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Abstract: Downsizing is a more and more widespread trend in many industrial sectors, and, among
the others, the automotive industry is pushing the design of its components towards increasingly
compact, lightweight, efficient, and reliable solutions. In the past, the drivetrains for automotive
were designed and manufactured with gears having modules in the range 3 to 10. In this respect, the
main actual European standards for gear design such as ISO 6336:2019 (based on the DIN 3990:1987)
are validated in the 3 to 10 mm range only. Moreover, it is well known that, by increasing the gear
size, the gear size factor for tooth bending YX reduces. However, nowadays the advances in terms
of materials and design knowledge have made possible the realization of miniaturized gearboxes
with gears having normal modules below 3 mm with comparable (or better) reliability. In this
scenario, understanding how the size affects (positively) the load-carrying capacity for tooth root
bending for small modules below 5 mm is fundamental to maximize the design effectiveness in case
of downsizing of the drivetrains. In this paper an experimental study was performed on small gears
made of 39NiCrMo3 having a normal module of 2 mm to verify the load-carrying capacity for tooth
root bending. Based on the experimental evidences and additional data from literature and past
studies by the author, an extended formula for the size factor YX (according to ISO 6336) is proposed.

Keywords: gear; tooth root bending; STBF; size factor

1. Introduction

In the recent years, downsizing is emerging as a global trend. The miniaturization of
the mechanical systems, at least in the automotive sector, is pushed by the more and more
stringent environmental restrictions such as the EuroX standards; reducing the size and the
weight of the drivetrain has a significant impact on the fuel consumptions and pollutant
emissions [1,2]. In other sectors such mechatronics, the compactness and high-power
density is fundamental to increase the effectiveness of the robots [3–7]. In these, as in
many other applications, the design of gears is moving to smaller and smaller modules,
far below 5 mm [8–10]. Many standards are available for the design of gears such as
the European ISO 6336 [11], the German DIN 3990 [12] and the American ANSI/AGMA
2001-D04 [13]. However, the European and German approaches are based on experimental
tests performed on gears having a normal module mn = 5 mm. In the past, Steutzger [14]
demonstrated that an increased gear size promotes a decrease in the load-carrying capacity
for tooth root bending. While this effect is well supported by evidence for modules over
5 mm [15–18], few data are available below that threshold [19]. If this effect is confirmed, a
direct conclusion is that small gears are always oversized when rated with those standards.
Therefore, room for improvement exists by applying a specific formulation for the size
factor YX for modules smaller than 5 mm.

The main working principle of the gear standards such ISO 6336 [11] and DIN 3990 [12]
relies on the comparison between the occurring stress σF in the component and an allowable
(permissible) stress σFP. The calculation of the actual stress σF for cylindrical spur gears at
the tooth root is based on the Saint-Venant theory: the teeth is idealized as a cantilevered

Appl. Sci. 2021, 11, 2416. https://doi.org/10.3390/app11052416 https://www.mdpi.com/journal/applsci

https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0002-1237-5542
https://doi.org/10.3390/app11052416
https://doi.org/10.3390/app11052416
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/app11052416
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/2076-3417/11/5/2416?type=check_update&version=1


Appl. Sci. 2021, 11, 2416 2 of 11

beam loaded on the flank with a tangential force Ft rotated by an angle αFen with respect to
the tooth axis (Figure 1).

Appl. Sci. 2021, 11, x 2 of 11 
 

allowable (permissible) stress . The calculation of the actual stress  for cylindrical 
spur gears at the tooth root is based on the Saint-Venant theory: the teeth is idealized as a 
cantilevered beam loaded on the flank with a tangential force  rotated by an angle  
with respect to the tooth axis (Figure 1). 

 
Figure 1. Determination of normal chordal dimensions of tooth root critical section according to 
ISO 6336-3:2019—Method B. 

The determination of the normal chordal dimension  of the tooth root critical sec-
tion and the bending moment arm ℎ  relevant to load application at the outer point of 
single pair gear tooth contact according to ISO 6336—Method B is shown in Figure 1. 

