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Abstract: Cutting force is one of the most important factors in the ultrasonically assisted grinding
(UAG) of hard and brittle materials. Many theoretical and experimental studies show that UAG can
effectively reduce cutting forces. The existing models for UAG mostly assume an ideal grinding
wheel with abrasives in both the end and lateral faces to accomplish material removal, whereas
the important role of the transition fillet surface is ignored. In this study, a theoretical cutting force
model is presented to predict cutting forces with the consideration of the diamond abrasives in the
end face, the lateral face, and the transition fillet surface of the grinding tool. This study analyzed
and calculated the vibration amplitudes and the cutting forces in both the normal and tangential
directions. It discusses the influences of the input parameters (rotation speed, feed rate, amplitude,
depth and radius of transition fillet) on cutting forces. The study demonstrates that the fillet radius
is an important factor affecting the grinding force. With an increase in fillet radius from 0.2 to
1.2 mm, the grinding force increases by 139.6% in the axial direction and decreases by 70% in the feed
direction. The error of the proposed cutting force model is 10.3%, and the experimental results verify
the correctness of the force model.

Keywords: hard and brittle materials; transition fillet; ultrasonic; grinding; cutting force

1. Introduction

With the development of science and technology, many advanced materials such as
hard and brittle materials, super alloys and composites are widely used in the aerospace,
electronics, medical and automotive industries [1]. Among the advanced materials, the
hard and brittle materials, such as the silicon carbide ceramics, sapphire and optical glass,
exhibit outstanding properties, including high hardness, excellent corrosion resistance,
high temperature resistance and wear resistance. The traditional processing methods do
not meet the industrial requirements. These methods have a low material removal rate and
suffer from serious tool wear and even breakage, which limits their applications [2].

The K9 optical glass is a typical hard and brittle material that is difficult to process.
Extensive research demonstrates that UAG can effectively reduce tool wear and suppress
breakage in the machining of hard and brittle materials at a high machining efficiency and
reduced material damage [3,4].

Ultrasonically assisted grinding (UAG) is traditionally a hybrid machining process in
which ultrasonic vibration is imposed on a grinding tool or workpiece for alternative mate-
rial removal mechanisms [1]. UAG has become one of the advanced processing techniques
for the advanced machining processes in the machining of hard and brittle materials. The
advantages include: reduced grinding force [5], reduced grinding temperature [6], reduced
surface and subsurface damage [7,8].

In the machining of hard and brittle materials, the machining force is an essential factor
affecting the surface integrity of a workpiece [9,10], the wear and lifetime of a grinding
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wheel [11,12], and the material removal rate [13], etc. Therefore, it is necessary to establish
a model for predicting grinding forces so as to achieve good surface integrity, grinding
efficiency and extended tool life.

In the existing literature, there are extensive studies on the modelling material removal
rate during UAG [14]. Pei [15] proposed a modeling method of material removal rate based
on the ultrasonic machining of ceramic materials, carried out experimental verification,
and further deduced the relationship between the material removal rate and machining
parameters. Lee [16] deduced the model of cutting force and material removal rate of
ultrasonic machining ceramic matrix composites and verified that the increase in machining
parameters would lead to the increase in material removal rate and the coarsening of the
machined surface. Pei [17] proposed an approach to modeling the ductile-mode removal
in rotary ultrasonic machining. Li [18] carried on a varied-depth nano-scratch test of single
grain on a nano indentation system and based on the varied-depth nano scratch test and
the grain trajectory of ultrasonic vibration-assisted grinding (UVAG), a theoretical model
of the normal grinding force is acquired using the material removal in unit time as a bridge.
Pereverzev [19] developed the mathematical model of cylindrical grinding and obtained
the grinding wheel blunt and abrasive removal rate.

However, there are few reports on the predictive models of cutting forces during the
UAG of hard and brittle materials. During the axial ultrasonically assisted grinding, the
diamond grains in the end face of a tool is forced to generate the intermittent hammering
action [12,15]. Based on the impulse theory and brittle fracture theory, Pei et al. established
a cutting force model of a core tool for machining holes and tested it on titanium alloy [20],
hard and brittle materials [21] and composite materials [22] with the rotary UAG. Wu [23]
proposed a grinding force model considering both ductile the removal force and brittle
removal force, which was verified by experiments. Li [24] developed a grinding force
model for micro-grinding of reaction-bonded silicon carbide ceramics. Zhang et al. [25]
extended the cutting force model to the face milling and proposed a mathematical model
for cutting forces in the rotary ultrasonic face milling. However, the models established by
either Pei or Zhang only considered the influence of the diamond grains in the end face
of the tool. Wang et al. [26,27] considered that the effective diamond grains in the lateral
face of the tool generated a continuous contact in a sinusoidal trajectory and established a
grinding force model based on the brittle fracture theory. However, in the case of grinding
at a cutting depth larger than the protrusion height of the abrasives, the material removal
is realized by the abrasive grains not only at the end face but also at the lateral face.
Therefore, on the basis of the above existing cutting force model, with the consideration of
the diamond grains in both the end and lateral faces of the tool, Xiao et al. [28] proposed a
cutting force model for the rotary ultrasonic milling of dental zirconia ceramics.

