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Abstract: The crack-propagation form may appear as an arbitrary mixed-mode fracture in an en-
gineering structure due to an irregular internal crack. It is of great significance to research the
mixed-mode fracture of materials with cracks. The coupling effect of multiple variables (crack height
ratio, horizontal deflection angle and vertical deflection angle) on fracture parameters such as the
stress intensity factors and the T-stress are the key points in this paper. A three-point bending
specimen with an inclined crack was proposed and used to conduct mixed-mode fracture research.
The fracture parameters were obtained by finite element analysis, and the computed results showed
that the pure mode I fracture and mixed-mode fractures (mode I/1I, mode I/III and mode I/11/1II)
can be realized by changing the deflection angles of the crack. The pure mode I and the mixed-mode
fracture toughness of sandstone were obtained by a series of mixed-mode fracture experiments.
The experimental results were analyzed with the generalized maximum tangential strain energy
density factor criterion considering T-stress. The results showed that the non-singular term T-stress in
the fracture parameters cannot be ignored in any mixed-mode fracture research, and the generalized
maximum tangential strain energy density factor criterion considering T-stress can better predict the
mixed-mode fracture toughness than other criteria.

Keywords: mixed-mode I/II/1II; three-point bending specimen with an inclined crack; sandstone;
numerical and experimental study; generalized maximum tangential strain energy density factor cri-
terion

1. Introduction

The pure mode I fracture is a common in-plane open fracture, and the mode I critical
stress intensity factor (Kyc) is one of the important material properties characterizing
material fractures. Extensive experimental research on the mode I fracture of metals [1],
ceramics [2], PMMA [3,4] and rock [5-7] has been achieved by using different specimen
configurations. However, it is necessary to consider mixed-mode fractures, owing to the
disordered internal microcracks and the complex stress conditions in practical engineering
materials and structures. A great deal of research has been done on mixed-mode fracture
specimens related to mixed-mode I/1I and I/III fractures. For example, the fracture loads
of HMA from pure mode I to pure mode II by different loading methods were obtained
at a low temperature [8]. The mixed-mode I/II fracture test of concrete showed that the
fiber content has an effect on the fracture toughness [9]. The stress intensity factors (SIFs)
and non-singular term (T-stress) were calculated, and the results showed that T-stress
increased with the increase of crack angles in two disc-type specimens [10]. When the
crack width was larger, the crack became a notch, and investigations of mixed-mode
I/11 fractures based on a U-notch [11] and a V-notch [12] were carried out. Theorical
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and numerical simulation investigations of the SIFs of pure mode I, pure mode II and
mixed-mode I/II have been carried out based on central crack disk specimens [13-15].
The mixed-mode I/1I fracture experiments of central crack disk specimens were studied by
using sandstone [16-18], limestone [19] and cement mortar [20]. A penalty-based cohesive
element technology was presented [21,22] and used to develop an application for predicting
delamination crack growth in mixed-mode I/1I [23]. Even though the mixed-mode I/II
fracture experiments of four-point bending were studied [24,25], the three-point bending
specimen was more widely used, and the experimental parameters were easier to control.
For example, the numerical simulation and experimental study of an edge-cracked semi-
circular bend (SCB) specimen subjected to three-point bend loading have been carried
out [26]. The effects of thickness and Poisson’s ratio on 3D mixed-mode I/II fractures
were studied by using edge-cracked semi-circular bend (SCB) specimens [27]. Further,
mixed-mode I/1I fracture experiments using SCB specimens with different materials, such
as hot-mix asphalt (HMA) [8], marble [28], limestone [19], sandstone [29] and acrylonitrile
butadiene styrene [30], have been tested and analyzed. The results showed that SCB
specimens were suitable to study the fracture of HMA at a low temperature [8]. In addition
to temperature, atmospheric pressure also should be considered when analyzing and
predicting fractures [28]. The prediction of the crack initiation angle was affected by SIFs
and the non-singular term (T-stress), and the value and sign of T-stress in the mixed-mode
I/1I fracture of SCB specimens played important roles [19]. The internal structure of the
material also affected the fracture toughness and fracture mode [30]. An edge-cracked
triangular (ECT) specimen and an edge-cracked short-bend beam specimen of mixed-
mode I/II fracture were also studied [31,32]. In addition, the effect of crack angles on
mixed-mode I/1II fractures has also been studied. Mode I SIF increased for the angle
between crack and loading direction, but mode III SIF decreased [33]. Mixed-mode I/1I1
fatigue-fracture studies have also been carried out, and the results showed that increasing
the crack angle and decreasing the crack length can effectively increase the fatigue life [34].
It was found that the prediction of crack initiation can be enhanced by considering the
plastic zone and friction on the crack surface of I/1II mixed-mode fractures [35]. The
edge-notched disc bend (ENBD) specimen has been proposed to be suitable for mixed-
mode I/III fractures, and can realize a pure mode III fracture [36]. Mixed-mode I/III
fracture experiments have been carried out on various materials such as marble [37,38],
asphalt concrete [38,39], PMMA [38] and graphite [38,40] by using ENBD specimens, and
the mode III fracture toughness was less than the mode I fracture toughness for each
material. It was found that the crack surface broke suddenly in mixed-mode I/III fractures
by using a three-point bending specimen with a large thickness and an inclination angle
less than 10°, and a relationship between the scale of the fragmentation and the mixed
mode was established [41]. In another investigation of mixed-mode I/1II fractures, the
crack deflection angles of the specimen achieved larger inclination angles, but only four
groups of inclination angles were considered, and the crack depth was fixed and low [42],
so the persuasiveness of the research results was inadequate.