The occurring stress  (Equation (1)) results = ∙ ∙ ∙ ∙ ∙ ∙ ∙  (1)

where  is defined as in Equation (2) =     (2)

is the form factor. It takes into account the influence of the tooth form considering that the 
load is applied at the outer point of single contact.  is the stress correction factor and 
considers the notch effects due to the variation of the section at the tooth root and is used 
to compensate the errors introduced by the method used to determine the most critical 
section (oblique lines as prescribed by the ISO 6336—Figure 1) and it is defined as in Equa-
tion (3) = 1.2 + 0.13 ∙ . . /  (3)

where (Equation (4)) = 2 ∙  (4)

is the notch sensitivity and  is defined as in Equation (5) = ℎ  (5)

The factor , called application factor, is used to take into account the effect of ex-
ternal overloading. It depends on the application. The dynamic factor  considers the 
internal dynamic loads. The factors  and  are used to model the uneven load dis-
tribution in the contacts along the face width and in the transverse direction. These can be 
caused, for example, by manufacturing errors or deflection of the system under load. 

Figure 1. Determination of normal chordal dimensions of tooth root critical section according to ISO
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The determination of the normal chordal dimension sFn of the tooth root critical
section and the bending moment arm hFe relevant to load application at the outer point of
single pair gear tooth contact according to ISO 6336—Method B is shown in Figure 1.

The occurring stress σF (Equation (1)) results

σF = KA·KV ·KFβ·KFα·
Ft

b·mn
·YF·YS (1)

where YF is defined as in Equation (2)

YF =

6hFe
mn

cos αFen(
sFn
mn

)2
cos αn

(2)

is the form factor. It takes into account the influence of the tooth form considering that
the load is applied at the outer point of single contact. YS is the stress correction factor
and considers the notch effects due to the variation of the section at the tooth root and
is used to compensate the errors introduced by the method used to determine the most
critical section (oblique lines as prescribed by the ISO 6336—Figure 1) and it is defined as
in Equation (3)

YS = (1.2 + 0.13L)·q
1

1.21+2.3/L
s (3)

where (Equation (4))

qs =
sFn

2·ρF
(4)

is the notch sensitivity and L is defined as in Equation (5)

L =
sFn
hFe

(5)

The factor KA, called application factor, is used to take into account the effect of
external overloading. It depends on the application. The dynamic factor KV considers
the internal dynamic loads. The factors FFβ and KFα are used to model the uneven load
distribution in the contacts along the face width and in the transverse direction. These can
be caused, for example, by manufacturing errors or deflection of the system under load.
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The occurring stress σF is compared with the permissible bending stress σFP (Equation (6)).
The limit value for tooth root stress should preferably be obtained from experimental tests
using gears as test pieces. In this way, most of the effects such, for example, the one of
fillet at the tooth roots, are automatically included in the results. According to the ISO
6336—Method B, the permissible bending stress σFP can be calculated starting from the
nominal stress σFlim which represent the bending stress limit relevant to the influences of
the material, the heat treatment, and the surface roughness of the test gear root fillets.

σFP = σFlim·YST ·YNT ·YδrelT ·YRrelT ·YX (6)

YST and YNT are the stress correction factor and the life factor for tooth root stress,
respectively, both relevant to the dimensions of the reference test gear. YδrelT is the relative
notch sensitivity factor, and YRrelT is the relative surface factor. Finally, YX is the size factor
relevant to tooth root, which is used to consider the influence of tooth dimensions on tooth
root bending strength. It considers the influence of size on the probable distribution of
weak points in the structure of the material, the stress gradients, which, in accordance with
strength of materials theory [20,21], decrease with increasing dimensions, the quality of the
material as determined by the extent and effectiveness of forging, the presence of defects,
etc. [11]. According the standard ISO 6336—Method B, the size factor can be estimated as a
function of the material and the normal module according to Table 1.

Table 1. Size factor for different modules and materials.

