+T2)2

According to the formulation of the restricted 2 + 2 body problem given by [5,21,22],
R2 + 2BP is characterized by three parameters, y, 1 and pi2, which are the mass parameters
of My, P;, and P,, respectively. We consider a perturbed R2+2BP in the rotating coordinate
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system. Let (¢,0,0), (1 —1,0,0), (x1,y1,21), and (x2,y2,22) be the coordinates of My, My,
P;, and P,, respectively, in a rotating frame, as shown in Figure 1.

y

Py(xy,¥1,24)

PZ(XZIVZIZZ)

X
M,(1-1,0,0) O M, (11,0,0)

Figure 1. Restricted 2 + 2 body problem model.

Using dimensionless variables and considering the effect of the planetesimal belt, the
restricted 2 + 2 problem is described by differential equations [5]:

, .1
Yi +2nx; = iy 1)

2 1 1-— 1z M
U=Y |5 (d+yd)+ L+ Ly 2B, 0 0 @)

where

i =(xi—p)?+yl +z,
= —p 1) +yi 42,
( 2

12 =(x1 —x)% + (y1 — yz)z + (21 — 22)".

3. Equilibrium Points

The equilibrium points are the positions of an infinitesimal body where the motion
of the minor vanishes. Thus, the velocity and acceleration of P;,i = 1,2 are zero, i.e.,
X =V = Z; = %; = §; = Z; = 0. Applying these conditions in Equation (2), we obtain,

1— — —u+1 —
U, = m (nle _ H)r%fl m o H(Xlrglﬂ-F ) _ Hz(’?3 Xz)) o
__ M =0,

(R3+2)?
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1-— — M
U, = m <n2y1 - 7( K _BA_ t2y1 y2)> - ( b1 =0, 4)

3
2

M 21 R2+T2)
1— —
U, = _( 314)2'1 _ ﬂTzl _ Plz(zl3 22) —0, )
"1 21 r
U, = W <n2x2 _ (1*}%:2*}4) _ H(eré5+1) _ Hl(’%’ﬁ))
(6)
M
—_Mx g
(R3+T2)2

1-—- — M
u, = y2<n2y2_(3ﬂ)yz_uyz_ﬂz(yz y1))_( b2 o, (7)

" o5 r? RZ+ TZ)%
1— _
T ) ®
™ 2 r

Simplifying Equation (5), we obtain,

Z1=12p X Ha . )
73{(3M)+£+1:3z]
21

™

Using the value of z; from (9) in (8), we obtain either z; = 0 or ¢ = 0, where

_ (1—V)+ﬁ o H1p2
e 3, 6) A=1) | » |
r —3 + 3 + -3
"1 1 r

However, we observe that c is nonzero for all values of y, 1, and yp. Therefore, z; must be
zero and hence z; = 0. Consequently, all equilibrium points of the restricted 2 + 2 body
problem lie on the XY plane. Hence, the solutions of the equilibrium points can be obtained
from Equations (3), (4), (6) and (7).

3.1. Collinear Equilibrium Points

The collinear equilibrium points appear on the X-axis. These points can be calculated
using Equations (3) and (6) with conditions y; = 0 and y, = 0. Then, we have,

_ =) plag—ptl) 142(3617962))
M (nxl lx1—ul3 |x1—p+1P3 [x1—x2[3 (10)
M 2 4
(135 8y) =0
1 1 1
_ A-wa—p)  plri—ptl) ]42(7‘1*3(2))
p (g — ORI — RCER - B0 an
M 372 | 1574\ _
‘( ‘u%*sx%) =0

The solution of the present model obtained by the perturbation method was proposed
by [5]. The solutions of Equations (10) and (11) are x; and x,, expressed in a power series
with small parameters [5,8].

