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Abstract: The direct determination of the steady state response for linear time invariant (LTT) systems
modeled by multibond graphs is presented. Firstly, a multiport junction structure of a multibond
graph in an integral causality assignment (MBGI) to get the state space of the system is introduced.
By assigning a derivative causality to the multiport storage elements, the multibond graph in a
derivative causality (MBGD) is proposed. Based on this MBGD, a theorem to obtain the steady state
response is presented. Two case studies to get the steady state of the state variables are applied.
Both cases are modeled by multibond graphs, and the symbolic determination of the steady state is
obtained. The simulation results using the 20-SIM software are numerically verified.
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1. Introduction

In the analysis and design of control systems, the most important specifications are:
stability, transient response, and steady state response, considering robust designs, as
well as economic and social aspects [1]. The dynamics of a physical system are linked to
the energy storage elements; when the dynamic performance is over, the steady state is
reached. The steady state response is an important characteristic of a system; for example,
some equipment in electrical machines or in power electrical systems requires to know
the steady state values for calibration. An interesting steady state reference to simulate
groundwater flow in unconfined water can be found in [2]. Furthermore, a modified
polynomial expansion algorithm for solving the steady state Allen-Cahn equation for heat
transfer processes was proposed in [3].

Some of the methodologies in system modeling such as lumped modeling with circuit
elements, finite elements, and bond graphs can be found. The lumped modeling has been
used to represent microsystems, which are very small systems. The characteristics of
circuit analogies also permit efficient modeling of the interaction between the electronic
and non-electronic components of a microsystem. A further advantage of circuit models is
that they are intrinsically correct from an energy point of view [4].

A bond graph model of a system determines the power interactions with connecting
lines, “bonds”, which carry both power variables and causalities between variables. Bond
graph modeling has been applied to various areas, for example: in [5], an uncertain
bond graph based fault detection and isolation and an adaptive enhanced unscented
Kalman filter based fault estimation and sequential prognosis were developed for an
electric scooter with parameter uncertainties. A versatile approach to the synthesis and
design of a bond graph model and a Kalman filter observer for an industrial back-support
exoskeleton was presented in [6]. The modeling of bond graph buck converter systems was
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analyzed in [7]. Bond graph modeling and the kinematic and dynamic characteristics of a
piezoelectric-actuated micro-/nano-compliant platform system were investigated in [8].
In [9], the development of a bond graph model for the simulation of a multi-axis low cost
accelerometer was successful in the forecast of the accuracy of velocity and displacement
reconstruction from imperfect acceleration measurements, as has been corroborated by
experimental results.

Lumped modeling with circuit elements and the bond graph have similar charac-
teristics such as the use of generalized variables and can model systems with different
energy domains. However, the models in the bond graph determine the static and dynamic
relationships in a graphical form that can be linked to the causality of the elements and
that in this paper are used to invert the state matrix and obtain the steady state response.

On the other hand, in the finite element method, a structure is divided into finite
elements of a simple geometry by means of suitable sections. This method can perform the
dynamic analysis as the determination of the motion of the mechanism as a function of
time [10]. The finite element approach to mechanism analysis has shown many advantages
over the others in the aspects of the generality and simplicity in the formulation the
governing equations in [11].

Rather than describe the differences and advantages between the finite element
method and bond graphs, these modeling methodologies can be complementary. A bond
graph modeling approach that is equivalent to a finite element method was formulated
in [12]. This formulation led to a new definition of the generalized displacements for a
continuous system. In [13], it was shown how variables, specifically the temperature at
each point in the deformation zone, can be modeled using a multi-element bond graph
approach. Lumped parameter models cannot sufficiently describe the dynamics of many
distributed systems, such as a continuous rotating shaft with bending. The finite element
method is employed to embed distributed dynamics of rotating shafts with bending into
constitutive laws of bond graphs resulting in a finite element bond graph model [14].

Some papers using bond graphs to obtain the steady state behavior of a system are
cited below. In [15], a bond graph procedure was introduced to obtain whether or not the
equilibrium state or steady state of a system exists. Causality gives a certain propagation
throughout the bond graph, and the bicausal bond graph represents the generalization
of the causality selection [16]. Bicausality decouples effort and flow at a bond so that
they can be assigned independently at each bond [17]. Hence, bicausality was applied to
get the equilibrium state of a mechatronic system in [18]. The steady state of the system
modeled by bond graphs whose storage elements have a derivative causality assignment
was presented in [19]. A new approach to compute the equilibria and the steady states of a
biomolecular system using a bond graph was proposed in [20].

Currently, the analysis of multibody systems has been a challenge in scientific research.
It is common that in rigid bodies with joints that determine their displacements angles in
three dimensions, the kinematic and dynamic relationships can be very complex [21].

The multibond graph representation contains multidimensional bonds that determine
arrays of ordinary bond vectors. Then, the generalized power variables of effort and flow
are represented by vectors. Therefore, multibond graphs result in compact modeling with
great potential in three-dimensional mechanical multibody systems [22,23]. Figure 1 shows
how multibond graphs allow the compaction of graphical and mathematical modeling.

The following papers related to multibond graphs can be cited: The multibond graph
notation becomes a direct way to represent the behavior of energy, power, and other physi-
cal properties of multiport systems, which was introduced in [21]. The causality assignment
of vector bond graphs was proposed in [24]. The bond graph description of rigid body
rotation was described in [25]. Some equivalent procedures for junction structures with gy-
rators were shown in [26]. Multiport resistors, storage elements, transformers, and gyrators
can be decomposed into 1- and 2-port elements, which was proposed in [27]. In [28], it was
proven that a bond graph with the junction structure and the mathematical representation
corresponds to a port-Hamiltonian system. The representation of the real and imaginary
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part of the phasors for electrical circuits using multibond graphs was presented in [29].
The linearization of a class of non-linear systems represented by multibond graphs was
proposed in [30]. In [31], a pseudo bond graph of a greenhouse was elaborated to simulate
temperature and relative humidity inside using multiport (three ports) elements to describe
the state of a two element (dry air and water vapor) fluid.

Physical System
3 Dimensions
[ Electric,.MechanicaI j
Hydraulics, Thermal
Bond Graph Multibond
Models Graph Models
L g
;b y :
s B
4 v
State Space State Space
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Figure 1. Comparison between bond graphs and multibond graphs.

Some recent papers with multibond graphs are as follows: A bond graph model of a
helicopter’ssemi-active suspension and the associated simulations were proposed in [32].
The application of a three-dimensional multi-body bond graph modeling approach for
simulating vibration in a horizontal oil well was presented in [33]. In [34], a method for an
explicit port-Hamiltonian formulation of multibond graphs was introduced.

In this paper, a direct methodology to obtain the steady state of linear time invariant
(LTI) systems modeled by multibond graphs is presented. First, Lemma 1 establishes the
multiport junction structure of a multibond graph in an integral causality assignment
(MBGI) whose multiport storage elements can have integral and derivative causality as-
signments. From this MBG]I, the state space of this system is obtained. With the advantages
of the causality of a system in the physical domain, a multibond graph in a derivative
causality assignment (MBGD) is proposed. Based on this MBGD, a theorem to obtain the
steady state of the state variables of the system is proposed.

Classical methods for determining the steady state to determine the start of the
model of the multibody system are described by differential equations [35], state space, or
transfer matrices [36]. However, the methodology proposed in this paper allows modeling
and determining the structural properties of the multibody system without requiring its
mathematical model. Furthermore, the inversion of the state matrix for multiport systems
is carried out with the change of causality.