Material Normal Module, mn [mm] Size Factor, YX [−]

St, V,

For 3 × 106 cycles

mn ≤ 5 YX = 1.0
GGG (perl., bai.), 5 ≤ mn < 30 YX = 1.03− 0.006·mn

GTS (perl.), 30 ≤ mn YX = 0.85

Eh, IF (root),
NT, NV

mn ≤ 5
5 ≤ mn < 25

25 ≤ mn

YX = 1.0
YX = 1.05− 0.01·mn

YX = 0.8

GG, GGG (ferr.)
mn ≤ 5

5 ≤ mn < 25
25 ≤ mn

YX = 1.0
YX =

1.075− 0.015·mn
YX = 0.7

All materials for static stress − YX = 1.0

It can be appreciated that, independently from the material considered, the size
factor is always equal to 1.0 for gears having a module below 5 mm. Dobler et al. [19]
performed systematic tests on small size gears made of 16MnCr5 having a normal module
mn = 0.45÷ 0.6 mm. The gears were hobbed and case-carburized to 700–750 HV of surface
hardness. The treatment had a depth (550 HV) of 0.1 to 0.2 mm. Finally, the gears were
grinded to a quality <5 according to DIN 3962 [22]. All the tests were performed on a
small-gear back-to-back rig having a reduction ratio of 57–58. Based on 20 tests [23–26], a
modified expression for the gear size factor YX for steels was proposed (Equation (7)).

YXDobler = 1− 0.45· log
(mn

5

)
± 0.075 (7)

These formulation fits the data according to FVA 162/I [26], FVA 271 [25], FVA
410/I [23], and Jeong [24] with a coefficient of determination R2 = 0.9339.

It is interesting to notice that, according to the model proposed by Dobler et al., based
on several results available in the literature, for modules over 5 mm the load-carrying
capacity for tooth root bending decreases. The actual formulation of the standards (ISO
6336 and DIN 3990), in turn, does not fit the experimental observed behavior (R2 = −0.2203
referred to the Eh curve).
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2. Material and Methods: Fine-Module Gears

In order to evaluate the influence of the gear size on the load-carrying capacity for
tooth bending, Single Tooth Bending Fatigue (STBF) [27] tests were performed on a gear
having normal module mn = 2 mm made of 39NiCrMo3. The tests were performed on
a STEPlab UD04 electromechanical monoaxial pulsator capable to apply up to 5 kN. To
perform STBF tests, a special apparatus consisting of 2 anvils, a supporting fork, and a
centering pin was developed (Figure 2). The STBF tests take advantage of the Wildhaber
distance W5 [28] to simultaneously load two teeth, ensuring that the contact forces are on
one hand parallel and coaxial among them, on the other hand perpendicular to the teeth
flanks. In this manner, during the test the friction between anvils and gear flanks is enough
to keep the gear sample in position without the need of external supports. The fork and the
centering pin are required during the mounting stage only to ensure that the contact points
between gear flanks and anvils are in the correct positions. On the other side of the coin,
with this configuration it is not possible to perform tests keeping the stress ratio R = 0 as in
engaging gears. A minimum compressive load should be always present to ensure that the
gear remains in the correct position [29]. Based on literature [30–34], a value of R = 0.1 is
sufficient to ensure that no undesired movement will take place.
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Figure 2. Scheme of the testing apparatus.

Table 2 summarizes the geometrical properties of the gear samples. The quality of the
gear is 5 according to DIN 3962 [22] (EN).

Table 2. Gear data—2 mm-module gear.

mn [mm] 2 den [mm] 52.000 x [−] 0.300
αn [◦] 20 db [mm] 48.846 hfP∗ [mm] 1.250
zn [−] 26 da [mm] 57.200 ρfP∗ [mm] 0.380
b [mm] 10 df [mm] 47.960 haP∗ [mm] 1.000

The tests were performed according to the stair-case approach [35]. If a test at a certain
force level Fi ended with a failure, the force for the successive test was decreased by ∆F. If
the test ended with a Run-Out (the sample withstand 5 M cycles) the force was increased
by ∆F. The force interval ∆F was set to 100 N.

The Up-and-Down Method for Small Samples with Two Specimens “in Series” accord-
ing to Little [36] was used to post-process the results. It is based on the original work of
Dixon [37] which allows the estimation of the fatigue limit starting from a small number
of samples thanks to the adoption of statistics. This work was successively developed by
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Little in order to take into account the effect of samples mounted in series. An STBF test is
a typical example of this configuration.