In order to study the initiation and propagation of cracks, some fracture criteria,
such as the maximum tangential stress (MTS) criterion [43], the maximum tangential
strain (MTSN) criterion [44] and the maximum tangential strain energy density (MTSED)
criterion [45] were proposed and frequently used to analyze the fracture characteristics.
These criteria only considered the singular term of the stress field at the crack tip and
ignored the non-singular term (T-stress). However, a large number of experiments have
proven that the fracture criterion considering the non-singular term can predict the ex-
perimental results more effectively [16-20,26,28,30,31,37-40]. It was found that the gen-
eralized maximum tangential stress (GMTS) or generalized maximum tangential strain
(GMTSN) criteria, both considering T-stress, can better predict the central cracked disc ex-
perimental results of mixed-mode I/1I fractures compared with the MTS criterion [16-20].
The GMTS criterion was also used to predict and verify the experimental results of three-
point bending specimens in mixed-mode I/1I fracture studies, whether SCB or ETC speci-
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mens [26,28,30,31]. The mixed-mode I/1II fracture experimental results for various mate-
rials such as marble [37], asphalt concrete [39] and graphite [40] using ENBD specimens
were in good agreement with the theoretical predicted value of the MTSED criterion with-
out considering T-stress. The experimental results of pure mode III fracture toughness
were also in good agreement with the theoretical predictions of the MTSED criterion [38].
However, an extended MTSED criterion considering T-stress was proposed, which was
considered to better predict the testing results of ENDB specimens, especially for the pure
mode III case [46].

Most of the existing studies on mixed-mode fractures involve I/II and I/1II fractures.
The mixed-mode I/1I/1II fracture is rare, and the applicability of the existing criteria to
mixed-mode I/1I/1II fractures still needs more study. Therefore, based on the previous
investigations, a mixed-mode fracture test configuration, called the three-point bending
specimen with inclined crack (TPB-IC), was proposed in this study. By changing the
deflection angles of the crack in two directions, it can cover most ranges of mode I/II/III
mixed fractures. The influences of the deflection angles and crack length on fracture
parameters (i.e., SIFs and T-stress) and the experiments of the TPB-IC specimen made
of sandstone for mixed-mode I/II/1II fracture were carried out. Through the extended
analysis of the MTSED criterion, the generalized maximum tangential strain energy density
(GMTSED) criterion considering T-stress was obtained, and a unified and complete three-
dimensional expression under the conditions of plane stress and plane strain was derived.
The experimental results and the predicted values of the GMTSED criterion considering
the three-dimensional T-stress were comparatively analyzed.

2. The TPB-IC Specimen for Mixed-Mode I/II/III Fracture Study
2.1. The TPB-IC Specimen for the Mixed-Mode I/II/III Fracture Model

The loading configuration and geometric structure of the TPB-IC specimen for a
mixed-mode I/1I/1II fracture are shown in Figure 1. The TPB-IC specimen is a rectangular
beam of length (L), thickness (B) and height (W). It contains a straight edge crack of length
(a) in the direction of the through thickness. a/W is defined as the crack height ratio of
the specimen. The specimen is supported in a three-point bending fixture with a span
(S). On the top of the specimen, there is a uniformly distributed load (P) applied along
the thickness direction. The crack forms an angle « with the loading line on the bottom
surface of the specimen, which is defined as the horizontal deflection angle (Figure 1c).
The crack on the front surface of the specimen forms an angle 3 with the vertical direction,
which is defined as the vertical deflection angle (Figure 1b). When o and 3 are both zero,
the loading conditions and the geometry are symmetrical, and the specimen fails through
a pure mode I fracture. However, for other angles « and 3, the loading conditions and
the geometry are asymmetric with respect to the crack surface, and mixed-mode fracture
occurs in the specimen. The crack deflection angles o« and {3 are the principal influencing
parameters in mixed-mode fracture. The contribution of mode I, mode II and mode III SIFs
in mixed fractures depends on « and f3.
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Figure 1. The loading configuration and geometry of the TPB-IC specimen. (a) Panorama of specimen
loading. (b) Front view of specimen loading. (c) Bottom view of specimen loading.
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2.2. Numerical Simulation of the TPB-IC Specimen

In this study, the mixed-mode fracture parameters of the TPB-IC specimens were
determined accurately based on the ABAQUS software and J-integral method. The finite
element analysis defined a series of element groups around the crack tip for generating
different closed paths when solving the SIFs and T-stresses. Due to the singularity of the
stress-strain field at the crack tip, it was necessary to consider the singular elements at the
crack tip, which can be achieved by moving the middle node of the element of the first
integral loop around the crack tip to a quarter distance near the crack front [27]. The full
field solution of the stress at the crack tip was obtained through finite element analysis.

The three-dimensional finite element models of the TPB-IC specimen with various
crack height ratios and crack deflection angles were established and analyzed. According
to previous fracture studies [36], the parameters of the crack tip of the specimen models
were functions of the specimen geometry (B and W), support span (S), crack length (a),
load (P) and crack deflection angles (x and 3). The expressions of the fracture parameters
were as follows:

Ki = o Yi(a/W,a, ) )
K = %Yn(ﬂ/wﬁx,ﬁ) 2)
K = %Ym(ﬂ/ww,ﬁ) ©)

T = BpivizT*(a/W,lx,ﬁ) 4)

where Y, Y1 and Yy and T* are the dimensionless SIFs and T-stresses, which are functions
of the crack height ratio a/W, horizontal deflection angle a and vertical deflection angle
B, respectively. In order to ensure the accuracy of the simulation results, the crack tip
region was densified and optimized, and different element sizes of the same models were
compared. The results showed that different element sizes had little effect on the results,
and the error was less than 1%, as seen in Table 1. The origin of the values in Table 1 will
be explained later. Considering comprehensively, 2 mm was determined as the element
size for this simulation. The finite element analysis of the specimen models consisted of
more than 95,000 solid elements (c3d15 elements at the crack tip, c3d20 elements in the
surrounding area near the crack and c3d10 elements far away from the crack), allowing
construction of a three-dimensional fracture model with different crack height ratios, and
different horizontal and vertical deflection angles. Figure 2 shows a three-dimensional grid
pattern of the specimen and a zoomed view of the crack tip region. The material of model
is assumed to be linear elastic and isotropic. The material characteristics and geometric
dimensions of the TPB-IC specimen for finite element analysis are shown in Table 2.