The existing studies of the cutting force model of UAG only considered the influence
of the diamond grains in either the end face or the lateral face of the tool. In the existing
studies, the cutting force was the primary cause responsible for edge chipping and surface
integrity. From the study of Pei [29,30] and Yang [31], the maximum stress was found in the
transition fillet and the surrounding surfaces of the tool. No studies to date have considered
the influence of diamond grains in the transition fillet surface. In an exploratory grinding
experiment of SiC, the wear of a diamond grinding wheel was identified mainly in the
transition fillet and the surrounding surfaces, as shown in Figure 1, which implies that the
diamond grains on the transition fillet surface have a great influence on the cutting force.
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Figure 1. Wear of the tool surface after grinding.

In this paper, an improved mechanistic model for predicting cutting forces based on
the K9 optical glass in UAG was developed by considering the influence of the diamond
grains in the transition fillet surface for the first time. Firstly, the force analysis of the
effective abrasive grains in the end face, lateral face and the transition fillet surface of the
tool was carried out. Secondly, the cutting forces of a single abrasive grain in the end
face, lateral face and the transition fillet surface of the tool are calculated separately. Then,
the cutting force model was established by integrating the forces on all effective abrasive
grains. In modeling the cutting forces caused by the abrasive grains in the transition fillet
surface, variations of the normal and tangential forces on the contact surface between the
grains and workpiece were analyzed. Finally, the unknown parameters of the cutting force
model were obtained through experiments and calculations, and the model was verified
through slot grinding experiments.

2. Model Development
2.1. Kinematic Analysis of Diamond Grains

In axial ultrasonically assisted grinding, the removal of materials can be thought
of as the combination of the actions of the whole active abrasive particles, and the basic
kinematics of UAG is shown in Figure 2. Taking the single abrasive grain into consideration,
an abrasive grain consists of rotational motion, ultrasonic vibration, and feed motion.
Therefore, the motion trajectory of an abrasive grain in UAG can be expressed as

S(t) =

 −r · cos(ω · t)
r · sin(ω · t) + vFt

A · sin(2π f t)

 (1)

where r is the rotational radius of the abrasive grain, ω is the angular velocity of the
abrasive grain (ω = 2πnr/60, nr is the rotation speed of the tool), νF is the feed rate, A is the
vibration amplitude, f is the ultrasonic vibration frequency. Figure 3 shows the trajectory
of an abrasive particle in UAG.
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The velocity and acceleration of abrasive grains can be obtained by differentiating
Equation (1), which can be derived as

v(t) =

 r ·ω sin(ω · t)
r ·ω cos(ω · t) + vF
2π f · A · cos(2π f t)

 (2)

a(t) =

 r ·ω2 cos(ω · t)
−r ·ω2 sin(ω · t)

−4π2 f 2 · A · sin(2π f t)

 (3)

2.2. Cutting Force Analysis

Due to the introduction of the axial ultrasonic vibration, the diamond grains in the
end face of the tool are vibrated as perpendicular to the workpiece surface, and those in the
lateral face are parallel to the workpiece surface, while those in the transition fillet surface
penetrate into the workpiece surface at a certain angle. Therefore, the abrasive grains at
different locations of the tool result in different cutting forces because of their different
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ways of interacting with the workpiece. In this study, assumptions and simplifications are
made as follows:

• All abrasive grains are rigid indenters with an octahedral shape. The semi-angle
between the two opposite edges of an abrasive grain is β, and the length of the edges
is b, as shown in Figure 4;

• The material is ideally removed by brittle fracture;
• All the diamond grains in the tool surface have the same protrusion height and are

uniformly distributed.
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Figure 4. A diamond grain simplified as an octahedron.

In consideration of different cutting depths, the process of axial ultrasonically assisted
grinding contains two cases: case one is ap > rc, as shown in Figure 5, and the other is ap < rc,
as shown in Figure 6 (where ap is cutting depth, rc is the radius of the transition fillet).
In the literature, the diamond grains in the end face of the tool generate the intermittent
hammering actions primarily in the axial direction [12,15]. The diamond grains in the
lateral face of the tool generate a continuous contact with sinusoidal trajectory primarily in
the feed direction [26–28]. The cutting state of the abrasive grains in the transition fillet
surface is more complex and may not only consist of the intermittent hammering actions
but also the continuous contact actions.