Fatigue failure occurs generally before about 1 M cycles having all the same amplitude.
However, it is common testing practice to select an arbitrary test duration (Run-Out). In
this manner, a substantial portion of the testing time is spent where failure is unlikely, but
the run-out condition has not yet been reached. Interrupting individual tests when the first
specimen fails (one of the 2 tested gear teeth) means off course saving time, but also losing
information regarding the subsequent response (if any) of the second tooth. The method
proposed by Little takes into account this effect statistically.

The fatigue limit FFPSTBF50% is estimated as the sum of the first meaningful load level
F1 (Equation (8)).

FFPSTBF50% = F1 + k·∆F (8)

where k a statistical parameter depending on the Failure (F)—Run-Out (RO) sequence.

3. Results

Table 3 shows the summary of the test results performed on the fine-module gears.

Table 3. Test results relative to the 2 mm-module gear.

Test ID Fmax [N] Fmin [N] N [−] Status

1 −365 −3650 5.00 × 106 RO
2 −375 −3750 5.00 × 106 RO
3 −385 −3850 5.00 × 106 RO
4 −395 −3950 5.00 × 106 RO
5 −405 −4050 4.17 × 105 F
6 −395 −3950 3.33 × 106 F

Being the results of the testing campaign in the order RO-RO-RO-RO-F-F, the value of
k = 3.56 leads to a permissible force FFPSTBF50% = 4006 N. This value (4006 N) represents
the fatigue limit for a probability of 50% of failure. Therefore, the result was decreased by
2.33·s, where s represents the variance that, according to the Up-and-Down Method for
Small Samples with Two Specimens ”in Series” according to Little, is equal to the force
interval ∆F. This leads to a fatigue limit with a failure probability of 1% FFPSTBF1% = 3773 N.

The result was multiplied by a factor 0.9 to consider the fact that the tests were
performed on a pulsator without meshing [38,39].

This force can be converted into a permissible stress σFP, equal to the actual one σF,
using the abovementioned formulas (ISO 6336). For the specific geometry, the form factor
YF and the stress correction factor YS result, respectively, in 2.0298 and 1.9011. The values
of hFe (3.3159 mm) and sFe (4.2999 mm) for the calculation of YF were graphically extracted
(Figure 3).
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The value of the permissible stress σFP2mm results 570.34 MPa.
According to literature [11], the nominal stress for 39NiCrMo3 is σFlim = 280.92 MPa.

This value was obtained with standard 5 mm module gears for which the factors YNT ,
YδrelT , YRrelT as well as the size factor YX result equal to one. YST is instead equal to 2.
Therefore, the corresponding permissible stress σFP5mm results 561.84 MPa.

For the actual gear having normal module equal to 2 mm, YNT is also equal to one.
YRrelT is the relative surface factor. It is function of the roughness RZ. For the tested gears,
the roughness Ra of the fillet was measured to be 6.3 µm. This value was converted into
RZ using the DIN 4778 [40] resulting in 38.3 µm. For this value of roughness, the ISO
6336 proposes a relative surface factor YRrelT = 0.9458. YδrelT is the notch sensitivity factor
(Equation (9)).

YδrelT =
1 +

√
ρ′χ∗

1 +
√

ρ′χ∗T
(9)

where ρ′ is the slip player thickness, that for the present material is equal to 0.083, χ∗ is the
relative stress gradient of the actual gear and χ∗T is the corresponding value for reference
gears where the notch parameter qsT = 1.0. For the 2 mm module gear, the notch parameter
qs according to Equation (10)

qs =
sFn

2·ρF
(10)

results in qs = 2.6659. YδrelT = 0.9458.
The direct comparison of the two values of permissible stress leads to the estimation

of the size factor for the 2 mm normal module gear. It results YX = 1.1327. This value
aligned with the findings of Dobler et al. (−3.9% as shown in Figure 4) and significantly
above the value proposed by the ISO 6336 and the DIN 3990 standards (+13.3%).
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4. Discussion

The result of the testing campaign on the 2 mm-module gears has confirmed what
highlighted by Dobler et al., that for normal modules below 5 mm the ISO 6336 approach
underestimate the load carrying capacity of gears. To have a further confirmation of this
phenomenon, already published data by the research group of the author were elaborated.

