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Abstract: In the accelerated degradation test (ADT) of motorized spindles, it is necessary to apply
a variety of stresses to simulate real working conditions. However, the traditional accelerated test
scheme optimization method does not consider the weight of various stresses in the test, resulting
in the evaluation accuracy of important stress parameters in the model being too low. In order to
solve this problem, an optimal design method of the step stress accelerated degradation test (SSADT)
scheme for motorized spindles is proposed based on Ds-optimality. Firstly, the fault tree analysis
(FTA) method is used to analyze the collected fault data of motorized spindles and screen the main
stress. Then, the accelerated degradation model is established by using drift Brownian motion. Based
on the Ds-optimality, the optimization variables and constraints in the test are determined, and the
optimization model is established with the objective of minimizing the estimated variance of the
main stress parameters in the acceleration model; additionally, the optimization steps are given.
Finally, an example is given to verify the effectiveness of the method. Sensitivity analysis of the
optimization results shows that the method has good robustness.

Keywords: motorized spindle; step stress accelerated degradation test; test analysis; Ds-optimality;
optimization design

1. Introduction

As one of the key functional components of computer numerical control (CNC) ma-
chine tools, the reliability of motorized spindles has an important impact on the reliability
of CNC machine tools [1]. For complex electromechanical and hydraulic products, such
as motorized spindles, a reliability test is the only way to verify the reliability level of a
motorized spindle and expose its weak links. Because the reliability level of a motorized
spindle is high, it is usually necessary to carry out accelerated tests to evaluate its reliability.
However, the traditional accelerated life test (ALT) [2] aims to obtain the failure data, and
then evaluate the reliability of the product, and improve the reliability design according
to the evaluation results, so as to improve the reliability of the product. However, with
the development of science and technology, the reliability level of motorized spindles is
constantly improving. This traditional accelerated life test method has been unable to
obtain enough fault data of motorized spindle in a short time, and then cannot obtain an
accurate reliability level for motorized spindles. ADT can product failure or performance
degradation in a short time by applying higher-than-normal stress in the test, and evaluate
the reliability of the product under normal stress levels by analyzing and processing the
data [3,4]. ADT not only overcomes the disadvantages of the traditional ALT, but also
overcomes the disadvantage that ALT only records fault data, so that a reliability evaluation
can be carried out under the condition of zero fault [5].
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Although ADT has a high test efficiency, in order to obtain higher efficiency and
reduce test costs, it is usually necessary to optimize the test factors in ADT before test,
including sample size, stress level, test time and constraint conditions. In 1962, Chernoff [6]
first carried out research on the optimization design of accelerated tests. He studied
the optimization design of constant stress accelerated test schemes with an exponential
distribution of product life, and gave a theoretical framework for the optimization design
of accelerated tests. On the basis of this theoretical framework, Nelson and Meeker [4,7–11]
introduced model constraints into the optimization model to improve the theoretical
framework of the optimization method. By studying the variation in stress level, sample
ratio and asymptotic variance with the model parameters in the experiment, they obtained
an optimization scheme which is insensitive to model parameters. However, these studies
assume that an object is subjected to a single stress, but a product is often subject to multiple
stresses in practice. Therefore, in recent years, scholars have expanded the research content
from single stress to multiple stresses. Park [12] applied the idea of single stress optimal
design (two stress levels) to an object under the action of two kinds of stresses, researched
the optimal design of life distribution obeying the generalized Eyring law, and obtained an
optimal scheme based on the factor arrangement of the test points method. Elsayed [13]
used the same method to obtain an optimal scheme under the proportional risk model.
However, the optimization scheme obtained by this method is highly sensitive to changes
in model parameters, and this method only contains two stress levels, which cannot meet
the needs of application. Therefore, Hu [14] extended stress levels in SSADT from two
to more, and proved the effectiveness of this method under the condition of constraints.
Lim [15] studied the validity between model parameters and stress variables, and obtained
a method of how to select stress levels in an accelerated test scheme with multiple stress
levels. Ge [16] studied the selection of stress levels for multi-stress SSADT under the
constraints of test samples and test times. In order to further improve test efficiency,
reduce the test sample size and apply to more kinds of products, scholars have expanded
the research content from single stress level selection to more test factors. Tsai [17] and
Tung [18] researched the ADT optimization method for the degradation process following a
gamma process. Mosavebi [19] researched an optimal sample ratio under each sample size
and the influence of each stress on the objective function. Sun [20] researched the optimal
stress level change time in SSADT, and Li [21] determined the optimal sample size under
each stress level, based on different expected utility functions. Wang [22,23] researched the
optimization design method of an ADT scheme for multiple degradation processes under
multiple stresses using a simulation method. Li [24] researched the optimization design
method of ADT when prior information is insufficient, and used the information theory to
dynamically modify the test scheme, which effectively shortened the test time. Wang [25]
proposed a new optimization criterion, which pays more attention to the equivalence of the
degradation mechanism, rather than the evaluation accuracy and prediction accuracy. The
optimization results of the criterion were compared with the existing criteria. The results
showed that the criterion can effectively reduce the stress distance between the normal
stress level and the higher stress level, and caused the test arrangement to be more in line
with the practical application. For an object with an uncertain degradation mechanism,
Zhao [26] used the competitive failure model to research the optimization method of ADT
schemes for products with multiple failure mechanisms, and optimized the established
model by using three conventional optimization criteria (D-optimality, a-optimality and
v-optimality). The results showed that the optimal scheme under random impact was
very different from the traditional ADT optimization scheme. Yu [27] and others have
also carried out research on this kind of object. They proposed an improved Bayesian
D-optimality criterion to solve this kind of problem, and verified the effectiveness of the
method through simulations. In order to maximize the efficiency of the ADT test, Jiang [28]
optimized the test method to maximize the test stress, and took carbon film resistors as
an example to verify the effectiveness of the method. Ma [29] mixed ALT and ADT to
reduce test costs to the greatest extent while ensuring accuracy. Wang [30] proposed a
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multi-stress and multi-degradation ADT optimization design method to solve the problem
that the existing single degradation measure ADT cannot be applied to expensive and
high reliability products. The proposed method, with the evaluation accuracy of the
optimization scheme as the optimization objective, along with the stress, stress level, sample
size, detection interval and detection time as the optimization variables, the detection time
and cost as the constraints, and the product with multiple degradation measures, was
studied, and the effectiveness of the method was verified using a rubber sealed O-ring.