Table 1. Dimensionless T-stresses and SIFs for the finite element model of the TPB-IC specimen of
different element sizes when a/W = 0.5, « = 30° and 3 = 30°.

Element Sizes T* Y Y1 Yiir Computation Time
1 mm 3.5864 1.2778 0.4694 0.5165 2967 s
2 mm 3.5736 1.2767 0.4698 0.5172 66 s
3 mm 3.5712 1.2745 0.4687 0.5186 19s

4 mm 3.5926 1.2722 0.4691 0.5194 7s
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Figure 2. Finite element model and zoomed view of crack tip region for the TPB-IC specimen.

Table 2. Material characteristics and geometric dimensions given for the finite element model of the
TPB-IC specimen.

Parameter Numerical Value

90 mm

20 mm

40 mm

From 4 to 28 mm
5 GPa
100 N
0.35

From 0° to 60°
From 0° to 60°

™R <LUMY ST ®V

The fixed displacement constraints were set at the bottom of the TPB-IC specimen.
As shown in Figure 2, the constraint of horizontal and vertical directions on the left side
was 45 mm from the center of the bottom, and the constraint of vertical direction on the
right side was 45 mm from the bottom center, so as to achieve static constraint of the TPB-IC
specimen. The distances between two sections of displacement constraint and the center
of the TPB-IC specimen were equal, and the constraint distance (i.e., span S) was fixed at
90 mm. The crack was a natural crack without any constraints. All finite element analysis
results for the SIF and T-stress on different crack height ratios, horizontal deflection angles
and vertical deflection angles were obtained.

In the finite element model, the standardized parameter of the crack tip along the
thickness direction was defined as z/B. This means that z/B = 0 refers to the middle
position of the crack, and z/B = £1 refers to the free surface of the TPB-IC specimen.
The mode I SIF at the middle section of the thickness, i.e., z/B = 0, was defined as Kj,,, and
the T-stress in the middle section was defined as Ty,. The effective SIF was defined as:

Kepr = \/KF + K+ Kfy ®)

By using the finite element analysis results of the crack tip along the thickness di-
vided by Ky, and Tp, respectively, the normalized SIFs and T-stress can be obtained.
Figure 3 shows the normalized results of four groups of crack deflection angles (x = 0°,
B=0°a=0°pP=30° «=230°% R =0° and & = 30°, f = 30°) under the conditions of
crack height ratio a/W = 0.5 and span S = 90 mm. According to Figure 3, the three-
dimensional effect on the SIFs and T-stress can be observed at different positions of the
crack tip. When « = 0°, 3 = 0° (Figure 3a), Ky and Ky were always zero, so the pure
mode I fracture can be well realized. In the middle part of the crack, i.e., —0.6 <z/B < 0.6,
there was almost no change in Kj. There was a deviation (about 20%) near the free surface
(z = £ 1). The investigations of SIFs in a three-dimensional specimen proved the SIF of the
free surface decreased relative to the middle interface [36,38]. For other angles (see Figure
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3b-d), all SIFs, including the effective SIF K¢, had a sudden change near the free surface,
but the portion near the middle of the crack tended to be stable. When o« = 0° and 3 = 30°,
Ky tended to be 0 in the middle position, and the specimen was subjected to a mixed-mode
I/1I fracture. When « = 30°, 3 = 0°, Ky tended to be 0 in the middle position, so the
specimen was mainly subjected to a mixed-mode I/III fracture. When o = 30°, § = 30°,
the specimen was subjected to a mixed-mode I/1I/1III fracture. It is worth noting that the
negative value here only represents the direction. In order to visualize the size relationship
of the SIFs, the absolute values of the SIFs are used directly in later sections.
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Figure 3. Variations of the normalized fracture parameters for typical crack inclined angles («x and {3)
along z/B direction. (a) The normalized SIFs in & = 0° and 3 = 0°. (b) The normalized SIFs in o = 0°
and f = 30°. (c) The normalized SIFs in « = 30° and 3 = 0°. (d) The normalized SIFs in « = 30° and
3 = 30°. (e) The normalized T-stress in four groups of angles.

In the four groups of crack deflection angles, the crack tip normalized T-stresses are
shown in Figure 3e when —1 < z/B < 1. The variation of the normalized T-stress was
similar to the SIFs along the thickness direction. There was almost no change in the middle
position, but the deviation of normalized T-stress at the free surface was more obvious than
the SIFs for different horizontal and vertical deflection angles. For example, when « = 30°,
B =30°, there was a difference of more than 25 times between the T-stress of z/B =+ 1 at
the free surface and the middle of the model.

Even though the deviation between the free surface and the middle position was large,
according to the research of Bazant and Estensoro [47], the singularity of the stress field
near the free surface or corner is different from the traditional definition of the stress-strain
field at the crack tip. Thus, the simulation results near the free surface of the specimen
can be ignored. In the study of the effects of thickness and Poisson’s ratio by Aliha and
Saghafi [30], the SIFs and T-stress in the middle position of the crack were taken as the
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simulation result, and a good research achievement was seen. Our study also used that
method. The SIFs and T-stresses in the middle of the crack (z/B = 0) were taken as the
finite element simulation result of the TPB-IC specimen.