Specifically, tests on 8 mm-module gears according to Gorla et al. [32] and on 4 mm-
module gears according to Conrado et al. [41] were used. In both cases, the tests were
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performed in order to compare different materials or investigate the effect of heat- or
mechanical-treatments. In both cases the results were compared to a reference case and
only the relative load carrying capacity increment was considered.

For the materials tested by Gorla et al. and by Conrado et al. results in terms of
tooth root bending resistance obtained on standard 5 mm-module gears are also available
in literature [11]. A direct comparison of the fatigue limits obtained by Gorla et al. and
by Conrado et al. with their counterparts from literature, allow the calibration of the
gear size coefficient YX also for these configurations characterized by different modules
and materials.

4.1. Additional Data for the Calibration of a New Formulation for YX : 8 mm Module Gears
According to Gorla et al.

To better calibrate a new formulation for YX , valid not only for modules below 5 mm
but in the whole range, additional data obtained by the author in a previous research were
considered. The tests were performed in the framework of the project XL-Gear funded
by Regione Lomabardia [32]. While the aim was to identify innovative solutions capable
to improve large gears manufacturing as well as durability and strength, a standard case
hardening steel (18NiCrMo5) with a standard manufacturing cycle has been adopted as a
base-line.

The geometrical parameters of the gear are shown in Table 4. The surface roughness
was Ra = 1.6 µm.

Table 4. Gear data relative to the 8 mm-module gear.

mn [mm] 8 den [mm] 256.000 x [−] 0.223
αn [◦] 20 db [mm] 240.561 hfP∗ [mm] 1.250
zn [−] 32 da [mm] 275.5570 ρfP∗ [mm] 0.300
b [mm] 20 df [mm] 239.557 haP∗ [mm] 1.000

Tests were performed on a 60 kN electromechanical Schenk pulsator similarly to the
tests performed on the small gear. Tests were performed with the short staircase method
and post processed with the Dixon [37] approach. The stress that leads to a 50% failure
probability results σFPSTBF50% = 1007 MPa. This value was converted into the 1% failure
probability σFPSTBF1% = σFPSTBF50% − 2.33·s = 916 N, where s is the variance (39.6 MPa).
This value was then multiplied by the a 0.9 factor to consider the fact that the tests were
performed on a pulsator without meshing [38,39], resulting in σFP50% = 824 MPa..

According to literature [11], the nominal stress for 18NiCrMo5 is σFlim = 430 MPa.
This value was obtained with standard 5 mm module gears for which the factors YNT ,
YδrelT , YRrelT , as well as the size factor YX result equal to one. YST is instead equal to 2.
Therefore, the corresponding permissible stress σFP5mm results 860 MPa.

For the 8 mm gear, YNT is equal to one. YRrelT , the relative surface factor results
YRrelT = 0.9964 while the notch sensitivity factor YδrelT = 0.9449. Therefore, the size factor
YX results YX = 0.9027. This results highlight that also for modules bigger than 5 mm, the
ISO 6336 and the DIN 3990 standards (considering the Eh curve for case hardening steels)
did not well predict the experimental evidences, and overestimate the value of the size
factor by +10.4%.

4.2. Additional Data for the Calibration of a New Formulation for YX : 4 mm Module Gears
According to Conrado et al.

Additional data were extracted from the publication of Conrado et al. [41] performed
on the same electromechanical 65 kN Schenk pulsator used by Gorla et al. [32]. The tested
gears have a normal module mn = 4 mm. The other geometrical parameters are shown in
Table 5. The surface roughness was Ra = 3.2 µm.