The main contribution of this paper is to obtain the steady state response of an LTI
stable system when the state matrix (A) is invertible in a multibond graph approach. When
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this system is modeled by an MBG]I, the representation in state space (A, B, C, D) can be
calculated, and the dynamic and steady state responses during a simulation process are
shown. The inverse of the state matrix (A~!) to get the mathematical description of the
steady state using an MBGI is required. However, if the corresponding MBGD of this
system is obtained, the steady state in a direct way is determined. This result requires
calculating the matrix that relates the inputs of the system with the state variables (B*) and

the outputs of the system (D*) where (B* = —A~!B) and (D* =D- CAle). Hence,

the steady state for the state (xs) and output (yss) variables is defined by xss = B*uss and
Yss = D™ us;, respectively, where ug; is the steady state for the system inputs. Therefore, the
change from integral to derivative causality determines the inversion of the state matrix.

The great advantage of this paper with respect to the traditional algebraic approach
is that the steady state can be obtained without the need for the mathematical model in
the state space of the system. The matrices B* and D* that determine the steady state are
obtained in a direct way from the MBGD. Furthermore, the inverse of the state matrix is
not required, which is shown in Figure 2.

Physical System MBGD

(A*, B*, C*, D*)_
MBGI o
(4, B, C, D) (8", D)

| Steady State
—

(-4"'B, D-CA™'B) (1 Xss)

Figure 2. Steady state comparison via a multibond graph in an integral causality assignment (MBGI)
and the traditional approach. MBGD, multibond graph in a derivative causality.

References [21-31] used multibond graphs for the modeling and simulation of
systems without requiring the calculation of the steady state response. Furthermore,
References [32,33] modeled and simulated multibody systems using multibond graphs.
However, a comparison of this paper with these references cannot be made. Moreover, the
systems of these references can be case studies for the determination of the steady state
response, as long as these systems have the conditions required by this paper.

Given a system, it is desired that all the storage elements have integral causality
because derivative causality determines linear dependence. However, derivative causality
to obtain the properties of structural controllability and structural observability has been
used. In this paper, determining the steady state behavior is applied. Derivative causality
allows changing the inputs and outputs of the storage elements that result in interesting
properties of the systems. For example, in [37,38], the invertibility of the state matrix of an
LTI system was obtained. In [39], the mixture of the integral and derivative causality for a
singularly perturbed LTI system determined the quasi-steady state model.

The advantage of this approach is the symbolic determination of the steady state
response, and this result can be useful for the analysis or synthesis of systems. Mainly
multibond graphs have been used for modeling, and the motivation to develop this paper
is to link many procedures and tools for single bond graphs to multibond graphs. Hence,
the results given in this paper can be extended to a class of non-linear systems.

Section 2 describes the typical modeling in bond graphs. The multiport junction
structure of an MBGI is proposed in Section 3. By assigning a derivative causality to the
multiport storage elements, the multiport junction structure of an MBGD is introduced
in Section 4. The main result of this paper (steady state) is presented in this section. The
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proposed methodology is applied to two case studies. A three-phase electrical system mod-
eled by a multibond graph is proposed. Hence, the steady state of the electrical currents is
obtained. The synchronous generator modeled by a multibond graph is the other case study.
The corresponding MBGDs of the generator and steady state are obtained. Simulation
results to verify this approach are shown. Finally, Section 5 gives the conclusions.

2. Modeling in a Bond Graph

The connection of two components always determines the power interactions. Further-
more, power can flow in any direction. In the bond graph methodology, effort ¢ and flow f
are denoted as the power variables. The product of these variables represents the power P
flowing into or out of a port. The representation of a bond is shown in Figure 3 [40,41].

e(?)
YN

/(@)

Figure 3. Power bond.

The power variables for some physical systems are indicated in Table 1.

Table 1. Power variables.

System Effort (e) Flow (f)

. Force (F) Ang.velocity (w)
Mechanical Torque (T) Velocity (v)
Electrical Voltage (v) Current (i)
Hydraulic Pressure (P) Volume flow rate (Q)

Furthermore, the energy variables are necessary, denoted by momentum p(t) and dis-
placement ¢(t) where p(t) = [e(t)dt and q(t) = [ f(t)dt. At each port, both an effort and
a flow exist. If one of the effort or flow variables is an input, the other will be the output.
The relationship is called causality. Hence, effort and flow are in opposite directions. The
causal stroke is represented by a short and perpendicular line made at one end of a bond. The
direction of the effort variable is indicated by the causal stroke, as shown in Figure 4 [40,41].

e(?) |
1 (@)

Moreover, the sources, dissipation, and storage elements can be modeled in the bond
graph, and Table 2 gives these elements with their causal relations.
The basic elements of the multibond graphs are described in the next section.
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Table 2. Causal forms for one-ports.

Element Causal Form Causal Relation

MSe———

Effort Source e(t) = E(t)
MSf H———+
Flow Source f(t) = E(t)
Resistance Rl e(t) = ®r(f(1))
Rk—— f(£) = PRl (e(t)
Capacitance C~—— e(t) = @c([ f(t)dt)
o — f(1) = o (%)
Inertia C—— e(t) = @y([e(t)dt)
A — f(t) = o' (%)

3. A Multibond Graph in an Integral Causality Assignment

In a multibond graph, the power variables are denoted by ¢(t) and f(t), where an
array of efforts or flows is given by an underscore. The typical single bond and a multibond
are shown in Figure 5 [15].

(a) (b)

Figure 5. Bonds; (a) single bond; (b) multibond.

Then, the composition of bonds results in a multibond according to Figure 3. The
multibond corresponds to three axes (x,y,z), and the power variables are given by:

e*(t) fX(1)
e()= | e¥(t) |; f(5) = | fU(¥)
e*(t) fE(#)

The power in any multibond is defined by P(t) = eT(t)f(t), where e’ (t) is the
transpose of ¢(t). To express that the symbols, “1” and “0” represent arrays of 1-junctions
and O-junctions, respectively; they are given by underscores. Then, the junctions in a
multibond graph are (1, 0). A basic multibond graph showing power variables, general
multiport elements represented by MP, and junctions is illustrated in Figure 6.
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Figure 6. Multibond graph with efforts and flows.

Furthermore, a multibond graph model is constructed of multiport elements, which
can be multiport storage elements (C, I), multiport dissipation elements R, and /or multi-

port sources (MSE, MS f) . These elements are shown in Figure 7 [15].

F——R

1

Figure 7. Multiport elements.

Multiport gyrators are essential elements in some multibond graph models that
determine the Eulerian junction structure, as shown in Figure 8 [15]. This multiport gyrator
is the triangle structure of three one-junctions and three gyrators, internally modulated
by the opposite junctions, which represent the gyroscopic forces described by the exterior
product in Euler’s equations for rotating coordinate frames.

The corresponding constitutive relationship of the multiport gyrator is defined by:

M (
M(t) = | Ma(t) | = X(Jwp)w(t)
Ms(

| M3
[0 Jawps  —owpy wq (t)
= —J3wy3 0 Jiwy wo(t)
hwy  —Jiwp 0 w3 (t)

wherew, = [ wy  wyy w3 ]T is constant for this paper.

The different multiport elements that are part of a multibond graph model can be
grouped into interconnected blocks. Therefore, a multiport system represented by a
multibond graph model in a predefined integral causality assignment (MBGI) and their
key vectors are shown in Figure 9.
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(a) (b)

Figure 8. Eulerian junction structure: (a) Euler ring; (b) multiport gyrator.

Storage (C ]I

l ﬂﬂ%

Modulated Source g Jucntion Structure X Detector Elements
(M. m5,) 1 (orazry [0 (25 08))

quﬂ%ﬂ To..

Gyrator | | Dissipation

@Y) || (R)

Figure 9. Junction structure and key vectors of a multibond graph with integral causality assignment.
The multiport elements of Figure 7 are as follows:

J (MSE, MS f> represent the effort and flow modulated multiport sources.

e (G, I) denote the multiport storage elements defined by multiport capacitance and
inertia, respectively.

e R are the multiport dissipation elements that constitute the multiport resistors.