However, the above literature regarding the optimization of multi-stress ADT are all
about the stress level, sample size, test time and degradation mode. Instead of considering
the effect of different stresses on the product, the multiple stresses were directly optimized
with the same influence value or influence weight, which leads to the problem of low
evaluation accuracy of model parameters of important stresses when using the degradation
data generated by the optimized scheme for reliability evaluations. In addition, the main
examples of the above ADT scheme optimization methods are electronic components
or mechanical products with simple structures, and there are no complex mechanical
and electrical products, such as motorized spindles. Therefore, aiming at the problem of
how to carry out the multi-stress ADT optimization design of motorized spindles, this
paper puts forward an optimization design method of an accelerated test scheme based on
Ds-optimality.

In this paper, based on Ds-optimality, an optimization method of model parameter
accuracy focusing on important stress, is proposed to solve the problem of model parameter
evaluation in the ADT of motorized spindles subjected to various stresses. In Section 2, the
sensitive stress of a motorized spindle is obtained through SSADT test profile analysis and
FTA analysis of the motorized spindle. In Section 3, based on the previous data and the
characteristics of motorized spindles, the performance degradation and acceleration model
is proposed, and the accelerated degradation model of motorized spindles is established. In
Section 4, based on Ds-optimality, the optimization objective of this method is established
and the solving process is given. In Section 5, the effectiveness of the method is proved by
taking a certain type of motorized spindle made in China as an example, and the results are
compared with those of D-optimality. In Section 6, the sensitivity of the model parameters
in the case is analyzed, and proves the proposed method has good robustness. Section 7
concludes this paper.

2. SSADT Analysis of Motorized Spindle
2.1. SSADT Profile Analysis

If I kinds of stresses are applied in SSADT of motorized spindle, and each stress has L
stress levels, then there are LI kinds of combinations of stress levels in SSADT of motorized
spindle. However, according to the characteristics of SSADT [31] (Si1 ≤ Si2, . . . ,≤ SiL),
not all combinations of stress levels can be applied to the test. The SSADT profile is shown
in Figure 1. In order to ensure the accuracy of the degradation rate under extrapolated
normal stress, it is necessary to adjust the stress level appropriately so that the degradation
rate of the motorized spindle increases with the stress loading sequence. Before the test, the
degradation rate corresponding to all stress combinations should be calculated so that the
degradation rate of the next stress combination in the selected scheme is higher than that of
the previous stress combination. In addition, the first stress level Si1 should be close to the
normal stress Si0 [32], but the selected Si1 should not be too close to Si0, otherwise it will
not be accelerated. The maximum stress level Sil should be as close to the limit level Simax
as possible without changing the failure mechanism, and is generally slightly lower than
Simax. If there are n samples in the test, the total test time is t, and the test time distribution
ratio under the l-th stress combination is rl , then the test time is tl = t× rl(l = 1, . . . , L).
If the time interval of product performance monitoring is ∆t, the monitoring times are
Ml = tl/∆t.
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Figure 1. SSADT profile with multiple stresses.

2.2. SSADT Stress Analysis

The structure of the motorized spindle is shown in Figure 2. In order to obtain an
effective SSADT scheme of the motorized spindle, it is necessary to analyze the stress of
the motorized spindle when it works. The data of 520 reliability tests of motorized spindles
from a machining center over 3 months (June–August 2016) are summarized, as shown in
Table 1.

Figure 2. Structure of motorized spindle. 1. Roller bearing; 2. flange; 3. stator; 4. rotor; 5. cooling
line; 6. lubrication line; 7. hydraulic cylinder; 8. encoder; 9. disc spring; 10 and 11. broach system.
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Table 1. Failure of motorized spindle system in field reliability test.

Fault Location Fault Phenomenon Fault Cause Number of
Times Percentage

Bearing
Spindle swing big, spindle abnormal noise,

workpiece with tool marks, locked, not tight
tool, the cutting tool will not stick

Bearing fatigue and
damage 27 67.5%

Positioning block The cutting tool dropping Loose and poor preload 3 7.5%
Servo amplifier sequence error, abnormal bus connection Servo amplifier failure 3 7.5%

Motor Large speed deviation, servo system alarm Motor damage 2 5%
Braking resistance Brake circuit failure Brake resistor burned 2 5%

Claw The spindle cannot hold the cutting tool Claw damage 1 2.5%
Cone Abnormal noise of motorized spindle Cone wear 1 2.5%

Cooling system Spindle overheat alarm Water in cooling system 1 2.5%

The fault information of the spindle system in Table 1 is marked in the form of a fault
tree, the event label is shown in Table 2, and the fault tree of the established spindle system
is shown in Figure 3.

Table 2. Result event label of top event TOP.

Event Code Event Code

Abnormal noise of motorized spindle F101 Wear of inner cone of spindle E305
The spindle cannot hold the cutting tool normally F102 Fault of servo amplifier E306

Fatigue damage of bearing E301 Burn out of brake resistor E307
Failure of cooling system E302 Looseness of positioning block E308
Abnormal of the motor E303 The preload of positioning block is not enough E309

Claws broken E304

Figure 3. FTA of spindle system.