It was necessary to verify the correctness of the simulation results. The existing SIF
formulas in the relevant literature were used to compare with the numerical results in
this study. The usual formula for the dimensionless SIF of mode I fracture of three-point
bending specimen is [7]:

5

Y = 2.9(%)”2 - 4.6(%) n 21.8(%) . 37.6(%)

Taking the results of a/W of 0.1, 0.3, 0.5 and 0.7 for comparison, the data in Table 3

were obtained. From Table 3, it is shown that the relative error of the calculation value

and the formula was within 5%, and the relative error was 1.25% which is minimal with

a/W = 0.5. At the same time, according to the experimental data of Jianping Zuo [7], the

fracture load and specimen parameters of 25 °C at room temperature were used in the

numerical modeling of this study. The corresponding K; value was obtained from the

numerical solution seen Table 4. It is shown in Tables 3 and 4 that the numerical results

obtained in this study had satisfactory accuracy and effectiveness. The verification of Yy
and Yy can also be obtained by the same method.

NI
NIN

+ 38.7(%)9/2 ©)

Table 3. Comparison between formula values and the numerical results of the dimensionless mode I
SIE.

alW Yie Y1 Relative Error
0.1 0.8299 0.8090 2.52%
0.3 1.5228 1.4887 2.24%
0.5 2.6649 2.6316 1.25%
0.7 5.6534 5.9142 4.61%

Table 4. Comparison of experimental and calculated values of mode I fracture toughness.

Kic Experimental Data  Kjc Numerical Results
[7] (Mpam'/2) (Mpam'/?)

10.03 5.15 4.99 95.6 0.9771 0.9903

W (mm) B(mm) a(mm) P(N)

The fracture parameters Kj, Ky, Ky and T of the specimen were found by numerical
simulation, and can be transformed into dimensionless expressions (Y7, Yy, Yy and T%)
by Equations (1)-(4), respectively. Figure 4 shows the variation of Y7, Y11 and Yy under
different crack height ratios for a/W = 0.1-0.7 and four groups of typical horizontal and
vertical deflection angles. It can be seen from Figure 4 that all the ranges of the crack height
ratio did not change the mixed-mode fracture. The crack height ratio a/W had the same
effect on the variations of the dimensionless SIFs. The value of Yj, Yy and Yy increased
with the increase of crack height ratio, and the change rate of Y7 clearly increased with high
crack height ratio. When the vertical deflection angle 3 = 0°, no matter what the values
of the crack height ratio a/W and the horizontal deflection angles « were, Y11 was almost
constant at zero. In this case, the specimen was subjected to a mixed-mode I/1II fracture.
When the horizontal deflection angle o« = 0°, similarly, Y;; was almost constant at zero, and
the specimen suffered a mixed-mode I/1I fracture. This phenomenon is consistent with
the investigation of the mixed-mode fracture of Aliha’s edge-notched disc and semicircle
disk [26,30,36-38].



Appl. Sci. 2021, 11, 1652

8 0f 23

(a)

Dimensionless SIFs
Dimensionless SIFs

T T T T T T T T T T T T T
0:1:.:0:2 - 0:3.-:04 05 06 0.7 0:1::02:-0:3: 0405 0:6 07
a/W a/W

Dimensionless SIFs
N
Dimensionless SIFs

01 02 03 04 05 06 07 01 02 03 04 05 06 07
a/W a/W
Figure 4. The relationship between dimensionless SIFs and crack height ratio a/W for typical crack
inclined angles. (a) The normalized SIFs in « = 0° and 3 = 0°. (b) The normalized SIFs in o = 0°
and B = 30°. (c¢) The normalized SIFs in & = 30° and 3 = 0°. (d) The normalized SIFs in & = 30° and
3 =30°.

In order to further research the relationship between the dimensionless SIF and crack
deflection angles o and 3, models with span S = 90 mm and crack height ratioa/W = 0.5
were selected. All the simulation results are shown in Figure 5. The effect of the crack
deflection angles on one of the fracture parameters is shown by two graphs in each row of
Figure 5. For example, according to Figure 5a,b, by increasing « and {3, Y| decreased but the
decrease amplitudes were not the same. The decrease rate of Yj increased with the increase
of «, but it tended to be mild with the increase of 3. Each column graph (Figure 5a,c,e) in
Figure 5 shows the effect of one crack deflection angle on the three fracture parameters.
By increasing horizontal deflection angle «, the value of Y1 and Yy became less, but the
magnitude value of Yyy; increased first and then decreased. The maximum value of Yy was
obtained when « = 45°. In general, the independent change of the crack deflection angle
did not affect the effect of the other angles on the dimensionless parameters, but did affect
the value size shown in Figure 5.

Therefore, the analysis of the simulation results indicated that when the span was
fixed and the crack height ratio a/W and {3 increased, a pure mode II fracture of the TPB-IC
specimen could be obtained. If the span was changed, a/W and f3 of the pure mode II
fracture were correspondingly changed. For example, Mousavi [32] used short specimens
with short spans to achieve a pure mode II fracture. Table 5 also shows the corresponding
span S, angle value of 3 and crack height ratio a/W of the pure mode II fracture, or close to
pure mode II fracture. According to the previous result, if the specimen suffers a pure mode
III fracture, Ky needs to be kept at zero and the value of & changes only under the condition
of 3 = 0°. However, no matter what the values of the crack height ratio a/W and « were,
K; was not zero, as seen in Figure 5a. Thus, pure mode III fractures and mixed-mode II/III
fractures cannot be realized using this specimen, which is similar to the investigations of
Lin [41] and Ahmadi-Moghadam [42].
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Figure 5. The relationship between dimensionless SIFs Y], Y1 and Yj;; with respect to horizontal
deflection angle « and vertical deflection angle (3. (a) The relationship between Yj and «. (b) The
relationship between Y1 and (3. (c) The relationship between Yy and o. (d) The relationship between
Yy and 3. (e) The relationship between Yy and «. (f) The relationship between Yy and (.