U (0,1, MTF) represent the multiport junction structure with 0 and 1 multiport junc-
tions, and the multiport transformers are denoted by MTF.

e GY is the multiport gyrator.

o (@, DS f) determine the detectors for the effort and flow, respectively.

The multiport energy variables are p(t) and g(t) related to multiport elements I and
C, respectively. The key vectors in Figure 7 are as follows:

e x(t) € R%and x,4(t) € R™ represent the multiport state variables for multiport storage
elements in integral and derivative causality assignments, respectively.

e z(t) € R and z;(t) € R™ are the co-energy vectors for multiport storage elements in
integral and derivative causality assignments, respectively.
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e Igy(t) € R and Ogy () € RNE denote the inputs and outputs of the multiport gyrators.
e D (t) € R and Doyt (t) € RE represent the relationships between the multiport

junction structure and multiport dissipation elements.
e u(t) e RPand y(t) € NI determine the multiport inputs and outputs of the system.

The state space representation of a multiport system based on a multibond graph
model is described by the following Lemma:

Lemma 1. Consider an LTI system modeled by a multibond graph with a preferred integral
causality assignment (MBGI) whose multiport storage elements can have integral and derivative
causality assignments. The relationships of the multiport key vectors are shown in Figure 9, and
the multiport junction structure is determined by:

i) sisi2 sitoslostq[ ()
Ioy (1) Sip Sip S S 0 || Ocr(h)
D, (t) | =| S} S Sx»m S» 0 Dout () 1)
y(t) sl s2 53 s33 0 u(t)
z4(t) Si 0o 0o o0 o0 x4(t)

where the entries of S take values inside the set {0, £1, £ XK;}, I being the identity matrix and K;
the multiport transformer module. The constitutive relationships for the multiport elements are
given by:

z(t) = Fx(t) )
zq(t) = Faxq(t) ®)
Ogy(t) = Xgylgy(t) 4)
Dout(t) = L%(t) &)
Furthermore, the properties of the submatrices of S are: (1) SH, S%%, and Syy are skew-symmetric;
(2) S = —(Sﬂ)T, sl = —(S%%)T, Sil = —(S}&)T, and S3} = —(S%%)T, then a state space
representation of the multiport system is defined by:
i |_[a B[ a0 ©)
y(t) C D u(t)
where the corresponding matrices are:
A = E'[sl+S3QxSxa+S1hQiSLA]F @)
B = E'[sl}+S13QxSxs+S11QiSus] ®)
c = [5% +S37QxSxa + SBZQLSLA} F )
D = S5 +S57QxSxp+52Q1S1s (10)
with:
E=1-S{jF,'SiiF (11)
and the algebraic loops matrices are described by:
-1
Qx = Xov|L- (S%+SHMSH)Xe | (12)

Q = L1 (st sEMxsIL] (13)
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My = Xov(1-SBXay) (14)
M, = (1—522L)‘1 (15)
Sxa = Si+S2M;SH (16)
Sia = SH+SPEMyS3 (17)
Sxg = Si3+SHM;Sy (18)
Sip = So3+S¥MxSH (19)

The proof of Lemma 1 is presented in Appendix A.

The state equation described by Lemma 1 determines a system with linearly inde-
pendent and dependent state variables according to the causality of the multiport storage
elements. Hence, matrix E gives the relationships between these state variables.

When the dynamic period of a stable system has finished, the steady state response

can be obtained. From (6) and setting x (t) = 0 for a system with invertible state matrix A,
the steady state is defined by:

Xss = —A 'Bug (20)
s = (D—CA‘lB)@ (21)

where x5, 55 and ugs denote the steady state of the state variables, outputs and inputs,
respectively.

The steady state response of multiport systems in a multibond graph approach is
presented in the next section.

4. A Multibond Graph in a Derivative Causality Assignment

The information on the causality of a bond graph model has been a great tool to find
easy and direct results in the physical domain. The assignment of integral causality to a
single bond graph (BGI) and a multibond graph (MBGI) can determine the state spaces of
the systems. Furthermore, the structural controllability and structural observability of a
system in the physical domain are obtained through the causal paths from the sources and
detectors to the storage elements, respectively. Hence, the linearization of systems modeled
by single bond graphs or multibond graphs using causal paths have been presented [30].

In order to get the steady state of a system, a derivative causality for the multiport
storage elements of a multibond graph is assigned (MBGD), which is shown in Figure 10.

Storage C ]I)

=] L%

Modulated Source H Juntion Structure X Detector Elements
(M_Sea MSf) : (0, 1, MTF) : (D_Sea DSf)

%] llf TTD" |E2

Gyrator | | Dissipation
©Y) || (R)

Figure 10. Multibond graph in a derivative causality assignment.

Figure 10 illustrates that all the multiport storage elements have a derivative causality
assignment, and the multiport dissipation elements and multiport gyrators must have the
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appropriate causality to get a correct multibond graph model. The relationships of the
MBGD are obtained through the following Lemma.

Lemma 2. Consider a multibond graph model in a preferred derivative causality assignment
(MBGD) of an LTI system whose scheme is shown in Figure 10, where all the multiport storage
elements have a derivative causality assignment and the multiport junction structure is defined by:

() U (L R )
Za(t) SR S T eI e S B ()
@ | =1t 9% 15 R’ oL, (22)
i(f) i I 1 J2 I D (t)
y(t) | ES T EA VI £ u(f)

where the entries of J take values inside the set {0, £1, £K;}, I being the identity matrix and
K; the multiport transformer module. The constitutive relations for the multiport dissipation and
multiport gyrators are expressed by:

Dju(t) = LD(t) (23)
Ofy(t) = XGyIgy(t) (24)

The multiport storage elements are given by (2) and (3). Furthermore, the properties of the
submatrzces of J are: (1) ]11, J33, 133, and Jp are skew- symmetrzc 2)J12 = -3 ) B =

_(111) ’Jl2 = _(121) fJn = _011) ’112 = _(le) and 112 = —( 5’) - A state space

representation of this multiport system is described by:

x(t)
xq(t) | =
y(t)

where the matrix partition is given by:

* —
1 —
* —
A12 -

* —
A21 -

F I+ P + TPt
F 11+ + P
Ey 13+ P + T3P }
F; 1%+ I8P, + 3PP
P 4 J5PaT + AP

! [J% +J5PxIxp + J%%PLJLB}

and the corresponding matrices for the output are:

C*

G" =
D* =

= Ji +J$ PXJXA+132PLJLA

I3 +I3RPxI + P
T35 + J33PxIxp + Ja2PL) 1B

(25)

(26)
(27)
(28)
(29)
(30)

(31)

(32)
(33)
(34)
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with:
J¥a = Ri+IHNy (35)
Jiu = I +IaNkJY (36)
J%a = TH+TIN (37)
I = IR +IaNIT (38)
Jxg = JB+TANLI»s (39)
Jig = Jos +J5NxI3 (40)
The algebraic loop matrices are:
-1
No o= (1)L (41)
-1
Nx = X&y (1-18x¢y) (42)
-1
P = LY(1-Jnl! - JENgHLY) 43)
—1
Px = X&y (1-JExXE, —IBNUEXE, ) (44)

The proof of Lemma 1 is presented in Appendix B.
Based on the multibond graph in a derivative causality assignment of an LTI system,
the steady state in the physical domain is proposed in the following Theorem.

Theorem 1. The steady state of the multiport state variables of multiport LTI stable systems
modeled by a multibond graph with a preferred integral causality assignment whose multiport
storage elements can have integral and derivative causality assignments and the corresponding
multibond graph in a derivative causality assignment has all the multiport storage elements is
defined by:

Yss = D'us (46)

The proof of Theorem is presented in Appendix C.

Thus, given an MBGI of an LTI system and obtaining the MBGD, the steady state can
be determined in a direct way, and it is not necessary to get the state space of the system.