Appl. Sci. 2021, 11, x 5 of 21 
 

grains at different locations of the tool result in different cutting forces because of their 

different ways of interacting with the workpiece. In this study, assumptions and simplifi-

cations are made as follows: 

 All abrasive grains are rigid indenters with an octahedral shape. The semi-angle be-

tween the two opposite edges of an abrasive grain is β, and the length of the edges is 

b, as shown in Figure 4; 

 

Figure 4. A diamond grain simplified as an octahedron. 

 The material is ideally removed by brittle fracture; 

 All the diamond grains in the tool surface have the same protrusion height and are 

uniformly distributed. 

In consideration of different cutting depths, the process of axial ultrasonically as-

sisted grinding contains two cases: case one is ap > rc, as shown in Figure 5, and the other 

is ap < rc, as shown in Figure 6 (where ap is cutting depth, rc is the radius of the transition 

fillet). In the literature, the diamond grains in the end face of the tool generate the inter-

mittent hammering actions primarily in the axial direction [12,15]. The diamond grains in 

the lateral face of the tool generate a continuous contact with sinusoidal trajectory primar-

ily in the feed direction [26–28]. The cutting state of the abrasive grains in the transition 

fillet surface is more complex and may not only consist of the intermittent hammering 

actions but also the continuous contact actions. 

 

Figure 5. Cutting force analysis of ap > rc. Figure 5. Cutting force analysis of ap > rc.



Appl. Sci. 2021, 11, 3888 6 of 21Appl. Sci. 2021, 11, x 6 of 21 
 

 

Figure 6. Cutting force analysis of ap < rc. 

Decomposition can be made on the cutting forces generated by the abrasive grains in 

the different areas of the tool in both the axial and feed directions. For the case of ap > rc, it 

is obtained that Fa = Fa1 + Fa2 and Ff = Ff1 + Ff2, as shown in Figure 5. For the case of ap < rc, Fa 

= Fa1 + Fa2 and Ff = Ff2 are found, as shown in Figure 6. The parameters in the above equa-

tions are defined as: 

Fa is the axial force of the tool; 

Fc is the cutting force of the diamond grains on the transition fillet surface of the tool; 

Fa1 is the axial force of the diamond grains on the end face of the tool; 

Fa2 is the component of Fc in the axial direction; 

Ff is the feed force of the tool; 

Ff1 is the feed force of the diamond grains in the lateral face of the tool; 

Ff2 is the component of Fc in the feed direction. 

Through the above analysis, the cutting force in UAG can be expressed as 

1 2

1 2

a a a

f f f

F F F

F F F

 


 
, if p c

a r , 1  ; if p c
a r , 0  . (4) 

Since the radial force of the tool is too small to have any impact effect, it was not 

considered in this study. For the cutting force model, the indentation theory on brittle 

materials is used, as illustrated in Figure 7. CL and Ch are the lateral crack length and 

height, respectively, and are given by [32–34]: 

 

1/2
5/12 3/4

5/8

11/2
2

1

tan 1
L e

V IC

c

E
C F

H K
C

 


 

 
   
    

 

 (5) 

1/3 1/2

1/2

1

1

tan
h b e

V

E
C F

H
C




 
 
 

 (6) 

where Cc and Cb are dimensionless constants; E is the elastic modulus; HV is the hardness; 

KIC is the fracture toughness; ν is the Poisson’s ratio; and δ is the maximum penetration 

depth. 

Figure 6. Cutting force analysis of ap < rc.

Decomposition can be made on the cutting forces generated by the abrasive grains in
the different areas of the tool in both the axial and feed directions. For the case of ap > rc,
it is obtained that Fa = Fa1 + Fa2 and Ff = Ff1 + Ff2, as shown in Figure 5. For the case of
ap < rc, Fa = Fa1 + Fa2 and Ff = Ff2 are found, as shown in Figure 6. The parameters in the
above equations are defined as:

Fa is the axial force of the tool;
Fc is the cutting force of the diamond grains on the transition fillet surface of the tool;
Fa1 is the axial force of the diamond grains on the end face of the tool;
Fa2 is the component of Fc in the axial direction;
Ff is the feed force of the tool;
Ff1 is the feed force of the diamond grains in the lateral face of the tool;
Ff2 is the component of Fc in the feed direction.