X1 = Lj+611182+ﬂ12€:27_+...,

Xo = Lj+ﬂ21£1+ﬂl22€%+...,
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where ¢; = (ﬂ)z and L;,j = 1,2,3 are the collinear Lagrangian points of CRTBP.
H1+H2)3
Hence, Equations (10) and (11) can be written as:
anWoes — M =0, (12)
%1 — x2
0 pm( —x1)
anWiy€1 — W =0, (13)
where
1 1-— M
A (14)
r 2 (R2 +T2)2
1
Using Equations (12) and (13), we have aj; = —ap; and a1; = i( )1 . Thus, the
WXX 3
equilibrium points of R2+2BP are:
H2
L = =L;+ (15)
i+ T/
! [(1 + 2)? W] 3
L2 =1+ M . (16)

e (1 + VZ)ZWxX]%

Equations (15) and (16) yield paired equilibrium positions near the collinear equilib—
rium points L;, j = 1,2,3 of R2+2BP. We denote the collinear equilibrium points as Lh e
(i=1,2.j =1,2,3). Superscript P; denotes the equilibrium points for an infinitesimal body;
P;, i = 1,2 denotes the equilibrium points near L1, L,, and L3. Subscript j£ denotes the
relative position of equilibrium points, where 4+ indicates the right and — indicates the left
position with respect to L;, j = 1,2, 3. Figure 2 shows the positions of the equilibrium points
when y = 0.1, y; = 0.01, and pp = 0.001 with the planetesimal belt effect M}, = 3 x 107
and parameter T = 0.11. The positions of the equilibrium points are shown as P; (green)
and P; (red). In the presence of the planetesimal belt effect, we can observe that the first

equilibrium position of Py ( ) is to the left of L;. The equilibrium position of P, ( +)
is to the right of L. Similarly, the second equilibrium position of Py, i.e., (Lf +) is to the

right of L1. The equilibrium position of P, i.e., (Lfi) , is to the left of L1. As such, we also

found four collinear equilibrium points near L, and L3.

The positions of the collinear equilibrium points were also calculated numerically,
as shown in Tables 1-3 for p; = 10710, yp = 1072, M, = 3.7 x 1077, and T = 0.11
with the variation in p. Table 1 shows that when y increases L1 L fzi_ decreases. In

Tables 2 and 3, lel, in, Lél, and Lgi increase with increasing . Moreover, we analyzed

the effect of the planetesimal belt on R2+2BP. The equilibrium positions of two minor
bodies are the same if the masses are equal, i.e., yt1 = yp. Consequently, the distance from

L; to L]Pj’[ fori = 1,2 is equal, i.e., if d(x,y) is the distance between points x and y, then
d(L;, Lﬁl[) =d(Lj, Lfi ). Therefore, we plot the distance versus y in Figure 2 by considering
M, =37x107, T = 0.11 and iy = pp = 10~2; in Figure 3, d(L, L}, ) increases as y

increases in 0 < u < 0.5. Concurrently, d(L,, Lg;), and d(L3, Lg’i) decrease as y increases
from 0 to 0.5.
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Figure 2. The position of equilibrium points when y = 0.1, y; = 0.01, yp = 0.001, M, = 3 x 107,
and parameter T = 0.11. The positions of the primaries are M; and Mj, represented by an asterisk
and blue dot, respectively. Ly, Ly, L3, L4, and Ls with black dots are the Lagrangian points of CRTBP.
The equilibrium points of R2+2BP with the planetesimal belt effect are shown in green and red dots
for P; and P,, respectively.
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Figure 3. Distance versus mass ratio y plot in the presence of the planetesimal belt effect for collinear
equilibrium points.
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Table 1. Equilibrium solution of R2+2BP near L;.

" Lyt Ly Ly} Ly
0.0001 —1.03220039257577  —1.03264998998316  —1.03242743926651 —1.03242294329243
0.0010 —1.06968776321577 —1.07014443189694 —1.06991838089976 —1.06991381421295
0.0100 —1.14652917405563 —1.14700090922027 —1.14676740031377 —1.14676268296213
0.1000 —1.25944627441467 —1.25995339005807 —1.25970236781459  —1.25969729665815

Table 2. Equilibrium solution of R2+2BP near L,.

" Ly Ly Ly Ly
0.0001 —0.96784674731841 —0.96828366422587 —0.96806302118760 —0.96806739035667
0.0010 —0.93107229302701 —0.93150165725965  —0.93128482832217 —0.93128912196449
0.0100 —0.84787219955956  —0.84828522573752  —0.84807664751765 —0.84808077777943
0.1000 —0.60884456030787 —0.60922565908104 —0.60903320420059 —0.60903701518832

Table 3. Equilibrium solution of R2+2BP near L3.