According to the law of large numbers of Bernoulli [33], if the probability of the bottom
event is replaced by the frequency of the bottom event, the frequency of each bottom event
in the spindle system is shown in Table 3.

Table 3. Failure probability of each bottom event.

Code Event Probability
(∗10−2) Code Event Probability

(∗10−2)

E301 Fatigue damage of bearing 1.293 E306 Fault of servo amplifier 0.144
E302 Failure of cooling system 0.048 E307 Burn out of brake resistor 0.096
E303 Abnormality of the motor 0.096 E308 Looseness of positioning block 0.048
E304 Claws broken 0.048 E309 The preload of positioning block is not enough 0.096
E305 Wear of inner cone of spindle 0.048
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The potential improvement potential (IP) method is used to calculate the importance
of the bottom event [34], and the calculation formula is shown in Equation (1):

HIP(R|T ) = h[1R, p(T)]− h[p(T)] (1)

where pR(T) is the reliability of bottom event R(R = 1, 2,. . ., N), h[p(T)] is the reliability of
the system, and h[1R, p(T)] is the conditional probability of the system working normally
when the bottom event H is working normally.

The importance of each event is shown in Table 4.

Table 4. The importance of bottom events.

Bottom
Events E301 E302 E303 E304 E305 E306 E307 E308 E309

H IP(R|T) 0.0128 0.0005 0.0009 0.0005 0.0005 0.0014 0.0009 0.0005 0.0005

As the bottom event R occurs, there is a difference in downtime maintenance time.
Therefore, the average downtime tR is taken (R = 1, 2, . . . 9). The relative downtime
coefficient kT is defined:

kT =
tR

max
1≤R≤9

(tR)
(2)

where max
1≤R≤9

(tR) is the longest downtime in the bottom event. In this field reliability test,

the average downtime of E304 (claws broken) is the longest, which is 115 min.
Calculate the average downtime tR and relative downtime coefficient kT for each

bottom event, as shown in Table 5.

Table 5. Average downtime tR and relative downtime coefficient kR of each bottom event.

Event tR (min) kT Event tR (min) kT

E301 84.41 0.6753 E306 83.3 0.6664
E302 65 1 E307 34.5 0.276
E303 76.5 0.612 E308 68.3 0.5464
E304 115 0.92 E309 68.3 0.5464
E305 80 0.64

Because the IP importance considers the influence of the failure rate of the bottom
event on the top event, the product of IP importance HIP(R|T ) and kT is used to consider
the importance of downtime; the calculation formula is:

HkT (R|T ) = kT · HIP(R|T ) (3)

Using Equation (3), the importance of each bottom event considering downtime is
calculated as shown in Table 6.

Table 6. Importance of each bottom event considering downtime.

Event HkT ( R|T) (∗10−2) Event HkT ( R|T) (∗10−2)

E301 0.9425 E306 0.1021
E302 0.0266 E307 0.0282
E303 0.0625 E308 0.0279
E304 0.0469 E309 0.0558
E305 0.0327
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The cutting force S1, spindle speed S2, tool change times S3, cutting power S4, temper-
ature S5 and other stresses correspond to the main motorized spindle subsystem, as shown
in Figure 4.

Figure 4. Mapping of stress and spindle subsystem.

According to the mapping relationship in Figure 4 and the failure mechanism of the
motorized spindle, the main influence range and effect of stress are obtained, as shown in
Table 7.

Table 7. Factors affecting the importance of stress on the motorized spindle.

Stress
Stress Effect

Ha(R|T) (∗10−2)
Main Influence Scope Stress Action

Cutting force S1 Bearing 3 0.9425
Spindle speed S2 Bearing 1 0.9425

Tool change times S3 Parts of broach system 1/w, (w is material constant,
w = 9) 0.096

Cutting power S4

All parts in the spindle, among which the
electronic components and bearings are

most affected
1 0.0133

Temperature S5
All parts in the spindle, among which the
electronic components are most affected 1 0.0133

In Table 7, the main impact range of stress includes five qualitative levels, expressed
by βZ0, the value of βZ0 is marked as an integer from 1 to 5, and the mark with the widest
influence range is 5. The influence range factor βZ of stress is defined as

βZ =
βZ0

max{βZ0}
5

(4)

There are three quantitative degrees of stress loading, expressed by βZ
0 . the value of

βZ
0 ranges from 1 to 3, marked by integers. Define the action coefficient βZ:

βZ =
βZ

0

max
{

βZ
0
}

3

(5)

According to Table 7, Equations (4) and (5), the influence range coefficient βZ and
action coefficient βZ are shown in Table 8.
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Table 8. The influence range coefficient βZ and action coefficient βZ.

Stress βZ0 βZ βZ
0 βZ

Cutting force S1 1 0.2 3 1
Spindle speed S2 1 0.2 1 1/3

Tool change times S3 2 0.4 1/9 1/27
Cutting power S4 5 1 1 1/3
Temperature S5 4 0.8 1 1/3

The comprehensive importance of stress Hz(R|T ) is defined:

HZ(R|T ) = βZ × βZ × Hα(R|T) (6)

According to Equation (6), the comprehensive importance of the stress of the motor-
ized spindle is obtained, as shown in Table 9.

Table 9. Comprehensive importance of stress.

Stress HZ( R|T)/10−2

Cutting force S1 0.189
Spindle speed S2 0.063

Tool change times S3 0.001
Cutting power S4 0.004
Temperature S5 0.003

According to Table 9, it can be concluded that the order of importance of each stress
on the reliability of motorized spindle is as follows: cutting force > spindle speed > cutting
power > temperature > tool change times.