Table 5. Pure mode II fracture angle values corresponding to different span S and a/W.

S (mm) alW B () K; (MPa1/2> Ky (MPam1/2> K (MPamm)
90 0.9 68 0.00 0.18 0.00
60 0.7 50 —0.03 0.53 0.00
48 0.5 49 0.01 0.50 0.00

Figure 6 shows the variation of the dimensionless T-stress (i.e., T*) for different crack
height ratios a/W. According to Figure 6, no matter what mixed-mode fracture is con-
sidered, T* increased with an increasing crack length. Furthermore, when the vertical
deflection angle 3 was small, T* had a negative value for the two curves of 3 = 0° in the
case of low crack height ratio. Figure 7 shows the variations between the crack deflection
angles and T*, but the variations are relatively complex. As shown in Figure 7a, when f3
was large, by increasing o, T* decreased. When 3 was small, the change of T* cannot be
clearly determined due to its relatively small value and small change. From the observation
in Figure 7b, except for a = 60°, T* increased with an increasing 3, and the peak value was
obtained when 3 = 45°.
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Figure 6. Variation of dimensionless T-stress T* under typical crack inclined angles for varying values
of crack height ratio a/W.
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Figure 7. Variation of dimensionless T-stress T* with respect to horizontal deflection angle o« and
vertical deflection angle (3. (a) The relationship between T* and . (b) The relationship between T*
and f3.

The relationship between the nonsingular term T relative and the singular term SIFs
in the mixed-fracture process was considered and usually defined by biaxiality ratio B [10],
which is defined as:
B — T/ mta

Kerr

The larger the parameter B of the fracture specimen was, the more important the

T-stress was in the mixed-fracture behavior. Figure 8 shows the variations under different

vertical and horizontal deflection angles. It can be seen from Figure 5b that the biaxiality

ratio B had a significant change, in the range of 0~2.5. So, the influence and importance of
T-stress on the mixed fracture of specimens is obvious.

@)
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Figure 8. Variation of biaxiality ratio B with respect to horizontal deflection angle o and vertical
deflection angle 3. (a) The relationship between B and «. (b) The relationship between B and f3.

The three-dimensional mixed-mode fracture experiments using TPB-IC specimens
were carried out with typical sandstone materials, and the influence of fracture parameters
on mixed-mode fractures is analyzed in the next sections.

2.3. Experimental Investigation of TPB-IC Specimens

Sandstone was selected as the material for the 3D mixed-mode fracture experiments
using the TPB-IC specimen because of its low price, convenient processing, wide distri-
bution and application in various engineering projects and experimental research. All the
specimens in this experiment were taken from one large homogeneous piece of sandstone.
The stone was cut into 20 mm thin sections, and then the thin sections were cut into long
rectangular specimens of sizes (120 mm long and 40 mm wide). The cracks with different
horizontal and vertical rotation angles were cut out using a circular slicer with a thickness
of only 0.8 mm. The crack tip was sawn again with a 0.3 mm thick saw line, which made
the crack height ratio a/W reach 0.5. The specimens were tested four times for each angle,
and the experiments were carried out on the same universal compression testing machine
(Figure 9). This consistent manufacturing and experimental process eliminated part of the
eIToT sources.

3T

Figure 9. (a) The full view of experimental machine. (b) The loading situation.

The specimens were loaded at a constant rate of 0.05 mm per minute until a fracture
occurred. The fractured TPB-IC specimens (« = 30° 3 = 30°) are shown in Figure 10.
When the loading began, the crack tip was under tensile effect and the upper and lower
crack surfaces opened, which resulted in a mode I deformation. Due to the existence of
a horizontal deflection angle, the deformation direction of the front-to-back crack was
opposite, and the crack surface rotated and resulted in a mode III deformation. The relative
displacement of the upper and lower crack surfaces occurred because of the vertical
deflection angle, so the crack surfaces sheared, and the mode II deformation occurred.
The crack propagation of the specimens started from the crack tip and then propagated
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to the loading site (Figure 10a,b). Although the end of the crack propagation path was
far away from the loading point and stopped at a small displacement from the loading
point (see Figure 10a), it was believed that when the specimen height was large enough,
the final end of the crack propagation path would reach the loading point, as in previous
experimental results for large thickness on I/IIl mixed-mode fractures [48]. The kinks and
deflections of the crack propagation path appeared during the I/II/III mixed-mode fracture
seen Figure 10c. Although kinks were common in composite fractures [49], the same
phenomenon occurred in a fracture experiment using sandstone when the displacement
gradient of the crack propagation of sandstone was large, which led a displacement
discontinuity of the crack surface [50]. Figure 10c shows the obvious deflection of the crack
during crack propagation, which indicates that Ky and Ky have a significant influence on
the mixed-mode fracture behavior.

]

)
Y.
)

e

I QT

w1 2 2 13 11
(8 i 5

......

.H‘niﬂ‘{ i

(@)

Figure 10. The fractured TPB-IC specimen when « = 30° and 3 = 30°. (a) The front of the fractured
specimens. (b) The back of the fractured specimens. (c) A close view of fracture surface.