Appl. Sci. 2021, 11, 2416 8 of 11

Table 5. Gear data relative to the 4 mm-module gear.

mn [mm] 4 den [mm] 256.000 x [−] 0.000
αn [◦] 20 db [mm] 105.250 hfP∗ [mm] 1.250
zn [−] 28 da [mm] 120.000 ρfP∗ [mm] 0.300
b [mm] 30 df [mm] 101.910 haP∗ [mm] 1.000

Test gears were manufactured from four different base materials: two carburizing, one
nitriding, and one through-hardening steel grades, commonly used as materials for surface
hardened gears: 18NiCrMo5, 20MnCr5, 42CrMoS4, and 31CrMo12. The experiments were
conducted on 15 samples for each material following the staircase procedure. The results
of the testing campaign are shown in Table 6.

Table 6. Test results relative to the 4 mm-module gear.

Material σFPSTBF50% [MPa] s [MPa] σFPSTBF1% [MPa] σFP1% [MPa] YX

18NiCrMo5 1185 47.9 1073 966 1.1233
20MnCr5 1084 33.2 1007 869 1.0110
42CrMoS4 1011 15.4 975 877 1.0205
31CrMo12 1036 29.4 968 870 1.0126

By comparing these values with the permissible stress values from literature, it
is possible to determine the size factors that results: YX = 1.1233, 1.0110, 1.0205, and
1.0126, respectively.

5. Proposal of a New Formulation for YX

Based on the results of the present study, and on the data available in literature, a
new formulation for YX is proposed. Differently from the model according to Dobler et al.
which uses a linear interpolating function, a 2nd order polynomial function was used to
interpolate the data.

YX = 1− 0.0176
(

log10

(
mn

mnT

))2
− 0.4613· log10

(
mn

mnT

)
(11)

The coefficient of determination R2 results 0.9296. On the same set of data, the model
of Dobler et al. shows a coefficient of determination of 0.9292.

Moreover, while the 90% reliability interval according to the model proposed by
Dobler et al. lies within ±0.0750 around the mean value, in the present model, thanks to a
lower standard deviation, the offset is ±0.0718.

While on the present set of data the adoption of a 2nd order polynomial function does
not introduce big benefits, for high modules the difference becomes evident (Figure 4).
Only further tests or availability of data for big modules could really indicate which of the
two models better describe the real (physical) trend of YX vs. mn.

6. Conclusions

On the one hand, miniaturization is an actual trend and, therefore, new designs will
adopt more and more small gears. On the other hand, the actual standards did not properly
include the effect of the size of the gears on the allowable stresses for modules different from
5 mm. Therefore, there is the need for new extended factors. Dobler et al. proposed a new
formulation for the size factor YX based on experiments performed on gear samples made
of 16MnCr5 and having modules between 0.45 and 20 mm. The experimental evidence
shows that for small gears having a normal module below 5 mm, the allowable stresses
results significantly above those for standard reference gear. The results of this work are
aligned with the findings of Dobler et al., confirming the increased load carrying capacity
of small gears.
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In this study the reference stress σFlim for gears made by 39NiCrMo3 having a normal
module mn = 2 mm was obtained via STBF tests. Tests were conducted using the short
staircase approach and the results statistically postprocessed with the up-and-down method
for small samples with two specimens “in series” according to Little. The ISO 6336 standard
was applied to convert the applied forces into stresses. The obtained value of reference
stress was compared with the one available in literature for 39NiCrMo3. This comparison
has led to the calibration of the size factor YX according to ISO 6336 for a normal module
mn = 2 mm resulting in YX = 1.1327. This value is significantly above the value suggested
by the standard (YX = 1) and aligned with the model proposed by Dobler et al.

In addition to that, in order to have a more reliable data set, starting from data
published by author’s research group in the past and the comparison of those data with
literature data available for the same materials and obtained on 5 mm-module gears,
additional values for the gear size factor for 4 mm- and 8 mm-module gears were derived.

Finally, based on the actual data, data on literature, results published by the author in
the past, and other data from collaborators, an alternative formulation for the size factor
YX was proposed. This formulation shows a slightly higher coefficient of determination R2

with respect to the model proposed by Dobler et al. and significantly higher than the one
proposed by the ISO 6336 and DIN 3990 standards. However, while both the actual model
and the one according to Dobler et al. show similar trends in the 2–20 mm module range,
for higher values they differ significantly. In order to clarify which one is more suitable,
additional tests are planned on big-module gears.
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F Failure
RO Run-Out
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