# Ly, Lyt Ly} L3
0.0001  1.00036136204178 0.99972197050552 1.00004486323133 1.00003846931597
0.0010  1.00073630603426 1.00009702640224 1.00041986261641 1.00041346982009
0.0100  1.00448569150204 1.00384753168358 1.00416980239190 1.00416342079372

0.1000  1.04192234926276

1.04129546687074

1.04161204247871

1.04160577365479

In Figure 4, we compare the effect of planetesimal belt perturbation on the collinear
equilibrium points with unperturbed collinear equilibrium points in consideration of a
distance function. In Figure 4a—d, the red line shows the distance d; (Lj, L]I.l), (j=1,23)
and (i = 1,2) with the planetesimal belt effect, and the green line shows the distance
da(L;, L]Pj‘E) without the planetesimal belt effect. Here, d; is used to show the effect on
distance with planetesimal belt perturbation, whereas d; is used for unperturbed collinear
points. Figure 4a,d shows that dq (L1, Lfli) > dy(Ly, Lf‘i) and d; (L3, L?i) > dy(Ls, L?i)
when 0 < u < 0.5. We used a step length h = 0.001 for the variation in u. We found that
d1(Ly, L) < do(Ly, LY.) for p < 0.153 and dy (Ly, LyL.) > da(Ly, Ly') for u > 0.153, as
shown in Figure 4a—c.

Tables 4-6 show the collinear equilibrium points of the system: Sun-Saturn with the
Kuiper belt (1 = 0.000286, M, = 3.00 x 10~7, T = 0.11), Sun-Mars with an asteroid belt
(u = 0.0000003, M, = 1.6 x 10~%, T = 0.11), and the Proxima Centauri system with a dust
disc (4 = 0.000031, M = 2.50 x 10~7, T = 0.11), as described by the authors in [16,23,24]
for the restricted 2 + 2 body problem having y; = 107! and pp = 10712, Table 4 shows
the equilibrium points near L1, Table 5 represents the equilibrium points near L,, and the
equilibrium points near L3 are depicted in Table 6.

Table 4. Equilibrium solution near L; of different planetary systems.

" Ly} Lyt Ly Ly®

0.0002860  —1.04608393024869 —1.04613298051897 —1.04608402825123 —1.04603497798094
0.0000310  —1.02190711476239 —1.02195566697454 —1.02190721176980 —1.02185865955764
0.0000003  —1.00464841079892 —1.00469660080715 —1.00464850708266 —1.00460031707443

Table 5. Equilibrium solution near L, of different planetary systems.

u Ly L Ly Ly

0.0002860  —0.95473464120842 —0.95478173944278 —0.95473473531078 —0.95468763707642
0.0000310 —0.97834688228738 —0.97839450372324 —0.97834697743511 —0.97829935599925
0.0000003  —0.99536525492820 —0.99541324652773 —0.99536535081551 —0.99531735921598
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Table 6. Equilibrium solution near L3 of different planetary systems.
P, P P P
K L;Y Lt L% L3
0.0002860  1.00011913765467  1.00004978229365 1.00011899908252 1.00018835444353
0.0000310  1.00001290410545  0.99994354530304  1.00001276552642  1.00008212432883
0.0000003  1.00000019376614  0.99993083453848  1.00000005518627  1.00006941441393
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Figure 4. Comparison of distance versus y between perturbed (red line) and unperturbed (green line)

collinear equilibrium points in R2+2BP. (a) For L, equilibrium point. (b) For L, equilibrium point.

(c) For Ly equilibrium point. (d) For L3 equilibrium point.

3.2. Noncollinear Equilibrium Points

The noncollinear equilibrium points of R2+2BP can be found by solving
Equations (3), (4), (6) and (7) with y; # 0 and y» # 0. The solution can be obtained
by the power series perturbation method. Let x; and y;, i = 1, 2 be the solutions; then,

2
X; = XL]' +apnez_;i+apez_;+...,

vi=yLj+anes_1 + ape3_; +....
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Solving the above, we obtain

) (1) b (17)
l 27 (1 + )2 (Weyatj + Wiy )J3[1+ 2]
_1yk+1 .
]/P _ (-1) V3 4 Ha—i ) (18)
: 2 2(W0 01 2\1
(1 + p2) (ny‘xj + Wyy)3 (1 + 0‘]‘)2
xl=pu— 1 + fiMa—i (19)
! 2 W\ 1 1’
(1 + p2)2 (Wi + 5 )3 (1 )2
]
1Ykt VL,

Wy 1 17
[+ 12)2(Waz + 2] (1 + b2
fi
where,j=1,k=1atLjandj=2,k=2atLs

(DML (—1)F/1—-12(u—05)
M2 = 2,/3(1 — 05) '

Equations (17)—(20) represent the noncollinear equilibrium points in R2+2BP. In this
section, we use different notations to represent equilibrium points near L4 and Ls. The

prefixes x and y are used in L]le[ to denote the X and Y coordinates of equilibrium points,
respectively. The noncollinear equilibrium points can be distinguished as the perpendicular
and inline equilibrium solutions in [9]. Again, the prefixes I and P are used for inline and
perpendicular equilibrium points, i.e., I xLi is the X-coordinate of the equilibrium point
of the first infinitesimal body toward the origin.