Nine groups of load-displacement curves are shown in Figure 11. The load-displacement
curves are concave curves with low loads and are short. This is because there were some
microparticles on the surface of sandstone and microcracks in the interior, and the specimen
was not compacted at the beginning of loading. However, it can be seen from the subsequent
curve that there was a linear relationship between the displacement and load before
the peak load. So, sandstone can be assumed to be a linear elastic material. The same
phenomenon was found in the investigation on the correlation of mode II fracture toughness
of sandstone with tensile strength [51]. In the case of three-point bending, the inclined
crack needed more fracture load and fracture energy than the straight crack, which made
the fracture load of the inclined crack specimen increase [32]. This is why the displacement
and fracture were the largest when o = 60° and 3 = 60°. The peak fracture load curves at
different angles are shown in Figure 12. When the horizontal deflection angle « increased,
the fracture load increased in a small range globally, and the maximum change was less
than 1.46 times (for the vertical deflection angle 3 = 30°). However, with the increase
of vertical deflection angle 3, the fracture load increased gradually, and the maximum
change was more than 3.13 times at & = 15°. Although certain errors were considered and
reduced in the experiments, the deviation of each group of experimental fracture loads still
occurred. This may be due to the distribution of internal microcracks and microdefects, or
manual machining and grinding the crack tip by using blades. By substituting the critical
peak load obtained from the experiment into Equations (1)—(4), where the corresponding
geometric factors Yy, Yy and Yyyr are extracted from the above diagram (Figure 5), and
referring to Table 6, the fracture toughness of different mixed-mode fractures can be
obtained. The experimental results, including the fracture load and corresponding fracture
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toughness, are shown in Tables A1 and A2. More details on the fracture toughness analysis
are given in the next section.
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Figure 11. Curve of displacement and load with respect to horizontal vertical deflection angles.
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Figure 12. Variation of fracture load P,ye with respect to horizontal deflection angle « and vertical
deflection angle (3. (a) The relationship between Paye and «. (b) The relationship between Paye and 3.

Table 6. Values of dimensionless SIFs at various horizontal and vertical deflection ang]les.

SIFs Y1 Y Ym

N 0° 15°  30° 45° 60° 0° 15°  30° 45° 60° 0° 15°  30° 45° 60°
0° 2.632 2494 2.102 1.525 0.846 0.000 0.000 0.000 0.000 0.000 0.000 0.410 0.721 0.842 0.713
15° 2282 2163 1.824 1.346 0.761 0.449 0.440 0.412 0.237 0.145 0.000 0.341 0.600 0.776 0.671
30° 1.554 1471 1.277 0.952 0.550 0.614 0.602 0.470 0.336 0.211 0.000 0.203 0.517 0.623 0.557
45° 0.897 0.860 0.747 0.566 0.330 0.540 0.508 0.421 0.310 0.202 0.000 0.203 0.366 0.451 0.419
60° 0.473 0.452 0.392 0.291 0.166 0.377 0.355 0.298 0.224 0.150 0.000 0.133 0.240 0.301 0.286

3. Fracture Toughness and Criterion Analysis

The pure mode I fracture toughness Kjc of the tested sandstone material was 0.38
MPa+/m according to the experimental results calculation. Kjc in the sandstone experiment
conducted by Hua [52] was about 0.187 MPa+/m, and that in the sandstone experiment
conducted by Dehestani [53] was 0.6 MPay/m. The experimental value in this study was
around midway between them. Considering the influence of regional factors and sandstone
types, the value from the experiment was within the normal range of Kjc for sandstone.
When the crack deflection angles « = 3 = 0°, the mixed-mode fracture toughness ratio
Ki1/Kic = K /Kic = 0. For other crack deflection angles, when o = 0° and 3 = 60°, K;/Kjc
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was about 0.387, and Ky /Kjc was about 0.307. When « = 60, f = 0, K;/Kjc was about 0.426,
and K1 /Kjc was about 0.361. As mentioned above, the mixed-mode fracture toughness is
also related to the presence of T-stress in the TPB-IC specimens. Therefore, when analyzing
the fracture toughness of TPB-IC specimens, the traditional MTS criterion, MTSN criterion
and MTSED criterion cannot be used for accurate predictions. However, it was shown
that the generalized maximum tangential strain energy density (GMTSED) criterion can
significantly improve the prediction of experimental results by considering the influence of
T-stress, in addition to K, Ky and K.

Under the loading condition of general mixed-mode fractures, the elastic stress field
at the crack tip can be expressed as a tensor S:

Or O Orz
S= 1|04 05 0p 8
Ozr Oz 0Oz

where oy, 09, 0, 0vg, 0,0 and oy, are the stress components near the crack tip, which are
available in literature [54], and r and 6 are the coordinates of the crack tip, as illustrated
in Figure 13.

- Q

Remote Stress

Crack front

Figure 13. Mixed-mode I/II/1II stress fields near the crack tip [46].

The stress state in the initial coordinate plane (6—z) was assumed to be equal to the
angle of rotation of element ¢ around the r-axis at the initial stage of crack propagation
(Figure 14), so the stress tensor after coordinate transformation S’ is expressed as:

(%% T Oyt
S/ = QSQT = (o1 Oy! (o (9)
Oyty Oyrgr Oy



Appl. Sci. 2021, 11, 1652 15 of 23
0
A
71
¢
(>
(7]
Op;
) O
®l > 7
Figure 14. Stress state in the 6-z plane [46].
Q is the transformation matrix and is expressed as:
1 0 0
Q = 0 cos¢p —sing (10)
0 sing  cos¢p

The GMTSED criterion considering the combined effect of tangential stress and tan-
gential strain in three-dimensional fracture parameter was used to predict the fracture
test results of sandstone materials. Therefore, according to the definition of the GMTSED
criterion, the tangential strain energy density factor can be calculated from:

1
C = S0 e (11)
Due to the three-dimensional mixed-mode fracture, the plane strain state of o, was

adopted. According to Hooke’s law, ey = [0y — v(0y + 0,/)]/E, therefore the tangential
strain energy density factor C is:

1 2
C=— {mnK% + mpyKiy + masKiyy + mas (ByKepr)” + mipKiKyp + mysKiKpp + mpsKKypp + (m1aKp 4 mogKip + m34K111)B’7Keff} (12)

47E

where 1 is the relative critical distance defined as = \/2;’ . Ayatollahi and Sa-
boori [45] and Hua [46] used « to represent the relative critical distance, however, x was
used to represent horizontal deflection angle in the previous section, so 1 was used here.
All the coefficients (1m;j) are shown in Tables A3 and A4.