Through the above analysis, the cutting force in UAG can be expressed as{
Fa = Fa1 + Fa2

Ff = τFf 1 + Ff 2
, if ap > rc, τ = 1; if ap < rc, τ = 0. (4)

Since the radial force of the tool is too small to have any impact effect, it was not
considered in this study. For the cutting force model, the indentation theory on brittle
materials is used, as illustrated in Figure 7. CL and Ch are the lateral crack length and
height, respectively, and are given by [32–34]:

CL = Cc

(
1

tan β

)5/12
(

E3/4

HV · KIC · (1− ν2)
1/2

)1/2

Fe1
5/8 (5)

Ch = Cb

(
1

tan β

)1/3
E

1/2

HV
Fe1

1/2
(6)

where Cc and Cb are dimensionless constants; E is the elastic modulus; HV is the hardness;
KIC is the fracture toughness; ν is the Poisson’s ratio; and δ is the maximum penetra-
tion depth.
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2.3. The Axial Force from the Diamond Grains in the End Face
2.3.1. Equivalence Relation between Fa1 and Fe1

The diamond grains in the end face of the tool are not in continuous contact with the
work-piece due to its oscillatory motion. Figure 8 shows the trajectory of an abrasive grain
during one cycle of ultrasonic vibration. In one period of oscillation, the diamond grain
makes contact with the workpiece during the effective cutting time (∆t). The maximum
impact force (Fe1) is generated while the active abrasive grain reaches its maximum depth
(δ) [21]. The maximum force can be calculated as follows:

Fe1 = 2tanβ(2 + tanβ2 )HVδ2 (7)
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The effective cutting time can be calculated through the following equation [9,15]:

∆t =
1

π f

[
π

2
− arcsin

(
1− δ

A

)]
≈ δ

2 f A
(8)

The maximum impact force produced by each abrasive grain in the end face of the
tool is assumed to be the same. Based on the impulse theory, the impulse in terms of the
cutting force produced by the abrasive grains in the end face during one cycle of ultrasonic
vibration is [15]:

Ie =
∮

Ie1dNe = NeFe1∆t (9)
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where Ie1 is the impulse in terms of the cutting force produced by one abrasive grain,
Ie1 =

∮
Fe1dt ≈ Fe1∆t; Ne is the number of active abrasive grains in the end face of the

tool [20], Ne = CA0 = C
(

π
(
(Ro − rc)

2 − Ri
2
))

,C =

(
0.88×10−3

(
√

2/3)b3ρ
Ca
100

)2/3
; A0 is the area of

the abrasive grains distribution; ρ is the density of diamond material, ρ = 3.52 × 10−3 g/mm3;
Ca is the abrasive concentration, Ca = 100%; Ro is the outer radius of the tool, Ri is the inner
radius of the tool.

During one cycle of ultrasonic vibration, the impulse of the axial force Fa1 can be
obtained in the following:

Fa1

f
= Ie (10)

then:
Fa1 = NeFe1

δ

2A
(11)

2.3.2. Relationship between Fe1 and δ

The crossing of the lateral cracks produced by the adjacent abrasive grains can lead
to the material removal. The volume of the material removed can be calculated based on
the size of the lateral cracks produced. For an abrasive grain in the end face of the tool,
the volume of material removed in fracture zone (Ve1) can be simplified as the volume of
tetrahedron ABCDE [20], as shown in Figure 9:

Ve1 ≈ K
1
3

CLChLe1 (12)

where K is the volume correction parameter for the consideration of overlapping of the
removed volume and various protrusive height; Le1 is the effective cutting distance that
an abrasive grain moves during ∆t, Le1 = πnr D

60 ∆t; D is the diameter of the circle where a
diamond grain is located, and can be calculated as D ≈ Ri + Ro − rc.
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During one cycle of ultrasonic vibration, the material removal rate by the active
abrasive grains in the end face can be calculated as

MRR1 =
∮

Ve1 f dNe (13)

For the given input parameters, the volume of the material removed can be expressed.
As shown in Figure 10, for ap > rc, all abrasive grains in the transition fillet surface con-
tributed to material removal, whereas for ap < rc, only partial abrasive grains contributed to
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material removal. Therefore, during an ultrasonic vibration cycle, the amount of material
removed by the active abrasive grains in the end face or the transition fillet surface can be
expressed in Equation (14). Where Vue is volume removed by the active abrasive grains in
the end face [28], he is the protrusive height of the abrasive grains, Vuc is volume removed
by the active abrasive grains in the transition fillet surface. Rom is the maximum contact
radius of the tool, Rom = (Ro − rc + rc sin α), where α = arc cos

(
1− ap

rc

)
:


Vue = 2(Ro − rc)(A + he)vF

1
f , α = 0

Vuc = 2rc
(

Ro − rc +
π
4 rc
)
vF

1
f , α = π

2 , ap > rc

Vuc = 2rc
(
(Rom − rc sin α)(1− cos α) + α

2 rc
)
vF

1
f , ap < rc

(14)

Appl. Sci. 2021, 11, x 9 of 21 
 

During one cycle of ultrasonic vibration, the material removal rate by the active abra-

sive grains in the end face can be calculated as 

1 1  e eNMRR V fd  (13) 