The proposed methodology is applied to the cases study in the next section.

5. Case Study

The multibond graph models for two linear physical systems are analyzed. The steady
state behavior of these systems in the physical domain applying the proposed results
is presented.

5.1. Three-Phase Electrical System

A three-phase electrical system formed by two sources and a transmission line for
each phase is shown in Figure 11.

Park’s transformation offers a great reduction in the mathematical modeling of three-
phase systems. This Parktransformation changes the parameters and variables from phases
(a,b,c) to new variables of the reference frame [42,43]. The new variables are (d, g,0) with
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d and g axis components, and a stationary current that is the zero-sequence current is the
third variable. Thus, by definition:

ia(t) C.OSG CF)S(Q—Z?:) C?S(G-‘r—%{r) in (1)
[ij(t) ] _ % 51r117r sm(Gl— %) s1n(91+ 27) [i.b(t) ] 47)

V2 V2 V2

Figure 11. Three-phase electrical system.

The angle 8 is given by:

G:wt—i—% (48)

where w denotes the rated angular frequency in rad/s.
In a similar way, to change the voltages and flux linkages:

o0ty = Po™(t) (49)
A0 = PA%e(t) (50)

By knowing the importance of Park’s transformation for the analysis of three-phase
electrical systems, the multibond graph model of this case study is shown in Figure 12.
The dynamic model of the system in the (d,q,0) axis is modeled by a multibond graph.
However, the supply voltages to the system are (a,b,c) and the multiport transformers to
convert (a,b,c) to (d,q,0) are applied. Furthermore, the three-phase output current by
using a multiport transformer with the inverse Parktransformation is obtained.
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MG :X1(W L1

. dg0 10
]I 'L3 :|_

Figure 12. MBGI of the electrical system.

The multiport storage elements in an integral causality assignment are expressed by
the following key vectors:

_ | ) ey 2 [ e) _ | B0
0= [ palt) 1 =] 5 a0 l (1) 1
with the constitutive relationship:
Fl= diag{L‘qu, Lj”o} (51)

In a derivative causality assignment, they are described by:

xq(t) = pro(t); xa(t) = e1(t); za(t) = fro(t)

with the constitutive relationship:

F,'=1L; (52)
The multiport gyrators are defined by:
fs(t) es(t)
Ioy() = | fo(t) |5 Ocy(t) = | es(t)
fu(t) en(t)
with:
XGY = diug{Xl(le), Xz(sz), X3(ZUL3)} (53)

For the multiport dissipation elements:

%(t) = @(t); %(t) = €12(t)
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Ex(t

~—

with: . Rbliqo
and the inputs and outputs are:
fa(t)
wn = 90 ] v = | 20
Q(t) - E(Q

where the matrices for resistors, inductors, and gyrators are:

L™ = diag{Ld, L], 10};i=1,2,3
dq0 .
qu = dzag{Rl, R‘{, R(l)}
0 wLf o
Xj(wL;) = | —wL] 0 0|;i=123
0 0 0

The multiport junction structure of this MBGI is given by:

In this case,
SH=S1=5n=5,=5]=513=55=0

and (7), (8) are re-written as:
A = [SHXGyS +s! Ls;ﬂF
B = 513

From (51)—(58) with (60) and (61), the state equation of the electrical system is:

0 dq0 -1
R 4 X, (wLy) + X3(wLs) X3 (wLs) LY 0
Xs(wLs) Xp(wly) +Xa(wls) || 0 L3° | ©

where E is obtained from (11), (51), (52), and (58), which is:

-1 -1
I+ quO (Lilqo) quO (quO)

BT () e ()

es(t) 0 ofl-I o o|-I|I o]-IT7" -
es(t) 0o oo -1 1|00 1|-I E(i)
fs(t) I 00 0 000 0]o0 fil)
fo(t) 0o I|0 o o|o0]0o0]oO es(t)
fu® | |1 1o o o|ofo oo eo(t)
fo® | |'T oo o o000 0|0 en(t)
For (1) P00 0 o0 0o oo ||2®
fas (1) o Pl o o o o|oo|lo || al
fa3(t) PP P’ 0 0o o |0 0o0|o0 eZ((?)
70 I 1o o o]0 0 of o0 JL&oW]

(54)

(55)
(56)

(57)

(58)

(59)

(60)
(61)

(62)

(63)
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with the outputs:

PT 0 quO 0 -1
y(y=1 o0 Pt [ o ] x(t) (64)
PT PT 0 L2

When a derivative causality is assigned to the multiport storage elements of a multi-
bond graph, then the corresponding MBGD of the system is shown in Figure 13.

The causality for the two multiport gyrator elements defined by the multibonds 8 and
9 have to be changed in order to have a correct multibond graph, and their key vectors are
given by:

. es(t) fs(t)
Iyt =| e(t) |5 0% (t)=| fo(t)
fu(®) en(t)
with the constitutive relation:
Xy = diag{X; (wly), X (wLa), Xs(wLs) } (65)
and the matrix for the dissipation field is:
=L (66)

L
r —————a7
I Or—+TE:P
1 e e e e e —
I
I
I
| 12 ]I:L1dq0 R:quqo
I
: \ /2
1 5
| Vit mse 11
| 8
I
I
| MGY:X1(WL1
I
g dq0 10
: Il —mx
I
e e 2
TEP
r———fﬁ———————————ii
I
| Df;abe Df ;j2be
I o
e e e e e e e

Figure 13. MBGD of the electrical system.
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Now, the multiport junction structure of the MBGD is defined by:

a - es(t)
fa(t) o ol o|1I o o|o|o o] elt)
fa(t) 0 0|00 I O0/|O0/|O0OO e10(t)
f1o(t) 0 offofrr ofofoo fa(t)
es(t) |=| -1 of[-I]o o —I[-I[I o0 fo(t) (67)
eo(t) 0 —I|[-1/0 0 —I| 0|0 I || eq(t)
fu(t) 0 0 0[I I 0|0 |00/ epn
e | Lo oo [T o o000 0| e
L et) ]
For this case study, from (67), (30) is reduced to:
Bl = F 'Ji{PxJi3 (68)
and Py is re-written as:
-1
Py = X&y (I - J%Ldlgxéy> (69)
The key step to get the steady state of the system is to calculate (69), which is described in
Appendix D.
By substituting (68) into (45) with (67), the steady state response is given by:
I 0
Xos = F1 100 Px| 0 I |us (70)
— 010 0o o0l

Using the co-energy variables as state variables in electrical systems is very common, then
from (2) and (70) with (A46):

Pr PX
= | 2 Jus o

The three-phase representation of the system for each state variable is:

pa(t) ea(t) ] HO

pa(t) = | pi(t) |ses(t)=| ext) |5 fas(t)=| £i(D)
L pS(t) | RON WHON
[ pi() ] [ ef(t) ] WAHON

pat) = | pa(t) [rea(t) = | ex(t) |5 fa(t) = | fi(t)
L pa(t) | L ef(t) | WHON

with the voltage inputs given by:
v () v3(t)
ei(t) = | oy(t) |5 ealt) = | 03(1)
oi(t) 2
By substituting (A46) into (71), the steady state responses in terms of the previous
physical variables are obtained by:
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d
vy (f
’ Rl —(1+k) —R?kl (kb 0378
f3(t) 1 (wLy)* wly (wLy)* wl v(l)(t)
=1 A1) | =<| b R’ ~(1+kk  —Rik ; (72)
. Awy | A ol (aly)? v5(1)
3 0 0 0 0 0 0 v%(t)
| o2()
S
“Rik bk —RIkky (ki 0 v%(t)
d (s w2l Ly wly w2l Ly +L v](t)
f%( ) 1 — (14+k)kk wltaths) o) (1)
fO =1 A0\ =3 —arre ki —ar, Rk 5 () 7
fg(t) sz ZUleLz 0 — (LéL ) szle U%(t)
w(Ly—+L3 2
0 0 0 0 0 0 oy (t)
Furthermore, the resistances and inductances on the (d, 4,0) axis are defined by:
quO — PRabCP—l (74)

Unbalanced conditions may be simulated by appropriate modification of the pa-
rameters of the multiport system. Unbalanced conditions such as unbalanced voltages,
unsymmetrical inductances, and unsymmetrical resistors with appropriate changes can be
analyzed. However, these possible unbalanced conditions are not considered in this paper
and can be treated for future works.