3. Performance Degradation and Acceleration Model of Motorized Spindle
3.1. Degradation Model

Drift Brownian motion is used to model the degradation process of the motorized
spindle. The generalized path model is used to describe the degradation process of the
motorized spindle [11]:

yi,l,j(tk) = σ1B(tk) + µktk + y0 (7)

where yi,l,j(tk) is the performance degradation value of the j-th sample at the stress Si level
l at time tk(l = 1, 2, . . . , L, L is the number of stress levels, j = 1, 2, . . . , nl , nl is the sample
size under the stress level, k = 1, 2, . . . , ml , ml is the number of sample measurements at
the stress Si level l), B(tk) is the standard Brownian motion, B(tk) ∼ N(0, tk), σ1 is the
diffusion coefficient, which is used to describe the differences in samples, operation and
environmental conditions of the motorized spindle test; therefore, σ1 does not change
with the change of stress and time. µk is the drift coefficient, also known as performance
degradation rate. y0 is the starting point of drift Brownian motion, which is the initial value
of sample performance.

3.2. Acceleration Model

According to the results in Section 2.2, it can be concluded that the stress of the
motorized spindle is mainly mechanical stress and electrical stress, which is close to the
stress described by the inverse power law model [35]. Therefore, the inverse power law
model is selected as the acceleration model of the motorized spindle acceleration test, and
its standard equation is as follows:

P = CSA
l (8)

where P is the reliability characteristic quantity, Sl is the l-th stress level of the stress, and C
and A are constants independent of the stress level, but related to the failure model and
stress type.
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The standard inverse power law model can only be used as an acceleration model for
a single stress. In order to make it applicable to the case of multiple stresses, the standard
inverse power law model is extended [35]:

P = CSA1
1l SA2

2l . . . SAI
Il (9)

Take a logarithm on both sides of Equation (9), and Equation (9) becomes:

ln P = A1 ln S1l + A2 ln S2l + . . . + AI ln SIl + ln C (10)

The performance degradation or failure of motorized spindle is usually related to a
variety of stresses. In Reference [4], a generalized logarithmic linear model was established
by means of stress combination, as shown in Equation (11):

ln(µ) = γ1 ϕ1 + . . . + γI ϕI + γ0 (11)

where γ0, γ1, . . . , γs are the model parameter and ϕ1, ϕ2, . . . ϕn are the stress function.
Since P is the reliability characteristic, then in accelerated degradation test, P = µ,

if ln C = γ0, A1 = γ1, . . . ., AI = γI , by combining Equation (10) with Equation (11), a
generalized logarithmic acceleration model between the motorized spindle and stress is
obtained, as shown in Equation (12):

ln(µ) = γ0 + γ1 ln S1l + . . . + γI ln SIl + γ0 (12)

Based on the above analysis and assumption, the accelerated degradation model of
the spindle is established, as shown in Equation (13):{

lnµk = γ1lnS1l+, . . . ,+γI lnSIl + γ0
Y ∼ N

(
µk(∆tk), σ2(∆tk)

) (13)

where ∆tk = tk − tk−1.

4. Optimal Design
4.1. Optimization Objective

It is assumed that the motorized spindle has L stress levels under stress Si(i = 1, . . . , I),
the k-th performance test time of the j sample under group l stress is til jk(l = 1, 2, . . . , L,
L is the number of stress levels; j = 1, 2, . . . , nl , nl is the sample size under the stress
level l; k = 1, 2, . . . , ml , ml is the inspection times under the stress level l), the detected
performance value is yl jk.

Brownian motion is a Gaussian process. Therefore, the performance increment
∆y = yl jk − yl j(k−1) is independent and follows normal distribution. According to Equation (13),
the probability density function of independent increment is as follows:

f (x) =
1

σ
√

2π∆t
exp

{
− [x− µ× ∆t]2

2σ2 × ∆t

}
(14)

The logarithmic likelihood function of Equation (14) is shown in Equation (15):

ln p(x|θ ) ∝ −1
2

L

∑
l=1

nl

∑
j=1

ml

∑
k=1

{
[ln(2π∆t) + ln(σ2)] +

[xl jk − µk × ∆t]2

σ2∆t

}
(15)

where θ = γ0, γ1, . . . , γI . For SSADT of the motorized spindle, the sample size under each
stress combination is the same, nl = (1/l)× n (n is the total number of samples).

Ds-optimality is the generalization of D-optimality, which is an information-based
optimization method. For the model with more parameters, it focuses on the evaluation
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accuracy of important parameters. In other words, only some important parameters in θ
are estimated. Therefore, Equation (6) is divided into two parts:

ln(µ) = g1(x)′ θ1 + g2(x)′ θ2 (16)

where θ1 contains s important parameters (θ1 = γ1, . . . , γs), θ2 contains (L− s) unimpor-
tant parameters (θ2 = γs+1, . . . , γI , γ0). Therefore, g1(x)′ = (ln S1l , . . . , ln Ssl), g2(x)′ =
(ln Ss+1,l , . . . , ln SIL, 1).

Based on Ds-optimality, the information matrix Mξ(Mξ = det[F(θ)]) is divided into
four parts

Mξ =

[
M11(ξ) M12(ξ)
M21(ξ) M22(ξ)

]
(17)

where ξ is the selected test scheme.
According to the concept of the information matrix [36], we can get the following

conclusions:
Mξ = G′G/L (18)

where G =

 ϕ11 . . . ϕ1L
...

...
ϕI1 . . . ϕIL

.

Therefore:

Mξ =



E
(
− ∂2lnp( x|θ)

∂2γ1

)
E
(
− ∂2lnp( x|θ)

∂γ2∂γ1

) · · ·
E
(
− ∂2lnp( x|θ)

∂γ1∂γ0

)
E
(
− ∂2lnp( x|θ)

∂γ2∂γ0

) E
(
− ∂2lnp( x|θ)

∂γ1∂σ2

)
E
(
− ∂2lnp( x|θ)

∂γ2∂σ2

)
...