For the given input parameters, the volume of the material removed can be ex-

pressed. As shown in Figure 10, for ap > rc, all abrasive grains in the transition fillet surface 

contributed to material removal, whereas for ap < rc, only partial abrasive grains contrib-

uted to material removal. Therefore, during an ultrasonic vibration cycle, the amount of 

material removed by the active abrasive grains in the end face or the transition fillet sur-

face can be expressed in Equation (14). Where Vue is volume removed by the active abra-

sive grains in the end face [28], he is the protrusive height of the abrasive grains, Vuc is 

volume removed by the active abrasive grains in the transition fillet surface. Rom is the 

maximum contact radius of the tool,  sinom o c cR R r r    , where

cos 1
p

c

a
arc

r


 
  

 
: 

  

  

1
2 0

1
2

4 2

1
2

2
sin 1 cos

ue o c e F

uc c o c c F p c

uc c c F p com c

V R r A h v
f

V r R r r v a r
f

V r R r v a r
f

r



 



 

   

    

  




  
  

 
  

   
 

，

， ，

，

 (14) 

 

Figure 10. The relationship between cutting depth and work-piece removal volume. 

Hence, during one cycle of ultrasonic vibration, the material removal rate due to the 

active abrasive grains in the end face can also be calculated as 

2 ueMRR V f  (15) 

By equating Equations (13) and (15), the relationship between Fe1 and δ can be ob-

tained by the following equation: 

    
9

8
1

180 2
2

e r i o c Lh e o c e F
K N n R R r C F R r A h v

A

 
      (16) 

Figure 10. The relationship between cutting depth and work-piece removal volume.

Hence, during one cycle of ultrasonic vibration, the material removal rate due to the
active abrasive grains in the end face can also be calculated as

MRR2 = Vue f (15)

By equating Equations (13) and (15), the relationship between Fe1 and δ can be obtained
by the following equation:

K
π

180
Nenr(Ri + Ro − rc)

δ

2A
CLhFe1

9
8 = 2(Ro − rc)(A + he)vF (16)

where CLh = CcCb

(
1

tan β

) 3
4 E

7
8

HV 3/2
√

KIC ·(1−ν2)
1
2

,Cc = Cb = 0.226 [25,28].

2.3.3. Modelling the Axial Cutting Force Fa1

With the simultaneous Equations (7), (11) and (16), the axial cutting force produced by
an abrasive grain in the end face of the tool is calculated by

Fe1 = K−8/13
(

Ne

180
nr(Ri + Ro − rc)

π

2A
CLh

)−8/13

(2(Ro − rc)(A + he)vF)
8/13

(
2 tan β

√
2 + tan2βHV

)4/13
(17)

Hence, the axial cutting force produced by all the abrasive grains in the end face of
the tool can be calculated by

Fa1 = K−12/13 Ne
2A

(
Ne
180 nr(Ri + Ro − rc)CLh

π
2A

)−12/13
(2(Ro − rc)(A + he)vF)

12/13(
2HV tan β

√
2 + tan2β

)−1/26 (18)
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2.4. The Feed Direction Cutting Force from the Diamond Grains in the Lateral Face

The effective diamond grains in the lateral face of the tool generate a continuous
contact with a sinusoidal trajectory. Shown in Figure 11 is the trajectory of a diamond grain
in the lateral face. The trajectory length of a diamond grain contact with the workpiece in
one rotational period is obtained from Equation (2):

LS =
∫ 60

2nr

0

√
(Ro ·ω cos(ωt) + vF)

2 + (Ro ·ω sin(ωt))2 + (2π f A cos(2π f t))2dt (19)
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Figure 11. Trajectory of an abrasive grain on the lateral face.

If the input parameters are given, the material removal rate during a single rotational
period can be expressed as

MRRs1 = 2
(
ap − rc

)
vFRo (20)

Assume the maximum impact force (Fs1) produced by each abrasive grain in the
lateral face of the tool is also the same, and cutting depth is constant at a low feed rate.
Therefore, the material removal rate during a single rotational period is obtained [28]:

MRRs2 =

(
(2KsCLCh)/

(
60
2nr

))∮
LSdNs (21)

where Ns is the number of active abrasive grains in the lateral face, Ns = CπRo
(
ap − rc

)
; Ks

is a volume correction parameter for the consideration of the overlapping of the removed
volume of material and various protrusive heights. The analysis method is similar to that
used in calculating the number of the active grains in the end face of the tool.