The distance versus u of the perpendicular and inline equilibrium positions to Ly
with the planetesimal belt effect M;, = 3.7 x 1077, T = 0.11 and y; = pp = 1072 are
shown in Figure 5a,b. In the case of the perpendicular equilibrium position d(Ly s, PLAI;:'5 +)
increases as y increases, as shown in Figure 5a. In Figure 5b, in the case of the inline
equilibrium position, the distance d(Lys, LZ"5 ) increases rapidly when y approaches

%. Figure 6a shows that dq (L5, PLZ&) > dy(Lys, PLffSi), i.e., due to perturbation, the
distance increases with respect to the unperturbed distance in the case of perpendicular
noncollinear equilibrium points. Here, we use d; and d, for the perturbed and unperturbed
distances, respectively. Furthermore, when the noncollinear equilibrium points are in the
perpendicular position, dq(Las, I LZS 4) > do(Las, I LZS ), as shown in Figure 6b. Hence,
we concluded that the distance increases due to the perturbation.
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Figure 6. Comparison of distance versus y between perturbed (red line) and unperturbed (green
line) noncollinear equilibrium points in R2+2BP. (a) Perpendicular equilibrium points. (b) Inline
equilibrium points.

The positions of the noncollinear equilibrium points were calculated numerically and
are shown in Tables 7-10 for y; = 10719, yy = 10712, M, = 3.7 x 1077, and T = 0.11.
Table 7 shows the perpendicular equilibrium points, where the coordinates were taken as

(Pfo"_,Pny"_) and (PxLir, PyLir), i = 1,2. We observed that the coordinates PxLir,
Pny’%, and PxLi increased, and Pnyi decreased as we increased the value of y. The
P;

4y
Furthermore, we observed that I foi, IyLi, and IxLir increased as y increased,

whereas I yL[ﬁ decreased as y increased. Table 9 represents the perpendicular equilibrium

inline equilibrium points (I fo:"_, I nyi_) and (IxL," I nyjr) are shown in Table 8.

points near Ls, and (Pngﬁr Pngg_) and (PxL?_, Pngi_) are coordinates in which PxL?_,
Png’_, and Pngj_ increased and Pngﬁr decreased as y increased. Finally, the coordinates

of the inline equilibrium points are shown in Table 10. (Ingjr, Ingjr) and (I xL?;, IyL?;)
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are the coordinates, and we observed that IxL

b

decreased as the value of y increased.

547

I ng;) and (I xL?_) increased and IyL?_

Table 7. Perpendicular equilibrium solution of the restricted 2 + 2 body problem near Ly.

P, j2 P P,

u PxL,! PyL," PxL,’, PyL,.

PxL}> PyLy> PxLy? PyLy,
0.0001  —0.49990159842961  0.86602249507265  —0.49989840157039  0.86602803274910
—0.50005984296138  0.86574838008869  —0.49974015703862  0.86630214773306
0.0010  —0.49900159770815  0.86602249376500  —0.49899840229185  0.86602803393550
—0.49915977081539  0.86574825532526  —0.49884022918461  0.86630227237524
0.0100  —0.49000159029866  0.86602248059246  —0.48999840970134  0.86602804590512
—0.49015902986560  0.86574699761614  —0.48984097013440  0.86630352888144
0.1000  —0.40000149309951  0.86602233889207  —0.39999850690049  0.86602817663806
—0.40014930995065  0.86573337046563  —0.39985069004935  0.86631714506449