. . .
...

E
(
− ∂2lnp( x|θ)

∂γ0∂γ1

)
E
(
− ∂2lnp( x|θ)

∂σ2∂γ1

) ...
E
(
− ∂2lnp( x|θ)

∂2γ0

)
E
(
− ∂2lnp( x|θ)

∂σ2∂γ0

) E
(
− ∂2lnp( x|θ)

∂γ0∂σ2

)
E
(
− ∂2lnp( x|θ)

(∂σ2)
2

)


(19)

The covariance matrix of parameter θ1 is the s× s sub matrix of the upper left part
of matrix M−1(ξ), denoted as M11(ξ), according to the inverse matrix of block matrix,
Equation (20) becomes:

M11(ξ) =
[

M11(ξ)−M12(ξ)M−1
22 (ξ)M21(ξ)

′
]−1

(20)

Then, the Ds-optimal design of θ1 is the minimization of the determinant of Equation (20), i.e.:

max
∣∣∣M11(ξ)−M12(ξ)M−1

22 (ξ)M21(ξ)
′
∣∣∣ = max

|M(ξ)|
|M22(ξ)|

(21)

4.2. Optimization Variables and Constraint Conditions
4.2.1. Optimization Variables

Each element of SSADT can be taken as one of the optimization variables as follow:

• Stress levels Sil and their combinations [(S11, S21, . . . , SI1), . . . , (SI1, SI2, . . . , SIL)];
• Sample size nl under the stress level l;
• Inspection times ml under the stress level l.

4.2.2. Constraint Conditions

The constraint conditions can be divided into test cost constraint and test variable
actual value range constraint, in which the test cost can be divided into sample cost and
test cost. The sample cost is the product of sample unit price and sample number. The
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test cost includes the depreciation of test box and test equipment, and the consumption of
human and power resources, that is, the product of test unit price and test time.

Therefore, the constraint expression of test cost is as follows:

C1 ≥ n·Cd + C0·
L

∑
l=1

ml × ∆t (22)

where C1 is the total cost of the test and Cd is the unit price of the test motorized spindle.
C0 is the cost of the test per unit time (including inspection costs).

The constraints of the actual value range of test variables mainly include stress level,
inspection times and the number of samples under each stress level. Among them:

1. Si0 < Si1 < Si2 < Si3··· < SiL < Simax, Si0 is the normal stress when the motorized
spindle is working, and Simax is the ultimate stress when the motorized spindle is
working. The ultimate stress can be obtained through the technical requirements of
the motorized spindle, and then the highest stress SiL is selected according to the
ultimate stress so as to ensure that the failure mechanism of the motorized spindle
remains unchanged at all stress levels;

2. Inspection times m1 ≥ m2 ≥ ··· ≥ ml ≥ 10, m1 ≥ m/l,
L
∑

l=1
ml = m, the degradation

of motorized spindle is a slow process. In order to ensure the regression fitting
accuracy of degradation, the inspection times under each stress level should not be
less than 10; under the premise of unchanged failure mechanism, the degradation
rate of motorized spindle will accelerate with the increase of stress. In order to collect
enough degradation information under each stress level, the inspection times under
low stress level should be more than high Stress level.

3. nl ≥ 5, in order to ensure the statistical significance of the data obtained in the test,
the number of test samples under each stress should not be less than 5.

By summarizing the above constraints, the mathematical expression of the constraint
conditions of the test scheme can be expressed as follows:

s.t.


C1 ≥ n·Cd + C0·∑L

l=1 ml
Si0 < Si1 < Si2 < Si3··· < SiL < Simax

m1 ≥ m2 ≥ ··· ≥ ml ≥ 10, m1 ≥ m
l

nl ≥ 5

(23)

Thus, the optimization problem can be described as:

max |M(ξ)|
|M22(ξ)|

s.t.


C1 ≥ n·Cd + C0·∑L

l=1 ml ·∆t
Si0 < Si1 < Si2 < Si3··· < SiL < Simax variables : Sil , nl , ml
m1 ≥ m2 ≥ ··· ≥ ml ≥ 10, m1 ≥ m

l
nl ≥ 5

(24)

4.3. Optimal Process

In order to avoid the wrong solution caused by improper setting of initial conditions,
this paper uses exhaustive method to solve all the test schemes. The specific optimization
flow chart is shown in Figure 5. The specific steps are as follows:

1. According to the historical data, engineering experience and other information, the
parameters of the model, the degradation threshold D of the motorized spindle
performance [37], the initial stress S1 and the maximum stress SL of the motorized
spindle test, the number of test stress levels L, the total test cost C1, the test cost per
unit time C0, the unit price of motorized spindle sample Cd and the inspection interval
∆t are determined;
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2. The test stress level combination Sil , sample ratio nl and monitoring times ml under
each stress were solved which satisfied the constraints, then the results of them consti-
tute test scheme set Ωξ . ξq =

{
[n1, n2, . . . , nl ]; [S11, S12, . . . , Si(l−1), Sil ]; [m1, m2, . . . , ml ]

}
,

q = 1, 2, . . . , Nξ , Nξ is the total number of schemes in the scheme set;
3. Select a scheme ξq from scheme set Ωξ ;
4. According to Equation (13), the performance degradation data Yqw of motorized

spindle is simulated using the Monte Carlo method for Nm times;
5. The information matrix M(ξ) of degradation data Yqw of each simulation is calculated;
6. According to Equation (20), the objective function value

∣∣M11(ξ)
∣∣ of the scheme ξq is

calculated;
7. Repeat steps 3–6 to calculate the objective function for all schemes in the scheme set;
8. The scheme ξ∗ with the minimum objective function

∣∣M11(ξ)
∣∣ is selected as the

optimal scheme.