By equating Equations (20) and (21), the maximum impact force produced by an
abrasive grain in the lateral face is obtained:

Fs1 =
(
ap − rc

)8/9
(

vF
60
nr

Ro

)8/9

(2KsNsLSCLh)
−8/9 (22)

Hence, through integrating the forces produced by all the active abrasive grains, the
feed direction cutting force from the lateral face of the tool is obtained:

Ff 1 = 2CRo
(
ap − rc

)
Fs1 (23)

2.5. Cutting Force from the Diamond Grains in the Transition Fillet Surface
2.5.1. The Analysis of Cutting Force

The diamond grains in the transition fillet surface penetrate into the workpiece at an
angle α. The normal and tangential ultrasonic vibrations of the diamond grains in contact
with the workpiece have variable amplitudes, as shown in Figure 12. An and At are the
vibration amplitudes in the normal and tangential directions, respectively. Due to the
feed motion of the tool, the normal and tangential feed rates of the diamond tool are also
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changed with the penetration angle α, where the normal feed rate can be expressed as νn =
νFsinα, and the tangential feed rate as νt = νFcosα:
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Figure 12. Analysis of vibration amplitude and the feed rate of diamond grain on the transition
fillet surface.

From Figure 12, the normal and tangential ultrasonic vibration amplitudes of the
abrasive grains in the transition fillet surface are calculated by An = Acosα, An = Asinα.
Therefore, variations in the normal and tangential ultrasonic vibration amplitudes of the
diamond grains in the lateral face are shown in Figure 13a,b, respectively.
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where Nc is the number of active abrasive grains in the transition fillet surface: 
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Meanwhile, substituting Rom, At, Nc and νn into Equations (19)–(23), Fs1′ is obtained as 

Figure 13. The variation of the ultrasonic vibration amplitude on different tool surface.

Due to the variation in the ultrasonic vibration amplitude, the cutting force of an
abrasive grain on the transition fillet surface (Fc1) changes with α. In consequence, the
variation in the normal ultrasonic vibration amplitude leads to the intermittent hammering
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action at the end face abrasive grains, whereas the variation in the tangential ultrasonic
vibration amplitude leads to a continuous contact in a sinusoidal trajectory. As a result,
the cutting force Fc1 is a sum of the cutting forces produced by the former two modes of
contact between the tool and the workpiece:

Fc1 = Fe1
′ + Fs1

′ (24)

where Fe1
′ and Fs1

′ are the cutting forces caused by the variations in both the normal and
tangential ultrasonic vibration amplitudes, respectively.

2.5.2. Modeling of Cutting Forces Fa2 and Ff2

Substituting Rom, An, Nc and νt into Equations (11)–(16), Fe1
′ can be derived as follows:

Fe1
′ = K−8/13

(
Nce

180
nr(2Ro − rc)

π

2A
CLh

)−8/13(
2rc

(
Rom − rc +

α

2
rc

)
vt

)8/13
(

2HV tan β
√

2 + tan2β

)4/13
(25)

where Nc is the number of active abrasive grains in the transition fillet surface: Nc =
Cπrc((Ro − rc)α + rc(1− cos α)), and Nce = Cπrc

∫ α
0

Ro−rc+rc sin α
cos α dα.

Hence, the axial cutting force from the diamond grains in the transition fillet surface
is obtained:

Fa2 =
∫

Fc1 cos αdNc
=
∫ α

0 Cπrc(Ro − rc + rc sin α) cos α(Fe1
′ + Fs1

′)dα
(26)

Meanwhile, substituting Rom, At, Nc and νn into Equations (19)–(23), Fs1
′ is obtained as

Fs1
′ =

(
rc

(
Rom − rc +

π

4
rc

))8/9
(

vn
60
nr

)8/9(
2KsCLhCπrc

∫ α

0
Ls
′(Ro − rc + rc sin α)dα

)−8/9
(27)

where Ls
′ can be derived through substituting the Rom and νn for Ro and νF in Equa-

tion (19).
As a result, the feed direction cutting force from the diamond grains in the transition

fillet surface is obtained:

Ff 2 =
∫ π

0 (
∫

Fc1 sin αdNc) sin γdγ

=
∫ α

0 2Cπrc(Ro − rc + rc sin α) sin α(Fe1
′ + Fs1

′)dα
(28)

2.6. Cutting Force Model in UAG

Substituting Equations (18), (23), (26) and (28) into Equation (4), one can obtain the
axial cutting force of the tool in UAG:

Fa = K−12/13 Ne
2A

(
Ne
180 nr(Ri + Ro − rc)CLh

π
2A

)−12/13
(2(A + he)RomvF)

12/13
(

2HV tan β
√

2 + tan2 β

)−1/26

+
∫ α

0 Cπrc(Ro − rc + rc sin α) cos α(Fe1
′ + Fs1

′)dα

(29)

The feed direction cutting force of the tool in UAG is:

Ff = τ2RoC
(
ap − rc

)17/9
(

vF
60
nr

Ro

)8/9
(KsNs2LSCLh)

−8/9

+
∫ α

0 2Cπrc(Ro − rc + rc sin α) sin α(Fe1
′ + Fs1

′)dα
(30)

where if ap > rc, α = π/2; if ap < rc, τ = 0.
Figure 8 shows the trajectory of an abrasive grain during one cycle of ultrasonic

vibration.
The units of parameters involved in the formula are shown in Table 1.
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Table 1. The units of parameters in the formulas.