According to the hypothesis of the GMTSED criterion, a mixed-mode fracture occurs
when the maximum tangential strain energy density factor C reaches a maximum under
the critical load near the crack tip. The angle and condition of crack propagation based on
the GMTSED criterion are as follows:

oC oC
53 = 0,% =0 (13)
and sufficient conditions:
2Cc/ 9?Ca2C [ [aC\]?
aez<°'aeza¢2‘ (%) >0 o

The second hypothesis can also be written as:

C(6o, o) = Cer (15)
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where 6y and ¢ are the in-plane and out-of-plane initiation angles, respectively, and are
calculated from Equations (13)-(15). When a pure I mode fracture occurs, Kj; = Ky = 0,
8 = ¢o = 0,K; = Kjc, Ccr is expressed using K¢ as:

C. — { ﬁ[l —(2u+1)v —ZZUBIU}K%C (plane strain) (16)
e (1 — 0 —vBm)Kf- (plane stress)

where Bj is the biaxiality ratio for the pure mode I loading. Part of the derivation process

can refer to Hua [46]. When different fracture parameters (i.e., K;, Kyj, Kyjr and T) are

confirmed, the in-plane and out-of-plane fracture angles can be obtained by Equations

(13) and (14), and the mixed-mode fracture toughness ratio can also be predicted by

Equations (12) and (16).

Figure 15 shows the relationship between mixed-mode 1/1I and I/1II fracture tough-
ness ratios under the plane stress condition. It can be seen that the GMTSED criterion had
a high sensitivity in predicting I/II mixed fractures. The ratio of pure mode II fracture
toughness change under different positive and negative T-stresses was more than 220%.
However, the prediction of a mixed-mode I/1II fracture using GMTSED criterion was very
poor. As shown in Figure 16, the predicted value of the GMTSED criterion under the plane
strain condition with different T-tress had a good sensitivity to I/II and I/III mixed-mode
fracture toughness when v = 0.35, where the value of pure III mode fracture toughness
decreased regardless of the positive and negative T-stresses. Therefore, T-stress cannot be
ignored in investigations of mixed-mode fractures. In mixed-mode fracture experiments,
the mixed-mode fracture toughness is reduced under the influence of positive T-stress,
which makes the material more vulnerable to failure.

0.0 L L L L 0.0 I L L L Y
00 02 04 06 08 1.0 12 0:0: 02 04 06 08 10 12
KI/KIC KI/KIC

Figure 15. Mixed fracture toughness—predicted values of the fracture criterion under plane stress.
(a) The mixed mode I/1I fracture toughness—predicted values. (b) The mixed mode I/1II fracture
toughness—predicted values.

When comparing and analyzing the experimental data with the GMTSED criterion
and other criteria, it was found that the predicted value calculated by the GMTSED criterion
was in good agreement with the experimental data, whether for a mixed-mode I/1I fracture
or I/1II fracture, as shown in Figure 17. Wang [55] also believed that the crack propagation
and failure of material cannot be effectively judged only on the stress or strain of a certain
point at the crack tip in reaching the maximum value, and that energy is more appropriate.
Moreover, the prediction of mixed-mode I/I1/1II fractures was also consistent. As shown
in Figure 18, under any mixed-mode I/II/III fracture model, the experimental data of
effective SIF K, ¢; and the predicted value of GMTSED criterion agreed well over a large
range. There was a slight deviation when the experimental data was very small. That can be
considered to play the role of a safety factor in engineering protection when the prediction
results are larger than the experimental data. In general, the predicted values of the
GMTSED criterion were in good agreement with the experimental values. The GMTSED
criterion was applicable to the three-dimensional mixed-mode I/II/1II fracture.
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Figure 16. Mixed fracture toughness—predicted values of the fracture criterion under plane strain

with v = 0.35. (a) The mixed mode I/1I fracture toughness—predicted values. (b) The mixed mode
I/1II fracture toughness—predicted values.
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Figure 17. Mixed fracture toughness—predicted values of the fracture criterion and the testing data
for sandstone. (a) The mixed mode I/1I fracture toughness—predicted values. (b) The mixed mode
I/1II fracture toughness—predicted values.
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Figure 18. Effective SIF predicted values of the fracture criterion and the testing data for sandstone.

4. Conclusions

In this study, a TPB-IC specimen of arbitrary crack forms was proposed. Through
various finite element analyses of the TPB-IC specimens, the fracture parameters, SIFs and
T-stresses, including biaxiality ratio B, were obtained at different crack height ratios a/W
and horizontal and vertical crack deflection angles & and 3. The TPB-IC specimen could
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achieve mixed-mode I/II/III fractures through the analysis of SIFs compared with the
traditional three-point bending specimen. When the horizontal deflection angle o changed,
the mixed-mode I/1II fracture was affected. The value of horizontal deflection angle 3
affected the mixed-mode I/1I fracture. It was shown that the T-stress played an important
role in mixed-mode fractures through analysis of the biaxiality ratio B.

The mixed-mode fracture experiments for TPB-IC specimens were carried out using
sandstone, and the corresponding mixed-fracture toughness was obtained. The GMTSED
criterion considering T-stress was proposed and used to analyze the experimental results.
The GMTSED criterion proved once again that T-stress cannot be ignored in the prediction
of mixed-mode fracture toughness. Compared with the GMTS and GMTSN criteria, it
was found that the three-dimensional GMTSED criterion under plane strain considering
T-stress could successfully predict the mixed-mode fracture toughness.
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Appendix A

Table Al. The geometric parameters of specimens and fracture loads obtained for the tested sandstone material under different
loading modes.