Table 8. In-ine equilibrium solution of the restricted 2 + 2 body problem near Ly.
j2 P, P, j2

u IxL%l_ IyL%Jl_ IxLle;i- IyL%;i_

IxL,? IyL,> IxLy% IyL2
0.0001 —0.49978629067686  0.86595962036838  —0.50001370932314  0.86609090745337
—0.48852906768613  0.85946090966168  —0.51127093231387  0.87258961816007
0.0010  —0.49894714879015  0.86599478074186  —0.49905285120985  0.86605574695864
—0.49371487901505  0.86297695301132  —0.50428512098495  0.86907357468918
0.0100 —0.48997516675820  0.86601107095682  —0.49002483324180  0.86603945554077
—0.48751667582044  0.86460603405128  —0.49248332417956  0.86744449244630
0.1000 —0.39998667432169  0.86601844124247  —0.40001332567831  0.86603207428765
—0.39866743216923  0.86534360550600  —0.40133256783077  0.86670691002412

Table 9. Perpendicular equilibrium solution of the restricted 2 + 2 body problem near Ls.

p PxL?’} Pnggr Pngl_ Png_
PxLg’ PyLg? PxLg? PyLz*
0.0001  —0.49989840157039  —0.86602803274910  —0.49990159842961  —0.86602249507265
—0.49974015703862  —0.86630214773306  —0.50005984296138  —0.86574838008869
0.0010  —0.49899840229185  —0.86602803393550 ~ —0.49900159770815  —0.86602249376500
—0.49884022918461  —0.86630227237524  —0.49915977081539  —0.86574825532526
0.0100  —0.48999840970134  —0.86602804590512  —0.49000159029866 ~ —0.86602248059246
—0.48984097013440  —0.86630352888144  —0.49015902986560  —0.86574699761614
01000  —0.39999850690049  —0.86602817663806  —0.40000149309951  —0.86602233889207
—0.39985069004935  —0.86631714506449  —0.40014930995065 ~ —0.86573337046563

Table 10. The inline equilibrium solution of the restricted 2 + 2 body problem near Ls.

p IxLg, IyLZ, IxL IyLY

IxL: IyL:: IxL IyL
0.0001  —0.50001370932314 ~ —0.86609090745337 ~ —0.49978629067686  —0.86595962036838
—0.51127093231387  —0.87258961816007 ~ —0.48852906768613  —0.85946090966168
0.0010  —0.49905285120985  —0.86605574695864  —0.49894714879015  —0.86599478074186
—0.50428512098495  —0.86907357468918  —0.49371487901505  —0.86297695301132
0.0100  —0.49002483324180  —0.86603945554077  —0.48997516675820  —0.86601107095682
—0.49248332417956  —0.86744449244630  —0.48751667582044  —0.86460603405128
01000  —0.40001332567831  —0.86603207428765 —0.39998667432169  —0.86601844124247
—0.40133256783077  —0.86670691002412  —0.39866743216923  —0.86534360550600
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4. Stability of Motion Near Equilibrium Points

We found four paired equilibrium positions around each of L4 and Ls. In this section,
we analyze the stability of the infinitesimal body P;. Let (xg, yo) be any equilibrium point
of particle P;, and ¢ and ¢ be small perturbations in the x and y directions, respectively, i.e.,
X1 :x0+(5andy1 =1+,

" . 1

b=l = Un(xo+dy0+0) = 140%@M1+GU%%» (21)
. . 1

C + 27’15 = Eum (xO + 5/ yO + g) ]’l (5u31x1 + g ]/1]/1) (22)

The equations can be written in matrix form as X = AX, ie,

5 0 0 1 0 5
g’ B 0 0 0 1 z
=L uglxl #11 ugm 0 2n 5
> 1 0 0 >
& uxlyl H uylyl —2n 0 4

The characteristic equation of the matrix may be reduced to

0 0 0 0 0 _
/\1 + (4 o ;uxlxl o ™ uylyl) “l/l (lexl Uylyl u y1x ) 0. (23)
Solving Equation (23), we have,
1
2 - 2
mg—i<b§;“>, 9
1
240\ 2
MA:i<”+ﬁ;C>, (25)
where, b = 4n? — Uglxl — L Uﬁm and ¢ = —l(ugglx1 uy ., — Uglxl ).

We note that Equatlons (24) and (25) are the eigenvalues of the characteristic
Equation (23). With the help of these eigenvalues, we can find the stability of particle P;.