Symbols Definitions Unit

A Vibration amplitude m
Ri Inner radius of the tool m
Ro Outer radius of the tool m
rc Radius of the transition fillet m
νF Feed rate m/s
ap Cutting depth m
f Ultrasonic vibration frequency Hz

nr Rotation speed of the tool r/min
KIC Fracture toughness Pa·m1/2

E Elastic modulus Pa
HV Hardness Pa

he
Protrusive height of the

abrasive grains m

3. Obtaining K and Ks

3.1. Experimental Setup

Experiments were carried out on a self-developed ultrasonic vibration system which
was able to generate ultrasonic vibrations in a frequency range of 16 kHz. A YDCB-05
piezoelectric dynamometer (DUT, China) was used to measure the cutting forces, the
resolution was ±0.001 N, and both the linear error and the reproducibility error were
less than ±1%. A LK-H025 laser displacement sensor (KEYENCE, Japan) was utilized to
measure the vibration amplitude while the tool was in rotation, and the repeat accuracy was
0.1 µm. The grinding wheels used in the experiments were provided by CPTC company.
The grinding wheels were diamond core tools of a metal bond. They had an outer diameter
of 10 mm and an inner diameter of 4 mm, and a radius of transition fillet in four different
sizes: 0.2 mm, 0.7 mm, 1 mm and 1.2 mm. The workpiece material was the K9 optical glass
with the dimensions of 15 × 30 × 60 mm. The mechanical properties of the workpiece are
shown in Table 2. Slot grinding was used in the experiments, as shown in Figure 14.

Table 2. Mechanical properties of K9 optical glass.

Property Value

Modulus of elasticity E (GPa) 85.9
Fracture toughness KIC (MPa·m1/2) 0.8

Hardness H (GPa) 7.2
Poisson’s ratio ν Data

The relationship between volume correction parameters (K and Ks) and input variables
(nr, A, vF, ap, rc) is shown in Equation (29) and Equation (30), and the input variables
may have influence on the value of the volume correction parameters. Therefore, the
experiments on the influence of the input variables were carried out. The experimental
design is shown in Table 3.

Table 3. Experimental conditions for obtaining K and Ks.

Group nr (r/min) A (µm) vF (mm/min) ap (mm) rc (mm)

1 2000, 2500,
3500, 4500 4 30 1.5 1

2 4500 1, 4, 7, 10 30 1.5 1
3 4500 4 20, 30, 40, 50 1.5 1

4 4500 4 30 1.4, 1.5, 1.6,
1.7 1

5 4500 4 30 1.5 0.2, 0.7, 1, 1.2
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Figure 14. Experimental setup.

3.2. Analysis of Experimental Results

Substituting the average axial and feed forces measured from the experiment into
Equations (29) and (30), volume correction parameters K and Ks can be solved. Figure 15
shows the values of K and Ks calculated through each experimental group.

Figure 15a,c,d show that K is basically a constant with a value of 0.37. It was seen
that nr, vF, ap have a minor effect on the value of K. Figure 15a–e show that Ks is basically
a constant with a value of 0.166. It was shown that the input variables (nr, A, vF, ap, rc)
have a minor effect on the values of Ks. However, Figure 15b,e show that the value of K
noticeably increases as the vibration amplitude A increases, and decreases as the radius rc
increases. It is indicated that the input variables of A and rc have strong effects on the value
of K. Equation (31) is used to express the relationship between K and the input variables A
and rc. The values of indices in Equation (31) are obtained by the least squares estimation
(LSE) method as a0 = 0.617, a1 = 0.261, a2 = −0.393:

K = a0 Aa1 rc
a2 (31)
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4. Model Prediction and Experimental Verification
4.1. Model Prediction

By substituting the values of volume correction parameters into the cutting force
model, numerical simulation can be carried out. Then, the relations between input variables
and the axal and feed direction forces are obtained, as shown in Figure 16.
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The axial force decreases as the vibration amplitude increases, which is depicted in
Figure 16b. The ultrasonic vibration can effectively reduce the axial force because the trend
in decreasing force is large. In addition, the feed direction force decreases as the amplitude
increases, which may be explained by an increased trajectory of the lateral abrasive grains.

Figure 16d shows the predicted relation between the radius of the transition fillet and
the cutting force. It can be seen that the axial force increases as the radius increases. The
main reason is that the number of active diamond grains in the end face decreases as the
radius of transition fillet increases. Correspondingly, the material removal by the actions of
intermittent hammering decreases. This result is consistent with the fact that the cutting
force is larger as the tool wear condition becomes serious. However, the number of active
diamond grains in the lateral face decreases as the radius of the transition fillet increases,
which contributes to the decrease in the feed force.