In order to demonstrate the effectiveness of the proposed methodology, the steady state
response will be obtained from the multibond graph in an integral causality assignment
that represents the dynamic system and the direct substitution in (72) and (73).

Considering a balanced system, the numerical parameters of the elements are: R =
diag{10 Q,10 ), 10 Q}, L% = diag{0.1H,0.1 H,0.1 H}, L = diag{0.15H,0.15H,0.15H},
L4 = diag{0.5 H,0.5H,0.5 H}, F = 60 Hz and the supply voltages

200 cos(377t) 100 cos(377t)
08¢ (t) = | 200cos(377t —120) |V and v4*(t) = | 100cos(377t — 120)
200 cos (377t + 120) 100 cos(377t + 120)

When a system is balanced R0 = R?¢, L9410 = L and the voltages are:

—0.5438
o{(t) = | 244.9483

0

—0.2719
V; o80(t) = | 1224741 |V
0

From (72) and (73), the steady state for the electrical currents is given by:

(
(#). ~1.8291 (#) 0.9070
(fé’) = [ 02227 | A; (ff) = [ —0.1720 | A (76)
() () ’

from the junction structure given by (67), the steady state for fio(t) is defined by:

(ffo) = | 0.0507 |A
(F0)er 0

(F). [ ~0.9221
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The simulation results by using the 20-5IM software of the MBGI are shown in Figure 14.
The dynamic performance and steady state periods of the complete system on the (d, g,0) axis

are illustrated in Figure 14.

=) @] =04

=) | =-1.82864

-0 (1) ], =022174 2

=]

B3

Current {A}
<

Current {A}
|

0 0.05 0.1 0.15 0.2 0 0.05 01 0.15
time {s} time {s}
(@ (b)
-
= i) 2] =005034
g
5
o
) 0.05 0.1 0.15 0.2
time {s}
()
.dq0 .dq0

Figure 14. Dynamic and steady state responses on the (d, g,0) axis: (a) i'liqo(t) = f3(t); (b)

&)

(8) = fa(t); (0)

I3

0.2

(8) = fao(h)-

The three phase currents (a,b,c) for each branch are shown in Figure 15. These

currents are obtained from the outputs y(t) = { fa(t)  fas(t)  fas(t)

fos(t) = i8%¢(t) and fos(t) = i%(t).

T ab
] where fo1 = i{;

Since this system is under balanced conditions, an equivalent reduced circuit per
phase and with mesh currents can be solved [42,43]. In Appendix E, the check for mesh
currents in the phasor approach of this case study is described.

However, the approach of this paper has the following characteristics: (1) we analyze
under unbalanced conditions; (2) the mathematical model is not required; (3) the inverse
of the state matrix is not necessary; (4) multibond graphs permit compaction; (5) systems
have multi-domain energy; (6) the steady state response is symbolic.
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Figure 15. Three phase currents on the (4, b, c)axis: (a) @(t) = i‘lzbc(t); (b) @(t) = igbc(t); (c) @(t) = igbc(t).

5.2.

Synchronous Generator

Synchronous generators represent one of the main sources of electrical energy in three-

phase power systems. These synchronous generators are powered by hydroelectric or
thermoelectric plants [42,43]. The schematic diagram of the cross-section of a synchronous
generator with a pair of poles is illustrated in Figure 16. The field winding uses direct
current and produces a magnetic field that induces voltages in the three phases in the
armature windings.

The

The circuits used for the analysis of a synchronous generator are shown in Figure 17.
three-phase armature winding represents the stator circuits carrying current in all three

phases, and the field winding describes the rotor circuit.

Figure 18 shows an MBGI of a synchronous generator on the d-q axis.
Figure 18 contains two sections:

Stator circuits formed by three phase windings on the d-q axis where R; and L; denote
the resistance and self-inductance on the d-axis circuit; R; and L, denote the resistance
and self-inductance on the g-axis circuit; M is the mutual inductance between the
stator and rotor; V; and Vj are the supply voltages on thed-q axis; and the mechanical
part whose elements are T}, the mechanical torque, | the moment of inertia, and D the
mechanical friction.

This section is modeled by a multibond graph where V;;, V;;, and T} are effort sources
that determine a multiport effort source MSe : Vy,7; the resistances on the d-g axis
and the friction give a multiport resistance R : Ry;p; the inductances Ly, Ly, and
J represent a multiport field I : My,;r with the mutual inductance M linking the
inductance rotor circuit Ly; the relationships between the electrical circuits and the
mechanical part are represented by a multiport gyrator MGY : X(d,, 99, 0).

The rotor circuit formed by the resistance and inductance on the field winding R : Ry
and L¢ and the supply voltage for this winding MSe : V.
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Direction
of Rotation

Figure 16. Schematic diagram of a three-phase synchronous machine.

Figure 17. Stator and rotor circuits of a synchronous generator.
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M_SGZquTL
) \.L 4 quJ
R\ = 1 7|]I 2 ] p=—1 MSe:Vf
R m
dq0
3 6
\
MGY : X (d,,q,,0) R:Rf

Figure 18. Multibond graph of a synchronous generator.

In order to demonstrate that the multibond graph of Figure 18 represents a syn-
chronous generator, the mathematical model in state variables is obtained.
The multibond graph has the following key vectors:

) = [ 20 )50 - 20 ] a0 - [49]

owio=[ 20 = 26

_ | f2(0)
Dutt = |
Iey(t) = f3(t); Ogy(t) = es(t)

The constitutive relations are:

L MT
Fl — dq] sR] 77
[MsR ; 77)
L = diag{quD,Rf} (78)
0 0 Pyo
XGY = X(—do,—t]o,O)Z 0 0 _PdO (79)
—Po P O
where:
quD = diag{Rd,Rq,D}
qu] = diag{Ld,Lq,]}
Mg = [M 0 O]

and the multiport junction structure is defined by:

fa(t)
ea(t) 00 -1 -1 0 I 07/ fs5(1)
es(t) 00 0 0 —1 0 1]/ et
fast) [ =101 0 0 0 00 (1) (80)
fa(t) I 0 0 0 0 0 0] et
fo(t) 01 0 0 0 00]] e
| er(t)
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From (80):
Sy =0;833=0; S22 =0, 812=0 (81)

and substituting (81) into (15), (14), (12), and (13), the algebraic loop matrices are:
M, = Q=L (82)
Mx = Qx=Xgy (83)

From (81)—(83), the state matrix (7) is reduced to:
A = (sl +sBoxst +stloish)F (84)
and the input matrix (8) is written as:
B = Si; +S1{QxST; +51,Q1S2 (85)

From (77)—(80) and (82)—(85), the state space representation of the synchronous
generator is given by:

R N FANE

To determine the steady state response, the MBGD of the synchronous generator is
shown in Figure 19.

Mse:VaqTL
1 R:Rf
6
Ri—12 [ ~——1——— Mse:vf
Rdqp m;qd
3

MGY:X(dg ,q0 ,0)

Figure 19. MBGD of a synchronous generator.