4.1. Stability at Collinear Points

The stability of the collinear equilibrium point of R2+2BP can be approximated by
Equation (23), with condition y; = y» =0, i.e.,

o - H1<n+2(1—u) 2 m ), 3Mux
| (

+
X1X1 xl_ﬂ|3 |x1—y+1|3 |x1—x2|3 T2+x%)%
M (26)
(12 +23)?
1—p) Iz 12 M,
w., = (n—( — - - , @7
o T T P T it P e alP) T ey )
and
ug, =0, (28)

for i = 1. Consequently, b% — 4¢ > 0, and hence, the characteristic equation yields at least
one positive real root. This results in the instability at the collinear points.
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Tables 4-6 provide the collinear equilibrium points for the following systems: Sun-
Saturn with the Kuiper belt, Sun—-Mars with an asteroid belt, and the Proxima Centauri
system with a dust disc. With the help of these collinear equilibrium points, we calculated
the stability of these systems using Equations (23)-(28). We found that real nonzero
eigenvalues occur with opposite signs and purely imaginary eigenvalues with opposite
signs. Thus, the collinear equilibrium points have a saddle x center behavior [25], i.e., all
collinear equilibrium points are unstable. Again, as shown in Figure 7, we selected the
Sun-Saturn system with the Kuiper belt with #; = 1077, and plotted the eigenvalues
against yp € (1071%,1077). Continuous lines indicate the nonzero real parts of eigenvalues,
denoted as &, and the dashed lines represent the nonzero imaginary parts of eigenvalues,
denoted as . Figure 7a,b presents the stability near L, Figure 7b,e displays the stability
near Ly, and the stability near L3 is shown in Figure 7c,f. We can observe that all figures have
a nonzero positive &, and thus all collinear points are unstable in the considered system.

5
a §__—a ,
4//
3t J
af 3 B
2+ 2r i
< 1t 37 ]
o3 o
Ny ~ 0
] ;
x:‘_17 -1 r ~
,< ~<
oL 2 b
e e T Y T T -3 i
4 b 4 - 4
-a
,5 L L L L ,5 L L L 1
0 0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8 1
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2F I6] 3f 3 j
2+ J
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<
- <+ 1, 4
- 0 S oo
0] I
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.27 4
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______________ . R R S
3+
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Figure 7. Cont.
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Figure 7. Eigenvalues versus yy € (10719,1077) of the Sun-Saturn system in the presence of the
Kuiper belt effect for collinear equilibrium points with 1y = 10~7. Continuous lines indicate the
real parts of the eigenvalues, and dashed lines denote the imaginary parts of the eigenvalues for
collinear points. (a) Eigenvalues versus y; of equilibrium point left to L;. (b) Eigenvalues versus pip of
equilibrium point right to L;. (c) Eigenvalues versus yy of equilibrium point left to L,. (d) Eigenvalues
versus Jip of equilibrium point right to L,. (e) Eigenvalues versus ji of equilibrium point left to L.
(f) Eigenvalues versus y; of equilibrium point right to L.

4.2. Stability at Noncollinear Points

The stability of the triangular restricted problem of 2 + 2 bodies may be approximated
by Equation (23), which is calculated for i = 1 with the help of the following equations:

w, — m<n+3<l—u><xl—u>:_ 1op S oprD?
(=2 +y7)2 ((a—p)?+yD): (- p+1)2+y7)?
_ u : ) n Bpapa(x1 — x2)* : 29)
(1 —p+124y1)2 ) (v —x2)*+ (11— 12)%)2
B Hip2 n 3Myxi B M, ’

5 3
(Pt (P

W = (3(1 — 1)1 — Wy n Bu(x —p+ 1y >
X 5 5
i (1 —p2+y)2 (- p+1)2+y3)3
3 — — 3M
n papz(x1 — x2) (11 yz)é B pX1Y1 ~ (30)
(1 =222+ (11 —y2)?)2  (T2+ 23 +43)?
3(1— u)y? 1— 3uy?
uglyl = M (n—l— ( f)ylz 5 2H a3t yylz 2\3
((r—p)?+yp)?2 ((a—w?+yp)?2  ((a—p+1)2+y7)?2
_ ! ) L Bmpey )’ 1)
3 5
(1 —p+1)2+y3)2 ((x1 = x2)2 + (y1 — ¥2)?)?
_ Mz n 3Myyi B M,

(-l + -2 (P+21p) (Tre4d)t
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The characteristic Equation (23) provides the eigenvalues to study the stability of
the noncollinear equilibrium points in the presence of the planetesimal belt effect. The
kinds of roots of Equation (23) depend on the parameters y, yi, yz, My, and T. The
noncollinear equilibrium points are shown in Tables 11-14 for different planetary systems.
We analyzed the stability of th noncollinear equilibrium points using Equations (23)—(28),
and we found that the real nonzero eigenvalues occur with opposite signs and purely
imaginary eigenvalues occur with opposite signs. Thus, the noncollinear equilibrium
points have a saddle x center behavior.