Figure 16a shows that both the axial and feed forces decrease as the spindle speed
increases. On the contrary, they increase as the feed rate increases as shown in Figure 16c,
and the feed force increases as the cutting depth increases, as shown in Figure 16e.
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4.2. Experimental Verification

The experiments were all carried out on the same equipment. The values of the input
variables for the verification experiments are shown in Table 4.

Table 4. The values of input variables for the experimental verification.

Group nr (r/min) A (µm) vF (mm/min) ap (mm) rc (mm)

1 2000, 3000,
4000, 5000 4 35 1.55 1

2 4000 1, 4, 7, 10 35 1.55 1
3 4000 4 25, 35, 45, 55 1.55 1

4 4000 4 35 1.45, 1.55,
1.65, 1.75 1

5 4000 4 35 1.55 0.2, 0.7, 1, 1.2

Comparison of the cutting forces between the experimental and theoretical values
are shown in Figures 17 and 18. It can be seen that the theoretical results agree well
with the experimental results with a total relative mean error of 10.3%. As shown in
Figures 17b and 18b, with an increase in the amplitude, the influence degree on the axial
force decreases from 19.3% to 14.2%. However, the influence degree on the feed force
increases from 3.7% to 15.4%. As shown in Figures 17d and 18e, the radius of the transition
fillet has a large influence on the cutting force. The axial force increases as the radius
of the transition fillet increases, but the feed force decreases. The result also proves the
necessity and suitability of the cutting force model established by considering the radius of
the transition fillet.
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Based on the results of the experiment with the input variables in Table 4, the values
of the correction parameters in the model of Zhang [25] and Xiao [28] can be recalculated.
Then, the cutting forces can be predicted though their models. Since the model in this
paper is based on the fillet radius of the grinding wheel, the selected grinding depth is
larger than the fillet radius of the tool, so the grinding depth parameter is larger, but the
range of other parameters is basically the same.

The comparison between the results with the theoretical values of the presented model
and the experimental results, as shown in Figure 19, show that the axial force varies with
the different spindle speeds and amplitudes and the feed force varies with the different
spindle speeds as examples to show the comparative results. It can be seen that the
prediction accuracy of the presented model is superior to that of others, which also proves
the reliability of the presented model.
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An interesting phenomenon was observed. The edge chipping of the slot was de-
creased through an increase in the radius of the transition fillet. This phenomenon might
be caused by the decrease in the feed force. The cutting force model can also be applied to
the grinding of other hard and brittle materials, such as ceramics.

5. Conclusions

A predictive cutting force model was developed with the consideration of the influence
of diamond grains in the transition fillet surface of the tool for predicting cutting forces
in UAG. During the calculation of the cutting force, volume correction parameters K and
Ks are used for the consideration of the overlapping of the removed volume of material
and various protrusive heights. Through the slot grinding experiments, the values of K
and Ks were obtained, and the influence of input variables and the radius of the transition
fillet on the cutting forces have been studied both theoretically and experimentally. Some
conclusions can be summarized from this study,

(1) Due to the variations in the normal and the tangential directions of the ultrasonic
vibration amplitude, the cutting force of an abrasive grain in the transition fillet surface is
a sum of the cutting forces produced by the former two modes of actions. In this paper,
the cutting force model is established with the simultaneous consideration of the influence
on the cutting force produced by the diamond grains in the end face, lateral face and
transition fillet surface of the tool. Through the slot grinding experiments with different
input parameters, the trend in the cutting force determined by the model agrees well with
that of the experiments. The error of the proposed cutting force model is 10.3%, and the
experimental results verify the correctness of the force model. The improved cutting force
model can be used for research into the ultrasonically assisted grinding of hard and brittle
materials.

(2) All the input parameters (nr, A, vF, ap, rc) have a minor effect on the value of Ks,
which is basically a constant with a value of 0.166., but only nr, vF and ap have minor effects
on K, which is basically a constant with a value of 0.37. However, vibration amplitude A
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and radius rc have a strong effect on the values of K. The value of K increases as amplitude
A increases but decreases as radius rc increases. An equation is used to express the
relationship between K and the input variables A and rc.

(3) As the fillet radius increases from 0.2 to 1.2 mm, the cutting force increases by
139.6% in the axial direction and decreases by 70% in the feed direction. As the spindle
speed and ultrasonic vibration amplitude increase, both the axial and feed forces decrease.
Furthermore, the effect of ultrasonic vibration amplitude on the axial force is gradually
reduced as the vibration amplitude becomes larger but is increased on the feed force. The
cutting force increases as the feed rate and cutting depth increase.
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