1 
 

 

Figure 5. Optimization process of accelerated degradation test scheme for the motorized spindle.

5. Case Study
5.1. A Case Study of Motorized Spindle

Taking the motorized spindle produced by Sipu Company in China as an example,
the proposed optimization method was applied. The parameters of the spindle are shown
in Table 10. The parameters of the accelerated degradation model of the motorized spindle
obtained from previous reliability test (December 2016–December 2019) are shown in
Table 11.
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Table 10. Technical parameters of the sample motorized spindle.

Type Rated Power Rated Voltage Rated Current Rated Torque Rated Speed Frequency
Pe/kW Ue/V Ie/A Te/Nm ne/rpm fm/Hz

SPS1530-18Z 7.3 350 15 5.9 12000 300

Table 11. Parameters of accelerated degradation model of the motorized spindle under double stress.

γ1 γ2 γ0 σ

0.0875 0.3423 −11.6428 0.006339

By substituting the model parameters in Table 11 into Equation (13):{
lnµk = 0.0875× lnS1l + 0.3423× lnS2l − 11.6428

Y ∼ N
(

µk(∆tk), (0.006339)2(∆tk)
) (25)

As the motorized spindle is a complex electromechanical system, in order to adapt to
its complex failure mechanism, the linear Brownian motion of Equation (25) is transformed
into nonlinear Brownian motion, and the ∆tk in Equation (25) is transformed into ∆tk

λ [38],
where λ = 1.506.

According to Section 2.2, the cutting force S1 and rotation speed S2 are selected
as the test stress. According to the technical parameter information, subsystem fault
characterization and engineering experience, the failure threshold of motorized spindle
is determined as 30 µm The maximum cutting stress S1L is 1000 N, and the maximum
spindle speed stress S2L is 10,000 rpm; in order to ensure the acceleration of the test, the
minimum cutting stress S11 is set to 500 N and the minimum spindle speed stress S22 is set
to 5000 rpm according to the previous working conditions. The surface fitting diagram of
accelerated degradation model is shown in Figure 6. The coordinate point X is the value
of speed S2, Y is the value of cutting force S1, and Z is the value of µk. Figure 7 shows the
projection of equation surface fitting Figure 6 on the plane, that is, the stress contour line.
According to Figure 7, it can be seen that the influence of cutting force on degradation rate
is far greater than that of rotation speed, which is consistent with the conclusion of stress
analysis in Section 2.2.

Figure 6. Three-dimensional fitting of the accelerated degradation model of the motorized spindle
under two stresses.
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Figure 7. Stress contour of the model.

According to the Ds-optimality and the actual situation of the calculation example,
the cutting force is selected as the main stress concerned (M11

m (ξ) is 1× 1 matrix), and the
information matrix Mξ is

Mm
ξ =



E
(
− ∂2 ln p(x|θ )

∂2γ1

)
E
(
− ∂2 ln p(x|θ )

∂γ1∂γ2

)
E
(
− ∂2 ln p(x|θ )

∂γ1∂γ0

)
E
(
− ∂2 ln p(x|θ )

∂γ1∂σ2

)
E
(
− ∂2 ln p(x|θ )

∂γ2∂γ1

)
E
(
− ∂2 ln p(x|θ )

∂2γ2

)
E
(
− ∂2 ln p(x|θ )

∂γ2∂γ0

)
E
(
− ∂2 ln p(x|θ )

∂γ2∂σ2

)
E
(
− ∂2 ln p(x|θ )

∂γ0∂γ1

)
E
(
− ∂2 ln p(x|θ )

∂γ0∂γ2

)
E
(
− ∂2 ln p(x|θ )

∂2γ0

)
E
(
− ∂2 ln p(x|θ )

∂γ0∂σ2

)
E
(
− ∂2 ln p(x|θ )

∂σ2∂γ1

)
E
(
− ∂2 ln p(x|θ )

∂σ2∂γ2

)
E
(
− ∂2 ln p(x|θ )

∂σ2∂γ0

)
E
(
− ∂2 ln p(x|θ )

∂(σ2)
2

)


(26)

Because M11
m (ξ) is 1× 1 matrix, and according to the principle of matrix partition,

Mm
22(ξ) can be divided into

Mm
22(ξ) =


E
(
− ∂2 ln p(x|θ )

∂2γ2

)
E
(
− ∂2 ln p(x|θ )

∂γ2∂γ0

)
E
(
− ∂2 ln p(x|θ )

∂γ2∂σ2

)
E
(
− ∂2 ln p(x|θ )

∂γ0∂γ2

)
E
(
− ∂2 ln p(x|θ )

∂2γ0

)
E
(
− ∂2 ln p(x|θ )

∂γ0∂σ2

)
E
(
− ∂2 ln p(x|θ )

∂σ2∂γ2

)
E
(
− ∂2 ln p(x|θ )

∂σ2∂γ0

)
E
(
− ∂2 ln p(x|θ )

∂(σ2)
2

)
 (27)

The objective function of scheme ξ is obtained as follows

M11
m (ξ) =

Mm
ξ

Mm
22
(ξ)

(28)

According to engineering experience and test experience, the cost of accelerated
degradation test for motorized spindle is shown in Table 12.



Appl. Sci. 2021, 11, 3832 15 of 20

Table 12. Expected test cost and accelerated degradation test cost.