In Figures 8 and 9, for the Sun-Saturn system with the Kuiper belt with y; = 1077,
we plot the eigenvalues against y; € (1071%,1077). Figure 8 describes the stability near
L4. Figure 8a,b presents the eigenvalues of the perpendicular equilibrium points, and
Figure 8c,d depicts the eigenvalues of the inline equilibrium points near Ly. It can be
observed in Figure 8a—d that real nonzero positive eigenvalues exist; thus, all noncollinear
equilibrium points near L are unstable in the considered system. Similarly, in Figure 9, we
plot the eigenvalues of the equilibrium positions near Ls. Figure 9a,b shows the eigenvalues
of the perpendicular equilibrium points, whereas Figure 9¢,d depicts the eigenvalues of
the inline equilibrium points. Clearly, it can be observed that at least one nonzero positive
real part a of the eigenvalue exists. Thus, all equilibrium positions are unstable for the
considered system.

Table 11. Perpendicular equilibrium solution near L4 of different planetary systems.

P Py Py P
u PxL," PyL, PxL,’, PyL,!
PxL} PyLy PxLy? PyLp,
0.000286  —0.49971403464001  0.86602523034786  —0.49971396535999  0.86602535037870
—0.49974864000649  0.86596527494152  —0.49967935999351  0.86608530578504
0.000031  —0.49996903464443  0.86602524927065  —0.49996896535557  0.86602536928619
—0.50000364442855  0.86596530150765  —0.49993435557145  0.86608531704919
0.000000  —0.49999973464497  0.86602534317275  —0.49999966535503  0.86602546318647
—0.50003434496569  0.86596539632081  —0.49996505503431  0.86608541003841

Table 12. Inline equilibrium solution near L4 of different planetary systems.

) IxL}" IyLy IxLy IyLy',
IxLy IyLy: IxLy IyLy
0.000286 —0.49971226314910  0.86602428787884 —0.49971573685090  0.86602629284772
—0.49797714910011  0.86502280592385 —0.50145085089989  0.86702777480271
0.000031  —0.49996535971608  0.86602320762467  —0.49997264028392  0.86602741093216
—0.49632871608103  0.86392365553369  —0.50360928391897  0.86812696302315
0.000000 —0.49998261604195  0.86601553975479  —0.50001678395805  0.86603526660443
—0.48291574195066  0.85616197836003  —0.51708365804934  0.87588882799919
Table 13. Perpendicular equilibrium solution near Ls of different planetary systems.
P PxLgY PyL. PxLy PyLE
PxL: PyLE: PxLy: PyLg:
0.000286  —0.49971396535999  —0.86602535037870 —0.49971403464001 —0.86602523034786
—0.49967935999351  —0.86608530578504 —0.49974864000649 —0.86596527494152
0.000031  —0.49996896535557 —0.86602536928619 —0.49996903464443 —0.86602524927065
—0.49993435557145 —0.86608531704919  —0.50000364442855 —0.86596530150765
0.000000 —0.49999966535503 —0.86602546318647 —0.49999973464497 —0.86602534317275
—0.49996505503431 —0.86608541003841 —0.50003434496569 —0.86596539632081
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Figure 8. Eigenvalues versus yy € (10710,1077) of th Sun-Saturn system in the presence of the
Kuiper belt effect near Ly equilibrium point with y#11 = 10~7. Continuous lines denote the real part of

the eigenvalues, and dashed lines denote the imaginary parts of the eigenvalues for collinear points.

(a) Eigenvalues of perpendicular equilibrium point near L4 toward smaller primary. (b) Eigenvalues

of perpendicular equilibrium point near L4 away from smaller primary. (c) Eigenvalues of inline

equilibrium point near Ly away from center. (d) Eigenvalues of inline equilibrium point near Ly

toward center.

Table 14. Inline equilibrium solution near Ls of different planetary systems.