By assigning a derivative causality to the multiport storage elements defined by the
bonds 4 and 7, then the bonds 2 and 6 have to change their causality in order to obtain the
correct multibond graph. Hence, the new vectors for the multiport dissipation elements

are given by:
ot~ - [

and its constitutive relation is:
d_ q: -1 p-1
L% = dzag{quD,Rf } (87)

and for the multiport gyrator is:
Xy = Xy (88)
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The multiport junction structure for the MBGD is defined by:

fa(t)
fa(t) 0 0 0 I 00 07| f5(t
f5(t) 0 0 0 0 1 0 0] et
() |=]1 0 0 0 I 0 O0 O e6(t)
fo(t) -1 0 -1 0 0 I 0| est)
f(b) 0 =1 0 00 0 1]/ e

L er(t)

From (30) and (89), B* is reduced to:
B* = F ' (J13Puis)
From (2), (45), and (90), the steady state response is defined by:

11
Zss = J1oPrJLBUss

also, J% = 0 then J;pis
Jig =]
From (43), (87)-(89):

1
-1 -1
P, _ Rib (T+XevRyh) 0
0 R/

(89)

(90)

©1)

(92)

(93)

and substituting (89), (92) and (93) into (91), the steady state in a symbolic form is

defined by:

—1
—1 —1
o quD(HxGdeqD) 0 |,
71 o9
0 R

By using physical variables:

<ﬂf)ss (l.d)ss

Zss = [ (2)55 ] = (ﬁf)ss _ Elqgss
(f )55 ] w SS

5 %? (i¢)..

and system inputs:

\Z
Vy
Tr

0.1
s | - S

(), (vr).,

and (79), (87) and (94), the steady state for each state variable is described by:

(f Af ) o Pgo + DRy PaoPyo —PpR; 0 ( ez{l) )
£ PaoPyo quo +DR; PRy 0 | (eq)
(f I) A (ETL>

4 ss 0 0 0 F 1 .
(f5 )55 f 67)55

(94)
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where:
A = DR4Ry + PjyRy + PpRy

Considering balanced conditions applied to the synchronous generator:

100 cos(377¢)
o®e(t) = | 100cos(377t —120) | V
100 cos (377t 4 120)
and using Park’s transformation:
(etf) s 1224744 V
ef) | _|319mx100V

(eTL ° 100 N - m

1 s 30V

(67)55

the numerical parameters of the elements for the d-axis are R; = 0.1 Qand L; = 1.7 H, for
the g-axis are R; = 1 () and L; = 1.64 H, the mutual inductance between d and g axes is
M = 1.55 H, for the field circuit are Ry = 1 (), Ly = 1.65 H, and the mechanical part is
given by | = 2.37N — m — s> and D = 1. The initial flux linkages are: Py, = 0.002 A - H
and Py = 0.1279 A - H. By substituting all the numerical values of the parameters into
(95), the steady state of the co-energy vector of the synchronous generator is given by:

( ‘g) ss —46.642 A
(| | i
(fi | ss 30.00 A

SSs

In order to prove the obtained results, the simulation of the synchronous generator
using the 20-SIM software is shown in Figure 20.

100 -id {A} (id)ss=—46.6096 A
50
0 M
-50
3 — -
|- iq {A} (iq)ss=1.9880 A||
P e
-1
1500 ‘ w {rad/s} (w)ss=994.0349 radls{
1000
500
0
\
TR
30 f«"'“ T+ if {A} (if)ss=30.0014 A]
0
-30 [/
-60
0 10 20 30 40 50 60 70 80 90 100
time {s}

Figure 20. Physical variables’ performance for the synchronous generator: iy, i, w, and iz.

The dynamic behavior based on the MBGI of Figure 18 for the synchronous generator
is obtained and shown in Figure 20. The steady state for the variables iy, i;, w, and i ris
illustrated, and the results given in (96) are verified.
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Finally, Figure 21 shows the three-phase electrical current (i,, i, ic) produced by the
synchronous generator. Under balanced conditions, the currents (i4, iq) are transformed to
(ia, 1p, ic) by using Park’s inverse transformation. Note that when the dynamic period is
over, the steady state response is reached.

~100

80.08 a0.03

§002 8003 5008 8005 8005 4007
\ ‘)//

-ia {A}

10 20 30 40 50 60 70 80 20 100
time {s}

Figure 21. Three-phase electrical current: iy, i, and ..

Finally, the analysis and methodologies developed for bond graphs using the junction
structure can be extended with this paper for multibond graphs.

6. Conclusions

The steady state response of LTI systems represented by multibond graph models is
presented. The multiport junction structure of a multibond graph in an integral causality
assignment (MBGI) that determines the state space of an LTI system is proposed. This MBGI
admits multiport storage elements in integral and derivative causality assignments that
represent linearly independent and dependent state variables, respectively. By assigning a
derivative causality to all storage elements, a multibond graph in a derivative causality
assignment (MBGD) is obtained. The relationships between MBGI and MBGD give the
direct determination of the steady state of a multiport system.

Two case studies are modeled by multibond graphs: a three-phase electrical system
and a synchronous generator. In both cases, the steady state using this approach is obtained.
Finally, in order to verify the steady state behavior of the state variables, the simulation
results are shown. The advantages for applying multibond graphs with respect to bond
graphs for multibody systems are clear: the short notation, junction structure, and mathe-
matical model are compact. Furthermore, the proposed junction structure to determine the
characteristics (structural observability, structural controllability, stability, control design)
in the physical domain can be key for new results.
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Appendix A. Proof of Lemma 1
From the second and third lines of (1) with (4) and (5):

(1~ SBXav ) oy (t) = SHz(t) + SHLD (1) + SHu(t) (A1)

(I—S2L) Dy (t) = Spiz(t) + S Xev Loy (t) + Sasu(t) (A2)
Substituting (A2) into (Al):

(1-5BXev ) lav(t) = SHLO-SnL) ™ [Shz(t) + SHXcylav (1) + Sxsu(t)]
+833u(t) + Siiz(h) (A3)

and substituting (A1) into (A2) and (A2) into (A1):

-1
(I=SnL)Di(t) = SHXey(1-5%Xey)  [SHz(t) + SHLDw (1) + SHu(t)]
+Spu(t) + Shiz(t) (A4)

It is assumed that M; and My can be obtained. This is true since Sy,, Sﬁ, and Xgy
are skew-symmetric matrices and L is a diagonal and constant matrix, then the algebraic
sum of an identity matrix and a skew-symmetric matrix is invertible.

From (14) and (15), (A3) and (A4) can be written as:

-1
ley(t) = (I — SHiXcey — S%%MLS%%XGY) [(Sﬁ + S%%MLS%%)ZU)
+ (St + SHMLSxs Ju(t)] (A5)
-1
Din(t) = (I—SnL—SEMysHL) | (sh +sEMxsi )z ()
+ (825 + SEMLSH Ju(t)] (A6)

In the same way, (I — S22Xgy — S2IM[S}?Xcy) and (I —SyL — S%%MXS%%L) can be
invertible.
By substituting (A5) and (A6) into the first line (1) with (4) and (5):

i(t) = SiiXoy (1 — SHiXey — SﬁMLS%{'XGO ) [(5 + 8] MLS%%)Z(t)‘F
(5 +8 2ML823)E(t)} + S1iXa(t) + Snz(t) + Siiu(t)
sgL(I — Syl — ngXSﬁL) o [(s +SR stﬁ);(t) (A7)
(523 + S%%MXS%HEU)
From (12) and (13), (A7) is reduced to:

) = [sn+s}§QX(sﬂ+sﬂMLsg) QL(S +S12My 82 )]g() (A8)

+[sth + SHQx (ST + M1 829 + STy (S5 + SEMxST) |u(t) + (1)
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From the fifth line of (1) with (2) and (3):

x4(t) = F;'SqiFx(t) (A9)

F; is a diagonal and constant matrix, and S}& = — (SH)T. Then, the E matrix is
invertible, and applying the derivative with respect to the time to (A9) and substituting
into (A8) with (2), the state equation of the state variables of the first line of (6) with (7)—-(11)
is proven.