Item Cost (Ten Thousand Yuan)

Expected cos t of testing (C1 ) 75
Cd 2.5
C0 0.01/h

According to Reference [39], for SSADT with two stresses, when the number of stress
levels is 4, the evaluation of the test scheme is the highest. Therefore, in order to ensure the
accuracy and effectiveness of extrapolation, four stress levels (i.e., L = 4). According to the
objective function, Equation (28), all possible scheme sets are solved, and the optimal test
scheme under each sample size (n = 20, n = 24, n = 28) is obtained, as shown in Table 13.

Table 13. Optimization results of test scheme.

Number n S1 S2 m |M(ξ)|/|M22(ξ)|
1 [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] [66 62 61 61] 1651636.372
2 [6 6 6 6] [800 850 900 950] [6000 6500 7000 7500] [40 38 36 36] 455879.2074
3 [7 7 7 7] [800 850 900 950] [6000 6500 7000 7500] [16 12 11 11] 31610.36

From the results in Table 13 that under the same constraint conditions, the scheme
with the largest objective function of the motorized spindle accelerated degradation test
with different sample sizes (n = 20, n = 24, n = 28) has the same stress level, i.e., cutting force
S1 = [800 850 900 950], speed S2 = [6000 6500 7000 7500]. However, due to the constraint of
test cost, the inspection times are very different (i.e., the test time is very different), and then
the objective function is very different. Therefore, under the same cost constraint condition,
the test time should be extended as much as possible, instead of pursuing large samples,
when the Ds-optimality is used to optimize the multi stress accelerated degradation test of
motorized spindle.

In order to check the evaluation accuracy of other model parameters, the objective
function of the test scheme with the largest objective function (Number 1 in Table 13) is
calculated under the traditional model parameter optimization criterion D-optimality, and
the optimization based on D-optimality is calculated under the same conditions. The
results are shown in Table 14.

Table 14. D-optimality optimal scheme.

Number n S1 S2 m det|M(ξ)|
1 [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] [66 62 61 61] 4.29 ∗ 1024

2 [5 5 5 5] [600 800 850 900] [5000 5500 6000 7000] [117 113 10 10] 5.26 ∗ 1024

It can be seen from Table 14 that the optimal scheme obtained by Ds-optimality opti-
mization can also obtain higher objective function value under D-optimality, which means
that the multi stress accelerated degradation test scheme of motorized spindle obtained by
multi stress optimization based on D-optimality can also obtain higher estimation accuracy
for other model parameters. Therefore, this optimization method can not only maintain the
accuracy of other stress parameters evaluation, but also improve the evaluation accuracy of
main stress model parameters, so as to solve the problem that the evaluation of important
parameters is not accurate due to too many model parameters in multi stress accelerated
degradation test scheme of motorized spindle.

5.2. An Extended Case Study

In order to ensure that the method can be applied to the SSADT scheme optimization
design of other products under multi stress, the case study in Reference [39] is taken as
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a case study to carry out the optimization design. The accelerated degradation model of
products in Reference [39] is as follows:{

lnµ1
k = A1/T + B1 ∗ ln V + C1

Y ∼ N
(
µ1

k
(
∆t1

k
)
, σ2

1
(
∆t1

k
)) (29)

In Equation (29), T is absolute temperature, in K; V is voltage, in V; A1, B1, C1 are the
model parameters; the specific values of A1, B1, C1 and σ1 are shown in Table 15.

Table 15. Specific values of model parameters.

A1 B1 C1 σ1

−8704 0.5 10 0.002

Substitute the parameter values into Equation (29):{
lnµ1

k = (−8704)/T + 0.5 ∗ ln V + 10
Y ∼ N

(
µ1

k
(
∆t1

k
)
, (0.002)2(∆t1

k
)) (30)

According to the constraint conditions in Reference [39] and the proposed optimization
method, the optimization problem can be described as

max |M
1(ξ)|

|M22
1(ξ)|

s.t.


C1

1 ≥ n1·Cd
1 + C0

1·∑L
l=1 ml

1·∆t1

Si0
1 < Si1

1 < Si2
1 < Si3

1··· < SiL
1 < Simax

1 variables : Sil
1, nl

1, ml
1

m1
1 ≥ m2

1 ≥ ··· ≥ ml
1 ≥ 0, m1

1 ≥ m1

l1

nl
1 ≥ 3

(31)

In Equation (31), i = 1, 2; l = 1, 2, 3, 4; the specific values of C1
1, Cd

1, C0
1, ∆t and the

values range of S1
1, S2

1 are shown in Table 16:

Table 16. Test cost and stress range.

C1
1 (yuan) C1

d (yuan) C1
0 (yuan) ∆t (h) T (K) V (V)

150,000 3000 200 1 313.15–383.15 5–15

The proposed method is used to optimize the test scheme of the product in refer-
ence [39], and the objective function value of the scheme under D-optimality is calculated.
The results are shown in Table 17.

Table 17. Optimization results.

n1 T V m1
∣∣M1(ξ)

∣∣/∣∣M1
22(ξ)

∣∣ det|M(ξ)|

[6 6 6 6] [368.15 373.15 378.15 383.15] [11 12 13 14] [99 97 97 97] 742411.69 6.54 ∗ 1013

The optimal scheme under D-optimality in Reference [39] is optimized under the
optimization method proposed in this paper, and the results are shown in Table 18.