P IxLy\ IyLg', IxLg IyL
Ifo;’fF 1yL§’3F IxLy: IyL:
0.000286 —0.49971396535999 —0.86602535037870 —0.49971403464001 —0.86602523034786
—0.49967935999351  —0.86608530578504 —0.49974864000649 —0.86596527494152
0.000031 —0.49996896535557 —0.86602536928619  —0.49996903464443  —0.86602524927065
—0.49993435557145  —0.86608531704919  —0.50000364442855 —0.86596530150765
0.000000 —0.49999966535503 —0.86602546318647 —0.49999973464497 —0.86602534317275
—0.49996505503431  —0.86608541003841  —0.50003434496569  —0.86596539632081
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Figure 9. Eigenvalues versus py € (10719,107) of the Sun-Saturn system in the presence of the
Kuiper belt effect near L equilibrium point with y11 = 10~7. Continuous lines denote the real part of
the eigenvalues, and dashed lines denote the imaginary parts of the eigenvalues for collinear points.
(a) Eigenvalues of perpendicular equilibrium point near Ls toward smaller primary. (b) Eigenvalues
of perpendicular equilibrium point near L5 away from smaller primary. (c) Eigenvalues of inline
equilibrium point near L5 away from center. (d) Eigenvalues of inline equilibrium point near Lz
toward center.

5. Conclusions

In this study, we considered the effect of the planetesimal belt on the restricted problem
of 2 + 2 bodies in a rotating coordinate system. In the absence of the planetesimal belt
effect, i.e., M = 0, the proposed system coincides with the system obtained by Whipple [5].
Again, if we consider P; and P, as the single minor body, the system will convert into the
CRTBP. The problem possesses 14 paired equilibrium positions around the five equilibrium
points of the CRTBP. The main highlights of work can be summarized as:

¢ Dynamic analysis of the perturbed restricted problem of 2 + 2 bodies;
¢  Existence and stability analysis of both collinear and noncollinear equilibrium points;
e Description of the effect of the planetesimal belt on the motion in the proximity of
equilibrium points.
The effect of the planetesimal belt on the equilibrium points and the variation in their
distance from L;, j =1,2,3,4,5 were studied for some fixed parameter M; = 3.7 X 107
and T = 0.11, which we compared with the unperturbed R2+2BP. For mass parameter
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1 = pp = 1072, the distance of collinear equilibrium points d(L, Lﬁ), i = 1,2 increases,
and d(L,, Lg’i) and d(L3, L§’:t> decrease with the variation in y. The distance d(Lg, I LZ[) at

the inline equilibrium points increases monotonically, but the distance d(Ls, PLi_L) at the
perpendicular equilibrium decreases initially for some . After that, it increases when p
approaches one-half. The distance of equilibrium points in the presence of the planetesimal
belt effect differs from the unperturbed distance. At the collinear point, the perturbed
distance d is greater than the unperturbed distance d, at L and L3. Near L, d; < d; for
u < 0.153,and dy < dj for p > 0.153. In the case of an inline and perpendicular equilibrium
point, d; > dp with the variation of u. Tables 1-3 show that the collinear equilibrium points
Lf’i decrease and LI;QE, Lg’i increases with the variation in p € (0,0.5).

From the stability analysis, we found six paired collinear equilibrium points and eight
paired noncollinear equilibrium points. The stability of all collinear equilibrium points
was found to be unstable. The generalization of the stability of noncollinear equilibrium
points is difficult as five different types of parameters y, y1, y2, My, and T are present in
the perturbed R2+2BP. The stability of noncollinear equilibrium points can be analyzed
numerically. The different considered planetary systems with suitable y; and y, were
found to be unstable.

In the framework of the perturbed restricted problem of 2 + 2 bodies by a planetesimal
belt, our obtained results can be outlined as:

*  The existence of equilibrium points was examined for both collinear and noncollinear
points;

¢ The stability of motion around these points was studied;

*  We compared the corresponding results of the perturbed and unperturbed models;

¢ The impact of a planetesimal belt was observed on collinear and noncollinear equilib-
rium points;

e All equilibrium points were found to be unstable, whereas the noncollinear equilib-
rium points were investigated numerically.

Furthermore, the restricted 2 + 2 bodies problem can be used as a credible model
to describe the capture of small bodies by a planet. If the small bodies are temporarily
captured in the Hill sphere of a smaller primary, they may become near enough to each
other to exchange energy so that one of them becomes regularly and permanently captured.
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