From the fourth line of (1) with (4) and (5):

y(t) = S3iz(t) + SiTXay Iy (t) + S3LDjy (£) + Sasu(t) (A10)
Substituting (A5) and (A6) with (12) and (13):
y(t) = SHz(t) +SHQx [ (SH + SBMLSH )z(r) + (7 + SHMLSa )u(t)| +
S501 [ (SH + SEMxSH )2(t) + (823 + SEMLSH u(t)] + Sasu(t) (A11)
From (A11), (9) and (10), the output equation of the second line of (6) is proven.

Appendix B. Proof of Lemma 2

F is a constant and diagonal matrix, which is invertible. From the third line of (22)
with (23) and (24):

71 ° [ ]
D4 (1) = (1=ToL®)  (BHE() + 850 +IRXE Ly (1) + Tau())  (A12)

From the second line of (22) with (23) and (24):

iy (t) = (1-JxEy) (R0 + Ty + FILDG () + u(n) (A1)

L4 is a constant and diagonal matrix, and X‘éy is skew-symmetric. Furthermore, J2»
and ]‘I’? are skew-symmetric matrices, and (I —JpLd ) and (I — ]‘I’?X‘éy) can be invertible
by solving (A12) and (A13):

DL = (1-Jarf — ENgHLY) (4 BN 30+

(13 + TENIE) ¥ (0) + (s + TINS5 Ju(h)| (A14)
y(t) = (17Xt - TANEXG,) (03 + TN R+

(952 + 3INLIR ) Fa(t) + (033 + SN Ju(t) | (A15)

The matrices J13 and J3} are related by J13 = —(J3}) T then (I —JpLd — )13 NX]31Ld)

and (I — ]33Xd ] NL]13Xd ) can be invertible matrices. From the first line of (22)
with (A14) and (A15):
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2 = JHXG(1-xE, —IANUEXG, ) [ (0 N )
+ (O + JANIR) £a(0) + (33 + B3N ()| +
TR (1 Tl —RNGILY) [ (04 + BN 3 )
+ (I3 +IENIR ) Ea(t) + (s + RN u(t)|
HIHE() + T3 () + Jiixa(t) (A16)

With (43) and (44), the expression (A16) is reduced to:
2(t) = [k (55 + BN + 7es (71 + RN
D1+ 8P (132 + JENLIR ) + TP, (7 + 93N

D3+ TEPx (553 + T3N3 ) + TP (Jos + TEINKIS

.
x(t
(]
()

} ut)  (A17)
From (26), (27) and (30) with (A17), the expression of the first line of (25) is proven.
From the second line of (22) with (A14), (A15), (43), and (44):

z2a(t) = [+ 0Pk (031 + N + 13e (03 + TENKIE ) | 30 +
132 + 1330 (332 + BANUIR) + 93P, (08 + TRN3R) | () +
D3+ 15Px (03 + TN ) + T33P (Jos + TENAO ) () (A18)

Substituting (28), (29) and (31) into (A18), the equation of the second line of (25) is proven.
From the fifth line of (22) with (A14), (A15), (43), and (44):

y(t) = [T+ IRPx (5 + JNUR ) + TP (T3 + JENKIE ) | 2(0) +
13+ 98P (U3 + ANLIR ) + TP (V5 + TENAIE ) [ at) +
{133+J% Px(] +1 NL123)+J32PL<123+J% NxJ{ )] u(t) (A19)
From (32)—(34) and (A19), the output of the third line of (25) is proven.

Appendix C. Proof of Theorem

Firstly, given an LTI system modeled by a multibond graph in an integral causality
assignment (MBGI), this MBGI contains multiport storage elements that represent the
state variables. Furthermore, these elements can have an integral causality assignment
determining linearly independent state variables (x) and the linearly dependent state

variables (ﬁ) ,and a derivative causality is assigned.

In order to prove that the state matrix A associated with(20) and is invertible, some
given properties are necessary.

Property 1 [37]. The order n of a model is equal to the number of I and C elements in
integral causality when a preferred integral causality is assigned to the bond graph model.

Property 2 [38].

(a) The bond graph rank g of the state space A matrix deduced from the bond graphs is
equal to the number of I and C elements in derivative causality when a preferred derivative
causality is assigned to the bond graph model.

(b) The number k = n — g of structurally nummmodes is equal to the number of I and
C elements, which have to stay in integral causality when a preferred derivative causality
is assigned to the bond graph model.
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From the state equation for a bond graph model described by [37]:
xX(t) = Ax(t) + Bu(t)

with x(t) € ®" and u(t) € RP.
Property 2 (a) can be interpreted by [37]:

x(t) = A7'%(t) — A7'Bu(t)

If some of the I and C elements do not accept a derivative causality assignment, this means

that the A matrix is not invertible and then not of full rank.

The second part of Property 2 corresponds to the writing of the characteristic polyno-

mial of the A matrix as [37]:

P(s) = det(sl, — A) = sk (5‘7 + aq_lsqfl 4+ +as+ ao)

The point of view is structural because we detect k structurally null modes, but not the

cases where a could be null.

Hence, a multibond graph in a derivative causality (MBGD) can be obtained. This
MBGD has all the multiport storage elements in a derivative causality assignment, and

using Lemma 2, (25) can be written as:

s | = [ A AE l X

The first line of (A20) is expressed by:

o |=e

Y

. -1 -1 . —lpx
x(t) = (Aqn) x(t) = (Aq) Apxa(t) — (Af)  Biu(t)
Substituting (A21) into the second line of (A20):
xa(t) = Az [(Af) x(8) — (Af) T ALZ (1) — (ML) 'Biu(t)] + AR (1) + Biu(t)
and reducing:
() = Az (AT) (1) + [An — Any (A]) AR Sult) + [B; — A% (AT) B |u()
the state variables x, are linearly dependent, then:
-1
A —Aj(AL) Ap =
BS — A3 (A}) 'Bf =
The expression (A23) is reduced to:
-1
xq(t) = A (Aqy) x(t)
and deriving with respect to time:
[ ] 71 L]
xa(t) = Az (A7) x(t)

From the first line of (A20) with (A24):

x(t) = [Af + ARAL (A7) ] E() + Biu(h)

(A20)

(A21)

(A22)

(A23)

(A24)
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in a compact form:
x(t) = ATX(t) + Biu(t)

where: .
A* = Aj + ALAL (A)

in terms of state equation:
. -1 -1
) = (&%) x(t)— (&%) Bju()
Comparing (A25) with EX = Ax+ Bu given in (6):
A*=A"'E
and: .
~(&*) Bi=E"'B

Then: -
Bi = —A*E"'B

It is known that the steady state for an LTI system is:
_ Al
Xss = —A Buss

and substituting (A26) into (A27), the equation (45) is proven.
From the third line of (25) and (A24):

y(t) = [€"+ G Az (AT) &) + Du(t)

(A29) can be reduced to:

y(t) = C*x(t) + D*u(t)

where: .
C*=C +G'Ay(A})

Substituting (A25) into (A30):

-1 —

y(t) = C* (A*) x(t) + [D* _C (A*)
and comparing with the second line of (6)

1

c(a) =c
and: .

D* — C* (K*) B* =D
By substituting (A26) into (A32):
C*=CA'E

and from (A26), (A27), and (A34), (A33) is given by:

D*=D-CA'B

B*}u(t)

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)
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The steady state for the output is obtained from the second line of (6):
Yss = Cxss + Dusgs (A36)
and substituting (A28) into (A36) with (A35), the equation (46) is proven.