() B ) W (mm) B (mm) P (N) Pave (N) B ) W (mm) B (mm) P (N) Pave (N)
40.0 20.0 268.324 39.0 20.0 275573
39.8 20.0 246,565 39.0 20.0 275.573
0 39.0 20.0 27207 255631 15 39.0 19.8 256234 208925
40.7 20.0 280.407 40.0 20.0 268.321
39.0 20.0 297.328 385 20.0 432.697
40.0 19.3 246565 39.0 20.0 377.099
0 30 39.0 20.0 251400 203486 4 39.0 20.0 418193 202481
39.4 20.0 258651 39.0 20.0 381.934
39.8 20.0 565.649
39.0 20.0 536.641
60 39.0 20.0 529389 030598

39.0 19.0 490.713
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Table A1l. Cont.
o (®) B ) W (mm) B (mm) P (N) Pave (N) BC©) W (mm) B (mm) P (N) Pave (N)
393 195 193.384 406 20.0 258.651
40.0 192 193.384 39.0 196 263.486
0 395 195 190967 192176 15 39.6 194 268321 267716
394 193 190.967 39.4 196 280.407
39.0 20.0 336.005 38.8 20.0 396.438
40.0 20.0 290.076 402 20.0 468.957
15 30 39.0 19.8 304580  O15458 45 39.0 20.0 440366 128467
39.0 19.0 331.171 39.0 19.8 406.107
39.0 20.0 580.153
395 20.0 594.657
60 39.0 20.0 s97.074 001909
39.5 192 635.751
40.0 20.0 244148 39.2 20.0 265.903
38.0 19.8 210305 405 20.0 277.99
0 40.0 20.0 212723 213327 - 402 20.0 306998 291285
39.8 195 186.132 39.0 20.0 314249
406 20.0 398.855 39.0 20.0 418.193
405 20.0 396.438 39.0 20.0 497.964
30 30 41.0 20.0 435115 390999 45 415 20.0 510051 71374
39.0 202 333588 39.0 197 459288
39.2 20.0 669.593
39.7 20.0 568.066
60 40.0 20.0 601.908 007347
39.8 19.0 589.822
39.0 20.0 253.817 39.0 20.0 297328
410 193 246,565 40.0 20.0 294911
0 39.4 20.0 268321 203213 15 38.0 20.0 287659 209141
39.8 19.8 244148 40.0 202 316.667
405 20.0 328753 405 20.0 478.626
40.0 20.0 352.926 406 20.0 456.870
45 30 409 20.0 394020 571056 45 39.0 20.0 440366 484065
39.0 20.4 408.524 40.0 19.8 558.397
405 20.0 613.995
410 20.0 464122
60 40.0 193 s97.074 009879
39.3 192 604.326
410 20.0 336.005 406 20.0 369.847
39.0 20.0 338.422 395 20.0 311.832
0 41.0 20.0 343257 340235 15 388 195 391603 377706
39.0 20.0 343257 393 196 437532
395 20.0 323.919 40.0 20.0 495,547
39.4 20.0 350509 402 20.0 536.641
60 30 395 20.0 00611 384351 45 40.0 20.0 464122 14886
40.0 19.0 442366 40.0 192 563.232
39.0 20.0 616412
40.0 20.0 551.145
60 38.4 20.0 563232 085592
39.0 192 611.578
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Table A2. The SIFs and T-stresses of experimental fracture results obtained for the tested sandstone

material under different loading modes.

a (%) B ) KIave(MPa\/ﬁ) KIIave(MPa\/ﬁ) KIIIave(MPa\/a) Tave(Mpa)
0 0.380 0.000 0.000 0.116
15 0.356 0.070 0.000 0.370
0 30 0.238 0.094 0.000 0.710
45 0.212 0.128 0.000 1.290
60 0.147 0.117 0.000 1.585
0 0.283 0.000 0.047 0.119
15 0.336 0.068 0.053 0.395
15 30 0.273 0.112 0.038 0.863
45 0.213 0.126 0.050 1.289
60 0.159 0.125 0.047 1.696
0 0.260 0.000 0.089 0.186
15 0.302 0.068 0.099 0.466
30 30 0.277 0.102 0.112 0.864
45 0.202 0.114 0.099 1.188
60 0.137 0.104 0.084 1.421
0 0.221 0.000 0.122 0.231
15 0.233 0.041 0.134 0.383
45 30 0.197 0.070 0.129 0.636
45 0.154 0.085 0.123 0.882
60 0.095 0.073 0.098 0.960
0 0.162 0.000 0.137 0.254
15 0.167 0.032 0.147 0.185
60 30 0.122 0.047 0.124 0.332
45 0.097 0.059 0.123 0.490
60 0.057 0.052 0.099 0.540
Table A3. The coefficients of Equation (12) under the plane stress state.
myp = cos’pcos*f [(1 +v)cos?pcos?§ — 20]
Moy = 3cos (pcoszgsmw [3(1 +v)cos 4)C052% — 20]
maz = (1+v)cos? fsm224>
— 2 2 2 bhoin2
Myy = cos“¢sin-6 [(1 + v)cos*psin“f — v]
myy = 2cos’pcos®§sin§ {40 -3(1+ v)cosz<pcoszg}
miz = —2cos jszn24)[(1 +v)cos?pcos?§ — v]
mp3 = cos¢sind [3(1 + 0)cos?pcos* § g v]
miy = —cos§cos’p {22}51’1129 + 207l (1 4 0)cosPpsin®6(cosd + 1)}
oy = cos?pcos?? 5siny [317 + BUsm 241+ v)sinzécoszqﬁ]
May = fcos%sznng{ 1+ v)szn29c0524) v}
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Table A4. The coefficients of Equation (12) under the plane strain state.

260

Cos™ 5 [COS4 9

my = cos* ¢ + vsin® 2cpcos 5 —ZUCOSGCOS cp v? sin 2¢}
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