Table 18. Optimization results of the optimal scheme in Reference [39].

n1 T V m1
∣∣M1(ξ)

∣∣/∣∣M1
22(ξ)

∣∣ det|M(ξ)|

[6 6 6 6] [353.15 358.15 378.15 383.15] [10 13 14 15] [113 112 75 75] 439902.93 8.02 ∗ 1013
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Because parameter A1 is one parameter, the parameter covariance matrix M11
A1(ξ)

is the variance matrix of parameter A1, and because M11
A1(ξ) and M1(ξ)/M22

1(ξ) are
inverse matrices, the determinant value of the variance matrix of parameter A1 and∣∣M1(ξ)

∣∣/∣∣M22
1(ξ)

∣∣ are reciprocal. Similarly, the determinant value of parameter covari-
ance matrix and det

∣∣M1(ξ)
∣∣ are reciprocal. By comparing the values of

∣∣M1(ξ)
∣∣/∣∣M22

1(ξ)
∣∣

and det
∣∣M1(ξ)

∣∣ in Tables 17 and 18, we can get that the determinant value of variance
matrix of the parameters of the test scheme optimized by the proposed method is 0.59
times of that under D-optimality, while the determinant value of covariance matrix of all
parameters is 1.22 times of that under D-optimality. According to the comparison results, it
can be concluded that the proposed optimization method can not only effectively improve
the evaluation accuracy of main parameters, but also ensure the evaluation accuracy of
non-main parameters in the optimization design of SSADT with multi stress, so as to solve
the problem of low evaluation accuracy of important model parameters in the optimization
design of SSADT with multi stress.

6. Sensitivity Analysis

At the beginning of the accelerated degradation test scheme design, the parameter
γ0, γ1, γ2, σ in the stress model is usually obtained based on prior data or engineering
experience, or estimated by a small number of grope tests. However, there are usually
some deviations between these values and the true values. Therefore, the sensitivity of the
model parameters to the test scheme is discussed and analyzed.

Assuming that the true value of model parameters is the initial value used in the
calculation example, other conditions are consistent with the example, and the influence of
parameter deviation on the optimization result of test scheme is analyzed. The deviation
levels of each model parameter are 10%, 0%, and −10%, respectively, and there are 81
combinations of deviation of the four parameters. In order to reduce the amount of
calculation and make the selected deviation combination representative, orthogonal test
L9(34) is used to conduct deviation test, and RV function is selected as the evaluation basis.
The expression is shown in Equation (32) and the calculation results are shown in Table 19.

RV =

∣∣∣∣∣
∣∣M11(ξ)

∣∣− ∣∣M11(ξ)
∣∣∗

|M11(ξ)|

∣∣∣∣∣× 100% (32)

where
∣∣M11(ξ)

∣∣ is the objective function value obtained when the model parameters are con-
stant;

∣∣M11(ξ)
∣∣∗ is the objective function value obtained after the change of model parameters.

Table 19. Optimization results under different combinations of model parameter deviations.

γ0 γ1 γ2 σ n S1 S2 ∆t m RV

10% 10% 10% 10% [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] 10 [66 62 61 61] 80.6%
10% 0 0 0 [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] 10 [66 62 61 61] 46.9%
10% −10% −10% −10% [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] 10 [66 62 61 61] 93.6%

0 10% 0 −10% [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] 10 [66 62 61 61] 11.1%
0 0 −10% 10% [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] 10 [66 62 61 61] 47.0%
0 −10% 10% 0 [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] 10 [66 62 61 61] 59.3%

−10% 10% −10% 0 [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] 10 [66 62 61 61] 32.2%
−10% 0 −10% −10% [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] 10 [66 62 61 61] 25.3%
−10% −10% 0 10% [5 5 5 5] [800 850 900 950] [6000 6500 7000 7500] 10 [66 62 61 61] 37.0%

From the results in the Table 19 that the scheme obtained by the optimization method
is not sensitive to the variation of model parameters’ deviation (10%, 0, −10%), indicating
that the method has good stability. From Table 19, the variation of parameters γ0 and γ1 has
great influence on the deviation of the test scheme, especially when the parameters of γ0
and γ1 fluctuate at the same time, thus the influence is obvious. This is because the method
proposed in the calculation example is based on the parameters for subsequent optimization.
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Therefore, in order to reduce the evaluation error of the subsequent parameters, the value
range of the main parameters of the model should be as small as possible before the test, so
as to ensure that the optimized test scheme can obtain higher accuracy.

7. Conclusions

1. In this paper, under the constraint of the test cost and the actual range of test variables,
taking the test stress levels Sil , sample size nl and inspection times ml as optimiza-
tion variables, the optimization design of multi stress step accelerated degradation
test scheme for a motorized spindle is carried out. When the objective function is
established, the exhaustive method is used to solve the set of alternatives to avoid
the wrong optimal solution caused by improper setting of the initial conditions of the
optimization algorithm. By solving all possible combinations of stress levels under
different sample sizes, it is concluded that the optimal combination of stress levels
with different quantities of samples is the same under the constraint conditions.

2. The drift Brownian motion is used to model the accelerated degradation process
of motorized spindle under multiple stresses. By selecting the main test stress and
inspection indexes of the motorized spindle, the minimum estimation variance of
main stress affecting the motorized spindle is taken as the optimization objective
(i.e., min(det(

∣∣M11(ξ)
∣∣))), the optimization algorithm steps and detailed flow chart

are given. Taking the accelerated degradation test of motorized spindle under two
stresses as an example, the optimized test scheme is obtained, and compared with
the traditional D-optimality optimization, the objective function value of the test
scheme optimized by Ds-optimality is calculated under D-optimality, and the objec-
tive function value is only 18.5% lower than that of the optimal scheme optimized
by D-optimality. Through an extended case study, it is concluded that when the
proposed method is used to optimize the test scheme, the determinant value of the
variance matrix of the main stress parameters is 0.59 times of that under D-optimality.
It shows that this method can not only improve the evaluation accuracy of main stress
parameters, but also ensure the evaluation accuracy of other stress parameters.

3. By analyzing the influence of the initial model parameter deviation on the optimiza-
tion results, it is concluded that the optimization design method proposed in this
paper has good stability. Since this method is based on the optimization criteria of
model parameters, the range of main model parameters should be as small as possible
before the test, so as to improve the accuracy of reliability evaluation of the optimized
accelerated test scheme.
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