Appendix D. Calculation of Px
From (69):
PUIXEy = T-THLGXE, (A37)

and substituting (65), (54), and (67) into (A37):

1 I+ Ry X (wly) 0 X3(wLs)
(xty) Pe= 0 I X3 (wLs) (A38)
X '(wly)  —X; Y (wLp) I

In order to obtain (A38), the following partition is done [44]:
-1

I 0 X3(wL3) -1
0 I X3('LUL3) = |: Ell ng :|
X7 Hwly) —X; ' (wly) I 2 e
—1 —~—1
AR —Ar RpR;)!
- N N e R (A39)
—R22 Ry AR R22 + R22 Ry AR R12R22
where:
AR = Ry1—RpR,'Ry; (A40)
then:
_ [T o] o | Xs(wLs)
Ryp = { 01 ], Rip = [ X (wLy) (A41)
Ry = [ —X{'(wl) —X;'(wly) |; Ry =1
By substituting (A41) into (A40):
A — I+ R1X7 (wLq) +X3(ZUL3)X (le) X3(wL3)X (sz) AdD
R= X (A42)
3(wL3)X (ZULl) I+X3(ZUL3)X (sz)
To get the inverse of (A42), we apply (A39) one more time, with the partition:
I+ R X, ' (wly) +X3(WL3)X YwLi)  Xs(wLla)X;'(wla) | _ | Wi Wi (Ad3)
Xs(wL3)X; ' (wLy) I+ X3(wL3)X; H(wly) Wi Wy
with: -
Ay = Wi =W W5, Wy (A44)
-1
From (A43) and (A44) Wo,! = [I+X3(wL3)X (sz)} and from (57) and
-1 O
_ Ly . ..
X; YwL;) = o 0 |, we have W 21 = dzag{ L2+L3, L2+L3 1}. For simplicity,
0

) Ly Ly Ly _ Ly L3
we use the notation D{ 1 Tl T ) dlag{ L2+L3, il 1}. Wi = D(Lz’ s 0)
Ly L
Wy = D(Ll, Li 0)

—1 —1 _
Ar = l Aw ! —Aw wlzw%21 1 (A45)
W' Wydw Wl + Wo,'Wa Ay Wi Wo,!
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Ay is given by:

LoL —RY
. * (Lzszs) ey
Aw = R] LoL
W e 1+ Ll(L22+3L3) 0
0 1
and the inverse is: ,
Rl
1 1+k iy 0
Ay = — ;R? 1+k 0 | = %
A le +
0 0 1

q
where k = —F2Ls A — (1 4+k)% + 1R]2,and ki = ﬁ,‘ then k = %kl.

Li(La+L3)
To calculate the rest of the elements of (A45), we have:

A 1 (1+k)k lelk 0
W Wabw = ol SRk (4 0 | =0
0 0 0
- Rt
. ) _1 (1 + k)k] mkl 0
A WaWa = 0l 4k 0 [ S0
0 0 0
' LA
B — » . (1+ k)kk1 + 1 le kk1 0
W + Wy Warlwy WipWy, = —= — R kk, (1+k)kky + 023 0 | =92

I 0 0 A

Finally,

5}*1 _ [ arp aq2 ]
Q21 @22
also
A 'RpR = _{ a11X3(wl3) + a12X3(wls) } _ [ a13 ]
2 0{21X3(ZUL3) + 0622X3(‘LUL3) o3
_ —~-1 _ _
—Ry,'RyiAg = [ -X{YwL)an —X5 N (why)ay | =[ ez az |
_ _ —-1 _ _ _
Ry, +Ry'RuAr  RpRy' = I—X;'(wLli)anXs(wls) — X5 H(wly)am Xz(wls) = ass

from (65) and (A38)

Py P, Py X;Hwly)agy X7 H(wLy)agp  X; ' (wly)ags
P,=| P P, P5 | =| Xy (wly)am X;'(wLly)azn X, '(wLa)ass (A46)
Py Py, Py Xs(wL3)az;  Xz(wlz)az,  Xz(wL3)ass

Appendix E. Mesh Current Solution

Considering the balanced system given in Figure 11, the three-phase system can be
reduced to one system per phase, as shown in Figure Al.
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| |

Figure A1l. Single-phase equivalent system.

The circuit can be solved with the well-known mesh formulation described by:

Ry + J27F(Ly + L3) J2rFLs hn]l [w
J2rFLs RrF(Ly+ L) || i |~ | W

Substituting the numerical parameters of the elements given by Ry = 1002, L; = 0.1 H,
L, =015H,L3 =05H,V; =200V, V, =100V, and F = 60 Hz, the formulation is
defined by:
10 + J226.1946  ]188.4955 i1 | _ | 200
[ J188.4955 J245.0441 } [ } N [ 100 }

Mesh currents are given by:

i1 . 10 + J226.1946  J188.4955 ~17 200
ip N J188.4955 J245.0441 100
i1 _ 0.1838 — J1.4932 ] [ 1.5044/ —82.9792°A
ip N —0.1414 + J0.7405 | — | 0.75382100.8143°A

The current in Lj is:
i3 = iy +ip = 0.0424 — J0.7527 = 0.7538/ — 86.7728" A

Now, the graphical behavior of the three-phase currents for 7 is shown in Figure A2a,b,
illustrating i from the MBGI of Figure 12.

1 \ T \L i M\}U\\ WW/W 1 HW}H I

0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
time {s} time {s}

(@) (b)

Figure A2. Three-phase currents for i1: (a) single-phase equivalent circuit; (b) MBGI.

Figure A3 shows the simulation of the equivalent reduced circuit of Figure Al and the
MBGI of Figure 12 for i; simultaneously.
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-i1_b {A} Circuit
-i1_c {A} Circuit
-i1_a {A} MBGI
-i1_b {A} MBGI
1 -i1_c {A} MBGI

M ‘ ‘ ‘ -i1_a {A} Circuit
‘ \l\

o
— =
|

1

0 0.05 0.1 0.15 0.2 0.25
time {s}

Figure A3. Three-phase current for i; using the equivalent reduced circuit and MBGL

The graphical behavior of the three-phase currents for i, is shown in Figure A4a,b,
illustrating iy from the MBGI of Figure 12.

- -i2_a {A}
[i2a{Ay | -i2_b {A}
-i2_b {A} -i2_c {A}
-i2_c {A} 12
0.5+ 1l
o D WWX/
-
0.5
—2-
- 0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
time {s} time {s}
(a) (b)

Figure A4. Three-phase currents for i5: (a) single-phase equivalent circuit; (b) MBGI.

Figure A5 shows the simulation of the equivalent reduced circuit of Figure Al and the
MBGI of Figure 12 for i simultaneously.

;i2_a {A} Circuit
2 -i2_b {A} Circuit ||
-i2_c {A} Circuit
-i2_a {A} MBGI
Jw -i2_b {A} MBGI
1 ‘ | ‘A\ -i2_c {A} MBGI
h‘ !1‘ , A\ ‘A““,Av
0 ‘ "“ \/> AL
UV TV VTV ‘
4&1' ML
i ) ! Y
I ‘/ Y
-1- |
|
—2
0 0.05 0.1 0.15 0.2 0.25
time {s}

Figure A5. Three-phase current for i using the equivalent reduced circuit and MBGL
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The graphical behavior of the three-phase currents for i3 is shown in Figure A6a,b,
illustrating i3 from the MBGI of Figure 12.

-i3_a {A}
2/ -i3_b {A}

0.5F

0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
time {s} time {s}

(@) (b)

Figure A6. Three-phase currents for i3: (a) single-phase equivalent circuit; (b) MBGI.

Figure A7 shows the simulation of the equivalent reduced circuit of Figure Al and the
MBGI of Figure 10 for i3 simultaneously.

;i3_a {A} Circuit |
2 -i3_b {A} Circuit ||
-i3_c {A} Circuit
-i3_a {A} MBGI
0 I“H
|

e -i3_c {A} MBGI

TECREHORIERERRO RO

| i
’Mm s

—

-i3_b {A} MBGI

bl

U,

‘"T‘, LML

Figure A7. Three-phase current for i3 using the equivalent reduced circuit and MBGL
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